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Abstract

Recently a new family of Cayley graphs of fixed even node degree called the Cyclic-cubes were proposed as interconnection
networks by Fu and Chau (1998). We show that these networks are simply wrap-&ramdbutterflies.] 2000 Elsevier
Science B.V. All rights reserved.

Keywords:Cayley graph; Interconnection networks; Butterfly networks

1. Introduction There arenk” nodes inGX, each labeled with a
cyclic permutation ofi symbols, 1, ..., t,—1 in that
Interconnection networks form the backbone of dis- order. In addition, each symbol is attached witlaak
tributed memory parallel architecture. One of the de- between 0 and — 1 written as the superscript of the
sirable properties of these networks is their symmetry. symbol. Examples of node labels 6§ are(19131913),
Symm”etry ot:‘ten i”f‘PnleS slimpler mgpping algorithms  (11/3/212) and (13:219:2). To specify the edges of the
as well as better fault tolerance. Since symmetry is ; : (i) £(=i) - k k
an inherent property of Cayley graphs [2], there have raph, define functiong®™. f7: Gy = G 0
been many attempts to base new interconnection net- S ,
works on Cayley graphs. Fixed node degree is also a f (t° ...t/ 100" .. 1))
desirable property of interconnection networks. It low-
ers hardware costs as well as allows unbounded size
architectures using the same processors.
Fu and Chau have recently proposed a clags, co 0l '
of Cayley graphs with fixed even node degrees [1]. = (r/'™" ...t/ 150t .1l 2).
Tr_\ey call these g.raphs the Cychc-cybes. We show in (Note that the operations on the rank of a symbol are
this paper that this class_of graph_s IS th? same as theperformed moduld.) Thenu € G¥ is connected to
wrap-aroundk-ary butterflies. This identification will n
help visualization of these graphs and their mappings. @ @), fQ @), ..., f* V),
It will also enable porting of results developed for FOW, FOw), ..., fEE=D) (),
binary butterflies regarding tree mappings [3], search '
algorithms [4], data selection and broadcast [5], etC. 1 (1] authors use ranks 1 througrand call the functiong©

- and f(—o) asg andg—l, respectively. Our notation simplifies the
* Corresponding author. Email: mdw0@Lehigh.Edu. representation.
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Clearly each of these edges are bidirectional. In W'I*H . P
particular, if £ (u) = v then f~)(v) = u. Further, 000 o R
for n > 3, all the destinations of: are distinct. 001 N /.\
Therefore the node degree@f; is 2. G2 is identical

002 N "
to the graph defined in [6]. It has been shownin[1]that \\ /W

G is a Cayley graph and supports Hamilton cycle, and o i\\ V)T ORI
embedding of hypercube and mesh. N :\\ W/%W

020

2. Isomorphism to the wrap-aroundk-ary 021
butterfly network 02
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Previously Chen and Lau [7] have shown thﬁﬁ
defined in [6] is identical to a binary butterfly. We will
now prove that the grap&’ is the same as the wrap-
aroundk-ary butterfly BX. The definition of thek-ary 110
butterfly network can be found in [8]. 1

112
Definition 1. The n-dimensional wrap-arounk-ary 120
butterfly,n > 3, k > 2, is defined to be a graph with
nk" nodes labeled/, w) wherel € Z, andw € Zj,

102

N

121

\4‘/

122

and having edge?s "o h@;'éé%'é‘%g‘%g‘%$‘)‘\ i
(I, wowy ... wy—1) — <l —1, wowj ... w;hl), 201 /ﬂ(@;’@;‘%é%&‘)ﬁ\\ng
= anduiy <7 RSN

0wy 2) > 1+ 0]y N X NSRS,
wherew, = w; fori #1, andw; € Z. 22 4 W
w U N WA XK,

Thus the 2 nodes connected to any nodk w)

221 & ¥
are obtained by either decreasing its first indey N Yy NV
1 (modulon) and replacing thé/ — 1)th component, - - -
w;—1, of thek-ary representation ab, by an integer Fig. 1. Wrap-around-ary butterfly B3.

between 0 and — 1 or by increasing by 1 (modulo
n) and replacingu; by an integer between 0 akd- 1.

Bk can be visualized asid x n array of nodes with
node(/, w) placed in theth column and thevth row. To demonstrate the isomorphism betwegh and
Clearly, nodes in any column have connections only to BY, define a functiony : GX — BX as
the nodes in the neighboring columns (except for the e inetdosdt  det o )
wrap-around links between the — 1)th column and (el ) = (e, Joji- - ju-1)- (1)
the Oth column). To simplify the drawing the wrap-  Clearlyy is one-one and onto. We now show that it
around links, Oth column is redrawn following the 3|50 preserves the graph connectivity. Let
(n — Dth column.B3 is shown in Fig. 1. _ S .

w= (el .ot .

2 i n
Here,Z, denotes integers 0 through— 1 andZ;; denotesn . L . S
copies ofZ;. Thusw € 7' may be expressed asqws ...,y Its imagey (1) is given in (1). The connectivity i),

wherew; € Z;. The stringwows ... w,_1 may be thought of as the ~ Shows that: is connected tf D), 0<i<(n—1).
representation of integes in radix k system. Now,
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={e+1, Joji---Je—1 Jeti je+1-~-jn—l>- (2)

By comparing the second indices ¢f(u) in (1)
and ¥ (f9(u)) in (2), one can see that all their
components match, except tbidn componentj, + i,
which takes a value between 0 aqd— 1) since the
rank operations are always moduloTherefore from
the definition of the connectivity oB,’f, ¥(u) and
@[/(fm(u)'), 0<i < (n— 1) are connected. Further,
since £~ is simply the inverse of @, v (f ) (u)),
andy (1), 0<i < (n— 1) are also connected.

This proves that the even degree Cayley grégh
is isomorphic to the wrap-arouridary butterfly BX.
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