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In part I we discussed the solution of corneal curvature using a 2D meshless method based on radial basis
functions (RBFs). In Part II we use these methods to fit a full nonlinear thin membrane model to a
measured data-set in order to generate a topological mathematical description of the cornea. In addition,
we show how these results can lead to estimations for corneal radius of curvature and certain physical
properties of the cornea; namely, tension and elasticity coefficient. Again all calculations and graphics
generation were performed using the R language programming environment.

The model describes corneal topology extremely well, and the estimated properties fall well within
the expected range of values. The method is straight forward to implement and offers scope for further
analysis using more detailed 3D models that include corneal thickness.

& 2016 Elsevier Ltd. All rights reserved.
1. Introduction

This paper is a continuation of part I of the study [5], con-
cerning a mathematical model of corneal topography. The im-
portance of the cornea, the eye's most frontal part, cannot be
overestimated since it is the place where an incident light beam is
refracted directly into the interior part of the eye. Focused by the
lens, the signal excites the retina from which is subsequently
transmitted, via the optic nerve, into the brain. There, the image is
constructed (for a technical treatment see [1]).

The cornea, as a biomechanical structure, can be characterized
by both its optical and structural properties. On the one hand, it
has to be almost completely transparent in order not to affect the
light signal, while on the other, it should be very durable to pro-
vide a protective shield from external factors. It is a layered
structure consisting of five distinguishable layers: epithelium,
Bowman's layer, stroma, Descement's membrane and endothelium
(from anterior to posterior). The stroma, which constitutes about
90% of the corneal thickness, is made of an arrangement of col-
lagen fibrils and is responsible for many of its material properties.
iffiths),
Lehigh.EDU (W.E. Schiesser).
The cornea is joined with sclera (the white of the eye) with a
junction called corneal limbus. A thorough exposition of the hu-
man eye anatomy can found, for example, in [8].

Corneal topography is an important factor in the process of
refraction. Although, the cornea is responsible for a majority of the
eye's refractive power (about 2/3), its focal point is fixed which
makes the lens the main focusing organ. Any disturbance in the
shape of the cornea can perturb vision quality. This is why it is
important to measure and model corneal topography adequately.
In earlier work [13], we have devised a medium-complexity
mathematical model of corneal topography. A 1D simplified ver-
sion was then studied analytically and numerically in [15,16].
Unless stated otherwise, plots were generated using case 3 data
using IMQ RBFs.

The description of corneal topography data (collected for ex-
ample with high-speed videokeratoscopy [23] or Scheimpflug
camera [18]) requires very nontrivial mathematical modeling and
various approaches have been proposed to encode (and compress)
the information. We mention the adaptive modeling (for example
[10]), a mixture of parametric surfaces and polynomials (see [12]
and references therein), splines [6] and Zernike polynomials
[3,20]. Apart from this, there are a number of different modeling
approaches which are discussed, for example, in [21]. The Reader
will also find a relevant comparison of models in Part I of this
paper [5].
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Fig. 1. Typical example of an Oculus ®Pentacam instrument system.
Source: Birmingham Optical.
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In parts I and II of this paper we extend the analysis of our
previous work [15] from a 1D corneal model to a full 2D model
with no prior assumptions regarding radial symmetry. Part I de-
scribed a solution methodology that uses a meshless method
based on radial based functions (RBFs). This enabled a full topo-
logical solution to be obtained for the cornea. From this solution,
radius of curvature values can be calculated over the surface. In
addition, it was demonstrated that various corneal physical para-
meters can also be estimated from the simulation results.

We now use this methodology to fit a 2D model to a measured
data-set of corneal elevations obtained from an Oculus ®Pentacam
device - see (Fig. 1).
1 Named after Theodor Scheimpflug, an Austrian army captain (1865–1911).
2. Mathematical model

2.1. Corneal topology

Part I of this paper [5] included a false transient analysis and
solution to cornea curvature based on the following normalized
thin-plate 2D boundary value PDE curvature model,
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where, ≔a kR T/2 and ≔b PR T/ (refer to Part I) and h(x) represents
the nondimensional height of the cornea over its surface. The
maximum height hmax, is the so-called ocular sagitta or sagittal
height/depth, from geometric theory. This model is a result of a
equilibrium force balance between membrane tension T, elastic
restoring force proportional to the corneal deflection with the
constant of proportionality k and intraocular pressure P (for deri-
vation see [13] and discussion in Part I [5]). A typical length di-
mension of the cornea is here designated by R, which we choose to
be the semi-major axis of the cornea.

The calculations were performed over the spatial domain Ω,
assumed elliptical, with boundary Ω∂ . The overall topology solu-
tion was obtained using a meshless method based on radial basis
functions (RBFs). This same model will be used to provide a fit to a
measured data-set of corneal elevation, with tuning achieved by
varying parameters a and b. Once a and b are known, we can back
calculate estimates for certain physical properties of the cornea, as
detailed in part I.
2.2. Radius of curvature

The important corneal property curvature, we define in terms
of two invariants: Gaussian curvature
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where we define = ( )h h x y, in Cartesian coordinates, and we have
used subscript notation to represent partial derivatives, i.e.

= ∂ ∂h h x/x etc. From above, and using real units, the principal
curvatures from differential geometry are given by
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from which it follows that = ( )K k k1 2 and = ( + )H k k /21 2 [2]. Cur-
vatures k1, k2 and H have units of reciprocal meters, while K has
units of reciprocal meters squared – see also part I.

We calculate the (Gaussian) radius of curvature (ROC) from
Gaussian curvature as

ρ = =
( )K k k

1 1
.

51 2

Other ophthalmology refractive measures (in diopters) derived
from k1 and k2 are
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where n1¼1.3375 is the standard keratometric index (SKI) and
n0¼1.0 represents the refractive index of air.

Once the model of Eq. (1) has been tuned to the measured data
by varying a and b, the above curvature values can be calculated.
3. The measured cornea data-set

3.1. Data source

The cornea data-set used to test the mathematical model and
the RBF meshless solution method was obtained in January 2007
from an Oculus ®Pentacam HR system with software version:
1.16r03. The Pentacam consists primarily of a rotating mirror and a
blue LED source. It uses a rotating camera to derive a precision
measurement elevation map of the cornea - refer to [11] for dis-
cussion on accuracy. The imaging technology is based upon the
Scheimpflug principle1 [19].

The data formed part of previous research [17], for which ap-
proval from the university human research ethics committee was
obtained before commencement of the study. All subjects gave
written informed consent to participate, and were treated in ac-
cordance with the tenets of the Declaration of Helsinki.

3.2. The data-set

The topography data-set discussed in this paper has been taken
from a 25 year old healthy subject with a normal cornea. The data is



Fig. 3. 3D surface plot of cornea model solution. Dimensions are in mm.

Table 1
Results summary for simulation of Eq. (1) using the RBF meshless method with
parameter values a¼1.54 and b¼2.15. Values are given in mm for horizontal
corneal diameter (HVID), vertical cornea diameter (VVID) and radius of curvature ρ0
for multiquadratic (MQ) and inverse multiquadratic (IMQ) RBFs, along with the
corresponding shape parameters, ϵ. The results are based on the simulated central
corneal elevation of 2.631 mm.
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anonymized and consists of elevation values measured at locations
over the anterior surface together with corresponding x–y co-
ordinates for each point. The data also includes the corresponding
value for intraocular pressure, as measured by a tonometer. Pos-
terior data was made available but is not discussed here.

The raw data was provided in the form of a spreadsheet with
each elevation being assigned corresponding x–y coordinates. The
elevations were given in micron units, with zero at the corneal
apex and increasing towards the corneal-limbal ring (CLR). For si-
mulation purposes they were inverted such that the peripheral
values became zero with the maximum elevation at the apex. The
values were converted to millimeters by dividing by 1000. The
data-set consisted of 9521 x–y coordinated elevations, uniformly
scattered over the cornea anterior surface, see (Fig. 2).

Precision measurements of the corneal sagittal height and CLR
were not available for this work. Also, the Pentacam data points at the
edge of the analyzed area could not be reliably interpreted as deli-
neating the CLR. However, from an examination of the Pentacam
elevation data, the greatest elevation was determined to be 2.631 mm,
and this value was used as a reference point for saggital height. From
plotted data, we estimated the horizontal and vertical diameters to be
12.05 and 12.00 mm respectively, giving an eccentricity of 0.091 at the
estimated zero datum. Model parameters were varied to obtain the
final accepted model results, as described in (Section 4).
Case HVID VVID ρ0 ϵ Total nodes

MQ IMQ MQ IMQ MQ IMQ MQ IMQ

1 12.05 12.00 12.05 12.00 8.155 8.157 1.5 1.3 289
2 12.05 12.00 12.05 12.00 8.157 8.158 2.2 2.0 529
3 12.05 12.00 12.05 12.00 8.158 8.156 4.0 2.8 961
4. Results

4.1. Main solution

The overall solution is shown as a surface plot in (Fig. 3), and a
summary of the results is given in (Table 1). Three solutions of the
problem were obtained with differing numbers of nodes – see
(Table 1). The problem converged smoothly and quickly to the final
solution – see part I for more details. Plots were generated using
case 3 data using IMQ RBFs.

In order to be able to compare simulated to measured eleva-
tions, it is necessary to convert model normalized values to the
real measurement scale. This was achieved by noting that, from
measured data, the horizontal and vertical diameters were found
to be 12.05 and 12.0 mm respectively, giving a domain eccentricity
of 0.091. These values corresponded to normalized simulation
model values ra¼1 and rb¼0.9959, giving a scale factor of 6.025.

Unlike in part I, where we had a target central corneal height to
aim for, here our target is to aim for the best overall fit of
Fig. 2. Left: 2D surface plot of cornea data-set shown with elevation contours
simulation elevations to measured data taken over the cornea
surface. This was achieved with parameters a¼1.54 and b¼2.15,
when the simulation normalized height at the cornea center was
equal to 0.4367, equivalent to 2.631 mm.

The values chosen for a and b were determined iteratively by
running a series of simulations and selecting the pair that mini-
mized the maximum elevation error between measured and si-
mulated cornea height h, taken over the surface. It was found that
the values of a and b each affect both the maximum elevation and
the radius of curvature of the cornea. Increasing the value of a has
the effect of reducing the maximum elevation while at the same
time increasing central curvature. On the other hand, increasing b
has the opposite effect by increasing the maximum elevation and
reducing overall curvature. Thus, a and b tend to have competing
in mm. Right: 3D surface plot of cornea with data points superimposed.



Fig. 5. Error surface color map with contours superimposed that represent the
difference between model solution and the measured data-set (mm). (For inter-
pretation of the references to color in this figure caption, the reader is referred to
the web version of this paper.)

Fig. 6. Top: Cornea anterior radius of curvature at y¼0. Bottom: Cornea anterior
radius of curvature at x¼0.
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effects, with b dominating. However, it was necessary to vary both a
and b in order to obtain a good fit to measured data, whereby
maximum curvature (min ρ0) occurs in the central region and falls
off towards the corneal periphery. Interestingly, the final values
arrived at for a and b are close to those found in part I for the
generic cornea. Three simulation cases were run to ensure that
sufficient collocation points were used to provide adequate re-
solution of the corneal topography, with results shown in (Table 1).

All three cases give very similar results for corneal central
height hmax, located at ( )0, 0 , and we take the converged value to
be 2.631 mm. However, the corneal central radius of curvature
ρ ρ= ( )0, 00 results differ slightly with the mean being around
8.156 mm. Both results are generally in line with published mea-
sured data and this confirms the utility of the methodology out-
lined in part I for estimating corneal topology.

It was found that solutions were not sensitive to the initial
condition and both ( ) =h x 00 and ( ) =h x, 10 gave the same results.
However, as ( ) =h x 00 resulted in slightly faster convergence, this
value was used for all cases.

In order to compare simulated results with the measured data-
set, cross-section error plots are provided in (Fig. 4). In addition,
errors between model and data-set are shown as a 2D surface plot
in (Fig. 5). The contours show clearly the accurate topology re-
presentation achieved by the RBF solution to model Eq. (1), par-
ticularly around the central region of the cornea. From the in-
formation available to the authors, it is not clear whether the
difference at the left hand edge in Fig. 5 is due to a departure of
the model from cornea measurement data, or if it represents a
convex corneo-scleral transition region.

All calculations were performed on the same standard PC as
described in part I, with similar timings.

4.2. Radius of curvature

Applying the calculations outlined in Section 2.2 with real
units, the above results enable the radius of curvature to be cal-
culated – see Figs. 6 and 7.

In order to confirm the accuracy of the radius of curvature
estimate, a circle equal to the calculated apical radius of curvature,
ρ = 8.156 mm0 , was overlaid on top of the central area of the
corneal measured data-set and the differences calculated along the
x- and y-axes, see (Fig. 8). The small absolute errors indicate a
good fit and provides additional confirmation of the utility of the
part I calculations.
Fig. 4. Cornea anterior model solution error plots. Top: At cross-section, y¼0.
Bottom: At cross-section, y¼0. See text.

Fig. 7. Surface plot of radius of curvature, calculated from Eq. (5) and generated,
using the R package alphashape3d [9].
In addition, the following values for the central cornea are also
obtained:



Fig. 8. Differences between the apical radius of curvature, ρ = 8.156 mm0 , and the
central area of the corneal measured data. Top: Cornea anterior differences at y¼0.
Bottom: Cornea anterior differences at x¼0.
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In Eqs. (7) the curvatures k1, k2 and H have units of reciprocal
meters, while K has units of reciprocal meters squared. These
quantities relate to differential geometry. The ophthalmology re-
fractive powers MS, CYL and GP have units of diopters – refer also
to discussion in part I.

4.3. Derived physical parameters

We now use our numerical results to estimate tension T and
elasticity coefficient k for the corneal central region – see discus-
sion in part I. Using the measured value for intraocular pressure of

=P 17.8 mm Hg (2373 N/m2), then for a cornea having a major
diameter equal to 12.05 mm, we calculate the associated tension
to be

= = × = [ ] ( )T
RP
b

0.006025 2373
2.15

6.65 N/m . 8

The elasticity coefficient k, which is assumed to act as a spring
constant [13], is given by

= = × = × [ ] ( )k
aT
R

1.54 6.65
0. 006025

0.282 10 N/m . 92 2
6 3

As in part I, we emphasize that the above calculations only
provide estimates based on typical corneal parameters for healthy
eyes, and that further analysis and comparison with real corneal
data for T and k is thus necessary.
5. Discussion

The results of the work described in Parts I and II of this paper
have demonstrated that the meshless method of modeling corneal
topography using radial basis functions is a viable and useful ap-
proach to analyzing the problem, yielding results that are con-
sistent with the literature. The method can be implemented on a
modest computer using the open source computer language R. The
modeling approach yields:
� A good fit of the physically-based mode described in (Section 2)
to a measured data-set with very small errors, by adjusting just
two parameters.

� Reasonable values of ROC.
� Reasonable estimates for differential geometry values k1, k2, K

and H.
� Reasonable estimates for opthalmology refractive powers MS,

CYL, and GP.
� Estimates for T and k.
6. Further work

While the modeling work reported here constitutes a useful
addition to the tools available for analyzing corneal topography,
there remains much work to be done. For example, the analysis
can be extended to include:

� Fitting model to additional data-sets for both healthy patients
and those with abnormalities such as keratoconus. This will
require that a and b are changed from fixed parameters to
functions of x and y, i.e. ( )a x y, and ( )b x y, . We have done some
work in this area, see [14].

� Fitting model to cornea posterior surface.
� Expanding the analysis to a 3D model that includes corneal

thickness.
� Consider our model as being a limiting case of the structural

mechanical description of a cornea.
� Provide a mathematical treatment of non-axisymmetric per-

turbations in the corneal data.
� Conduct a statistical analysis of model performance in respect of

corneal parameter estimates, in particular where corresponding
CLR measurements are available.

� Perform further analysis of parameter estimates for T and k, and
compare to measured data.

The authors hope to address some of these issues in future
papers.
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Appendix A. Some coding aspects

In this section we provide listings of the main R functions used
in the corneal analysis.

A.1. RBF calculations
Listing 1. R code of function mq() used to calculate multi-quadratic
RBF values and those of the first and second derivatives with
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respect to r x y, , .
Listing 2. R code of function imq() used to calculate inverse multi-
quadratic RBF values and those of the first and second derivatives
with respect to r x y, , .
A.2. Solving the PDE
Listing 3. R code of main program used to calculate corneal to-
pographical solutions.
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Listing 4. R code of function cornea2D_derivList() that cal-
culates numerical derivatives used by the lsodes integrator.
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A.3. Interpolating scattered data
Listing 5. R code of function meshInterp() that interpolates
scattered data.
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A.4. Plotting surfaces from scattered data
Listing 6. R code of function interpPlot() that generates a
surface plot ( )h x y, and cross-section plots ( )h x, 0 and ( )h y, 0 .
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