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Improved Models for the Generation of Multiple
Uncorrelated Rayleigh Fading Waveforms

Yahong R. Zheng and Chengshan Xiao, Member, IEEE

Abstract—In this letter, an improved sum-of-sinusoids simu-
lation model is proposed for Rayleigh fading channels. The new
model employs random initial phase, and conditional random
Doppler frequency for all individual sinusoids. The second-order
statistics of the new simulator match the desired ones exactly
even if the number of sinusoids is a single-digit integer. Other
key statistics of the new simulator approach the desired ones of
Clarke’s reference model as the number of sinusoids approaches
infinity, while good convergence is achieved when the number of
sinusoids is small. Moreover, the new simulator can be directly
used to generate multiple uncorrelated fading waveforms; it is
also pointed out that a class of 16 different simulators, which
have identical statistical properties, can be developed for Rayleigh
fading channels.

Index Terms—Channel simulator, fading channels, multipath
channels, Rayleigh fading, second-order statistics.

I. INTRODUCTION

I N THE LAST three decades, there are many different
approaches to the modeling and simulation of mobile

radio channels, see [1]–[8] and the references therein. Among
them, the well-known mathematical reference model due to
Clarke [1] and its simplified simulation model due to Jakes
[2] have been widely used for Rayleigh fading channels for
about 30 years. However, Jakes’ simulator is a deterministic
model, and it has difficulty to create multiple uncorrelated
fading waveforms for frequency selective fading channels and
multiple-input multiple-output (MIMO) channels, therefore
different modifications of Jakes’ simulator have been reported
in the literature [3]–[6]. Despite the extensive acceptance and
application of Jakes’ simulator, some important limitations of
the simulator were determined and discussed in detail recently
[8]. It was shown in [8] that Jakes’ simulator is wide-sense
nonstationary when averaged across the physical ensemble
of fading channels. Therefore, an improved simulator was
proposed by Pop and Beaulieu in [8] to remove the stationarity
problem by introducing random phase shifts in the low-fre-
quency oscillators. However, it was pointed out in [8] that
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higher order statistics of this improved simulator may not
match the desired ones of Clarke’s reference model. Consistent
with Pop and Beaulieu’s caution about higher order statistics
of the improved simulator, it was further proved in [9] that
second-order statistics of the quadrature components and
the envelope do not match the desired ones. Moreover, even
in the limit as the number of sinusoids approaches infinity,
the autocorrelations and cross-correlations of the quadrature
components, and the autocorrelation of the squared envelope
of the improved simulator fail to match the desired correlation
statistics. Similar drawbacks on these second-order statistics
are also retained by Jakes’ original simulator and its existing
modifications [3]–[6].

In this letter, a class of new sum-of-sinusoids statistical sim-
ulation models is proposed for Rayleigh fading channels which
may contain multiple uncorrelated faders. It is shown that the
new Rayleigh fading channel models have the desired statistical
properties even when the number of sinusoids is small.

II. NEW SIMULATION MODELS

Consider the frequency nonselective fading process of
Clarke’s reference model given by [1], [2]

(1)

where and are, respectively, the angle of incoming wave
and initial phase associated with theth propagation path, is
the maximum angular Doppler frequency occurring when
.
For large , the central limit theorem justifies that the

quadrature components of can be approximated as
Gaussian random processes, whose statistical properties can be
completely described by first-order and second-order statistics.
Assuming that and are mutually independent and uni-
formly distributed on for all , and adopting Clarke’s
2-D isotropic scattering model, the first-order and second-order
statistics of this reference model have been discussed in details
in [1], [7] when approaches infinity.

Based on the observation of [9, eqs. (5a)–(5f)], and by re-
moving the aforementioned statistic problems of the improved
Jakes’ model [8] along with the original Jakes’ model [2] and its
modifications [3]–[6], we choose

, and
with being a random variable uniformly

distributed on . After some algebraic manipulations, the

1089-7798/02$17.00 © 2002 IEEE



ZHENG AND XIAO: GENERATION OF MULTIPLE UNCORRELATED RAYLEIGH FADING WAVEFORMS 257

complex-valued low-pass Rayleigh fading process can be
expressed by

(2)

It should be pointed out that the choices of and are not
unique, however, different choices will lead to different results
against (2). Based on (2), we can define a new simulation model
as follows.

Definition: The normalized low-pass fading process of a new
statistical sum-of-sinusoids simulation model is defined by

(3a)

(3b)

(3c)

with

(4)

where and are statistically independent and uniformly
distributed on for all .

We now present the statistical properties of the fading signal
in the following two theorems.

Theorem 1: The autocorrelation and cross-correlation
functions of the quadrature components, the autocorrelation
functions of the complex envelope and the squared envelope of
fading signal are given by

(5a)

(5b)

(5c)

(5d)

(5e)

(5f)

Theorem 2: When approaches infinity, the enve-
lope is Rayleigh distributed and the phase

1 is uniformly distributed on , and
their probability density functions are given by

(6a)

(6b)

Proof: The proof of Theorem 1 is complicated and
lengthy, details are omitted here. Since the quadrature compo-
nents of the fading are uncorrelated according (5c) and

1The functionarctan(x; y) maps the arguments(x; y) into a phase in the
correct quadrant in[��; �).

Fig. 1. The autocorrelations of the simulated quadrature components of fading
Z(t) and referenceg(t).

Fig. 2. The cross-correlations of the simulated quadrature components of
fadingZ(t) and referenceg(t).

(5d), one can prove Theorem 2 by using the procedure provided
in [7]. We leave the details to the readers.

It should be emphasized here that the autocorrelation and
cross-correlation functions given by (5a)–(5e) do not depend on
the number of sinusoids , and they match the desired second-
order statistics [7] of Clarke’s reference model exactly. This
highlights the advantages of the new simulation model over all
other existing simulation models. Furthermore, the autocorrela-
tion function of the squared envelope asymptotically approaches
the desired autocorrelation of [7] as the number of si-
nusoids approaches infinity, while good approximation has
been observed when is not less than 8.

The simulation results of the autocorrelations of the quadra-
ture components, the cross-correlations of the quadrature com-
ponents of the simulator output, the probability density function
(PDF) of the fading envelope are shown in Figs. 1–3, respec-
tively. The corresponding theoretically-calculated statistics of
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Fig. 3. The PDFs of the simulated fading envelopejZ(t)j and referencejg(t)j.

Clarke’s mathematical reference model are also included in the
figures for comparison purposes. We have also verified the sim-
ulation results of the autocorrelations of the complex envelope
and the squared envelope, the PDF of the fading phase, the av-
erage fader duration (AFD), and the level crossing rate (LCR)
comparing with the theoretical results, finding good agreement
in all cases.

Before concluding this section, we have two remarks on the
new simulation model.

Remark 1: The proposed simulation model is not unique.
There are other 15 different models which can be derived from
(1) with different assumptions on and for .
These models have different combinations of cosine and sine
functions for the quadrature components. Here we list one of
them as an example

(7a)

(7b)

(7c)

where , and are the same as those of . It is noted
that all these 16 models form a new class of Rayleigh fading
channel simulators which have identical statistical properties.

Remark 2: The new simulation model can be directly used
to generate uncorrelated fading waveforms for frequency selec-
tive fading channels, MIMO channels and diversity combining
scenarios. Let be the th Rayleigh fader given by

(8)

where and are mutually independent and uni-
formly distributed on for all and . Then,
retains all the statistical properties of defined by (3), and

and are uncorrelated for all .

III. CONCLUSION

In this letter, a new class of sum-of-sinusoids statistical sim-
ulation models is proposed for Rayleigh fading channels. Com-
paring with Jakes’ sum-of-sinusoids deterministic model and its
modifications, the new models re-introduces the randomness to
Doppler frequency and initial phase of the sinusoids to have
nondeterministic simulators with desired statistical properties.
It has been proved that the autocorrelations of the quadrature
components, the cross-correlations of the quadrature compo-
nents, the autocorrelation of the complex envelope of the new
simulators match the desired ones exactly even if the number
of sinusoids used to generate the channel fading is as small as
a single-digit integer. It has also been shown that the autocor-
relation of the squared envelope, the probability density func-
tions of the fading envelope and the phase of the new simula-
tors approach those of Clarke’s mathematical reference model
as the number of sinusoids approaches infinity, while good con-
vergence can be reached even when the number of sinusoids is as
small as 8. All these statistical properties of one of the new sim-
ulators have been evaluated by extensive simulation results with
excellent agreement in all cases. Moreover, it has been pointed
out that the new simulation models can be directly used to gen-
erate multiple uncorrelated fading waveforms for frequency se-
lective channels, MIMO channels, and diversity combining sce-
narios.
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