THE JACOBI-LEGENDRE PROOF OF THE LAW OF QUADRATIC
RECIPROCITY

STEVEN H. WEINTRAUB

ABSTRACT. We present an exposition of a proof of the Law of Quadraticitecity due
to Jacobi, with a simplification by Legendre.

Fix a primep. The quadratic residue characjemodulop is defined as follows: For an
integerk relatively prime top, x (k) = 1 if kis a quadratic residue (mq@) andx (k) = —1
if kis a quadratic nonresidue (m@). We immediately see that(k) = (k/p), where the
right-hand side denotes the Legendre symbol. We recallrButleorem that for ank
relatively prime top, x (k) = k(P~1/2 (modp). (In particular,x(—1) = (-1)(P-Y/2, so
X(=1) =1 and—1 is a quadratic residue (mqg if p= 1 (mod 4, while x(-1) = -1
and—1 is a quadratic nonresidue (m@dlif p=—1 (mod 4).)

Let { = exp(2mi/p). We consider th&auss sum

S= k)ZK
k;x( )¢

Lemmal. (Gauss)
= px(-1)

Proof.

kJ Zk+]

HM\

p-1p-1 -
= k
3 3 X Z

Set j = km (mod p) and notice that ag runs over the nonzero congruence classes
mod p, so doesn. Also, x (kj) = x(k?m) = x(m). Thus

p—1p-1 —1
52: Z Z X Zk+km Z X Z Zl+m)k.
k=1m=1

Now 1+ +---+P1 =0, so as long am+# p—1, the inner sumis-1. If m=p—1,
then the inner sum is of courge- 1.
Thus

p—2
= (= 3 xm) + (p-1x(p-1)
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BUtile( m) = 0, so the first term is-x (p— 1) and we see

§=px(-1)

as required. O

Theorem 2. (The Law of Quadratic Reciprocity) Let p and g be distinct pddhes. Then

(E)(E)-o

Proof. By the multinomial theorem,
p—1
g=3 X (K)9Z*9+ terms of the formyAZ>
K=1

whereA is an integer, as is. Let us write this as

S =T4qu.
Now
T—ZX k)gk
and then
T=X(@’T =x(g ZX (kg

q) kz x(kq>qu=x(Q)S
=1

since this last sum is simply a reordering of the terms in the forS.
Thus

S'=x(a)S+qu
S0
St —x(@) =qu/9).
The left-hand side is an integer, so the right-hand side tmeisin integer as well. But
qU/S) = qUS/S) =aqUS/(x(~1)p))
and, sincep andg are relatively primelJ /Smust be an intedg.rWe thus see that

s = x(q) (moda).

1by Euclid’s Lemma



THE JACOBI-LEGENDRE PROOF OF THE LAW OF QUADRATIC RECIPROCITY 3

Now

S = ()@V/2 = (x(—=1)p) a2 = y(—1)@D/2pla-1)/2
= ((—1)!P-D/3)(@ D72y (p) (moda)

wherey’ denotes the quadratic residue character moduly Euler's theorem. Thus we
obtain

X(@) = (-1)(P-0/2(@D/2 ' (p) (moda)

and since each side of this congruence is equailtpthey must be equal. O

Gauss sums were introduced by Gauss, who not only provedlyelemma 1, but in
fact determined the exact value®fi.e., resolved the ambiguity of sign in takings?), this
being a celebrated theorem of his. Jacobi gave a proof ofaledf Quadratic Reciprocity
in [1], using the value 08. Legendre realized that the proof could be simplified to wrsiy
the value ofS, and gave this proof in [2, par. (679)]. This paper is an eitjwsof this
proof. All the ideas are there, but we have rewritten the ptote more accessible to the
modern reader. (In particular, our use of the quadratidtescharacter is an anachronism.)
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