MATH 205 PRACTICE EXAM ON VECTOR SPACES AND BASES

Name:

Section:

Instructions:

(1) Books, notes, and calculators are not permitted.

(2) Simplify as instructed. On some problems, unsimplified correct answers will
not receive full credit.

(3) Show your work as instructed. On some problems, correct answers without
justification will not receive full credit.



2 PRACTICE EXAM

Problem 1. (18 pts.) For each of the following sets, write a check mark v after it if
it is a vector space; write an X after it if it is not a vector space. Let P, denote the
set of polynomials of degree at most k in a single variable x, having real coefficients.

There will be no partial credit. You do not need to show your work.

o (i

Reason: This set isn’t closed under multiplication by scalars (of real numbers).

Gt

Reason: This is a standard vector space R2.

a,b are even integers} . X

a,bER}. v

(iii) {p(z) € P3| deg(p(z)) =3}. X
Reason: This set doesn’t contain the zero element (the degree of the zero polynomial
is 0).

(iv) {p(z) € P5|p(0)=0}. v

Reason: This is the kernel of the evaluation map P; — R sending p(x) — p(0). We
will see the kernel of a linear map between vector spaces (an evaluation map is a linear
map) is always a vector space. Alternatively, you can check that the set contains 0
and the condition is p(0) = 0 is preserved under addition and scalar multiplication.

(v) A{p(z) € Ps|p(1)=0}. v
Reason: Same as previous case.

(vi) {p(z) € Ps|p(0)=1}. X
Reason: The set does not contain the zero polynomial.
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Problem 2. (18 pts.) For each of the following sets, write a check mark v after it if
it is a vector space; write an X after it if it is not a vector space. Let M,, denote the
set of k x k matrices having real entries.

There will be no partial credit. You do not need to show your work.

(1) {A € M, | a1+ oo = O} . v

Reason: This is the set of matrices with tr(A) = 0. Since tr : M,, — R is a linear
map, this set is the kernel of a linear map, hence a vector space.

(i) {A€ M| det(4d)#0}. X

Reason: Doesn’t contain the zero matrix.

(i) {AeM,|A'=4}.
Reason: This is the set of symmetric matrices, which contains the zero matrix and is

preserved under addition and scalar multiplication. (It is also the kernel of the map
A A— AT which is linear).

(iv) {AeM|A=-4}.

Reason: Same as previous case.  Reason: This is the set of anti-symmetric ma-
trices, which contains the zero matrix and is preserved under addition and scalar
multiplication. (It is also the kernel of the map A — A + AT, which is linear).

a—>b
(v) a
a+b

Reason: This is the span of the vectors (1,1,1) and (—1,0,1) based at the origin
(0,0,0). Spans of vectors (based at the origin) are vector spaces.

a,beR . v

a—1
(vi) a
a+1

Reason: This set doesn’t contain (0,0, 0).

ac€R . X
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Problem 3. (5 pts.) Circle the correct answer. There will be no partial credit. You
do not need to show your work.

Consider the three sets

Si =

Sy =

W N W DN W

N WHR N NWw—
WUl WO © W N

Sy =

Y

1
Which of the sets is linearly independent?

A. S) only.

B. S5 only.

C. S; and S5 only.
D. S5 and S5 only.
E. Other.

Answer: A.

Reason: The second vector of S5 is a multiple of the first. The third vector of S5 is
the sum of the first two.
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Problem 4. (5 pts.) Circle the correct answer. There will be no partial credit. You
do not need to show your work.

Adjoining
1

1
1

to the sets from the previous problem, we obtain the three sets

T, =

T, =

15 =

N W =N W =N
N W N NDWH

—_ = = —_ = = —_ = =

W UL WO O W N

Which of these sets spans R3?

A. T only.
B. 715 only.
C. T and T3 only.
D. T, and T3 only.

E. Other.

Answer: C.

Reason: Since S; had 3 linearly independent vectors, it spanned R3. Since T} contains
S it also spans R3. In T5, the second two vectors are multiples of the first. So T
contains at most 2 linearly independent vectors, therefore cannot span R?. In 75, the
first, second, and fourth vectors are independent. Indeed

311
det [2 3 1| =3#0.
121
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Problem 5. (5 pts.) Circle the correct answer. There will be no partial credit. You
do not need to show your work.

Consider the subset
S={1, 1+z, 1+a+2* z+2° 2%}
of P,. Which of the following best describes S7

A. It is a basis of Ps.
B. It spans P, but is not linearly independent.
C. It is linearly independent but does not span P.

D. It neither spans P, nor is linearly independent.

E. Other.

Answer: B.

Reason: The dimension of P, is 3 (the standard basis is 1, z,2%). So S cannot be a
basis (it contains too many elements to be linearly independent), however we can see
it spans P, because

a+br+crP=(a—0)-1+b-(1+2)+c 2°

So we've expressed an arbitrary element of P, as a linear combination of 1,1+ z, 22,
which are elements of S.
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Problem 6. (5 pts.) Circle the correct answer. There will be no partial credit. You
do not need to show your work.

Counsider the subset

s={[b 1 [ )

of Ms. Which of the following best describes S?

A. It is a basis of Ms.
B. It spans M, but is not linearly independent.
C. It is linearly independent but does not span M.

D. It neither spans M, nor is linearly independent.

E. Other.

Answer: C.
Reason: The dimension of M, is 4. The standard basis is

R i o R

So S cannot be a basis (it contains too few elements to span Ms), however we can
see the elements of S are linearly independent since if for some (¢, ¢a, ¢3) we have

oo 1O o1, oo
“%00 11 "%2o ol "1 ol

Then evidently ¢; = ¢y = ¢3 = 0.
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Problem 7. (15 pts.) For each of the sets below, show that it is linearly independent,
or find a nontrivial linear combination of the elements which equals 0.

|
W
_l’_
—_

|
(@)

I
@)

Solution: Not linearly independent. Add them all to get

1 0 ~1 1-1
1+ |1 +]0]=]-1+1] =
0 —1 1 —1+1

o O O

(c)
{1, 1+2, (1+2)%}.
Solution: Linearly independent. If for all z,

O=ci-1+c-(14+a)+es-(1+2)

then taking x = —1 implies ¢; = 0. Then (1 + z)(ca + ¢3(1 + x)) = 0 for all x, hence
ca+c3(1+x) =0 for all z. Taking = —1 again, we get c; = 0. Hence finally ¢3 = 0.
So there is no linear relation between the elements. (d)

{1—|—:U, 1—x, 14 a% 1—1;2}.
Solution: Not linearly independent. Indeed,

(1+z)+(1—2)—1+2%)—(1-2%)=0.
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Problem 8. (25 pts.) For each of the following sets, show that it is or is not closed
under addition and scalar multiplication. Then give one natural basis (or state that
it is not a vector space), and find its dimension as a real vector space (or answer
“DNA” if the set is not a vector space).

(a) The set Py = {a + bx + cx® + dz?|a,b,c,d € R}.

(i) Closure under addition:
Solution: Given two cubic polynomials pi(z) = a; + byx + c12* + dyz® and po(x) =
as + box + cox? + dyx® with real-valued coefficients, evidently the addition of them
yields

pl(:c) +p2(a:) = (a1 -+ ag) -+ (bl -+ bg)fE + (Cl + 62)332 + (dl + dg):ﬁg

which is a cubic polynomial with real-valued coefficients.

(ii) Closure under scalar multiplication:
Solution: Given a cubic polynomials p(x) = a + bx + cz? + da?® and with real-valued
coefficients and a real number s, the scalar multiplication is

s(p(z)) = (sa) + (sb)x + (sc)x? + (sd)z?

which is again a cubic polynomial with real-valued coefficients.

(iii) One natural basis:
Solution: A natural basis is simply {1, z, 2% 2®}. Indeed, the set P3 is expressed as
all linear combinations of these monomials. There are no linear relationships between
polynomials of different degrees.

(iv) Dimension:
Solution: The dimension of Pj is 4 (the natural basis above consists of exactly four
elements) .

(continued —)
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(b) The subset V; of P5 consisting of polynomials whose coefficients sum to 0,

Vi={a+br+cx’+da* € Psla+b+c+d=0}.

(i) Closure under addition:
Solution: Consider two cubic polynomials p;(z) = a; + bz +c12? +dy2® and po(x) =
ay 4 box 4 co? + dyz® with real-valued coefficients, such that a; + b; + ¢; + d; = 0 for
1 = 1,2. Recall from above the addition of these polynomials is
D1 (CU) +p2(.70) = (al + CZQ) + (bl + bg)l’ + (Cl + 62)5132 + (dl + dg)x?’.
We verify that
(al+Cl2>+(bl+b2)+(61+62)—|—(d1+d2) = (a1+bl+cl—|—d1)—l—(a2+b2+02+d2) =04+0=0.

So the subset V; is closed under addition.

(ii) Closure under scalar multiplication:
Solution: Consider a cubic polynomials p(x) = a + bx + cx?® + da® and with real-
valued coefficients such that a +b+c+d = 0 and a real number s. Recall from above
that the scalar multiplication is

s(p(z)) = (sa) + (sb)x + (sc)x? + (sd)z®.
We verify that
(sa) 4 (sb) + (s¢) + (sd) = s(a+b+c+d)=s-0=0.

So the subset V; is closed under scalar multiplication.

(iii) One natural basis:
Solution: To ensure we have the required relation between the coefficients, we choose
our basis so that scalar multiples automatically have coefficients that add to zero.
Namely, we take for a basis {x —1,2? — 1,23 — 1}. Indeed, for any element of V;, we
have

a+br+cr?+de®=(a+b+c+d) +bx—1)+cla®—1)+d*—1)
=b(x —1)+c(2® — 1) +d(z* - 1).

Thus every element of V; can be expressed as a linear combination of our basis ele-
ments. Additionally, there are no linear relationships between polynomials of different
degrees.

(iv) Dimension:
Solution: The dimension of V; is 3 (the natural basis above consists of exactly three
elements) .

(continued —)
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(c) The subset V5 of Vi consisting of polynomials having constant term equal to the
coefficient of 22 and coefficient of x equal to the coefficient of 22,

Vo={a+br+cr*+di* € Psla+b+c+d=0,a=c b=d}.

(i) Closure under addition:
Solution: Consider two cubic polynomials p;(z) = a; + bz +c12? +di2® and po(x) =
ay + byx + cox? + dox®, which lie in V5. Recall from above the addition of these
polynomials is

p1(z) + pa(x) = (a1 + az) + (by + bo)z + (c1 + c2)2” + (dy + do)2”.
We have already seen above that pi(x)+ ps(z) has coefficients which sum to zero. We
verify that
(a1 +az) —(c14+c2) = (a1 — 1)+ (ag —c2) =0
and, by similarly identity, we find (b 4+ by) = (d; + d3). So the subset V3 is closed
under addition.

(ii) Closure under scalar multiplication:
Solution: Consider a cubic polynomials p(z) = a + bx + cx? + dz® which lies in V5 a
real number s. Recall from above that the scalar multiplication is

s(p(z)) = (sa) + (sb)x + (sc)x? + (sd)z®.
We have already seen above that s(p(x)) has coefficients which sum to zero. We verify
that
(sa) — (sc) =s(a—c)=s-0=0,
and, by a similar identity, sb = sd. So the subset V5 is closed under scalar multipli-
cation.

(iii) One natural basis:
Solution: Since V5 is determined by 3 linear relations, we expect it’s dimension to
be dimP; — 3 = 1. We can find a basis element by setting the coefficient a = 1 and
using the relations to determine ¢ = 1, b = d = —1. So a natural basis element is
given by {1 — x + 2% — 23}. Indeed, every element of V5 can be expressed as
a+br+cr® +dr* = (b+a)x+ (c—a)r? + (d+a)r® +a(l —z + 2> — 2°)
=a(l —z+2* —2%),

using that a +b=a — c = a + d = 0 for elements of V5.

(iv) Dimension:
Solution: As in the previous part, we see that dimension of V5 is 1.
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Problem 9. (10 pts.) Consider the linearly independent set R and the spanning set
T of R3 given by

1 2 1 2 1 4 3
R = 31, [3] ¢, T = 31, (3], |0}, |9], |6
3 4 3 4 1 9 7

Find a basis S of R? satisfying R C S C T Briefly justify your answer.

Solution: To make a basis S, we need to choose one element from T to add to R.
Let us label the elements of R by r; and ry and the elements of T" by tq,ts, ..., t5.
Observe that t1,t, are already in R, so adding them R won’t give us a basis. On the
other hand, t3 = ro — r; and t; = r; + ry, so these elements can already be made
from linear combinations of the elements of R. Since we are told that 7" is a spanning
set and we know the dimension of R? is 3, adding the remaining element in T to R
must give a basis. So we take

S = {r17 Iy, t4}
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Problem 10. (10 pts.) Consider the space of continuous functions spanned by sin(z),
sin(2x), and sin(3x),
V' = span(sin(z), sin(2x), sin(3z)).

Use the Wronskian and a strategically chosen value of = to decide if sin(x), sin(2z),
sin(3z) are linearly independent functions of # and therefore form a basis of V.

Solution: The Wronskian of the three functions is given by

sin(x) sin(2x) sin(3x)
W(x):=det | cos(x) 2cos(2z) 3cos(3x)
—sin(z) —4sin(2x) —9sin(3z)

Taking x = 7, we have

1 0 -1
W(E)i=det | 0 =2 0| =1-(=2)-(9)—(=1)-(=2) - (=1) = —18 + 2 = —16.
2 1.0 9

Since the Wronskian doesn’t vanish, the functions must be linearly independent.



