A PROOF OF THE IRREDUCIBILITY OF THE p-TH CYCLOTOMIC
POLYNOMIAL, FOLLOWING GAUSS

STEVEN H. WEINTRAUB

ABSTRACT. We present a proof of the fact that for a primpethe p-th cyclotomic poly-
nomial®y(x) is irreducible, that is a simplification of Gauss’s proof.

It is well-known and very easy to prove that theh cyclotomic polynomiakp,(x) is
irreducible forp prime by using Eisenstein’s criterion. But this result igyorally due to
Gauss in théisquisitiones Arithmeticagl, article 341], by a rather complicated proof.
We present a simplified version of Gauss’s proof.

Theorem 1. Let p be a prime. Then the p-th cyclotomic polynontgi(x) = xP~1 +
xP-24 . +1isirreducible.

Proof. We have the identity
d d

.El(x— r) = _;(—lyS(rl, Al

where thes are the elementary symmetric functions.
Letd(ry,...,ra) = [ (1—ri). Then we see that

d

¢(re,....ra) = Z)(—l)iS(rl,m,rd).

The theorem is trivial fop = 2 so we may suppogeis an odd prime.

Suppose tha®y(x) is not irreducible and lef;(x) be an irreducible factor by (x) of
degreed. Thenfi(x) = (x—{1)---(x— {g) for some set of primitivgd>-th roots of unity
{1,....qa}. Fork=1,...,p—1, letfi(x) = (x—{f) --- (x— £¥). The coefficients ofy(x)
are symmetric polynomials if(X, ..., X}, hence symmetric polynomials {1, ..., {q},
hence polynomials in the coefficients faf x), and sof(x) has rational coefficients. Since
eachfy(x) divides®y(x), by Gauss’s Lemma in fact eadf(x) is a polynomial with integer
coefficients.

(It is easy to see that eadh(x) is irreducible, thatl must dividep— 1, and that there
are exactly(p— 1)/d distinct polynomialsfy(x), but we do not need these facts.)

Since fi(x) has leading coefficient 1 and no real rodigx) > O for all realx. Also,
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since every primitivep-th root of 1 is a root of the right-hand side of multiplicidy Then

p-1
d—o,(1) = [ K2
p p(1) kl:llk()

andd < p— 1, so we must havé (1) = 1 for someg > 0 values ok, and f(1) a power
of p for the remaining values df and hence

p—1
3 f(1)=g#0(mod p)
=1

But
$(Lf.....05) = f(D) fork=1,...,p—1, and¢(Zf,....¢)) = ¢(1,...,1) =0.
Thus

p—1 p-1
3 b= 5 ol L)
=1

k=1

p
= ¢t )
k=1

o
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p
~1)' S s(2K,...,25.
( )k;s(fl 4y

Butsi(ry,...,rq) is a sum of terms of the form;, ---rj,, so each term in the inner sum
above is a sum of terms

p
78 =S (g, - ¢j)*=00r
k; i 8 kz(l i) P

k

2 Mo

p
=1
according agj, - - - {j; is a primitive p-th root of unity or is equal to 1. Thus

p-1
> f(1)= 0(mod p),
K=1
a contradiction.
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