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Simulation Models With Correct Statistical
Properties for Rayleigh Fading Channels
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Abstract—In this paper, new sum-of-sinusoids statistical sim-
ulation models are proposed for Rayleigh fading channels. These
new models employ random path gain, random initial phase, and
conditional random Doppler frequency for all individual sinusoids.
It is shown that the autocorrelations and cross correlations of the
quadrature components, and the autocorrelation of the complex
envelope of the new simulators match the desired ones exactly, even
if the number of sinusoids is as small as a single-digit integer. More-
over, the probability density functions of the envelope and phase,
the level crossing rate, the average fade duration, and the auto-
correlation of the squared fading envelope which contains fourth-
order statistics of the new simulators, asymptotically approach the
correct ones as the number of sinusoids approaches infinity, while
good convergence is achieved even when the number of sinusoids is
as small as eight. The new simulators can be directly used to gen-
erate multiple uncorrelated fading waveforms for frequency selec-
tive fading channels, multiple-input multiple-output channels, and
diversity combining scenarios. Statistical properties of one of the
new simulators are evaluated by numerical results, finding good
agreements.

Index Terms—Channel models, fading channel simulator, fading
channels, high-order statistics, Rayleigh fading, second-order sta-
tistics.

I. INTRODUCTION

M OBILE radio channel simulators are commonly used
in the laboratory because they allow system tests and

evaluations which are less expensive and more reproducible
than field trials. Many different approaches have been used for
the modeling and simulation of mobile radio channels [1]–[23],
[31], [32]. Among them, the well-known mathematical ref-
erence model due to Clarke [1] and its simplified simulation
model due to Jakes [6] have been widely used for Rayleigh
fading channels for about three decades. However, Jakes’ sim-
ulator is a deterministic model, and it has difficulty in creating
multiple uncorrelated fading waveforms for frequency-selective
fading channels and multiple-input multiple-output (MIMO)
channels, therefore, different modifications of Jakes’ simulator
have been reported in the literature [10], [16]–[19], [31].

Paper approved by R. A. Valenzuela, the Editor for Transmission Systems of
the IEEE Communications Society. Manuscript received April 1, 2002; revised
November 7, 2002. This work was supported in part by the University of Mis-
souri (UM)-Columbia Research Council under Grant URC-02-050 and in part
by the UM System Research Board under Grant URB-02-124. This paper was
presented in part at the IEEE Vehicular Technology Conference, Birmingham,
AL, May 6–9, 2002.

The authors are with the Department of Electrical and Computer Engineering,
University of Missouri, Columbia, MO 65211 USA (e-mail: yzheng@ee.mis-
souri.edu; xiaoc@missouri.edu).

Digital Object Identifier 10.1109/TCOMM.2003.813259

Despite the extensive acceptance and application of Jakes’
simulator, some important limitations of the simulator were
determined and discussed in detail recently [22]. It was shown
in [22] that Jakes’ simulator is wide-sense nonstationary when
averaged across the physical ensemble of fading channels. Pop
and Beaulieu [22] proposed an improved simulator by intro-
ducing random phase shifts in the low-frequency oscillators to
remove the stationary problem. However, it was pointed out in
[22] that higher-order statistics of this improved simulator may
not match the desired ones. Consistent with Pop and Beaulieu’s
caution about higher-order statistics of the improved simulator,
it was further proved in [24] that second-order statistics of
the quadrature components and the envelope do not match the
desired ones. Moreover, even in the limit as the number of
sinusoids approaches infinity, the autocorrelations and cross
correlations of the quadrature components, and the autocorre-
lation of the squared envelope of the improved simulator, fail
to match the desired correlations. Jakes’ original simulator and
published modified versions of it, have similar problems with
these second-order statistics.

In this paper, new sum-of-sinusoids statistical simulation
models are proposed for Rayleigh fading channels. It is
shown that the autocorrelations and cross correlations of
the quadrature components, and the autocorrelation of the
complex envelope of the new simulators, match the desired
ones exactly even if the number of sinusoids is so small as
a single-digit integer. Furthermore, the autocorrelation of the
squared envelope which contains fourth-order statistics, the
probability density functions (PDFs) of the fading envelope
and the phase, the level-crossing rate, and the average fade
duration of our new simulators asymptotically approach the
desired ones as the number of sinusoids approaches infinity.
Moreover, convergence to the limiting (exact) values of these
properties, except for the fading phase’s PDF, is rapid and
close approximation is achieved even when the number of
sinusoids is as small an integer as eight, and the number of
random trials is only 50. Additionally, and importantly, the new
simulator can be directly used to generate multiple uncorrelated
fading waveforms, which are needed to simulate some realistic
frequency-selective fading channels, MIMO channels, and
diversity-combining scenarios.

The remainder of this paper is organized as follows. Section II
briefly reviews the mathematical reference model and the family
of Jakes’ simulators. Attention is given to the statistical proper-
ties of the reference model and an improved Jakes simulator.
Section III proposes a new sum-of-sinusoids simulation model
for Rayleigh fading channels, and the statistical properties of
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this new model are analyzed in detail. Other models with iden-
tical or similar statistical properties are also briefly discussed in
this section. Section IV presents the performance evaluation of
one of the new simulators by extensive numerical results. Sec-
tion V draws some conclusions.

II. REFERENCEMODEL AND JAKES’ SIMULATOR FAMILY

A. Mathematical Reference Model

Consider a frequency-nonselective fading channel comprised
of propagation paths; the low-pass fading process is given by
[1] and [6]

(1)

where is a scaling constant, , , and are, respectively,
the random path gain, angle of incoming wave, and initial phase
associated with theth propagation path, and is the max-
imum radian Doppler frequency occurring when .

Assuming that is real valued, (1) can be written as

(2a)

(2b)

(2c)

The central limit theorem justifies that and can
be approximated as Gaussian random processes for large.
Assuming that and are mutually independent and uni-
formly distributed over for all , and adopting Clarke’s
two-dimensional (2-D) isotropic scattering model, some desired
second-order statistics for fading simulators are manifested in
the autocorrelation and cross-correlation functions [1], [25]

(3a)

(3b)

(3c)

(3d)

(3e)

(3f)

where denotes expectation, is the zero-order Bessel
function of the first kind [26], and without loss of generality,
we have set and . The first-order
PDFs of the fading envelope, , and the phase,

,1 are given by

(4a)

(4b)

1The function arctan(x, y) maps the arguments (x, y) into a phase in the
correct quadrant in[��; �).

Clearly, the fading envelope is Rayleigh distributed ac-
cording to (4a), and the phase is uniformly distributed.

B. Jakes’ Simulator Family

Based on Clarke’s reference model (1), and by selecting

(5a)

(5b)

(5c)

Jakes derived his well-known simulation model for Rayleigh
fading channels. The normalized low-pass fading process of this
model is given by

(6a)

(6b)

(6c)

where , and

(7a)

(7b)

(7c)

(7d)

The simplifying relationships forced in (5) make this simula-
tion model deterministic [10], [16] and wide-sense nonstationary
[22]. Therefore, various modifications of Jakes’ simulator have
been proposed in [10], [16]–[19], [21], [22], [31] and the ref-
erences therein, which we call the family of Jakes’ simulators.
Among the Jakes simulator family, the recently improved model
proposed by Pop and Beaulieu in [22] is worthy of mention
due to its wide-sense stationarity.

The normalized low-pass fading process of the improved
Jakes’simulator proposed in [22] is given by

(8a)

(8b)

(8c)

where , , , and are the same as those of Jakes’ original
model given by (7), and are independent random variables
uniformly distributed on for all .

Clearly, the difference between this improved simulator
and Jakes’ original simulator lies in the random phases,

, as the original Jakes simulator assumes that
for all . The introduction of these random phases



922 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 51, NO. 6, JUNE 2003

eliminates the stationarity problem occurring in Jakes’ original
design. However, some problems with higher-order statistics
remain.

Some second-order statistics of the improved Jakes model are
given by [24]

(9a)

(9b)

(9c)

(9d)

(9e)

(9f)

where and are the autocorrelations of the
quadrature components, and are the cross
correlations of the quadrature components, and and

are the autocorrelations of the complex envelope
and the squared envelope, respectively. Although the autocorre-
lation of the complex envelope approaches the desired
autocorrelation when approaches infinity, it is clear
by comparing (9) with (3) that all the second-order statistics
shown in (9) do not match the desired ones. Moreover, even
in the limit as the number of sinusoids approaches infinity,
the autocorrelations and cross correlations of the quadrature
components and the autocorrelation of the squared envelope
of the improved simulator fail to match the desired statistics
[24]. Jakes’ original model and its existing modifications [10],
[16]–[19], [21], [31] have similar shortcomings with respect to
these aforementioned statistics.

III. N EW SIMULATION MODELS

In this section, an improved simulation model is proposed
by reintroducing the randomness for all three random variables

, , and . Statistical properties of the proposed model
are analyzed. It is shown that second-order correlation statis-
tics of the proposed model match the desired ones exactly even
if the number of sinusoids is small; fourth-order statistics of the
new model asymptotically match the correct ones as the number
of sinusoids approaches infinity. Moreover, other models which
have identical or similar statistical properties to that of the pro-
posed model are presented. The application of the proposed
model to generating multiple uncorrelated fading waveforms is
discussed as well.

To properly introduce randomness to , , and , we
consider the following simulation prototype function:

(10)

where

(11a)

(11b)

(11c)

with being an integer, and , , and being mutually
independent random variables uniformly distributed on .

For this prototype function, it is easy to verify that
, i.e., the amplitude of the complex-valued path gain is equal

to the real-valued path gain given by (5a). It is pointed out that
and have one redundant random phase which is needed

for our new model. It will be explained later in this section. The
reintroduced randomness for , , and , rather than those
given in (5a), enables us to establish a new statistical and wide-
sense stationary (WSS) simulation model for Rayleigh fading
channels.

Slightly different from Jakes’ simplification procedure de-
scribed in [6, p. 68] and [25, p. 82], we choose ,
then (10) can be rearranged to give

(12)

The first term in the sums represents waves with ra-
dian Doppler frequencies that progress from the range of

to the range of ,
while the radian Doppler frequencies in the second term of
the sums shift from the range of to
the range of . Therefore, the Doppler
frequencies in these terms are overlapped. To represent the
fading signals whose Doppler frequencies do not overlap,
can be further simplified to be

(13)
where , and . The factor is in-
cluded to make the total power remain unchanged. Based on

, we can define a new simulation model as follows.
Definition: The normalized low-pass fading process of a new

statistical sum-of-sinusoids simulation model is defined by

(14a)

(14b)

(14c)

with

(15)

where , , and are statistically independent and uniformly
distributed over for all .

We now present the correlation statistics of the fading signal
in the following theorem.
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Theorem 1: The autocorrelation and cross-correlation func-
tions of the quadrature components, and the autocorrelation
functions of the complex envelope and the squared envelope of
the fading signal are given by

(16a)

(16b)

(16c)

(16d)

(16e)

if (16f)

Proof: See the appendix
It should be emphasized here that the autocorrelation and

cross-correlation functions given by (16a)–(16e) do not depend
on the number of sinusoids , and they match the desired
second-order statistics exactly, irrespective of the value of

. This highlights the advantages of the new simulation
model over all other existing simulation models. Furthermore,
the autocorrelation function of the squared envelope, which
involves fourth-order statistics, asymptotically approaches the
desired autocorrelation as the number of sinusoids

approaches infinity, while good approximation has been
observed when is as small as eight. These analytical statis-
tics are confirmed by numerical results in the next section. It
is interesting to point out that the autocorrelation of squared
fading envelope is very useful for estimating mobile speed
which assists handoffs in hierarchical cellular systems [27],
power control, etc.

We now present the PDFs of the envelope and phase
.

Theorem 2: When approaches infinity, the envelope
is Rayleigh distributed and the phase is uniformly dis-
tributed over , and their PDFs are given by

(18a)

(18b)

Proof: Since all the individual sinusoids in the sums of
and are statistically independent and identically

distributed, according to the central limit theorem [30], when
the number of sinusoids approaches infinity, and

become Gaussian random processes. Moreover, since
and , and are inde-

pendent. Therefore, the envelope
is Rayleigh distributed, and the phase is uniformly
distributed over [30]. Based on , one
can obtain (18).

Two other important statistical properties associated with
fading envelope are the level crossing rate (LCR) and the
average fade duration (AFD). The LCR is defined as the rate
at which the envelope crosses a specified level in the positive
slope, and the AFD is the average time duration that the fading
envelope remains below a specified level. Both the LCR and

AFD provide important information about the statistics of burst
errors [28], [29], which facilitates the design and selection of
error-correction technique. It is shown in the following theorem
that the LCR and AFD of the new simulator asymptotically
match those of Clarke’s mathematical reference model [25].

Theorem 3: When approaches infinity, the LCR and
the AFD of the new simulator output are given by

(19a)

(19b)

where is the normalized fading envelope level given by
, with being the root mean square envelope

level.
Proof: When approaches infinity, the fading envelope

is Rayleigh distributed, as shown inTheorem 2. Using the same
procedure provided in [25], one can prove (19). Details are
omitted here for brevity.

Before concluding this section, we have three remarks on the
new simulation model.

Remark 1: The initial phase in the proposed model (14)
is to ensure that the model is stationary in the wide sense. The
random variable (so as ) in (15) is to randomize the radian
Doppler frequencies . This makes the new model dif-
ferent from all the existing Jakes family simulators, such as [10],
[16], [18], [19], [21], [22], and [31]. The random variables
in (14) are intended to ensure that the quadrature components
of the fading are statistically uncorrelated and have equal
power. In total, the proposed model needs random vari-
ables, only two more random variables than that of the WSS
Jakes’ simulator in [22], but it gained significant advantages in
the statistical properties.

Remark 2: The proposed simulation model is not unique,
there are many other different models with identical or similar
statistical properties. These models have different combinations
of cosine and sine functions for the quadrature components.
Here we list one of them as an example

(20a)

(20b)

(20c)

where is defined by (15), and , , and are independent
and uniformly distributed on for all . It can be proved
that has identical statistics to that of , defined by (14).

Remark 3: The new simulation model can be directly used
to generate uncorrelated fading waveforms for frequency-selec-
tive Rayleigh channels, MIMO channels, and diversity-combing
scenarios. Let be the th Rayleigh fader given by

(21)
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Fig. 1. Autocorrelations of the simulated real-part fading,X (t), and
referenceg(t), whereN stands for the number of statistical trials.

Fig. 2. Autocorrelations of the simulated imaginary-part fading,X (t), and
referenceg(t).

where , , and are mutually independent and uniformly
distributed over for all and . Then, retains
all the statistical properties of , which is defined by (14).
Furthermore, and are uncorrelated for all .

IV. PERFORMANCEEVALUATION

The performance evaluation of the proposed fading simulator
defined by (14) is carried out by comparing the cor-

responding simulation results with those of the mathematical
reference model. Throughout the following discussions, the pro-
posed statistical simulator has been implemented by choosing

, the normalized sampling period . The
ensemble averages for all the simulation results are based on
10, 50, and 100 random trials which will be indicated in the
figures.

A. Evaluation of Correlation Statistics

The simulation results of the autocorrelations of the quadra-
ture components, the cross correlations of the quadrature com-
ponents, and the autocorrelations of the complex envelope and

Fig. 3. Cross correlations of the simulated quadrature components of fading
X(t) and referenceg(t). Note:R (�) is almost identical toR (�) in
our simulations, so we only show one set of the results for brevity.

Fig. 4. Real part of the autocorrelations of the simulated complex fadingX(t)
and referenceg(t).

squared envelope of the simulator output are shown in Figs. 1–6,
respectively. The second-order statistics of the mathematical
reference model, which are calculated based on (3), are also in-
cluded in the figures for comparison purposes.

As can be seen from Figs. 1–5, the simulation results show
that the autocorrelations of the quadrature components and the
complex envelope and the cross correlations of the quadrature
components match the desired ones very well, even thoughis
as small as 8, and the number of statistical trials is as low as 50.
If we use more random trials for the ensemble average in the
simulations, then the difference between the simulated curves
and the desired reference curves will be smaller, until eventually
unnoticeable. It is also shown in Fig. 6 that the autocorrelation of
the squared envelope of the simulator is very close to the desired
one when . If we increase the value of , then it will be
even closer.



ZHENG AND XIAO: SIMULATION MODELS WITH CORRECT STATISTICAL PROPERTIES FOR RAYLEIGH FADING CHANNELS 925

Fig. 5. Imaginary part of the autocorrelations of the simulated complex fading
X(t) and referenceg(t).

Fig. 6. Autocorrelations of the simulated squared envelopejX(t)j and
referencejg(t)j .

B. Evaluation of PDFs of the Envelope and Phase

Figs. 7 and 8 show the PDFs of the fading envelope and the
phase of the simulator. It can be seen that the envelope’s PDF is
in excellent agreement with that of the reference model, even if
the number of random trials is small as 10, however, the phase’s
PDF is a little bit sensitive to the number of random trials, and
the more trials, the better, approaching that of the reference
model. It is also noted that when , these PDFs will have
even better agreement with the desired ones.

C. Evaluation of the LCR and the AFD

The simulation results of the normalized LCR, , and
the normalized AFD, , of the new simulator are shown in
Figs. 9 and 10, respectively, where the theoretically calculated
LCR and AFD of the reference model are also included in the
figures for convenient comparison, indicating good agreement
in both cases, even if the number of trials is only 10.

Fig. 7. PDFs of the simulated fading envelopejX(t)j and referencejg(t)j.

Fig. 8. PDFs of the simulated fading phase� (t) and reference� (t).

The evaluations of other models mentioned byRemark 2have
also been conducted by simulations. We found the same level of
agreement between simulation results and reference values as
those of the simulator for all the cases. Details are omitted
here.

V. CONCLUSION

In this paper, a new sum-of-sinusoids statistical simulation
model was proposed for Rayleigh fading channels. Comparing
with Jakes’ sum-of-sinusoids deterministic model and its mod-
ifications, the new model reintroduces the randomness to the
path gain, the Doppler frequency, and the initial phase of
the sinusoids to have a nondeterministic simulator with good
statistical properties. It has been proven that the autocorre-
lations of the quadrature components, the cross correlations
of the quadrature components, and the autocorrelation of the
complex envelope of the new simulator match the desired
ones exactly, even if the number of sinusoids used to generate
the channel fading is as small as a single-digit integer. It
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Fig. 9. LCRs of the simulated fading envelopejX(t)j and referencejg(t)j.

Fig. 10. AFDs of the simulated fading envelopejX(t)j and referencejg(t)j.

has also been shown that the autocorrelation of the squared
envelope, which contains fourth-order statistics; the PDFs of
the fading envelope and phase, the LCR, and the AFD of the
new simulator approach those of the mathematical reference
model as the number of sinusoids approaches infinity, while
good convergence can be reached even when the number of
sinusoids and the number of random trials are small. All these
statistical properties of the new simulator have been evaluated
by extensive simulation results with excellent agreement in
all cases except for the fading phase’s PDF, which has slower
convergence to the desired one. It has been noted that the
proposed simulation model can be modified in different ways
to have alternative models which have statistical properties
unchanged. It has also been pointed out that the new simulation
model can be directly used to generate multiple uncorrelated
fading waveforms, which are needed to simulate some re-
alistic frequency-selective fading channels, MIMO channels,
and diversity-combining scenarios.

APPENDIX

VI. PROOF OFTHEOREM1

Proof: Equation (16a) is proved first. The autocorrelation
function of the real part of the fading is given to be

where at the fifth equality of the above equations, the integration
variable was replaced by and

. This completes the proof of (16a).
Similarly, we can obtain the autocorrelation of the imaginary

part of the fading given below

We are now in a position to prove (16c) as follows:

Moreover, one can validate (16d) in a similar manner.
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For (16e), one has

The proof of (16f) is different and lengthy. A brief outline
with some details is given below

The computation of the first term in the right-hand side of the
above equation is shown in detail as follows:

Since the random phases and are statistically indepen-
dent for all , the right-hand side of the above equation is
zero except for four different cases: 1) ; 2) ,

, but ; 3) , , but ; and 4) ,
, but . So that, can be calculated

by separating these four different cases.
For the first case, , we have

where the last step of the above equation used the following
result:

For the second case, , , but , then

For the third case, , , but , then

For the fourth case, , , but , similarly to the
third case, one can prove

Since these four cases are exclusive and exhaustive for
being nonzero, overall we have

This completes the computation of .
Using the same procedure shown above, after some statis-

tical and algebraic manipulations, one can obtain the following
results:

Therefore

when

This completes the proof ofTheorem 1.
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