MATH 205 PRACTICE EXAM ON LINEAR SYSTEMS OF
DIFFERENTIAL EQUATIONS

Name:

Section:

Instructions:

(1) Books, notes, and calculators are not permitted.

(2) Simplify as instructed. On some problems, unsimplified correct answers will
not receive full credit.

(3) Show your work as instructed. On some problems, correct answers without
justification will not receive full credit.
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Problem 1. (5 pts.) Circle the correct answer. There will be no partial credit. You
do not need to show your work.

Fix an n X n matrix A with real entries and a vector b of functions of ¢. Consider

the differential equations
(H) x = Ax/,

(NH) x=Ax"+b.
Which of the following is true about the solutions of (H) and (NH)?

A. The solutions of (H) form a vector space; the solutions of (NH) form another
vector space.

B. The solutions of (H) form a vector space; the solutions of (NH) do not.

C. The solutions of (H) do not form a vector space; the solutions of (NH) do.

D. The solutions of (H) do not form a vector space; neither do the solutions of (NH).
E

. None of these.

Problem 2. (5 pts.) Circle the correct answer. There will be no partial credit. You
do not need to show your work.

Let A be an n x n matrix, let u and v be nonzero vectors in R", and let ¢, d be
nonzero real numbers. If u + iv is an eigenvector of A with eigenvalue ¢ + di, then
what can we say about u —iv?

A. It is an eigenvector of A with eigenvalue ¢ + di.
It is an eigenvector of A with eigenvalue d + ci.
It is an eigenvector of A with eigenvalue ¢ — ds.

It is an eigenvector of A with eigenvalue d — ci.

= o a

None of these.
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Problem 3. (15 pts.) Define the matrix
-2 3
4= {_2 5} |

(a) Solve (Find all solutions of) the differential equation x’ = Ax.

(b) Find the particular solution of x" = Ax which satisfies

x(0) = {_g] .
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Problem 4. (15 pts.) Define the matrix
-1 2
4= {_2 _1} |

(a) Solve (Find all solutions of) the differential equation x’ = Ax.

(b) Find the particular solution of x" = Ax which satisfies

x(0) = B} .
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Problem 5. Find the general solution of the system

) {8 —5} 0 AfdeT {cos(n) — 7sin(7t)] LsiTem {7(}08(71&) —|—sin(7t)}

Y Zli0 6 10 cos(7t) 10sin(7¢)

of differential equations, using the fact that the characteristic polynomial of the co-
efficient matrix is A> — 14\ + 98, and the fact that one particular solution is

cos(Tt) — 7sin(7t)] R [7 cos(Tt) +sin(7t)}

_ 44Tt
up(t) =te { 10 cos(7t) 10sin(7?)
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Problem 6. Find the general solution of the system

15 8 —4 )
u= 1[4 11 4|u+ |14
4 8 7 )

of differential equations, using the fact that the characteristic polynomial of the co-
efficient matrix is —(A —3)(A — 11)(A — 19), and the fact that one particular solution
is
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Problem 7. Let «, 8 be nonzero real constants. Find the general solution of the

system
a —f —B
u= |- o —f|u
-8 -8 «

of differential equations, using the fact that the characteristic polynomial of the co-
efficient matrix is —(A — (a + ))*(A — (a — 20)).
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Problem 8. Find the general solution of the system

2 2 1 2 0 1
u=12 5 2|u+62 |—1| +7t%" |—1| +87™ |2
1 2 2 0 2 1

of differential equations, using the fact that the characteristic polynomial of the co-
efficient matrix is —(A — 1)*(\ — 7), and the fact that one particular solution is

2 0 1
u,(t) =t%" | —1| +tTe' | —1| + %™ |2].
0 2 1
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Problem 9. Consider the linear system of differential equations
;-2 1 2e~t
(1) x—[1_2}x+{3t}.

(a) Find a fundamental matrix of solutions for the homogeneous linear system corre-
sponding to (1).

(continued —)
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(b) Use the method of variation of parameters to find one particular solution of (1).

(c) Find the general solution (all solutions) of the linear system (1).
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Problem 10. Consider the linear system of differential equations

<[t e [

1 -2 sin (t)

(a) Find a fundamental matrix of solutions for the homogeneous linear system corre-
sponding to (2).

(continued —)
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(b) Use the method of variation of parameters to find one particular solution of (2).

(c) Find the general solution (all solutions) of the linear system (2).
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Problem 11. Convert the second-order linear differential equation
y" + 5t%y — y = sin(2t)

into a first-order linear system.
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