MATH 205 PRACTICE EXAM ON LAPLACE TRANSFORMS

Name:

Section:

Instructions:

(1) Books, notes, and calculators are not permitted.

(2) Simplify as instructed. On some problems, unsimplified correct answers will
not receive full credit.

(3) Show your work as instructed. On some problems, correct answers without
justification will not receive full credit.
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Problem 1. (5 pts.) Circle the correct answer. There will be no partial credit. You
do not need to show your work.

Which of the following statements best explains the Laplace transform L[1] of the
constant function 17

We can think of it as L[t°] or L[e"].
We can think of it as L[t°], but not as L[e"].

We can think of it as L[e”], but not as L[t°].

S o ® »

We can not think of it as L[t°] or L[e%].

E. None of these.

Answer: A.
Reason: Recall the formulas
1 n!
Lle™] = L[t"] = :
)= L =
If we take a = 0 or n = 0 above, we find
1 0! 1
L[GOt] ) L[to] = =
s s s

since by convention 0! = 1. Both recover the correct formula.

Problem 2. (5 pts.) Circle the correct answer. There will be no partial credit. You
do not need to show your work.

Which of the following functions does not have a Laplace transform?

A. 2t
B. 2.
C. %,
D. .

E. All of these functions have Laplace transforms.

Answer: D.
Reason: The function f(t) = e’ has super exponential growth. In particular,

I et =st dt does not have finite growth for any value of s.
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Problem 3. (15 pts.) Find Laplace transforms of the following functions.
(a) (2+ et
Solution:
L[(2 + €®)t*](s) = 2L[t*](s) + L[e”'t*](s)

:2G1+uﬂ@—5)
12 6
==+

(b) e*(k cos(ft) + msin(5t)), where «, 3, k, m are real numbers.

Solution:
L{e® (k cos(Bt) +msin(Bt))](s) = kL[cos(Bt)](s — o) + mLsin(5t)](s — a)
B s — - 16
AR R Py Ep 2
0 when 0 <t < 1,
@f@:{ﬁ—m+2wmmzy

Solution: Write

Then
Liuy (8)(#* — 2t +2)](s) = e *L[(t + 1)* — 2(t + 1) + 2|(s)
= e SL[t* + 1](s)
(34
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Problem 4. (15 pts.) Find inverse Laplace transforms of the following functions.

3
(2) 244
Solution:
3 3
| ———| = =sin(2t).
[32 n 4} 5 sin(2t)
2s — 3
b
(b)
Solution: Partial fraction decomposition
2s — 3 A B
g + — 25— 3=(A+ B)s+24—2B

s$2—4 s—2 s+2
We solve to A, B to get

28—3_1 1 +7 1
$2—4 4s—2 4ds+2
Then
2s — 3 1 1 7 1
L*l :_Lfl _Lfl
[52—4] 4 [3—2]+4 [s+2]
_12t [
—46 +4€
1-—2s
(c) s24+4s5+5

Solution: Complete the square:
1—2s 1—2s 5 2(s +2)

2+4s+5 (s+22+1 (s+202+1 (s+22+1

Then

1 1—2s _1 1 1 s+ 2
S - | _9 e
s2+4s+5 (s+2)2+1 (s+2)2+1

= 5e ' sin(t) — 2e"* cos(t).
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Problem 5. (15 pts.) Use the method of Laplace transforms to solve the initial value
problem
Yy — 9y +20y =0, y(0) =3, %/(0)=10.
Solution: Laplace transform both sides:
Lly" —9y' +20y] = 0.
Expand the left hand side:
s*L[y] — sy(0) — y/'(0) = 9(sL[y] — y(0)) + 20L[y] = 0.

Collect terms and Solve for L[y]:

(s* — 95 +20)L[y] = 3s — 17,

3s — 17
— Ly|=———
Sl Py P
Using partial fraction decomposition:
PFD ) 2
Lly| = —
g s—4 s—5
Now inverse transform:
) 2
— L—l o — 4t 2 5t‘
Y L -4 s-— 5} o ‘
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Problem 6. Use the method of Laplace transforms to solve the initial value problem
Y’ —y = 2sin(t), y(0)=—1, 4 (0)=0.

Solution: Laplace transform both sides:

2
Lly" —y] = L[2sint] = :
W' =] = Ll2sind] = 5
Expand the left hand side:
2
S"Lly) = sy(0) = y'(0) = Llyl = 5=
Collect terms and Solve for L[y]:
2
2 Ly = — —
(= L) = s s,
2 5
= Ly = -

(2+1)(s—=1)(s+1) (s=1)(s+1)
Using partial fraction decomposition:

PFD 1 1
— Lly| =— — .
] s+1 s2+1

Now inverse transform:

B 1 1 _ .
y=1L 1{—$+1—82+J = —e ' —sin(t).
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Problem 7. (15 pts.) Use the method of Laplace transforms to solve the initial value
problem
y" + 2y + 5y = 6e " cos(t), y(0)=1, ¢(0)=1.

Hint: use the fact that
6(s+1) o 2(s+1) 0 2(s+1)
(s+12+1)((s+1)2+4) (s+1)24+1 (s+1)244

Solution: Laplace transform both sides:

_ 6(s+1)
L 1 2 / — L t —
[y" + 2y" + by [6e™" cost] CESVEES!
Expand the left hand side:
6(s+1)

2Ly — — 2(sL[y] — — 5Ly =

s*Lly] — sy(0) —y'(0) +2(sL[y] — y(0)) — 5L[y] RS
Collect terms and Solve for L[y]:

6(s+1)
12 +4)Ly = ————
(5 1+ Ll = ) s 3
6(s+1) s+1 2

— Lyl =

+ + .
((s+1)2+D((s+1)24+4) (s+1)24+4 (s+1)2+14
Using partial fraction decomposition:
2(s+1) s+1 2

PFD . +
(s+1)2+1 (s+1)2+4 (s+1)2+4

— Lyl =

Now inverse transform:

4 2(s+1) s+1 N 2
(s+12+1 (s+1)244 (s+1)2+4

= 2e " cos(t) — e " cos(2t) + e ' sin(2t).
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Problem 8. (15 pts.) Solve the initial value problem

"y — t for 0 <t < m/2,
Y v= /2 for m/2 <t < o0,

Solution: Write the piecewise function as
T T
f(t) =t(1 —uz(t)) + 51%(25) =t—(t— §>Ug(t)
Laplace transform both sides:
1 _mg
Lly" +4y] = LIf(t)] = 5 (1 —e2°).
Expand the left hand side:

LIy~ sy(0) — y/(0) + 4Lfy] = (1 — e F)

Collect terms and Solve for L[y]:
1 ..
(s> +4)L[y] = 3_2(1 — e 2%),
1

m(l — e 2%).

= L[y =

Using partial fraction decomposition:

Now inverse transform:

Sy 1 PR S
= — Y — —e 2 —e 2
Y 4 s2 s24+4 52 s2+4
1 1 1 1
:Z(t—§sin2t)—z(t—g—§sin(2t—7r) us (t)
1 1 . 1 T 1 .
= Z(t — éstt) - Z(t -5t ism(%))u%(t).
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Problem 9. (15 pts.) Solve the initial value problem
y'+2y +2y =06(t — ), y(0) =y'(0) =0,
where ¢ is the Dirac impulse function.
Solution: Laplace transform both sides:

Lly" +2y +2y] = L[§(t — )] = e ™.

Expand the left hand side:
s*L[y] — sy(0) — y'(0) + 2(sLy] — y(0)) + 2L[y] = ™™

Collect terms and Solve for L[y]:

(s +25+2)L[y] = e ™,

1 —TS
— W=
Completing the square:
CTS 1 _
= Lly|=————€ "

Now inverse transform:
1
_ L—l —7Ss
J Ls T2 1° }
= e T sin(t — m)ug(t)

= —e" sin(t)u,(t).



