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ABSTRACT. For irreducible characters {x} |\ F n}, induced sign characters {e) |\ - n},
and induced trivial characters {77;1\ |\ F n} of the Hecke algebra H,(q), and Kazhdan-
Lusztig basis elements C,(q) wit(}t;w avoiding the patterns 3412 and 4223& we combinatorially
interpret the polynomials x;(¢-z C},(q)), €2 (¢ 2 C},(q)), and 1) (¢~ = Cj,(q)). This gives
a new algebraic interpretation of chromatic quasisymmetric functions of Shareshian and
Wachs, and a new combinatorial interpretation of special cases of results of Haiman. We

prove similar results for other H,(g)-traces, and confirm a formula conjectured by Haiman.

1. INTRODUCTION

The symmetric group algebra CS,, and the (lwahori-) Hecke algebra H,(q) have simi-
lar presentations as algebras over C and (C[q%, q%] respectively, with multiplicative identity

elements e and 7, generators si,...,S,-1 and Ty,,...,Ts _,, and relations
si=e T2 =(q— 1Ty, +qT. fori=1,...,n—1,
5i5;8; = 5j8iS; T,1,,T,, =TT T, for |[i — 7] =1,
$iSj = S;S; 1,1, =TT, for |t — j| > 2.

Analogous to the natural basis {w|w € &,} of C&,, is the natural basis {1}, |w € &,} of
H,(q), where we define T,, = TSZ.1 “'Tsw whenever s;, ---s;, is a reduced expression for w
in S,,. We call ¢ the length of w and write ¢ = ¢(w). It is known that ¢(w) is equal to
INV(w), the number of inversions in the one-line notation wy - - - w, of w. (See, e.g., [4], [13]
for defintions.) The specialization of H,(q) at q% = 1 is isomorphic to C&,,.

In addition to the natural bases of C&,, and H,,(q), we have the (signless) Kazhdan-Lusztig
bases [15] {C! (1) |w € &,}, {C!,(¢) |w € &,}, defined in terms of certain Kazhdan-Lusztig
polynomials { P, .,(q) | v,w € &,} in N[q| by

(1.1) Co() =) PowWo,  Cil@) = ey ) Powl@)To,

v<w v<w

L(w)—L(v)

where < denotes the Bruhat order and we define ¢,.,, = ¢~ 2z . (See, e.g., [13].) We have
the identity P, (q) = 1 when w avoids the patterns 3412 and 4231, i.e., when no subword
Wi, Wy, Wi, Wy, of wy -+ -w, consists of letters which appear in the same relative order as 3412
or 4231. (See, e.g., [3].)

Representations of C&,, and H,(q) are often studied in terms of characters. The C-span
of the &,,-characters is called the space of &, -class functions, and has dimension equal to
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the number of integer partitions of n. (See, e.g., [24], [30], [31] for definitions.) Three well-
studied bases are the irreducible characters {x*| A - n}, induced sign characters {¢* | \ - n},
and induced trivial characters {n* |\ = n}, where A\ I n denotes that ) is a partition of n.
The C[gz, q2]-span of the H,(q)-characters, called the space of H,(q)-traces, has the same
dimension and analogous character bases {Xq | A n}, {eg | A n}, {0 | X F n}, specializing
at qz = 1 to the &,-character bases. Each of the two spaces has a fourth basis consisting
of monomial class functions {¢*| A F n} or traces {¢} | A F n}, and a fifth basis consisting
of power sum class functions {¢p* | A = n} or traces {42 | X - n}. These are defined via the
inverse Kostka numbers {K;}L |\, o = n} and the numbers {L, , | A, u = n} of row-constant
Young tableaux of shape A and content u by

(12) ¢ = SOKIXY ¢ = SOKXE = > L, ) = > Liudh
1 1 1 1

These functions are not characters. (See [2], [12], [34].) In each space, the five bases are
related to one another by the same transition matrices which relate the Schur, elementary,
complete homogeneous, monomial, and power sum bases of the space A,, of homogeneous
degree n symmetric functions. (See, e.g., [31].)

It is known that irreducible &,,-characters {x* | A\ - n} satisfy x*(w) € Z for w € &,,. Thus
for any integer linear combination € of these and any element z € Z&,,, we have 0(z) € Z as
well. In some cases, we may associate sets R, S to the pair (0, z) to combinatorially interpret
the integer (2) as (—1)/%!| R, or simply as |R| if §(z) € N. We summarize results and open
problems in the following table.

interpretation of
0(C,,(1)) as |R|

for w avoiding

3412 and 42317

interpretation of

01 0) €N o) as (—1)I8R?

0(C" (1)) € N?

n yes yes yes yes

e no yes yes yes

P no open yes yes

¢A yes yes yes yes

N no yes conj. by Stembridge, Haiman open
J. DYy g

For the above known combinatorial interpretations of §(w), see [2]. The number x*(w) may
be computed by the well-known algorithm of Murnaghan and Nakayama (See, e.g., [31].) but
has no conjectured expression of the type stated above. Interpretations of §(C? (1)) are not
known for general w € &,,, but nonnegativity follows from work of Haiman [12] and Stem-
bridge [33]. Interpretations of n*(C (1)), e*(C. (1)), x(C. (1)), ¥*(C: (1)), for w avoiding
the patterns 3412, 4231 follow via straightforward arguments from results of the fourth
author [27, Thms. 4.3, 5.4] and others, notably Gasharov [9], Karlin-MacGregor [14], Lind-
strom [20], Littlewood [21], Merris-Watkins [22], Stanley-Stembridge [32], [33]. These will be
discussed in Section 4. There is no conjectured combinatorial interpretation of ¢*(C’ (1)),
even for w avoiding the patterns 3412 and 4231, although interpretations have been given
for particular partitions A by Stembridge [34] and several of the authors [5]. The problem of
interpreting 6(C!,(1)) when w does not avoid the patterns 3412 and 4231 is open.
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Irreducible H,(q)-characters {x | A - n} satisfy x)(T.) € Zlg] for all w € &,,. Thus for
any integer linear combination 6, of these and any element z € spanz[q]{T wlw € 6,}, we
have 0,(z) € Z[q] as well. In some cases, we may associate sequences (Sk)r>0, (Rk)>o of
sets to the pair (6, z) to combinatorially interpret 6,(z) as Y., (—1)|Ri|¢*, or simply as
> | Relg" if 6,(z) € N[g]. We summarize results and open problems in the following table.

interpretation of
interpretation of 0,(¢e.wCl (q)) as
0, | 04(T) € Ng]? 0y(T) as 04(qe,wCi(q)) € Nig]? Zk|sz|Qk for
>k (_1)‘5'“‘ ’Rk|qk? w avoiding
3412 and 42317
772 no open yes stated in Section 5
62 no open yes stated in Section 6
XC)} no open yes stated in Section 8
;‘ no open conj. by Haiman stated in Section 9
;]\ no open conj. by Haiman open

The polynomial Xg(Tw), and therefore all polynomials ,(7,,) above, may be computed via
a g-extension of the Murnaghan-Nakayama algorithm. (See, e.g., [16], [17], [23].) However,
none of these has a conjectured expression of the type stated above. Interpretations of
0,(qewC.,(q)) are not known for general w € &,,, but results concerning containment in N|qg]|
follow principally from work of Haiman [12]. In all cases above, coefficients of 6,(¢...C,,(q))

are symmetric about ¢.,. They are also unimodal for 6, € {77;\, eq’\, Xé} and conjectured

to be so for 0, € {w;\,¢f]‘} [12, Lem. 1.1, Conj.2.1]. For w avoiding the patterns 3412 and
4231, formulas for 7)(qewCil(q)), €(2ewClh(@)), X3 (dewCi(q)), and ¥y (gewCi,(q)) follow
from work of Athanasiadis [1], Gasharov [9], Shareshian-Wachs [26], and the authors. There
is no conjectured combinatorial interpretation of ¢p(qewCi,(q)), even for w avoiding the
patterns 3412, 4231, although for particular partitions A interpretations are given by the
authors in Section 10. The problem of combinatorially interpreting 6,(¢..,C,,(q)) when w
does not avoid the patterns 3412 and 4231 is open.

Another way to understand the evaluations #(w) is to define a generating function Immgy(x)
in the polynomial ring Clzy,...,2,,] for {(w)|w € &,}. Similarly, we may define a
generating function Immy, (z) in a certain noncommutative ring A, (q) for {0,(T,,) |w € &,}.
In some cases these generating functions have simple forms. We summarize known results
in the following tables.

0 | simple expression for Immg(z)? 0, | simple expression for Immg, ()7
n yes 772‘ yes
e yes 62‘ yes
X)‘ open Xf} open
YA yes o open
i open (’1\ open
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Simple expressions for Imm,(z) and Imm.(x) are due to Littlewood [21] and Merris-
Watkins [22], and a simple expression for Immya(z) follows immediately from a standard
definition of . An expression for Imm,a(x) as a coefficient of a generating function in
two sets of variables was given by Goulden-Jackson [11]. There is no conjectured simple
formula for Immg(x), although a simple formula for particular partitions A was stated
by Stembridge [34]. Simple expressions for Imm,(z) and Imm(x) are due to the fourth
author and Konvalinka [18], as is a (less simple) expression for Imm,»(z) as a coefficient in
a generating function in two sets of variables.

In Section 2 we discuss generating functions Immy(z) for &,,-class functions 6 and gen-
erating functions Immy, () for H,(q)-traces 0,. These generating functions belong to the
ring C[zy 1, ..., %) and to a certain quantum analog A, (q) of Cl[zy 1, ..., x, ] known as the
quantum matriz bialgebra. In Section 3 we relate these generating functions to structures
called zig-zag networks [27], which serve as combinatorial interpretations for Kazhdan-Lusztig
basis elements indexed by permutations avoiding the patterns 3412 and 4231. In Section 4 we
introduce a partial order on paths in zig-zag networks, and show how this poset and results in
the literature lead to combinatorial interpretations for the evaluations of &,,-class functions
at the above Kazhdan-Lusztig basis elements of C&,,. For the remainder of the article, we
concentrate on combinatorial interpretations of trace evaulations of the form 6,(g..C},(¢))
where w avoids the patterns 3412 and 4231. In Sections 5 — 6 we interpret 7, (qewCi,(q))
and €)(gewCl(¢)). In Section 7 we recall the relationship between &,-class functions and
Stanley’s chromatic symmetric functions, and prove that H,(q)-traces are similarly related
to the Shareshian-Wachs chromatic quasisymmetric functions. In Sections 8 — 9 we use re-
sults of Shareshian-Wachs and Athanasiadis to interpret x;(qe,wCi,(¢)) and ¥ (¢e,wCy,(q))-
One of our interpretations proves a formula conjectured by Haiman [12, Conj.4.1]. Finally,
in Section 10 we state several results concerning ¢, (¢e.wC',(q))-

2. GENERATING FUNCTIONS FOR 0(w) AND 6,(T,,) WHEN 6 IS FIXED

For a fixed &,-class function #, we create a generating function for {#(w)|w € &,} by
writing a matrix of variables x = (x; ;); jejn) and defining

(2.1) Immy(z) = > (W), Tpw, € Cla]

wEGn

(jjfc[wl’l’ e 7xn,n]a

where w; - - - w, is the one-line notation of w. (See, e.g., [30].) We call this polynomial the
0-immanant. The sign character (w +— (—1)“™)) immanant and trivial character (w + 1)
immanant are the determinant and permanent,

det(x) = Z (=1 ) e T, per(z) = Z Tl * Ty -
weGy weGy,

Simple formulas for the e’-immanants and n*-immanants employ determinants and perma-
nents of square submatrices zy ; of z,
xTrg =

= (Tij)ierjer, I,J C[n] o {1,...,n}, 11| = |J].
In particular, we have the Littlewood-Merris-Watkins identities [21], [22]

(2.2) Imma(z) = Z det(zp, ) ---det(zy,7,), Imm,a(z) = Z per(zp r,) - - per(xr, 1),
(I, ) (I, )
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where A = (A,...,\.) F n and the sums are over all sequences of pairwise disjoint subsets
of [n] satisfying |I;| = A;. We will call such a sequence an ordered set partition of [n] of type
A, and will sometimes write [ = [n] and £(\) =

A simple formula for the 1)*-immanant involves a sum over all permutations of cycle type
A. (See, e.g., [24], [30] for deﬁnitions.) Specifically, we have

(2.3) Immya (z) = 2» Z Tl Lo s
Cyc(w):)\

where z) is the product 141292 ... n®ay!- - - !, and A has «; components (or parts) equal to
ifori =1,...,n. Nosuch simple formulas are known for the y*-immanants or ¢*-immanants
in general, although Stembridge gave a formula [34, Thm. 2.8] for Immy»(z) when A = k7,
(2.4) Imm ger (@ Z det(zy, 1,) det(xy, 1) - - - det(xy, 1, ),

(I15e,Tk)
where the sum is over all ordered set partitions of [n] = [kr] of type 7*. (See [11] for an

expression for Imm,(x) as a coeflicient of a generating function in two sets of variables.)

For a fixed H,(q)-trace §,, we create a generating function for {6,(T},) |w € &,,} as before,
except that we interpret polynomials in = = (z; ;) as elements of the quantum matriz bialgebra

. 11 . .
A,.(q), the noncommutative C[qZ, ¢2]-algebra generated by n? variables x1 1, . . ., 2y, subject
to the relations
1
(2 5) TipZik = q2T; kTip, TjrTip = TioTjk
. 1 1
TjkTik = 2T kTjk TjpTig = TipTie+ (42 — q2)Ti 0Tk,

forallindices 1 <i<j<nandl1<k</{<n. Asa (C[q%, q%]—module, A, (¢) has a natural
basis of monomials z, jn, - - @4, m, in which index pairs appear in lexicographic order. The
relations (2.5) allow one to express other monomials in terms of this natural basis.

As a generating function for {9 (Ty) |lwe6 } we define

Immeq Z 0 q€ w’rl w1 e mn,wn
wEGn
in A,(q), and call this the 6,-immanant. The H,(q) sign character (T, + (—1)4*)) im-
manant and trivial character (T}, — ¢/™)) immanant are called the quantum determinant
and quantum permanent,

-1 10w

weGy weG,
Specializing A, (q), det,(r), and per (z) at g2 = 1, we obtain the commutative polynomial
ring C[x] and the classical determinant det(z) and permanent per(x). Simple formulas for the
e;\—immanants and ngl\—immanants employ quantum determinants and quantum permanents

of submatrices of x. In particular, the fourth author and Konvalinka [18, Thm. 5.4] proved
quantum analogs of the Littlewood-Merris-Watkins identities (2.2),

(2.6) Imma(z) = detg(wr, 1)~ detg(xr,r,), Tmmy () =Y per,(zr,.1,) - per,(z1,.1,),
(I Iy

where the sums are as in (2.2). See [18] for an expression for the x)-immanant as a coefficient
of a generating function in two sets of variables. No formulas are known for the 1/1;\— or (b;\—
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immanants. It would be interesting to state a g-analog of (2.4) for rectangular partitions
A=k

3. PLANAR NETWORKS AND PATH MATRICES

Call a directed planar graph G a planar network of order n if it is acyclic and may be
embedded in a disc with 2n boundary vertices labeled clockwise as source 1,..., source n
(with indegrees of 0) and sink n, ..., sink 1 (with outdegrees of 0). In figures, we will draw
sources on the left and sinks on the right, implicitly labeled 1,...,n from bottom to top.
Given a planar network G, define the path matrizc B = B(G) = (b; j) of G by

(3.1) b;; = number of paths in G from source ¢ to sink j.

It is known that the path matrix of any planar network is totally nonnegative, i.e., that
each square submatrix has nonnegative determinant. Specifically, for sets I = {i,..., iz},
J = {Jj1,-..,Jk} C [n], with elements listed in increasing order, we have that det(By ;) is
equal to the number of families (7, ..., m) of mutually nonintersecting paths from sources
i1y .., to sinks ji,...,jk. This fact is known as Lindstrom’s Lemma [20]. (See also
[14].) We will call two planar networks G, Go isomorphic and will write G; = Gy if

An easy fact about planar networks is the following.

Observation 3.1. Let G be a planar network of order n and assume that for some indices
i,i',7,7 € [n], G contains a path m; from source i to sink j and a path 7y from source i to
sink j'. If these two paths intersect, then G also contains a path from source i to sink j' and
a path from source i’ to sink j. If i’ <i and j < j' then the paths m; and wy cross.

Call a sequence m = (my,...,m,) of source-to-sink paths in a planar network a bijective
path family if for some w € &,, with one-line notation w - - - w,, each component path m;
begins at source ¢ and terminates at sink w;. We will say also that 7 has type w. Call a
planar network a bijective skeleton if it is a union of n source-to-sink paths. It is easy to see
that a bijective skeleton can be covered by at least one path family of type e, and by exactly
one path family of type e in which paths do not cross.

For [a, b] a subinterval of [n], let G, 4 be the bijective skeleton consisting of a—1 horizontal
edges from sources 1,...,a—1 to corresponding sinks, a “star” of b—a+ 1 edges from sources
a,...,bto an intermediate vertex and b —a + 1 more edges from this vertex to sinks a, ..., b,
and n — b more horizontal edges from sources b+ 1,...,n to corresponding sinks. For n = 4,
there are seven such networks: G4, Goap, Gz, Giaapy Gpa, G, Gna = -+ = G,
respectively,

>< X
X=2x=
_ _ _ X _
Given planar networks GG, H of order n, in which all sources have outdegree 1 and all sinks
have indegree 1, define G o H to be the concatenation of G and H, where for i = 1,...,n,
sink ¢ of G is dropped, source 7 of H is dropped, and the unique edge in G from vertex x to
sink ¢ and the unique edge in H from source ¢ to vertex y are merged to form a single edge
from z to y in G o H. Note that for star networks G|, 4,), G|c,.4,] indexed by nonintersecting

intervals, the two concatenations G|, ;] © Gley,dp) a0d Gley,dp] © Gley ay] aT€ iSOmorphic.
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We will be interested in concatenations

(32) G = G[C1,d1] 0---0 G[Ctvdt]
such that
(1) the sequence ([cy,d4], ..., [ct, dy]) consists of ¢ distinct, pairwise nonnesting intervals,

(2) fori < j <k, if [¢;, d;]N]ej, d;] # 0 and [¢;, dj]N[cx, di] # 0, then we have ¢; < ¢; < ¢
(and d; < dj < dk> Oor ¢; > ¢j > C (and d; > dj > dk)

We define a relation < on the set of intervals appearing in the concatenation (3.2) by
declaring [¢;, d;] < [k, di] if

(1) i <k,
(2) [ci, di] O [ex, di] # 0,
(3) e, di] N [ej, dj) N [eg,d] =0 for j=i+1,...,k—1.

This is the covering relation of a partial order <. (See, e.g., [30, Ch. 3] for definitions.)

For each planar network G of the form (3.2) and satisfying the conditions following (3.2),
we define a related planar network F' by considering each covering pair [¢;, d;] < [cj, dj],
with |[¢;, d;] N [¢j,d;]| = k, and deleting all but one of the k paths from the central vertex
of G, a, to the central vertex of Gy, 4,). Following [27], we call the resulting network F' a
zig-zag network. In the special case that we have ¢; > --- > ¢;, we call F' a descending star
network. The descending star networks (up to 1somorphlsm) of order 4 are

R AR DG Ix S g =

The zig-zag networks of order 4 which are not descending star networks are

L RERE R

It is easy to see that if F'is a zig-zag network of order n, then there is at most one interval
in the concatenation (3.2) containing n, and this interval must be maximal or minimal (or
both) in the partial order <.

It was shown in [27, Thm. 3.5, Lem. 5.3] that zig-zag networks of order n correspond
bijectively to 3412-avoiding, 4231-avoiding permutations in &,,. To summarize this bijection,
we let F' be the zig-zag network obtained from the concatenation G in (3.2), and construct
another concatenation of star networks as follows. For i = 1,... ¢ — 1, if the interval [¢;, d;]
is covered by [c;,d;] in the order = and if |[c;,d;] N [¢;,d;]| > 1, then insert Gie, a,jn;.q;
immediately after G|, 4, in the current concatenation. (If [¢;, d;] is also covered by a second
interval [c, dy], then G[CM dilnjex.d,) May be inserted before or after G, an;.q4;)-) Call the
resulting augmented network G'. Now visually follow paths from sources to sinks in G,
passing “straight” through each star, to create a 3412-avoiding, 4231-avoiding permutation
w € &,. See [27, Sec. 3] for a description of the inverse of this bijection, which maps w to G’.
We will let F, and G, denote the zig-zag network and augmented star network corresponding
to a fixed 3412-avoiding, 4231-avoiding permutation w, and we will let w(F") denote the 3412-
avoiding, 4231-avoiding permutation corresponding to a fixed zig-zag network F'.
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For example, suppose that F' is the zig-zag network obtained from the concatenation
G =G 0oGpg oGgg o Gpg o G of star networks of order 9. Drawing the poset < on
these intervals from left to right, we have

.

A

\l |
o

(37 [58 [89 [12] [24]

P N WS OO N0 ©

Since the only covering pairs which intersect at more than an endpoint are [3,7] < [5, 8] and
[3, 7] =< [2,4], we construct G’ by iIlSGI'tiIlg G[3,7}ﬂ[578} = G[5,7] and G[S,?]O[QA} = G[374] after
Gp3,7- Thus we have G' = G370 Gis 71 0 Gz g © Gps g © Gis ) © Gig) © Ga,q), and we obtain
the 3412-avoiding, 4231-avoiding permutation w = w(F) = 419763258:

9 9 9 9 9 9
8 8 8 8 8 8
7 7 7 7 7 7
6 6 6 6 , 6 6 123456789
F=s 50 0= 5. 0= > (419763258) ‘
4 4 4 4 4 4
3 3 3 3 3 3
2 2 2 2 2 2
1 1 1 1 1 1

Note that we have G340 Gs7) = G570 Gsq), since the intervals [3,4], [5,7] do not
overlap. In general, we have the following.

Observation 3.2. If [¢;,,di], ..., [ci,,d;,] is a linear extension of the poset =< defined in
terms of the concatenation (3.2), then we have

Glerydr) © 0 Gleyd] = Gleyydiy] © © Gley,

i1

and the corresponding zig-zag networks are isomorphic as well.

The result [27, Lem. 5.3] states that each zig-zag network is a bijective skeleton, and that
the path families covering F,, correspond bijectively to elements of a principal order ideal in
the Bruhat order:

Theorem 3.3. Fizv,w € &,, with w avoiding the patterns 3412 and 4231. There is a unique
path family of type v covering F,, if and only if we have v < w. Otherwise, there is no such
path family.

Thus w is the unique Bruhat-maximal permutation for which some path family of type
w covers F,,. It follows also that there is exactly one path in F,, from any source ¢ to the
corresponding sink 4, and at most one path from source i to sink j # i. Whether or not such
a path exists may be determined by the intervals in the corresponding concatenation of star
networks and the partial order <.

Observation 3.4. Let F' be a zig-zag network which corresponds to the concatenation (3.2).
There exists a path in F' from source i to sink j if and only if we have one of the following.
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(1) i,j € [ck,dg] for some k.
(2) i € [ck,di), j € [ce,ds] and [ck, di] < [ce, d] for some k, L.

It is easy to see that if F' is a descending star network with sources ¢ and j belonging to
the same connected component, then the second condition in Observation 3.4 is equivalent
to the inequality ¢ > j. This fact allows us to refine Observation 3.1 slightly.

Lemma 3.5. Let my,, 7, be paths in a descending star network F' from sources {1 < ly to
sinks mq, ma, respectively. Then the paths m, and ., intersect if and only if there exists a
path in F' from source {1 to sink ma.

Proof. Assume that F' has order n and corresponds to the concatenation (3.2) of star net-
works. Let x1,...,2; be the vertices in F' corresponding to the central vertices of the t star
networks in (3.2), and for any index j € [n], let f(j) and ¢(j) denote the indices of the
first and last intervals, respectively, in [¢1,d4], ..., [¢, di] to contain j. Then for any indices
¢, m € [n], the unique path in F' from source ¢ to sink m contains the vertices z (), ..., Zg(m)-

It is easy to see that if the intersection of 7y, and 7, is nonempty, then there is a path in
F' from source ¢; to sink ms. Now suppose that there is a path in F' from source ¢; to sink
ms. By Observation 3.4, we have my < ¢; or we have an interval [¢y, di] containing both ¢,
and msy. Either case implies that we have f(f3) < f(¢1) < g(ms), and the paths 7, and 7,
share the vertex xy,). 0

The subset of zig-zag networks which are descending star networks can be characterized
using pattern avoidance.

Theorem 3.6. Let v € S, avoid the patterns 3412 and 4231. Then v avoids the pattern
312 if and only if F, is a descending star network.

Proof. Let G be the concatenation (3.2) of star networks which leads to F,, and define G’
as in the example above.

Suppose first that F, is not a descending star network. Then in the concatenation (3.2)
there exists an index ¢ such that the interval [¢;, d;] is minimal in the poset <, and an index
J > i such that ¢; < ¢; and [¢;, d;] < [¢j,d;]. Considering the relationship between G’ and
v, one sees that we have vy, < ¢; and that for some index ¢ > d; we have v, = ¢;. On the
other hand, since G’ is constructed by inserting G|, 4, between G|, 4) and G|, 4;, we have
that v,, > d;. Thus the indices ¢; < d; < ¢ satisfy v4, < vy < v, and v does not avoid the
pattern 312.

Now suppose that F), is a descending star network. We claim that if F, arises from the
concatenation (3.2), then v avoids the pattern 312 and satisfies v., > - -+ > vy,. By inspection
of (3.3), this is true for descending star networks of orders 1 — 4. Now assume this to be
true for each descending star network F, of order 1,...,n — 1, and let F, be a descending
star network of order n. If in the first interval of (3.2) we have d; < n, then v, = n and
Fy,...v, , is a descending star network of order n — 1. Thus F), has the claimed properties.
If in the first interval of (3.2) we have d; = n, then consider the descending star network
F,, arising from the concatenation G, 4, © --* 0 Gle,.q,)- Then v = S, 4,15(c; d,)w, Where
S,y is the unique Bruhat-maximal permutation for which a path family of this type covers
the star network G,p. By the above argument, w avoids the pattern 312, and satisfies
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Wey > -+ > Wg,, and w; = ¢ for ¢ = dy + 1,...,n. It follows that the letters in positions
ci,...,n of s, 4w form an increasing sequence, and that v satisfies v., > -+ > v,. Thus
the subword vy - - - v, 1 = wy - - - w,,—1 avoids the pattern 312, as does the subword v, - - - vy,.
If v contains any subword 23212, that matches the pattern 312, then z3z; must be a subword
of vy -+ - v, -1 while 25 is a letter of the decreasing word v, - - - v,. But in this case, 2327 is a
subword of w; - --w., -1 while 2, is a letter of w,, ---w,, which contradicts our assumption

that w avoids the pattern 312. 0
It follows that there are n+r1 (2:) descending star networks of order n, since there are this

many 312-avoiding permutations in &,,. Also related to pattern avoidance. are the sizes of
the stars in the concatenation (3.2).

Theorem 3.7. Let w € &, avoid the patterns 3412 and 4231. Then wy ---w, contains
a decreasing subsequence of size k if and only if some interval in the concatenation (3.2)
corresponding to F,, has cardinality at least k.

Proof. Let w;,, ..., w;, be a decreasing subsequence of w. Then there is a path in F, from
source i; to sink w;, for j = 1,... k. These paths pairwise intersect, since i, < i if and
only if w; > w;,. Since F,, is acyclic, these paths must all intersect at a single vertex. Such
a vertex must correspond to the central vertex of a star network indexed by an interval of
cardinality at least k in the concatenation (3.2).

The converse is clearly true if we have t = 1 in (3.2). Suppose that the converse holds
for each zig-zag network corresponding to a concatenation of t — 1 star networks. Let
F,, correspond to a concatenation (3.2) of t star networks, and let F, correspond to the
concatenation Ge, 4,1 © -+ 0 Gle_,,d,_,]- Suppose that some interval [c;,d;], 1 < i < t, has
cardinality at least k. If ¢ <t — 1, then v contains a decreasing subsequence of size k. By
[27, Cor.3.7|, there is a reduced expression for w which consists of a reduced expression
for v, followed by some reduced expression s;, - -s;, for the permutation v~'w. It is well
known that each permutation in the sequence (v, vs;,,vS;, Si,, ..., w) preserves all inversions
of the previous permutation and introduces one more. It follows that w also has a decreasing
subsequence of length k. If i = ¢, then apply the above argument to w~!, which corresponds
to the concatenation G, 4,10 - -0G|c, 4,1 It is well known that w has a decreasing subsequence
of length k if and only if w~! does. O

We may use path matrices of zig-zag networks to evaluate &,,-class functions at Kazhdan-
Lusztig basis elements {C? (1) | w avoids the patterns 3412 and 4231}. Specifically, if B is
the path matrix of F,,, then we may apply a certain duality of the immanant space of C|x]
and &,, to Equation (2.1) to obtain
(35) 0(Cy(1)) = Twomny(B).

(See, e.g., [27, Sec.4, Thm.5.4].) We may use path matrices also to evaluate H,(q)-traces
at Kazhdan-Lusztig basis elements {C! (¢) | w avoids the patterns 3412 and 4231}. A bit of
care is required though: the substitution z; ; + b; ; does not respect the relations (2.5) and

therefore does not give a well-defined map from A, (¢q) to (C[q%, cﬁ] We therefore define a

(C[q%, j%]—linear map for each n x n complex matrix B by
1

op - Aulg) — Clg2,¢?]

T1v " Lo, = Qe,vbl,vl e bn,vn~
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Proposition 3.8. Let 8, be an H,(q)-trace and let w € &,, avoid the patterns 3412 and
4231. Then the path matriz B of F,, satisfies

(3.6) 04(¢e,wC,(q)) = op(Immy, (7).
Proof. The right-hand side is equal to

gB( Z Qq(Tv)qe_jxl,vl Tt In,ftm) = Z eq(Tv)bl,vl e bn,vn-

’UEGTL ’UEGTL

By Theorem 3.3 ([27, Lem. 5.3]), the product by ,, - - - by, 4, is 1 when v < w and is 0 otherwise.
Thus the above expression is equal to

> 0,(T) =0,(3T).

v<w v<w

Since w avoids the patterns 3412 and 4231, [19] implies that the Kazhdan-Lusztig polyno-
mials {P,,(q)|v < w} are identically 1. (See also [3, Ch. 6].) Comparing to (1.1), we see
that the parenthesized sum is equal to ¢. ., C.,(q). O

4. PATH POSETS, PLANAR NETWORK TABLEAUX AND INTERPRETATION OF &,,-CLASS
FUNCTIONS

In a planar network G of order n, the source-to-sink paths have a natural partial order
Q = Q(G). If m; is a path originating at source 7, and p; is a path originating at source j,
then we define m; <¢ p; if 7 < j and m; and p; do not intersect. Observe that these conditions
imply the index of the sink of m; to be less than the index of the sink of p;. Let P(G) be
the subposet of Q(G) induced by paths whose source and sink indices are equal. For each
zig-zag network F,,, the poset P(F,,) has exactly n elements: there is exactly one path from
source ¢ to sink ¢, fort =1,... n.

The posets P(G) corresponding to the descending star networks G in (3.3) are

ceee  lee Ve A A

SR SR G S S N

These are precisely the (3 + 1)-free, (2 + 2)-free posets on four elements, where (a + b)-free
means that no induced subposet is a disjoint union of an a-element chain and a b-element
chain. (See [30, Ch.3].) Such posets are also called unit interval orders. It is known that
unit interval orders may be naturally labeled by the numbers [n] so that i <p j implies i < j
as integers and so that the conditions ¢ < 7 < k and ¢ incomparable to k£ in P imply that
{i,j,k} is an antichain in P [7, Sec.3]. (See also [28, Prop.2.4], [35, Sec.8.2].) It is known

that there are — (*") unit interval orders on n elements (7, Sec. 4].

Theorem 4.1. The posets { P(F,) |v € &,, avoids 312} are precisely the unit interval orders
on n elements.
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Proof. Let P and U be the two sets of posets in the theorem. We define a map ( : Ud — P as
follows. By the above fact on incomparability, we may naturally label P € U by 1,...,n so
that its maximal antichains are [a1,b1], ..., [as, b, with a3 > --- > a;. Now define F' to be
the descending star network corresponding to the concatenation Gia, 4,0+ -0 Gla, ,), and let
(71, ...,m,) be the unique path family of type e that covers F'. Let ((P) be the poset P(F).

We claim that for each poset P € U, the map i — 7; is an isomorphism of P and ((P).
To see this, note that ¢+ <p 7 if and only if ©+ < j as integers and ¢, j belong to no common
antichain in P, i.e., if and only if i < j and 4, j belong to no common interval [ay, b] defining
the concatenation Gg, p,10 - -0 Gy, p,) Of star networks. But this is true if and only if we have

T <¢(p) mj- It follows that the —5 (*) images {¢(P)| P € U} are pairwise nonisomorphic.
On the other hand, by Theorem 3.6, we have |P| < n+r1 (®"). The claim follows. O

Given a bijective skeleton G of order n, let P(G) be the n-element subposet of P(G)
induced by the paths in the unique noncrossing path family of type e which covers G. It
is easy to show that for a concatenation G of bijective skeletons, the poset P(G) does not
depend upon the ordering of the factors of G.

Proposition 4.2. Let {G% |1 < i < t} be bijective skeletons of order n. Then for any
permutation u € &, we have P(GM o -0 GW) = P(GM) o ... 0 GW)),

Proof. Define G = GMo--.0oGW, H = G™o-..0G®) andlet (py,...,pn), (T1,...,7,) be the

unique noncrossing path families of type e covering G, H, respectively. For i =1,... ¢, let
(ﬂl), o ,7T,(1l)) be the unique noncrossing path family of type e covering G®. For j, k € [n],

the definition of P(G) implies we have Pj <p( Pk if and only if 7rj(.’) <pc) 7r,(j) for

t=1,...,t. But this condition is also equivalent to 7; <p) Th- [l

It is also easy to show that the path poset of a zig-zag network ' may be obtained directly
from the concatenation of star networks which lead to F' as in Section 3.

Proposition 4.3. Let F' be a zig-zag network constructed from a concatenation G of star
networks as after (3.2). Then P(F) is isomorphic to P(G).

Proof. Let (p1,---,pn) and (74,...,7,) be the unique noncrossing path families of type e in
G and F, respectively, and let x1, ..., x; be the vertices of F' which correspond to the central
vertices of the t star networks in (3.2). For i < j, we have p; <p(g) P if and only if p;, p;
share none of the central vertices of the t star networks. But this condition holds if and only
if 7;, 7; share none of the vertices 1, ..., z;. O

By Propositions 4.2 and 4.3, it is possible to have an isomorphism of path posets for
nonisomorphic zig-zag networks. Define an equivalence relation ~ on 3412-avoiding, 4231-
avoiding permutations by

(4.2) v~w ifand only if P(F,) = P(Fy,).

For example, it is easy to see the equivalence of the four permutations corresponding to the
seventh descending star network in (3.3) and the fourth, seventh, and eighth zig-zag networks
in (3.4): in each case the path poset is isomorphic to the seventh unit interval order in (4.1).
It is also easy to see that we have w ~ w™! for w avoiding the patterns 3412 and 4231: the
networks F,, and F,,-1 differ only by reflection in a vertical line.
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Theorem 4.4. Fach equivalence class of the relation ~ (4.2) contains exactly one represen-
tative which avoids the pattern 312.

Proof. Fix w € &,, avoiding the patterns 3412 and 4231, let G = G|, g0 -+~ o G4, be
the concatenation of star networks which leads to the zig-zag network F, as after (3.4), and
let v € &; be the unique permutation satisfying ¢,, > --- > ¢,,. Then the concatenation
Gleu, duy) O " o G, dy,) leads to a descending star network F),. By Theorem 3.6, v avoids
the pattern 312, and by Propositions 4.2 and 4.3 we have P(F,) = P(F,). By Theorem 4.1,
v is the only 312-avoiding permutation in its equivalence class. 0

To combinatorially interpret evaluations of &,-class functions and H,(q)-traces, we will
repeatedly fill a (French) Young diagram with a path family 7 = (7y,...,m,) covering a
zig-zag network F,,, and will call the resulting structures F,,-tableauz, or more specifically -
tableauz. (See, e.g., [2, Sec. 2] for French notation.) If 7w has type v, then we will also say that
each m-tableau has type v. Since 7 induces a subposet Q) of the poset Q(F,), m-tableaux
form a special case of Gessel and Viennot’s P-tableauzx [10]: they are @ -tableaux.

Several properties which m-tableaux may posess can be defined for P-tableaux where P is
any poset. We say that a P-tableau U has shape A for some partition A = (Aq,..., \,) if it
has \; cells in row ¢ for all ¢. If U has A; cells in column ¢ for all i, we say that U has shape
N, where we define A\ to be the partition whose ith part is equal to the number of cells in
row ¢ of U. Call an element ¢ a nontrivial record in a row of U if it is greater in P than all
elements appearing to its left in the same row, and if it is not the leftmost element of its row.
Call a row of U left anchored (right anchored) if its leftmost (rightmost) element has a label
less than all other elements in the row. Call elements (4, j) an inversion in U if the elements
are incomparable in P with i < j (as integers) and j appearing in an earlier column than .
Let INV(U) denote the number of inversions in U.

(1) CallU column-strict (row-strict) if whenever elements iy, i5 appear consecutively from
bottom to top in a column (left to right in a row), then we have i; <p i,.

(2) Call U row-semistrict if whenever iy,iy appear consecutively from left to right in a
row, then we have 7; <p iy or 7; incomparable to iy in P.

(3) Call U cyclically row-semistrict if it is row-semistrict and the above condition also
holds when i1, iy are the rightmost and leftmost (respectively) entries in a row.

(4) Call U standard if it is both column-strict and row-semistrict.

(5) Call U record-free if no row contains a nontrivial record.

(6) Call U left-anchored (right-anchored) if each row is left-anchored (right-anchored).

Other properties of m-tableaux depend upon the fact that each element of the poset ), has a
source vertex and a sink vertex. Given a m-tableau U, let L(U) and R(U) denote the Young
tableaux of integers obtained from U by replacing paths 7y, ..., m, with their corresponding
source and sink indices, respectively.

(1) Call U row-closed if each row of R(U) is a permutation of the corresponding row of
L(U).

(2) Call U left row-strict if L(U) is row-strict as a Z-tableau.

(3) Call U cylindrical if for each row of L(U) containing indices iy, ..., from left to
right, the corresponding row of R(U) contains iy, . . ., i, i; from left to right.
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It will be convenient to let T (F,, \) be the set of F,-tableaux of shape A.

Lemma 4.5. Let v € &,, avoid the pattern 312, and fix X\ = n. Within the set T (F,,\),
tableaux which are row-closed and left row-strict correspond bijectively to tableauzr which are
row-semistrict of type e.

Proof. Observe that for a row-closed, left row-strict tableau V' € T (F,, \), the tableau Vj
is itself a row-closed, left row-strict tableau in T (F,|1, , \x), where I is the set of indices
appearing in L(V}). Similarly, for a row-semistrict tableau V' € T(F,, \) of type e, the
tableau V) is itself a row-semistrict tableau of type e in T (F,|r,, Ax). Letting r = A, we
have that F,|;, is a descending star network of the form F), for some u € &, avoiding the
pattern 312. We therefore construct a bijection which preserves the set of path indices
appearing in each row of a tableau, and we state it as a product of bijections on one-rowed
tableaux.

Map each left row-strict tableau U € T (F, (r)) to a row-semistrict tableau U’ of type e in
T(F,, (r)) as follows. Let p = (p1,...,pr) be the unique path family of type e covering F,.
Let U contain the path family 7 = (7, ..., 7,) from left to right, and define w € &, to be the
word of right indices of these paths. Write w~! in cycle notation, with each cycle starting
with its greatest element, and cycles ordered by increasing greatest elements. (See Cycle
Structure subsection in [30, Sec.1.3]). Drop the parentheses, and interpret the resulting
string © = x1 - - - x, of letters as the one-line notation of an element of &,. Then write the
paths p,, ..., pz, from left to right in U’

To see that U’ is row-semistrict, assume that we have p,, >pp,) pa,., for some i. Then
there is no path from source x;,; to sink z; in F,. If z; and x;,; belong to the same cycle
of w™!, then Wy, ,, = ¥; and there is a path from x;;; to x; in F,,, a contradiction. If x; and
x;11 do not belong to the same cycle of w™!, then ;.1 > x; as integers, contradicting the
assumed inequality in P(F,).

To see that the map U + U’ is a bijection, we construct its inverse. Let V be a row-
semistrict tableau of type e in T (F,, (r)), containing paths p,,, ..., ps, from left to right.
Define w € G,, to be the permutation whose cycle notation is given by

('rla s axil—l)('xila s 7'17722—1) U (mika s 7':E1“)a
where i, ..., i, are the positions of records of the word 1 - - - x,, i.e., z;; = max{xy,..., 7y}
Then write w™ = w;'---w; ! in one-line notation and define V' to be the tableau in

T (F,, (r)) whose ith entry is the unique path in F, from source i to sink w;'. It is clear
that this map, if well defined, is inverse to the map U — U’, and therefore that the two are
bijections. (See [30, Sec.1.3]).

To see that the necessary paths exist in F,, consider a cycle (z;,...,2j1¢) of w and the
pairs (i,w; ") € {(Tj1ar1,Tjra) |1 < a < €} U {(zj1¢,2;)}. Since V is row-semistrict, i.e.,
Pz PP(F.) Prjrasi> a0y integer inequality x;, > %441 implies that there are paths in
F, from sources x;;, and ;1441 to (both) sinks z,, and z4,.1. In particular, there are
paths in F, from sources x; and z,4; to sinks z; and z;;;. Now assume that there are
paths from source x;, to sink z,4,_1 and from source z; to sink x5, and consider the pair
(%41, Tjrs). If Tjp501 < xj4s, then by the above argument there is a path from source
Zjist1 to sink x4 Since there are paths from sources z; and x;4541 to sink x4, the two
sources must belong to the same connected component of F,,. By the comment following
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Observation 3.4, we also have a path from source z; to sink z;;s;. If on the other hand
Tjrs+1 < Tjrs, then since x; is the maximum index in its cycle we have x; > x4 541 > Tj45.
Since there are paths in F,, from source x; to sink x;, and from source 41 to sink ;4 41,
Observation 3.1 implies that there are also a paths from source z; to sink z;;441 and from
source T;ys41 to xj1s. By induction, we have that for a = 1,...,/, there is a path from
source T4, to sink xj;4_1, and that there is also a path from source z; to sink ;. O

The equivalence relation in (4.2) has applications in the enumeration of certain F-tableaux
and in the evaluation of &,,-class functions.

Theorem 4.6. Let v,w € &, avoid the patterns 3412 and 4231 and satisfy v ~ w, and
let X be a property of F-tableaux which depends only upon the poset P(F') (rather than on
Q(F)). Then F,-tableauz and F,,-tableauz having property X are in bijective correspondence.

Moreover, for any &,,-class function 8 we have §(C! (1)) = 0(C.,(1)).

Proof. Since the property X depends only upon the poset P(F,) = P(F,), we have a bijec-
tion between the sets of F,-tableaux and F,-tableaux having property X.

Now apply Lindstrom’s Lemma and (3.5) to the first Littlewood-Merris-Watkins identity
n (2.2) to see that for all A = n, the evaluations €*(C’ (1)) and €*(C’,(1)) are equal to the
numbers of column-strict F,-tableaux and F,-tableaux, respectively, of type e and shape
A. Since column-strictness of these tableaux depends only upon P(F,) = P(F,), the above
bijection implies that we have e*(C’ (1)) = €*(C’,(1)) for all A - n. Since {e* | A - n} is a basis
for the space of &,,-class functions, each class function € satisfies 0(C} (1)) = 0(C} (1)). O

For some &,,-class functions 6, and all 3412-avoiding, 4231-avoiding permutations w, we
may combinatorially interpret 6(C! (1)) in terms of a zig-zag network F,, as follows. (See
[31, p. 288] for information on the majorization order, used in (v-a) below.)

Theorem 4.7. Let w € &,, avoid the patterns 3412 and 4231, and fir X = (A1,..., \,) F n.
Then we have the following.

(1) MNCL(1)) = #{U € T(Fy, \") |U column-strict of type e}.
(ii-a) n( {U( ) =#{U € T(Fy, \) |U row-closed, left row-strict }.
(ii-b) nN(C! (1)) = #{U € T(Fu, \) | U row-semistrict of type e}.
(ii1) xMC! (1)) = #{U € T(F,,\) | U standard of type e}.
(iv-a) YMC!(1)) = #{U € T(Fu,\) | U cylindrical }.
(iv-b) PMC!(1)) = #{U € T(Fu, \) | U cyclically row-semistrict of type e}.
(iv-c) wk(C{U(l)) =#{U € T(Fyu,\) | U record-free, row-semistrict of type e}.
(iv-d) Y CL (1)) = Ay N\ #{U € T(F,, \) | U right-anchored, row-semistrict of type e}.
(v-a) Suppose \; < 2. We have ¢*(C! (1)) = #{U € T(F,, \) |U column-strict of type e}

if for all u magorized by X\ we have T (F,, u) = 0; otherwise we have ¢*(C% (1)) = 0.
(v-b) For A =k", we have p*(C!,(1)) = #{U € T(Fy, \)|U column-strict, cylindrical }.

Proof. (i) See the proof of Theorem 4.6.

(ii-a) Apply the definition (3.1) of path matrix and (3.5) to the second Littlewood-Merris-
Watkins identity in (2.2).

(ii-b) Since row-semistrictness in F,-tableaux of type e is a property of the poset P(F,),
we may apply Theorem 4.6 and Lemma 4.5 to the interpretation in (ii-a).
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(iii) Applying (i) and Theorem 4.1 to Gasharov’s [9, Thm. 2|, we obtain the claimed
interpretation for 312-avoiding permutations. (See also Section 7.) Since standardness of
F,-tableaux depends only upon P(F,), we may apply Theorem 4.6 to extend the result to
3412-avoiding, 4231-avoiding permutations as well.

(iv-a) Apply the definition (3.1) of path matrix to the identity (2.3).

(iv-b) Let v ~ w avoid the pattern 312. We define a map from cylindrical tableaux
in T(F,,\) to cyclically row-semistrict tableaux in 7 (F,, A) having type e as follows. For
U € T(F,,\) cylindrical with rows k of L(U) and R(U) containing indices i1, ..., 1), and
iy ...,0x,, 01 (respectively) from left to right, and p = (p1,...,pn) the unique path family
of type e covering F,, create a cyclically row-semistrict tableau U’ € T (F,, \) by inserting
Pivs - - -5 Piy, O TOW k, from right to left. This map is bijective since in the descending star
network £, there exists a (unique) path from source i; to sink 4, if and only if 4; > 4, or
pi; and p;,, intersect. Thus the claimed interpretation holds for 312-avoiding permutations.
Since cyclical row-semistrictness in F,-tableaux of type e depends only upon P(F,), we
may apply Theorem 4.6 to extend the result to 3412-avoiding, 4231-avoiding permutations
as well.

(iv-c) Shareshian and Wachs [25, Sec. 4] have shown that for 312-avoiding permutations,
this formula is equivalent to Stanley’s [29, Thm.2.6]. Since the claimed property of F,-
tableaux depends only upon P(F,), we may apply Theorem 4.6 to extend the result to
3412-avoiding, 4231-avoiding permutations as well.

(iv-d) The number of tableaux in (iv-b) is equal to the cardinality of the subset that are
right-anchored, times Ay - - - A,.. This subset is precisely the right-anchored row-semistrict F),-
tableaux of type e and shape A. Alternatively, we may use the Shareshian-Wachs argument
of (iv-c).

(v-a) This was first stated in [5], and will be proved in Theorem 10.3.
(v-b) Apply Lindstrém’s Lemma and (3.5) to Stembridge’s identity (2.4). O

For A = n and w € &,, avoiding the patterns 3412 and 4231, Theorem 4.7 (i) — (iv-d)
interprets e*(C’, (1)), n*(C.,(1)), xMC! (1)), and ¢*(C" (1)) as cardinalities of certain sets of
F,-tableaux. Using these same sets of F,,-tableaux and variations of the statistic INV on
P-tableaux, we show in Sections 5, 6, 8, 9 that €} (qe.wCi(q)), 1) (dewClo(a)); X)(GewCi(0)),
and ) (gewC},(q)) are generating functions for tableaux on which the statistics take the
values k =0,1,....

Specifically, let 7 = (7, ..., 7,) be a path family of type v in some zig-zag network F', and
let U be a m-tableau. Let (m;,7;) be a pair of intersecting paths in F' such that m; appears
in a column of U to the left of the column containing ;. Call (m;,7;) a (left) inversion in
U if we have ¢ > j and a right inversion in U if we have v; > v;. Let INV(U) denote the
number of inversions in U, and let RINV(U) denote the number of right inversions in U. Let
U; be the ith row of U, and let Uy o---o U, and U, o --- o U; be the F-tableaux of shape n
consisting of the rows of U concatenated in increasing and decreasing order, respectively. It
is easy to see that any m-tableau U of shape A = (Aq,..., \,) satisfies the identities

INV(Uy0---0U,) = INV(Uy) + -+« + INV(U,) + INnv(T),

4.3
(4.3) RINV(U; 0 - -+ 0 U,) = RINV(U;) + - - - + RINV(U,) + RINV(U').
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5. INTERPRETATION OF 7(¢e,wC',(q))

Let w € G,, avoid the patterns 3412 and 4231, and let B be the path matrix of F,. Using
(2.6) and Proposition 3.8, we have

(5.1) My (qewCly(q)) = op(Immyp (z)) = Y op(pery(r,.1,) - - pery(ar,.1,.)),
(o))

where the sum is over all ordered set partitions (I, ..., I,) of [n] of type A = (A,..., \).
Let &, denote the Young subgroup of &,, generated by

(52) {81, ey 8n,1} AN {8)\1, SA14A2s SA1+H Ao+ A3 - - -9 Sn,)\r},

and let & be the set of Bruhat-minimal representatives of cosets of the form G,u, i.e., the
elements u € &,, for which each of the subwords

(53) Up - Ung, Uny+1 " Ury+)Aas sy Up—X+1 " Up

is strictly increasing. (See, e.g., [6].) It is clear that such elements correspond bijectively to
the ordered set partitions ([y, ..., [.) in (5.1). Expanding the product of permanents, we ob-
tain monomials of the form ¢, ,z*" where v is the concatenation, in order, of rearrangements
of the r words (5.3). Thus v may be written as yu with y € &, or as uy with y € u 'Syu.
We may therefore rewrite the sum in (5.1) as

(5.4) Z Z 0B(Quuyr™™).

ueG; yEu G u
Let us therefore consider evaluations of the form op(g,,2"").

To combinatorially interpret these evaluations, let 7 = (my,...,m,) be a path family (of
arbitrary type) which covers a zig-zag network F', and define U(u,m) to be the m-tableau
of shape (n) containing 7 in the order m,,,...,m,, . Clearly the left tableau of U(u,m) is

Uy -+ uy,. If the right tableau is vy - - - v, then 7 has type u=tv. If s; is a left descent for u,
then right inversions in U(u, 7) and U(s;u, ) are related as follows.

Proposition 5.1. Fiz u,v € S, let F' be a zig-zag network, and let m = (my,...,m,) be a
path family of type u—tv which covers F. If s;u < u then we have

RINV(U (sju,m)) — 1 if s;v > v,

RINV (U (s;u, m)) if s;u < v and no path family of type u™ts;v

RINV(U (u, 7)) = covers F,
RINV(U (s;u, 7)) + 1 if s;v < v and some path family of type u's;v

covers F'.

Proof. The tableaux U(u, ) and U(s;u, m) are identical except that ,, appears before m,,,
in U(u, ). Thus we have

(RINV(U(siu, 7)) — 1 if (Tu;> Tug,,) 18 a right inversion in U(s;u, )
but not in U (u, ),
RINV(U (sju, 7)) + 1 if (my,, 7y, ,) is a right inversion in U (u, 7) but
not in U(s;u, ),
RINV (U (s;u, m)) if (7w, Tu;,,) is not a right inversion in
L U(siu, ) or U(u, ).

RINV (U (u, 7)) =
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Since s;u < u, we have u; > ;1.

If s;uv > v, then we have v; < v;41, and Observation 3.1 implies that the paths m,, and
Tu,,, intersect, forming a right inversion in U(s;u, 7) and not in U(u, 7).

If s;v < v, then we have v; > v;41, and the paths m,, and 7, , do not form a right inversion
in U(s;u, 7). Suppose that some path family 7’ = (7}, ..., 7,) of type u~'s;v covers F'. Then
the tableau U(u,n’) satisfies

LU (u, 7)) = (ug,...,uy,), R(U(u, 7)) = (01, .+, 01, Vis1, Vi, Uity - -, Up)-

By the uniqueness of source-to-sink paths in zig-zag networks, this tableau is identical to the
tableau U (u, m) except for the paths 7 and ﬂ;iH in positions ¢ and 7 + 1, which terminate
at sinks v;41 < v;, respectively. By Observation 3.1, the paths 7, , 7T;i+l cross and the paths
Tu;s Tu,, intersect, forming a right inversion in the tableau U(u,m). On the other hand,
suppose that no path family of type u™'s;v covers F. Since m has type v 1v, we can deduce
that either there is no path in F' from source u; to sink v;y; or there is no path from source
w1 to sink v;. By Observation 3.1, the paths m,,, m,,,, do not intersect and therefore do

not form a right inversion in U (u, 7). O

Now we evaluate op(q,,2™"), first in the case that u = e.

Proposition 5.2. Let w in &, avoid the patterns 3412 and 4231, let B be the path matriz
of Fy, and fix v in &,,. Then we have

e q
OB(Qe,vgj ’ ) = {

0 otherwise.

rnv(U(em) if there exists a path family © of type v which covers F,,

Proof. By definition we have

(55) O'B(Qe,'uxe’v) = Qe,'UQe,vbe’v = qZ(v)be,v.
First assume that there exists a (unique) path family 7 of type v that covers F,,. Then we
have 0¥ = 1. In the tableau U(e, ), paths appear in the order (my,...,m,). Now observe

that for each inversion in v, i.e., each pair (v;,v;) with ¢ < j and v; > v;, the paths m; (from
source 7 to sink v;) and 7; (from source j to sink v;) cross in F,, and therefore form a right
inversion in U(e, w). Conversely, for each noninversion (v;,v;) in v, the paths m; and 7; do
not form a right inversion in U(e, 7). Thus we have ¢(v) = RINV(U (e, 7)), and the expression

in (5.5) is equal to g"™V(U(em),

Now assume that there is no path family of type v which covers F,,. Then we have 6" = (0
and the expressions in (5.5) are equal to 0. O

More generally, we evaluate op(g,,2"") as follows.

Proposition 5.3. Let w in &, avoid the patterns 3412 and 4231, let B be the path matriz
of F, and fiz u, v in &,. Then we have
(5.6)

UB(q%vxu’U) == {q

RINV(U (u,)) 1

if there exists a path family m of type u="v covering F,,,

0 otherwise.
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Proof. We use induction on the length of w. By Proposition 5.2, the formula (5.6) holds
when v has length 0. Now assume that the formula holds when u has length 1,... k — 1,
and consider u of length k. Choosing a left descent s; of u, we may write

u,v UB(qu,U$Siu78iv) lf Sﬂ) > U,
UB(Qu,vl’ ) = 85U,V 3 _ g5 siuv)  if g,
0B (qup® +(q2 — q2)quz*™") if siv <,
o q_lo-B<QSiu,sivxsiu7sw> if S;U >,
0 B(qsu,s;0T%" ) + (1 — q_l)UB(CIsiu,u-fEsiu’v) if s;u < w.

Suppose first that we have s;v > v. Then by induction we have

gVWswm) if there exists a path family 7 of type u'v
0B(qsiu,s0T" ") = covering F,,,
0 otherwise,

and Proposition 5.1 implies that the claim is true in this case.

Now suppose that we have s;uv < v and consider path families of types u~'v and u='s;v
which cover F,,. If there are no path families of types u~'v and u~!s;v which cover F,,, then
by induction we have

S US4V

(57) O'B(QSiu,sivx ) = O'B(qsiu,vxsiu,v) =0.

If there exists a path family 7 = (my,...,m,) of type v~ 'v which covers F,, but no path

family of type v~'s;v which covers F,,, then by induction and Proposition 5.1 we have

o o vaxsiu,siv — RINV(U(siu,m) _ RINV(U(U,W))7

(5.8) B{Gsis )=4q o q
05(qspur™™") = 0.

1

If there exists a path family 7’ = (x], ..., 7)) of type u~'s;v which covers F,,, then the paths
/ /

Tuss Tusy, rom sources u; > Uiy to sinks vi11 < v; (respectively) cross. It follows that there
exists a path family # = (7y,...,m,) of type u~'v which covers F,,, and which agrees with
7' except that the paths m,,, 7, , from sources u; > u;;; to sinks v; > vy (respectively)
intersect but do not cross. By induction and the existence of 7’ and m we have

SiU,S;V RINV (U (s;u,m))
)

) =4
RINV(U (s;u,m"))

oB (qgiu,siv-%

(5.9)

OB (QSiu,'L) Iﬁiu,v)

The tableaux U (s;u, m) and U(s;u, 7’) agree except in positions i and i+ 1, where paths |
and 7, form a right inversion, but 7, , and m,, do not. This fact and Proposition 5.1 imply
that we have

(5.10) RINV(U (s;u, 7)) = RINV(U (s;u, 7)) + 1 = RINV(U (u, 7)),

and
UB(Qs-u vaxsiu,sw) — qR,INv(U(u,Tr)),l’
(1 - q_l)O—B(QSiuﬂ)w =q q

Thus by Equations (5.7), (5.8), and (5.11) the claim is true when s;v < v. O

(5.11)

siu,v) RINV(U (u,m)) RINV(U(qu))—l.

Now we have the following g-analog of Theorem 4.7 (ii-a).
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Theorem 5.4. Let w € &,, avoid the patterns 3412 and 4231. Then for A = (A1,..., \) Fn

we have
T];\(qe,wc,zu(q)) — Z qRINV(Ulo"'OUr)7
U

where the sum s over all row-closed, left row-strict F,,-tableauzx of shape .

Proof. Let B be the path matrix of F,, and let (I1,...,1.) be a set partition of [n] of type
A. By (5.3) — (5.4), there is a permutation v € &, corresponding to (Iy,...,I,) such that
we have
oppery (@) - perg(enn) = D> on(quuyr™™).
yeu 1S \u
By Proposition 5.3, this is equal to

(5.12) Z qRINV(U(um))7
(y,m)

where the sum is over pairs (y,m) such that y € v '&,u and 7 is a path family of type y
which covers F. If such a path family 7 exists for a given permutation y, it is necessarily
unique. Thus as y varies over u~'&Syu we have that U(u, ) varies over all bijective path
tableaux of shape (n) which satisfy

(1) For j = 1,...,r, the paths in positions Ay +--- 4+ X\j_1 +1,..., Ay + -+ + A; are
indexed by [, in increasing order.
(2) The sequence of sink indices of these same paths are a rearrangement of I;.

Thus the expression in (5.12) may be rewritten as

(5.13) Z qRINV(Ulo-noUT)’

U
where this last sum is over all row-closed, left row-strict F,-tableaux U of shape A for which
path indices of U; are I; for j = 1,...,r. Summing over ordered set partitions and using
(5.1), we have the desired result. O

For example, consider the network

4 4
(5.14) Fy491 = z?géz :
1 1

It is easy to verify that there are twenty row-closed, left row-strict F34o;-tableaux of shape
31. Four of these are

4,4 44 33 2,2
(515) 9 ) ) Y
1,2 2,1‘3,3 1,3 2,1‘3,2 1,2 2,4‘4,1 1,3 3,4‘4,1

where 7, j represents the unique path from source ¢ to sink j. These tableaux U of shape 31
yield tableaux U; o Uy of shape 4,

(5.16) ‘1,2 ‘ 2,1‘3,3‘4,4

which have 1, 2, 3, and 4 right inversions, respectively. Together, the tableaux contribute
0+ ¢+ ¢+ q* 10 92 (Ge3a21Ch491 (@) = 14 3¢+ 6¢° + 6¢° + 3¢* + ¢°.

Y

3 ‘1,3

2,1 ‘ 3,2 ‘ 4,4

’ ‘ 1,2 ‘ 2,4 ‘ 4,1 ‘ 3,3

) ‘ 13 ‘ 3,4 ‘ 4,1 ‘ 2,2
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Expanding 77;‘ in terms of irreducible characters and Kostka numbers, 77;\ = > Kux4, and
using Haiman’s result [12, Lem 1.1], we have that 7 (geCy,(¢)) is symmetric and unimodal
about ¢, for all w € &,,. In the case that w avoids the patterns 3412 and 4231, it would be
interesting to explain this phenomenon combinatorially in terms of Theorem 5.4. It would
also be interesting to extend Theorem 5.4 to include a g-analog of Theorem 4.7 (ii-b).

Problem 5.5. Find a statistic stat on F'-tableaux such that we have

A (qe wcl Z qstat

where the sum is over all row-semistrict F,,-tableaux of type e and shape .

As a consequence of Theorem 5.4, we obtain the following g-analog of Theorem 4.6.

Theorem 5.6. Let v,w € &, avoid the patterns 3412 and 4231 and satisfy v ~ w, and
let (X,stat) be a property of F-tableaur and a statistic on F-tableaux which depend only
upon the poset P(F'). Then F,-tableaux and F,-tableaux having property X and satisfying
stat(U) = k are in bijective correspondence. Moreover, for each H,(q)-trace 8, we have

(5.17) 04(2e0C(0)) = Og(gewCl ()

Proof. Since the pair (X, stat) depends only upon the poset P(F,) = P(F,), we have a
bijection between the sets of F,-tableaux and F,,-tableaux having property X and satisfying
stat(U) = k. In particular, we have 1)(¢e,0C},(q)) = 17, (¢ewCly(q)), and since {n} | A - n} is a
basis of the space of H,(q)-traces, we have 6,(¢.,C’(q)) = 0,(qeC.,(q)) for all H,(q)-traces
8, as well. O

Let 6, be an H,(q)-trace. If the posets P(F,), P(F,) of two zig-zag networks are dual,
rather than isomorphic, we still have 6,(¢.,C}(q)) = 04(¢ewC.,(q)). In this case v and w
satisfy v ~ wowwy, where wy is the longest element of &,,, and the equations

(5'18) Qq(q&wowwociluowwo( )) = 9(1(‘]6 wTwoC{u( ) ) =0 (Qe wcl ( ))
hold for all w € G,,.

6. INTERPRETATION OF €, (qe,wCr,(q))

Let w € &, avoid the patterns 3412 and 4231 and let B be the path matrix of F,.
Following the computations of Equations (5.1) — (5.4), we have

ey(4ewCl(q)) = op(Immea(z)) = > op(dety(wr, 1) - - dety(xr, 1))
(117 717‘)

(6.1) .
Z Z Hoo)—t(w) B(Qu,iwa7uy)7
ueG; yEu G u
where the first sum is over all ordered set partitions (I1,...,1.) of [n] of type A. Let us

therefore consider evaluations of the form op(q, ;2*").

To combinatorially interpret these evaluations, let 7 = (my,...,m,) be a path family (of
arbitrary type) which covers a zig-zag network F' and define U(u,m, A) to be the w-tableau
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of shape A containing 7 in the order m,,, ..., m,,. That is, U(u,m, \); contains the \; paths
whose indices are

Uy Ao dXjoq 1y - ey UNg b )
Clearly L(U(u,m,\)) contains the numbers wy, ..., uy, in ToW 1, Uy, 41, .., Ux 42, 11 TOW 2,
etc. If R(U(u,m,\)) contains the numbers vy,..., vy, in row 1, vy, 41,..., U542, ID TOW 2,

etc., then 7 has type u~'v. In terms of this notation, our earlier tableau U(u, ) defined
after (5.4) is equal to U(u, 7, (n)). If w € & corresponds to (Iy,...,1,) as in (5.3) — (5.4),
then the path indices in row j of U(u, m, \) are simply the elements of I;, in increasing order.

Proposition 6.1. Let w € &,, avoid the patterns 3412 and 4231, and let B be the path
matriz of F,. Fiz A n, u € &, and y € u'Syu. Then we have

RINV(U (u,m,\)")

if there exists a path family © of type y covering F,,,

-1 u,uy — q
g x -
B(qu,uy ) {() otherwise.

Proof. By Proposition 5.3 we have

5oy ™™

= Qa0 B Gy @"™)
_ {qé(“)e(“y)qRINV(U(“’”’("))) if some path family of type y covers F,

0 otherwise.

Letting V' = U(u,m, A\) and using (5.13), we may rewrite the above exponent of ¢ as
RINV(Vio---0oV,)+ l(u) — (uy). By (4.3), this is
(6.2) RINV(V]) + -+ + RINV(V;) + RINV(VT) — (£(uy) — (u)).
We claim that this expression reduces further to RINV(V'). To see this, recall that the
tableaux L(Vi)o---o L(V,) and R(V;) o--- o R(V,) contain the one-line notations of v and

uy, respectively. Since u belongs to &, and each tableau R(V;) is a permutation of the
corresponding tableau L(V}), we have

l(u) = #{(k, k') |k > k', k in an earlier row of L(V) than k" }
= #{(k, k') | k > K, k in an earlier row of R(V) than £’ }.

(uy) = ZINV(R(VJ-)) + #{(k, k') |k > k', k in an earlier row of R(V') than ¥ }
=1

— iINV(R(V})) + {(u).

Now fix a row V; of V' and consider right inversions in Vj. Let m;, my be two paths in
this row, with m; appearing first. Since u belongs to &, we have ¢ < i’. Let k and &’ be
the corresponding sink indices. If we have k& > £/, then the paths cross and form a right
inversion in V;. On the other hand, if we have k& < k', then the paths do not form a right
inversion in V}, even if they intersect. Thus we have RINV(V}) = INV(R(V;)) for all j and

(6.3) RINV(V) + - -+ + RINV(V}) = {(uy) — {(u),
as desired. U
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While the final sum in (6.1) has signs, we will use a sign-reversing involution to cancel
some of the the terms there, and to obtain a signless sum more amenable to combinatorial
interpretation. Fix a partition A = (A1,..., A) F n, an ordered set partition I of [n] of type
A, and a zig-zag network F', and let 7; = T;(F') be the set of all row-closed, left row-strict
F-tableaux U of shape A such that L(U); = I; (as sets) for j = 1,...,r. Observe that all
row-strict F-tableaux of type e satisfying L(U); = I; (as sets) for j = 1,...,r belong to 7;.
Let us define an involution

(6.4) C:Ti =T

as follows.

(1) If U is a row-strict tableau of type e, then define ((U) = U.
(2) Otherwise,
(a) Let i be the least index such that U; is not row-strict.
(b) Let (4, ;') be the lexicographically least pair of indices in L(U); such that m; and
i intersect.
(c) Let (k, k") be the sink indices of paths 7; and 7;/, respectively.
(d) Define ¢(U) to be the tableau obtained from U by replacing m; and 7; by the
unique paths in I’ from source j to sink &’ and source j’ to sink k.

Proposition 6.2. The involution ¢ satisfies RINV(C(U)) = RINv(UT).

Proof. For each F-tableau U € T; satisfying ((U) = U, the claimed equality is obvious. Now
let U be an F-tableau not fixed by (. Define the indices i, j, j', k, ¥’ and paths 7;, m; as
in the definition of ¢, and let 7}, 7", be the two new paths created in the final step of the
definition of ¢. Since the tableaux U™ and ((U)" agree everywhere except in the two cells in
column i containing the paths

(6.5) Ty, Wy, Wi, T,
it is clear that the right inversions of these tableaux are equal except possibly for inversions
involving a path 7, in a column other than 7 and one of the paths (6.5). We claim that these

remaining right inversions in U" and ¢(U)' correspond bijectively. In particular, we have

(a) 7, forms a right inversion with m; in U if and only if it forms a right inversion with T

in C(U).

(b) 7, forms a right inversion with 7; in U if and only if it forms a right inversion with us
in C(U)".

To see this, observe that j < j’, and consider the intersection of m;, with 7; and 7. By
Lemma 3.5 we have four cases:

(1) 7, intersects both m; and 7.

(2) m, intersects only 7.

(3) mp, intersects only the path whose sink is min(k, &’).
(4) 7, intersects neither m; nor 7.

Now considering the intersections of m, with 7 and 7T;/, we see that the above cases imply
respectively that 7, intersects both 7 and 7, only 77, (not =), only the path in {7, 7},

whose sink index is min(k, k), and neither 7} nor 7’,. In all cases, the equivalences (a) and
(b) are true. O
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Since the tableaux U and ((U) agree except in one row, we have the following.

Proposition 6.3. Let U € T; be a tableau not fixed by ¢ and let © be the index satisfying
Ui # ¢(U);. Then we have

L ifj=u,
0 otherwise.

IRINV(C(U);) — RINV(U;)| = {

Proof. Obvious. 0

Now we have the following g-analog of Theorem 4.7 (i).
Theorem 6.4. Let w € &,, avoid the patterns 3412 and 4231. Then for A = n we have

(6.6) e)(GewCly(@) = > _ g™,
U

where the sum is over all column-strict F,,-tableauz of type e and shape N

Proof. Let B be the path matrix of F,, and let (I3,...,I.) be a set partition of [n] of type
A. By (5.3) — (5.4), there is a permutation v € &, corresponding to (Iy,...,I,) such that
we have

op(dety(zr,1,) -+ - dety(zr,1,)) = Z (—1)6(%)_6(“)03(q;iy$u7uy)-
yeu~1G \u

By Proposition 6.1 this is equal to

(6.7) Z(_1)Z(Uy)*€(u)qRINV(U(u,ﬂ7/\)T)7
(y,7)

where the sum is over pairs (y,7) such that y € v~ 'S u and 7 is a path family of type y
which covers F,,. If such a path family exists, it is necessarily unique. Thus as y varies over
u 'S u we have that U(u,m, \) varies over all tableaux in 7;. Thus by (6.3) this sum is
equal to

(6.8) Z (_1)RINV(Vl)+~~~+RINV(V,«)QRINV(V)‘
VeTr

Now consider a tableau V' € T; which satisfies (V') # V. By Propositions 6.2 — 6.3, the
term of the above sum corresponding to the tableau (V') is

(_1)RINV({(V)1)+~--+R1NV(§(V),.)qRINv(g(V)T) _ _(_1)RINV(V1)+“'+RINV(V7-)q

Thus all terms corresponding to tableaux V' and ((V') # V cancel one another in the sum
(6.8), leaving terms only for the tableaux V' € 7; which are fixed by (, i.e., the row-strict
tableaux. For these tableaux we have
RINV(V]) = --- =RINV(V,) =0,  RINV(VT) = inv(VT).

Furthermore, V is row-strict of shape A if and only if V' is column-strict of shape A". Thus
we may again rewrite (6.7) as

Z Nnv(U)

q )
U

where the sum is over all column-strict F,-tableaux of shape A satisfying U; = I; (as sets).
Summing over ordered set partitions and using (6.1), we have the desired result. O

rRINV(VT)
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For example, consider the descending star network F349; in (5.14). It is easy to verify that
there are exactly two column-strict Fsoq1-tableaux of type e and shape 31:

(©:9) L
™ TR T8 | T TG T

Y

where 7; is the unique path from source i to sink 7. These tableaux have 2 and 3 inversions,
respectively. Since 31" = 211, the tableaux together give €2''(ge,3421C%491(q)) = ¢° + ¢*. Tt is
clear that all twenty-four F3401-tableaux of type e and shape 4 are column-strict. Counting
inversions in these tableaux gives €, (¢e,3421C%40,(¢)) = 1 + 3¢ + 8¢* + 8¢ + 3¢* + ¢°. Tt is
also clear that there are no F3y9;-tableaux of type e and shapes 22, 211, or 1111. Thus we

have €22(e,3421C421 (7)) = €2 (qe,3421C5491(0)) = €5(e,3021C421 (¢)) = 0.

Expanding eg‘ in terms of irreducible characters and Kostka numbers, 62‘ =Y Kr AXY, and
using Haiman’s result [12, Lem 1.1], we have that €)(¢e,wC},(¢)) is symmetric and unimodal
about ¢, for all w € &,,. In the case that w avoids the patterns 3412 and 4231, it would
be interesting to explain this phenomenon combinatorially in terms of Theorem 6.4.

Corollary 6.5. Fiz A = (\y,...,\.) Fn and w € &,, avoiding the patterns 3412 and 4231.
If wy - - -w, has a decreasing subsequence of length greater than r, then eé‘(qe,wC’{U(q)) =0.

Proof. Let (my,...,m,) be the unique path family of type e which covers F,,. By Theorem 3.7
there exist r+1 paths 7;, ..., w1, which share a vertex. No two of these can appear together
in a column of a column-strict F,-tableau. Thus no such tableau has shape \'. [l

More generally, it is known that we have €)(¢e,wCy(q)) = 0 unless A < sh(w) in the
majorization order, where sh(w) is the partition associated to w by the Robinson-Schensted
row insertion algorithm. (See, e.g., [12, Prop.4.1(3)].) This implies Corollary 6.5, since a
decreasing subsequence of length greater than r in w; ... w, implies that we have A £ sh(w).

7. CONNECTIONS TO CHROMATIC SYMMETRIC AND QUASISYMMETRIC FUNCTIONS

The evaluations of &,,-class functions and H,(q) traces at Kazhdan-Lusztig basis elements
are closely related to certain symmetric and quasisymmetric functions defined by Stanley [29]

and Shareshian and Wachs [25].

Let A,, be the Z-module of homogeneous degree n symmetric functions. In [29] Stanley
defined certain chromatic symmetric functions {X¢s |G a simple graph on n vertices } in A,
and studied expansions of these in various bases of A,,. When G is the incomparability graph
of a poset P, we will write Xp = Xj,.(py and we may define {Xp| P an n-element poset } by

(71) Xp == ZCP,)\m)\,
An

where cp ) is the number of ordered set partitions of P whose blocks are chains of cardinalities
A1, A2, . ... (See [29, Prop.2.4].) These symmetric functions are related to &,-class function
evaluations as follows.
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Theorem 7.1. Let P be an n-element unit interval order, let v € &,, be the 312-avoiding
permutation satisfying ((F,) = P as in the proof of Theorem 4.1, and let w € &,, be any
permutation satisfying w ~ v as in (4.2). Then we have

Xp=>_ NC,(1))m.

AFn

Proof. 1t is easy to see that cp is equal to the number of column-strict P-tableaux of shape
M. By Theorems 4.1, 4.6, this is the number of column-strict F,-tableaux of shape A'. Thus
by Theorem 4.7 (i) we have cpy = e*(C’,(1)). O

Expanding Xp in other bases of Q ® A,,, including the forgotten basis {f\ | A F n}, we see
that other class function evaluations appear as coefficients.

Corollary 7.2. Let P, v, w be as in Theorem 7.1. Then we have

. _ 1)t
Xp = SN = 3@ )s = 3 EL T e = 3 AL D)en.

22
AFn AFn AFn AFn

Proof. The transition matrices relating the class function bases {e* |\ = n}, {n* |\ F n},
{XAT])\ o}, {(=D) WM A F nd, {¢M A F nl, respectively, are inverse to those
relating the symmetric function bases {my | A F n}, {fA |\ F n}, {sx| A F n}, {px| A F n},
{ex| A F n}, respectively. O

Motivated by Theorem 7.1, we define for each element ¢ € CS,, a symmetric function
X, €C®A, by X, =>,., € (9)my. In particular, we have the element

(7.2) Xeyay = Y N(C(1))ma,

AFn
which by Theorems 4.6 and 7.1 is equal to Xp(g,) when w avoids the patterns 3412 and
4231. Thus X¢ (1) is a generating function for values {#*(C},(1)) | A F n}, where {6* | A\ F n}
is any one of the common bases of the space of &,,-class functions. On the other hand, not
all chromatic symmetric functions Xp can be expressed as X¢ (1) for appropriate w € &,,
nor can all generating functions X¢» (1) be expressed as Xp for an appropriate poset P.

Stanley and Stembridge [29, Conj. 5.1], [32, Conj. 5.5] conjectured that Xp is elementary
nonnegative when P is (3 + 1)-free, and Gasharov [9, Thm. 2] proved that Xp is Schur
nonnegative for such posets. By Theorems 4.6, 7.1 and the fact that unit interval orders
are a proper subset of (3 + 1)-free posets, special cases of this conjecture and result are
the elementary nonnegativity and Schur nonnegativity of X¢/ (1) for w avoiding the patterns
3412 and 4231. Elementary nonnegativity of Xcr () for all w is equivalent to the ¢ = 1
specialization of Haiman’s conjecture that we have ¢2(qe7w0w(q)) € Nlq] for all w € &,
A n [12, Conj. 2.1].

Let QSym,, be the Z-module of homogeneous degree n quasisymmetric functions in the
commuting indeterminates x, zs,.... (See, e.g., [31, Ch.7].) In [26, Defn. 1.2, Shareshian
and Wachs defined a certain g-analog X¢ 4 of the chromatic symmetric function X¢ = X¢ 1,
with {X¢, | G a simple labeled graph on n vertices } belonging to Z[q]®QSym,,, and studied
expansions of these functions in various bases. Given a graph G = (V, E) and defining P
to be the set of positive integers, we call a function x : V. — P a proper coloring of G if
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k(u) # k(v) whenever (u,v) € E. Following [26, Defn. 1.2], assume that V is labeled by [n],
and let asc(k) = #{(u,v) € E'|u < v and k(u) < k(v)}. Then we have the definition

(73) XP,q = Z anC(H)IH(l) C T(n)s

where the sum is over all proper colorings of G. In [26, Thm.4.5] Shareshian and Wachs
showed that this function is in fact symmetric with coefficients in Z[q] when G is the incom-
parability graph of an appropriately labeled n-element unit interval order P. Specifically,
we require for each pair x,y € P satisfying

(7.4) #{zePlz<a}—#{z€Plz>z}<#{ze€P|lz<y}t—#{z€ P|z>y},

that the label of x be less than that of y. (Compare the definition of natural unit interval
order [26, Sec. 4] and [26, Props. 4.1 — 4.2] to [8, p.33], [28, Obs. 2.1 — 2.3, Prop. 2.4].) When
G is the incomparability graph of a labeled poset P, we will write Xp, = Xjnc(p),q, and
we may give an alternate definition of {Xp, | P an n-element poset } which is analogous to

(7.1). (See [26, Eq. (6.2)].)

Proposition 7.3. Let P be a unit interval order, labeled as in (7.4). Then we have

(7.5) Xpg= Z cpa(q)ma,
X

where

(7.6) ceala) =) ™"
U

and the sum is over column-strict P-tableauz of shape \'.

Proof. Each proper coloring & of inc(P) may be viewed as an assignment of colors to elements
of P so that each subset of elements having a given color forms a chain. By [26, Thm. 4.5],
Xpg is symmetric. Thus for A = n, the coefficient in Xp, of m, is well-defined: it is the
coeflicient of x{azé\r’l --xM e, the sum of ¢*°() over all colorings  that assign color 1
to a A\.-element chain, color 2 to a A,_j-element chain, ..., color » to a Aj-element chain.
Each such coloring corresponds to a column-strict P-tableau U of shape A. Specifically, each
Ar+1-4-element chain of color ¢ corresponds to column r+1 —i of U, forv=1,...,r. Now
observe that a pair (u,v) in P, with u < v as integers, forms an ascent of x if and only if
it forms an inversion in U. Specifically, (u,v) is an edge in inc(P) if and only if u, v are
incomparable in P, and we have k(u) < x(v) if and only if u appears in a column of U to
the right of the column containing v. U

These symmetric functions are related to H,(q)-trace evaluations as follows.

Theorem 7.4. Let P be an n-element unit interval order labeled as in (7.4), let v € &,
be the corresponding 312-avoiding permutation as in Theorem 4.1, and let w € S,, be any
permutation satisfying w ~ v as in (4.2). Then we have

Xpg = Z EQ(Qe,wC{U(Q))m/\-
AFn
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Proof. By Proposition 7.3, cpa(q) is equal to the sum of ¢™V(U) over column-strict P-tableaux

of shape \. By Theorems 4.1, 5.6, we may sum over column-strict F,-tableaux. Now
Theorem 6.4 gives cpx(q) = €Mqe.wCl(q))- O

Expanding Xp in other bases of Q[q] ® A,, and following the proof of Corollary 7.2, we see
that other trace evaluations appear as coefficients.

Corollary 7.5. Let P, v, w be as in Theorem 7.4. Then we have

an Qew fA—ZX Qewcl )

An AFn
=S M e Cl@)mr = 3 e (@)
A-n A-n

Motivated by Theorem 7.4, we define for each element g € H,(q) a symmetric function
X, € Clg2,q2] ® A, by Xy = \n€(g)ma. In particular, we have the element

(7.7) Xoewi@) = Y € (GewCly(q))ma

AFn
which by Theorems 4.6 and 7.4 is equal to Xp(g,), when w avoids the patterns 3412 and
4231. Clearly the function X,, ¢ (q) specializes at ¢ = 1 to X¢r (1). Again, not all chromatic
symmetric functions Xp, can be expressed as X, ¢ (q) for approprlate w € &, nor can all
generating functions X, cr ) be expressed as Xp, for an appropriate labeled poset P.

Shareshian and Wachs [25] conJectured that Xp, belongs to spanyy{ex|A F n} when P
is a unit interval order, labeled as in (7.4), and proved [26, Thm.6.3] that Xp, belongs to
spanyg{sx | A = n} for such posets. By Corollary 7.5, Haiman’s conjecture that we have
¢ (4e,wCu(q)) € Nlg] for all w € &,, XA - n [12, Conj.2.1] is equivalent to the contain-
ment of X, ,cr (g in spanyyg{ea| A n} for all w € &,. Similarly, his result that we have
Xg(¢ewCu(q)) € N[g for all w € &,, A - n [12, Lem.1.1] is equivalent to the contain-
ment of Xy o1 in spanyg{sy|A = n} for all w € &,. Combining Theorem 4.6 with
the Shareshian-Wachs elementary nonnegativity conjecture and Schur nonnegativity result,
we obtain the special cases of Haiman’s conjecture and lemma corresponding to w avoid-
ing the patterns 3412 and 4231. Shareshian and Wachs also conjectured [26, Sec. 7], and
Athanasiadis proved [1], that Xp, belongs to spany,{(—1)""“Mz"py| A b n} when P is
a unit interval order, labeled as in (7.4). This and Corollary 7.5 provide the first proof of

a special case of another weakening of Haiman’s conjecture: the unstated conjecture that
¢;‘(qe7w0;(q)) belongs to N[¢] for all w € &,,. (See Theorems 9.1, 9.4, 9.13.)

8. INTERPRETATION OF X (¢e,wCl(q))

Combining results in Sections 4, 5, 7 with those of Shareshian and Wachs now leads to
the following g-analog of Theorem 4.7 (iii).

Theorem 8.1. Let w € &,, avoid the pattems 3412 and 4231. For A Fn we have
(8.1) X (GeCly(q §:¢W

where the sum s over all standard F,-tableauz of type e and shape .
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Proof. Let P = P(F,). By Corollary 7.5, X;(qewa’{U(q)) is equal to the coefficient of sy in
Xpgy. By [26, Thm. 6.3] and Theorems 4.1, 5.6, this is precisely the claimed sum. O

For example, consider again the descending star network F3o; in (5.14). It is easy to
verify that there are exactly two standard Fjyo;-tableaux of type e and shape 31: the two
column-strict Fjy9;-tableaux of type e and shape 31 in (6.9) are also row-semistrict. Thus
we have X3 (e3421C3491 () = €2 (Ge,3421C5491(q)) = ¢* + ¢°. On the other hand, not all
twenty-four F3uoi-tableaux of type e and shape 4 are row-semistrict: the six tableaux with
14 immediately preceding m; are not. It is easy to verify that the eighteen remaining tableaux
give X;(Ge,3421Ch491 (q)) = 14 3¢+ 5¢> 4 5¢° +3¢" 4+ ¢°. Since there are no column-strict Fayn;-

tableaux of shapes 22, 211, or 1111, there are no standard Fs4o;-tableaux of these shapes

either, and we have X[212(Qe,34210:,3421(Q)) Xgll(qe,34210§421<‘1>) X5111<Qe,34210§421<Q)) =0.

Combining Theorems 3.7 and 8.1, we have the following analog of Corollary 6.5.

Corollary 8.2. Fiz A\ = (A,...,\) F n and w € &,, avoiding the patterns 3412 and
4231, If wy---w, has a decreasing subsequence of length greater than A\, then we have

X3 (¢ewCl(q)) = 0.

More generally, it is known that we have x}(gewCl(q)) = 0 unless A > sh(w)" in the
majorization order. (See the comment following Corollary 6.5.) This implies Corollary 8.2,

since a decreasing subsequence of length greater than A; in w; ... w, implies that we have
A # sh(w)".

9. INTERPRETATION OF % (¢e,wCY,(q))

Combining results in Sections 4, 5, 7 with those of Shareshian, Wachs, and Athanasiadis
now leads to g-analogs of Theorem 4.7 (iv-c)—(iv-d). Define [a], = 14+ ¢+ -+ + ¢*~* for
a > 1, and [0], = 0.

Theorem 9.1. Let w € S,, avoid the patterns 3412 and 4231. For A = (A,..., \.) Fn, we
have

(9.1) wk Qe wCl ZqINV (Uyo-- oUr

where the sum is over all record-free, row-semistrict F,-tableaux of type e and shape X,

(9'2) 7vb;\(qe,wC’z,u(CI)) = [)\1]q T [)\T]q Z qINV(UlRO"'OUrR)’
U

where the sum s over all right-anchored, row-semistrict F,,-tableauz of type e and shape A,

Proof. Let P = P(F,). By Corollary 7.5, ¢(¢ewC},(q)) is equal to (—1)"""z, times the
coefficient of py in Xp,. By [1, Thm. 3.1] and Theorems 4.1, 5.6, this is equal to the right-
hand side of (9.1). By [26, Lem. 7.7] and Theorems 4.1, 5.6, it is also equal to the right-hand
side of (9.2). O
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For example, consider the descending star network F3yo; in (5.14) and the sum in (9.1).
It is easy to verify that there are eighteen record-free, row-semistrict Fso1-tableaux of type
e and shape 31. Four of these are

T

T

Y

(9.3)

L

Y

TG/ Th

T

TG Th

)

SIE]

T TH

bl

3

Y

o TH

where 7; represents the unique path from source ¢ to sink 7. These tableaux U of shape 31
yield tableaux U; o Uj of shape 4,

(9.4)

)

’ ‘T[l

U T8 T U TS T TR | TR Tu TH TG, | TG T TE W

which have 5, 2, 2, and 3 inversions, respectively. Together, they contribute 2¢% + ¢ + ¢° to
V3 (qe,3421C%491(q)) = 14 3¢ +5¢° +5¢° + 3¢* + ¢°. Now consider the sum in (9.2). It is easy
to verify that there are six right-anchored row-semistrict Fs401-tableaux of type e and shape
31: the first and fourth tableaux in (9.3) and the four tableaux

(9.5)

Tq

1%

117!

T3

9

Tu| Tb

1"

TG/ Th

)

T
U

™ TH

bl

1%

o Ty

These tableaux U of shape 31 yield six tableaux (U;)f o (Uy)® of shape 4,

bl

o/ T8 B, T T W

(9.6)

e m W (A [ A, [m

which have 2, 0, 3, 2, 1, and 1 inversions, respectively. Together, the six tableaux contribute
1+ 2¢ 4 2¢* 4 ¢° to [3]g[1]g(1 4+ 2¢ + 26> + ¢*) = V2" (qe 3421 Cysy (q))-

We will state three more combinatorial formulas for ¢ (¢e,wC/,(¢)) in Theorems 9.4 and
9.13. To justify these, we associate a polynomial O(F) € NJg| to a descending star network
F, and a path tableau V(F, ) to the pair (F,I), where I is an ordered set partition of [n]
of type \. Letting

(9.7)

be the concatenation of star networks which corresponds to F' as in Section 3, define the
polynomial O(F) € N[q| by

( t

[idi — eyt

i=1

Gler,di) ©*++ © Gleyay]

if F'is connected,

(9.8) O(F) = [1di —eilet 1]l = edd!
[cirdi] =< [cj,d5] [ci,di]<[cj,d;]
c;<cy ¢ <¢;
L0 if F'is disconnected,
where [a],! = [a],[a —1],---[1], for @ > 1 and [0],! = 1.

For example, the connected descending star network Fsse in (5.14) corresponds to the
concatenation G = Gig4) 0 GJ1,3) and two-element poset of intervals [2,4] < [1,3]. Thus we
have
[4 — 2](1![3 — 1]q! _ [Q]q!mq'

Olsaz) = 35 [1],! =+’
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Note that for the identity element e € &,, we have O(F,) = 1 if n = 1 and O(F,) = 0
otherwise. Letting m = (my,...,m,) be the unique path family of type e covering F', define
V(F,I) to be the unique (row-semistrict) m-tableau of shape A for which L(V(F,I)) is a
row-strict Young tableau containing indices I; in row j. For S a k-element subset of [n],
let F'|s denote the zigzag network of order k isomorphic to the subnetwork of F' covered by
paths {m; |i € S}.

Also essential to our proofs of Theorems 9.4 and 9.13 is a map

t:{w € &, |w avoids the patterns 3412 and 4231, F,, connected }
— {w € 6,1 | w avoids the patterns 3412 and 4231, F, connected }.

Let F,, be a connected zig-zag network of order n > 2 corresponding to the concatenation
(9.7). By Observation 3.2 we may assume that ¢t = 1, or d; = n and [¢1,d1] < [c2,ds], or
dy = n and [¢;_1,di—1] < [c, dy]. We declare ((w) to be the permutation whose descending
star network F)(,) of order n — 1 is obtained from F}, by deleting the path from source n to
sink n, and, in the case that d; = n and dy =n—1 (d; = n and d;_s = n—1), by contracting
one edge whose vertices correspond to the central vertices of G, ;) and Gie,n—1) (Gler_yn—1]
and G|, n)). Equivalently, F,, is the zig-zag network corresponding to the concatenation

(Gleyn—1] ift =1,
Glesds) © *+* © Glepay) ifdi=nanddy, =n—1,
(9.9) Glerdy] © 0 Gley v dp ] ifd,=nandd;,_ 1 =n—1,
Grern—1] © Glegdo] © -+ © Gley ) if di=nand dy <n—1,
(Glerdi]© 0 Gle1d, 1) © Gleyn—1) fdy =mand dy_y <n—1

For example, let n = 6. Fyses31 corresponds to the concatenation G360 Gig 50 G|p,9), With
ds =5 =n—1. Removing the path from source 6 to sink 6, and contracting the edge whose
endpoints correspond to the central vertices of G34 and G|p 5, we obtain F)(as6431), which
can be shown (as in the example preceding Theorem 3.3) to be Fysy31.

6 6
5 5 5 5 5 5
4 4 4 4 4 4
1 F = & = F .
(9.10) 256431 = s 7 s 3 3 5 25431
2 2 2 2 2 2
1 1 1 1 1 1

Similarly, Fhyes31 corresponds to the concatenation G360 Ga.4) 0 G19), With do =4 <n —1.
Removing the path from source 6 to sink 6, we obtain F)(246531), Which can be shown to be
Foy531.

(911) F246531 = = F24531-

PN WMo
PN WS OOOo
PN WA~ O
PN WA~

9.1. Right-anchored, row-semistrict F’-tableaux and O(F).

Inversions in right-anchored, row-semistrict path tableaux are closely related to the poly-
nomials defined in (9.8). In order to state this relationship precisely (Lemma 9.3) and state
a third combinatorial formula for ¢ (¢e,wC,(¢)) (Theorem 9.4), we define a family of sets



32 SAMUEL CLEARMAN, MATTHEW HYATT, BRITTANY SHELTON, MARK SKANDERA

{Z(F)| F a zig-zag network } of tableaux and maps between these. For I a zig-zag network
of order m, let Z(F) be the set of right-anchored, row-semistrict F-tableaux of type e and
shape (m). Note that if F' is not connected, then Z(F') = (), since a right-anchored F-tableau
cannot be row-semistrict when [ is disconnected.

Now let F, be a connected zig-zag network of order m which corresponds to the concate-

nation (9.7), and let [b, m] be the unique interval in (9.7) to contain m. Define a map
v:Z(Fy) = Z(F,w) x{0,1,....m—>b—1

0.12) (Fu) (/ (w)) X 4 }

U~ (U k),

by declaring U’ to be the tableau obtained from U by deleting 7, and by declaring k to be
the number of indices in the interval [b, m — 1] appearing to the left of m in L(U).

For example, consider the network Fyses31 in (9.10) and let U be the tableau

[ u] 18] ] ] e

Then the unique interval in G containing m = 6 is [3, 6], and there are two indices in this
interval appearing to the left of 6 in L(U). Thus v(U) = (U’,2) where U’ is the tableau

T TE| T T/

Lemma 9.2. For each connected zig-zag network F,, of order m, the map v is a bijection.
Furthermore, if v(U) = (U, k) then INnv(UT) = INnv(U'®) + k.

Proof. To see that 7 is well-defined, fix U € Z(F,) and let L(U) = (i1,...,%m = 1), where
i; = m and j < m. Clearly U’ is right-anchored. If j = 1 then U’ = (m,,...,m,) is
row-semistrict. If j > 1, then U’ = (7, ..., 7, |, m,,,,..., 7, ) is also row-semistrict, since
T }P(Fw) 7Tij+1 1mphes that 7Tij_1 }p(FL(m) 7Ti]-+1-

To invert v, find an entry ¢4 of L(U’) which belongs to [b, m — 1] and has exactly k indices
from the interval [b, m — 1] to its left. (This is possible, since 0 < k < m —b—1.) Now create
a new F,-tableau by inserting m,, into U’ immediately before 7;,. This map is well-defined,
because 7;, intersects m,,. It is clear that the map inverts . Since U has type e, it is clear that
the number of inversions in U% involving m,, is equal to the number of indices in the interval
[b,m — 1] appearing to the left of m in L(U). It follows that INv(U®) = inv(U'®) + k. O

By the above lemma, we can interpret O(F) as a generating function for inversions in
tableaux belonging to Z(F).

Lemma 9.3. For each w € G,, avoiding the patterns 3412 and 4231, we have

(9.13) > ¢ = O(F,).

UeZ(Fy)

Proof. When m = 1, both sides of (9.13) are 1. Now assume that (9.13) holds for all zig-
zag networks corresponding to 3412-avoiding, 4231-avoiding permutations in Gy, ..., &, 1,
and consider w € &, avoiding the patterns 3412 and 4231. Let F,, correspond to the
concatenation (9.7). If F,, is disconnected, then Z(F,) = () and both sides of (9.13) are 0.
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If F,, is connected, let [b, m] be the unique interval in (9.7) to contain m. By induction and
Lemma 9.2 we have

m—b—1
(9.14) Z qle(UR) Z qk; Z qle(U/R) _ [m _ b]qO(FL(w))'
UeZ(Fy) k=0 U’EZ(FL(U,))
By Observation 3.2 we may assume that we have ¢t = 1, or [b,m] = [¢1,d1] < [e2,ds], or

[ci—1,di—1] = [ct,di] = [b,m]. In the first case, the expression (9.14) is [m — b],!. In the
second case, by (9.8) and (9.9), it is

([m—cl] m =1 — algllds = eyl |d — al! ifdy=m,dy<m-—1
! [Tidi—eld 1l - el 7 ,
[ci, dc']zgcjvd‘] [ci, dc']<<'[ccj:d‘]
(9.15) m—aly! b=l ld —alg ifdy=m, dy=m—1
1= , U2 — - L.
=l Tld =l T]lds = el
[ci,di]=<[cj,d;] [ci,di] =< [cj,d;]
c;<cj c;<c;
\ 1>2

In the third case, we obtain an expression similar to (9.15). In all cases, the expression is
equal to O(F},). O

Now we can state the precise relationship between the polynomials O(F') and inversions
in right-anchored, row-semistrict path tableaux.

Theorem 9.4. Let w € S,, avoid the patterns 3412 and 4231. For A = (Ay,..., \.) Fn, we
have

(916)  43(aewCo(@) = g~y D @MWl VEDIO(R, |1) - O(F,1,).

n
type(I)=X\

Proof. By Theorem 9.1, wg(qe,wC{U(q)) is equal to the right-hand side of (9.2). Grouping
terms in the sum and using (4.3), we may rewrite this expression as

(9.17) Aty Z quvwlo oUf) Z quv U+ v(UF) v (U1

I+n] U
type(I) )\ type(I)=\

where U now varies over the subset of right-anchored, row-semistrict tableaux of type e
and shape A satisfying U; = I; for each component of the appropriate ordered set partition

I =(I,...,1I,). For fixed I, this inner sum can be rewritten as
()R (M\R T
(9.18) Z qle (w Z qle (W) )Z INV(U)
w (1) w(r)

where W) varies over right-anchored, row-semistrict F,| 1;-tableaux of shape A; and type
e € 6,,, and U again varies as in (9.17). By Lemma 9.3, the first » sums are equal to
O(Ful,),---,O(Fyu|1.), and it is easy to see that for any tableau U in the last sum, we have
INV(U") = INV(V(Fy, I)10- -0V (F,, I),). Thus we obtain the right-hand side of (9.16). O
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For example, consider again the descending star network Fz401 in (5.14) and the expression
n (9.16). The ordered set partitions of [4] of type 31 are 123|4, 124|3, 1342, and 234|1.
Corresponding to the set partitions I are the tableaux V(Fs491, I) of shape 31

T 1 o m
MR T8 T[T W e T | TR T

respectively, where (7, o, w3, 4) is the unique path family of type e covering Fiso1. These
in turn yield tableaux V' (F3401, 1)1 © V(F3421, )2 of shape 4

T B T Tu

T B T TG

| T T T

T T T

having 0 ]. 2 and 2 inversions respectively The subnetworks F3421|123, F3421|124, F3421|134,
F3421|234 and polynomlals O F3421|123) O(F3421’124 F3421|134) O(F3421|234) are

4. -4 4 4 4 4 4 4
N 3 3 3 3 3
3 5 3 ~v 3- 3 3 3 ~ 3 3 ~~v
- 2 - 2 2 = 2 2
2 2 2 2 2/ -2 2 2
1 1 1 1 1
1 1 1 1 1 1 1--- L1

', B-Ae-u
S
On the other hand, each subnetwork F3491|; is simply a path and satisfies O(F3401];) = 1
Thus the four set partitions contribute ¢°(1+¢)(1), ¢*(1)(1), ¢*(1)(1), ¢*(1+¢)(1), or a total
of 14 2q+2¢* + ¢* to [3]g[1](1 4+ 29+ 2¢° + ¢*) = ¢21(Qe,34210§421(Q))-

The special case A = (n) of Theorem 9.4 confirms a conjecture of Haiman [12, Conj.4.1]

=1

B—1],! =1+gq, , B—1],!=1+gq,

concerning evaluations of the form ¢gn)(qe7w0;(q)) = i (qeCl(q)).

Proposition 9.5. Let w = wy---w, € &, avoid the pattern 312 and define the sequence
(f(1),..., f(n)) by f(j) = max{wy,...,w;}. Then we have

(9.19) Ui (0ewCh(a) = [l F (1) = Ug[f(2) = 2g -~ [f(n = 1) = (n = D]
Proof. Setting A = (n) in Theorem 9.4, we have

(9.20) Ui (@ewCi(@) = [n]ga°O(Fy).

If F, is not connected, then both sides of (9.20) are 0, and for some index k the prefix
wy - - - wy, of w belongs to &g. Thus f(k) = k and the right-hand side of (9.19) is 0 as well.

Assume therefore that F), is connected. Since w avoids the pattern 312, F, is a descend-
ing star network and the intervals in the corresponding concatenation (9.7) form the chain

[c1,dy] < -+ = [ey, dy] with dy = n, ¢, = 1. Thus the formula (9.8) for O(F,,) becomes
[dg CQ] ! [dt — Ct]q!
— ' .. e — p— PO — — .
[d1 — e1lg! b=l =l <[d1 clgldy = (e + D)y [dr = (n 1)]q>

(Id2 = ealafda = (ca+ Dl [da = (e1 = Dl ) -+« ([ = gl = 2y dy = (i1 = D]y).
Defining ¢(j) = min{i|j € [¢;, d;]} for 7 = 1,...,n, we may now rewrite (9.20) as
(9-21) wq (Qe,wCz/u(Q)) = [n]q[dg(l) - 1]q[d9(2) - 2][1 T [dg(n—l) - (n - 1)](]‘

Finally we claim that dy;) = f(j) for j =1,...,n—1. We have f(j) < d,(;) because there
are no paths in F,, from source j to sinks dgy;y+1,...,n and therefore by Observation 3.4, no
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paths from sources 1, ..., j — 1 to these sinks either. Similarly, we have f(j) > d,(;) because
j belongs to the interval [c,(j), dy(j)] and we, ;) = dy(j)- O

It is straightforward to show that the right-hand side of (9.21) coincides with the expression
in [25, Thm. 7.1] for (—1)""'n = (—1)""“"z, times the coefficient of p,, in Xp,.

9.2. Cylindrical F-tableaux and O(F).

In Theorem 9.13, we will prove an analog of Theorem 9.1 in which sums are taken over (left-
anchored) cylindrical F-tableaux. To do so, we partition the set of cylindrical F-tableaux
into equivalence classes as follows. Fix a permutation w € &,, avoiding the patterns 3412
and 4231, an integer partition A F n, and an ordered set partition I = (I,...,I,) of [n] of
type A. Let C(I, F,,) be the set of cylindrical F,,-tableaux U such that for j = 1,...,r, the
set of entries of L(Uj) is equal to I;. Let Cr(I, F,,) be the subset of these tableaux which are
left-anchored. Now the cylindrical analogs of the sums in (9.1) and (9.2) are

§ :qINV(Ulou-oUr - § : § : INV (Uyo---oUy)
- )
U

IF[n]  UEC(I,Fu)
type(l)=\

Z qINV(Ulo“'OUT _ Z Z qINV(Ulo“'OUT)7
U

IF[n]  U€ECL(I,Fu)
type(I)=\

(9.22)

where the left-hand sums are over cylindrical F-tableaux of shape A and left-anchored
cylindrical F,-tableaux of shape A, respectively. In both cases, it is easy to show that the
inner right-hand sum factors as in Theorem 9.4. To state this factorization explicitly, we
relate INV(U; o - -- o U,.) to intervals in the concatenation (9.7).

Lemma 9.6. Let w € &,, avoid the patterns 3412 and 4231, and let [c1,dq], . . ., [ci, d;] be the
intervals appearing in the concatenation (9.7) of star networks that corresponds to F,,. Let
U be a cylindrical F,-tableau having r rows, and fix indices p1 < po in [r]. Then we have

(9.23) #{(7a,m) € Up, x Uy, | (mp, ma) an inversion in Uy o ---o U, }
= #{(a,b) € L(U)p, x L(U)p, | ¢; < a < b<d; for some j}.

Proof. Let A and B denote the sets on the left- and right-hand sides of (9.23), respectively.
Define a map ¢ : A — B as follows, assuming (7., m) € A. If a and b belong to a common
interval [c;,d;], then set ¢((m,, m)) = (a,b). Otherwise, read U, cyclically from left to
right starting at m,, and let 7. be the first path which lies entirely above m,. Then set
o((ma,m)) = (a,c). We claim that ¢ is a bijection.

To see that ¢ is well defined, suppose that a and b belong to no common interval [c¢;, d;],
and let m¢ be the path in U, terminating at sink b. If 7, intersects m,, then there exists a
path in F), from source a to sink b. Since a < b, Observation 3.4 and the comment following
it imply that a and b belong to a common interval [¢;, d;], a contradiction. Thus the set of
paths lying strictly above 7, in U, is nonempty, and the path 7. is well defined. Suppose a
and ¢ belong to no common interval [¢;, d;], and let 7, be the path in U, cyclically preceding
m.. Then 7, terminates at sink ¢ > a. By our choice of 7., the path 7, must intersect 7,.
Thus there is a path in F,, from source a to sink c¢. But this contradicts Observation 3.4.
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The inverse £ of ¢ may be described as follows, assuming (a,b) € B. If 7, intersects m,
then set £((a,b)) = (m,, m,). Otherwise, read U, cyclically from right to left starting at m,
and let 7. be the first path such that @ and ¢ belong to no common interval [¢;, d;], and
¢ > a. Then set &((a,b)) = (74, 7).

To see that £ is well defined, suppose that 7, does not intersect 7, and that £((a,b)) =
(7a, ). Let d be the index of the sink of 7., so that m; immediately follows 7.. By our
choice of 7., we have that a and d belong to a common interval [¢;, d;] or that d < a. Thus
by Observation 3.4, there is a path in F), from source a to sink d, and by Lemma 3.5 paths
m, and 7. intersect.

Now we claim that ¢ and ¢ are in fact inverse to one another. This is clear when we restrict
to pairs (a,b) belonging to a common interval in (9.7) such that the paths 7,, m, intersect.
Suppose therefore that 7, intersects m,, and that a, b belong to no common interval in (9.7).
Let o((mq,m)) = (a,c) and let £((a,c)) = (mq, Ty ). Since 7. lies entirely above 7,, we have
b' # c. Suppose I’ # b and let 7y be the path in U, terminating at sink ¢’. By the definitions
of ¢ and &, and since a, b belong to no common interval in (9.7), the row U,, (up to cyclic
rotation) has the form

(9.24)

Since a, b belong to no common interval and a < b by the definition of &, we have by
Observation 3.4 that there is no path in F,, from source a to sink &'. Thus 7, and 7y do
not intersect, and 7y must lie entirely above m,. It follows that ¢((m,, m)) = (a, f) # (a, ¢),
contradiction. Now suppose that 7, does not intersect m,, and that a, b belong to some
common interval [¢;,d;] in (9.7). Let {((a,b)) = (74, m.) and let ¢((7,, 7)) = (a,b'). Since
a and ¢ belong to no common interval in (9.7), we have ¢ # /. Suppose O’ # b and let g be
the sink index of 7. By the definitions of ¢ and &, and since 7, lies entirely above 7, the
row U, (up to cyclic rotation) has the form

(9.25)

By our choice of 7, we have g > a, and there is no path in F, from source a to sink g. Thus
by Observation 3.4 We also have that a and g belong to no common interval in (9.7). But
this implies that £((a, b)) = (7, 7,) # (7,4, 7c), a contradiction. O

Now we can factor the expressions in (9.22) as follows.

Proposition 9.7. Fiz w € &,, avoiding the patterns 3412 and 4231, A = (A1,..., \;) F n,
and a set partition I = (Iy,..., 1) F [n] of type X\. Let V =V (F,,I). Then we have

0-::0 0-++0 ) (W)
(9.26) Z qINV(Ul Ur) _ INV % Vi) ( Z qle (W > < Z qINV ))
U

wr)

where the sums are over U € C(I, F,), WW € C(I1, Fylr,),...,W" € C(I,, Fy|1,), or over
U€eCL(I,F,), WV € Cr(li, Fuln),-..,W" € Cr(I, Fylz,).

Proof. First observe that we have a bijection C(Iy, Fiy|r,) X -+ x C(I, Fylr,) = C(I, Fy)
defined by joining W®, ..., W into a single tableau U with U, = W(J) Clearly, the
bijection restricts to the corresponding subsets of left-anchored tableaux, and satisfies

(9.27) INV(Uy 0---0U,) = INVIVW) - £ inv(WO) 4 inv(TT).
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Now observe that the number INV(UT) is equal to the left-hand side of (9.23), summed over
pairs (p1, p2) with p; < py. Furthermore, by Observation 3.4, Lemma 3.5, and the definition
of V(F,, I), we have that INV(Vj o---0V}) is equal to the right-hand side of (9.23), summed
over pairs (py,pz) with p; < py. Thus we may rewrite (9.27) as

INV(Uy 00 U,) = INVIVW) 4o 1 inv(WO) 4 inv(Vio -0 1),
as desired. O

It is clear that a cylindrical tableau U is completely determined by the Young tableau
L(U). Under some conditions the insertion or deletion of a greatest letter in the left tableau
of a cylindrical tableau yields a valid left tableau of another cylindrical tableau. In these
cases, intersecting paths in the two cylindrical tableaux are closely related.

Lemma 9.8. Let F,, be a connected zig-zag network of order n corresponding to the con-
catenation (9.7) of star networks (9.7), and let [b,n] be the unique interval containing n.

(1) For any cylindrical F,-tableau U of shape (n), if T' is the Young tableau obtained
from L(U) by deleting the entry n, then there exists a unique cylindrical F,,-tableau
U’ such that T" = L(U").

(2) For any cylindrical F,-tableaw V' of shape (n — 1), let T be the Young tableau
obtained from L(V') by inserting the entry n cyclically before any element in [b,n —1]
if the interval [b,n] is mazimal in <, and cyclically after any element in [b,n — 1]
otherwise. Then there exists a unique cylindrical F,,-tableau V' such that L(V) =T.

(3) Let tableauz U and U’ in (1) contain the path families (my, ..., m,) and (7}, ..., 7 ),
respectively. For all pairs (i, ), if m;, © have the same sink index, and 7;, 7T§- have
the same sink index, then m; and m; intersect if and only if w; and 7; intersect.

Proof. (1) Let (i1,i2) be a pair of cyclically consecutive entries in 7”. If these entries are
also cyclically consecutive in L(U), then there exists a (unique) path m;, in F, from source
i1 to sink ¢5. Since F)(, differs from F}, by the removal of the unique path from source n to
sink n and possibly the contraction of an edge to a single vertex, the image of m;, is again
the unique path in F(,) from source i; to sink iy. If (4y,42) are not cyclically consecutive in
L(U), then iy cyclically precedes n and iy cyclically follows n in L(U). Thus either i; or iy
belongs to [b,n — 1]. Thus in G there is a path from source i; to the central vertex of Gy
and a path from this vertex to sink i,. It follows that there is a path in F, from source
i1 to sink i3. Uniqueness of U’ follows from uniqueness of source-to-sink paths in zig-zag
networks. (See comment following Theorem 3.3.)

(2) Let (i1,72) be a pair of cyclically consecutive entries in 7. If these entries are also
cyclically consecutive in L(V”), then there exists a (unique) path from source i; to sink iy
in F,. Since each interval in the concatenation corresponding to Fj, is equal to or is
contained in an interval in the concatenation corresponding to F),, we use Observation 3.4
and the fact that both F,, and F,) are connected to infer that there is a path in F,, from
source 71 to sink i5. Again, uniqueness of V follows from uniqueness of source-to-sink paths
in zig-zag networks.

(3) Let m;, m;, m;, m; satisfy the stated conditions. Then the source and sink indices of
these paths are not equal to n. Suppose first that in the concatenation (9.7) corresponding
to Fyy we have t = 1, or dy = nand dy <n —1,ord; = n and d;_; < n —1. Then F,y,
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is the subgraph of F,, obtained by deleting the unique path from source n to sink n. By
the uniqueness of paths in descending star networks, we have m; = 7 and m; = 7. Now
suppose that in (9.7) we have d; =n and dy =n—1,or d, =n and d;_; = n — 1, and let z,
y be the vertices in F,, corresponding to the central vertices of the star networks G ,,) and
Glep,0), TESPectively, or G.,_, 4,_,) and Gy, respectively. Then F),) is obtained from F,
by deleting the unique path from source n to sink n, and by contracting the edge (x,y) to a
single vertex z. Thus if m; N 7; contains the edge (¥, y) then m; N7} contains the vertex z; if
m; N does not contain the edge (x,y), then m N7 = m; N ;. O

Given a zig-zag network F' of order n, define Y,,(F, i) to be the set of cylindrical F-tableaux
U of shape (n) in which the first entry of L(U) is i. In terms of our earlier notation, we have

(9.28) C[n), Fu) = |J Ya(Fui),  Cu([n], Fu) = Ya(Fu, 1),
1<i<n
where we interpret [n] as the ordered set partition having one block.

Let us examine the map U — U’ and the numbers INV(U), INV(U’) defined by Lemma 9.8
(1) in the case that U € Y (F,, i) and ¢ < n— 1. To be precise, for each pair (F,, i) where F,
is a connected zig-zag network of order at least 2 with corresponding concatenation (9.7),
poset < of intervals, and [b, n] the unique interval containing n, and 1 < i < n — 1, we define
a map

51t Yo (Founi) = Yooy (Fiwy,i) x {0,1,...,n—b—1}
U (U k)

by declaring U’ to be the cylindrical tableau whose left tableau is obtained from L(U) by
deleting n, and by declaring k£ to be the number of paths following 7,, in U whose

(9.29)

sink index belongs to [b,n — 1] if [b, n] maximal in =,
source index belongs to [b,n — 1] otherwise.

For example, let n = 6, recall (9.10), and consider the Fy5¢431-tableau and its left Young
tableau

U =|as]61]12]25]53/34], T =|a|6|1|2]5]3

with U € Y4(256431,4), and [3, 6] not maximal in the poset [3,6] < [2,4] < [1,2]. Removing
6 from 7" we have the tableaux

T’:‘4‘1‘2‘5‘3

, U’ :‘4,1‘1,2‘2,5‘5,3‘3,4

with 7" = L(U’) and U’ € Y5(Fbs431,4). Since and the only paths in U which follow 7g and
have source indices in [3, 5] are 75, 73, we have §,(U) = (U, 2).

Y

Lemma 9.9. For each connected zig-zag network F,, of order n, the map 6, is a bijection.
Furthermore, if 61(U) = (U', k) then we have INV(U) = INv(U') + k.

Proof. Assume that F,, corresponds to the concatenation (9.7) in which the unique interval
containing n is [b,n], and let (U’, k) be a pair in Y, (Fjw), ) x{0,1,...,n—=b—1}. To invert
1, find an entry j € [b,n — 1] in the tableau L(U’) with exactly k — 1 entries in [b,n — 1]
to its right. (This is possible, since K < n — 1 —b.) Now create a new Young tableau T
by inserting the letter n into L(U’) immediately to the left of j if [b,n] is maximal in <, or
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immediately to the right of j otherwise. By Lemma 9.8 (2) there is a unique F,-tableau U
with L(U) =T.

To compare inversions in U and U’, write

U= (7Ti17 ce ,Win),

U — (7?1’-1, . ,7'(';@71,7T£[+1, o ,71';”),
where m;, = m,. Observe that all paths except m;, ,, m;, in U have the same sources and sinks
as the corresponding paths in U’. Thus by Lemma 9.8 (3), two such paths form an inversion
in U if and only if the corresponding paths form an inversion in U’. Consider therefore
inversions in U which involve one of the paths m;, , m;,, and inversions in U’ which involve
the path 7/

tg—1"

Suppose first that [b,n| is maximal in <. By definition, there are k inversions in U of
the form (m;,, 7.), where 7. terminates at a sink having index in [b,n — 1]. These in fact
are the only inversions in U involving m;,: since there are no paths in F,, from source n to
sinks 1,...,b — 1, Observation 3.1 implies that 7;, cannot intersect any path terminating
at one of these sinks. Now observe that path m;,_ | terminates at sink n, while paths 7,
and m, terminate at sink i,.;. By the maximality of [b,n|, we have that iy, belongs to
the interval [b,n]. Thus the paths m;,_, and 7;,_ are identical from their sources up to the
vertex of Fy, (F,u)) corresponding to the central vertex of Gy, ). It follows that any path in
U intersects m;,_, if and only if the corresponding path in U intersects m;, . Therefore we

have INV(U) = INv(U') + k.

Now suppose that [b,n] is not maximal in <. Then it must be minimal, and since 7;,_,
terminates at sink n, we have i,_; > b. Consider paths 7. with ¢ > b. By the minimality of
[b,n] in <, we have that 7. intersects 7;, | and m;, at the vertex of F, (F,(,)) corresponding
to the central vertex of Gy, . Thus (7., m;, ) or (m;, |, 7.) is an inversion in U if and only
if the corresponding pair is an inversion in U’. By definition, there are k inversions in U of
the form (m;,, 7.) with ¢ > b. Now consider paths 7. with ¢ < b. By Observation 3.1, no pair
(mi,_,, ) is an inversion in U, since there is no path from source ¢ to sink n in F,, On the
other hand, the paths m;, and W;Z_l are identical from the vertex of F,, (or F},)) corresonding
to the central vertex of G, to sink 4p41. Thus each pair (7;,, 7.) is an inversion in U if and
only if (7 ,7) is an inversion in U’. Tt follows again that INV(U) = INV(U’) + k. O

ig—17 c

Note that in the example preceding Lemma 9.9 we have INV(U) = 6 = INV(U’) + 2, and
6 (U) = (U',2).

Now let us examine a map U +— U’ and the numbers INV(U), INV(U’) closely related to
those defined by Lemma 9.8 (1) in the case that U € Y (F,,n). To be precise, for each
connected zig-zag network F,, of order at least 2 with corresponding concatenation (9.7),
poset < of intervals, and [b, n| the unique interval containing n, we define a map

n—1
52 : Yn(Fw,n) — Yn—l(FL(w)7j>7
(9.30) ]L_Jb

U U,
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by declaring U’ to be the cylindrical tableau whose left tableau is obtained from L(U) =
(il,...,in) by
L) = {(iQ, ey in) if [b, n] maximal in <,

(iny 2y . . in_1) oOtherwise.

The tableau U’ exists and is unique by Lemma 9.8 (1). If [b, n] is maximal in < then any path
beginning at source n must terminate at a sink in this interval. Thus we have iy € [b,n — 1].
If [b,n] is not maximal in =< it must be minimal, and any path terminating at sink n must
begin at a source in this interval. Thus we have 4,, € [b,n — 1]. It follows that U’ belongs to
the union in (9.30).

For example, let n = 6, recall (9.11), and consider the Fhygs31-tableau and its left Young
tableau

)l

[]:‘6,1‘1,2‘2,3‘3,5‘5,4‘4,6‘7 T:‘6‘1‘2‘3‘5‘4

with U € Y5(246531,6), and T having rightmost entry 4. Removing 6 from 7" and moving 4
to the leftmost position, we have the tableaux

T’:‘4‘1‘2‘3‘5

with T = L(U’) and U’ c }/5(F24531, 4)

U = ‘4,1‘1,2‘2,3‘3,5‘5,4

Y J

Lemma 9.10. For each connected zig-zag network F,, of order n, the map do is a bijection.
Furthermore, if 0o(U) = U’ € Y_1(Fyw),J) and b is as in (9.30) then we have

NV (U) = INV(U') +n—b | if [b, n].ma:m'mal n =,

INV(U') 4+ 2n —2j — 1 otherwise.
Proof. To invert 0y, let U’ be an element of Y (F,(y),j) for some 1 < j < n — 1. Create
a Young tableau 7" from L(U’) by inserting n into the leftmost position and if [b,n] is not

maximal in < by moving j to the rightmost position. By Lemma 9.8 (2) there is a unique
F,-tableau U = (m;,, ..., m;,) satisfying L(U) =T.

To compare inversions in U and U’, observe first that the paths m,,...,m _, in U have
the same sources and sinks as the corresponding paths in

22 » Nin
(7‘(', :71". ﬂ'/ ’ﬂ'/

b =T Ty, ) otherwise.

U — {(W’ ce, ) if [b, n] is maximal in =<,

Thus by Lemma 9.8 (3), two such paths form an inversion in U if and only if the corresponding
paths form an inversion in U’. Consider therefore inversions in U which involve the paths
Ti, = T, Or T;,, and inversions in U’ which involve the path 7; .

If [b,n] is maximal in =<, the path m;, = 7, in U terminates at sink iy € [b,n — 1]. Thus
the path, which precedes all others in U, intersects only those n — b other paths in U which
terminate at sinks [b,n] \ {i2}, and thus also pass through the vertex of F,, corresponding
to the central vertex of Gp,,). Now observe that 7;, terminates at sink n of F,,, while 7
terminates at sink i; of Fj(,. Since i, > b, the paths 7;, and 7; are identical up to the
vertex of F, (Fb(w)) which corresponds to the central vertex of G, ,,). Thus any path m;, in
U intersects ;, if and only if the corresponding path 7; in U’ intersects m; . It follows that
INV(U) = INV(U’) + b — n in this case.
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If [b,n] is not maximal in =<, then it is minimal. Since 7;, terminates at sink n, we have
that ¢, > b. Thus 7, intersects and follows the n — ¢, + 1 paths m; +1,...,m, which all
intersect at least at the vertex of F, (or FL(w)) corresponding to the central vertex of Gy .
Now observe that the paths 7, and m; both terminate at sink i;. Thus, since i, > b, the
paths are identical from the vertex of F,, (F,(,)) which corresponds to the central vertex of
G, until sink 5. Thus any path 7, in U intersects 7, if and only if the corresponding path
T, in U’ intersects m; . It follows that INV(U) = INV(U’) +n — j + 1 in this case. O

Note that in the example preceding Lemma 9.10, the network Fhyes31 (9.11) of order m = 6
corresponds to the concatenation Gz 6 0 G240 G1,9), and the interval [3, 6] is not maximal in
the poset [3,6] < [2,4] < [1,2]. The tableaux U, U’ satisfy j = 4, INV(U) = 6, INV(U') = 3,
and INV(U) = INV(U') +2m — 25 — 1.

Now we return to the problem of factoring the inner sums in (9.22).

Proposition 9.11. Fiz w € S,,, avoiding the patterns 3412 and 4231 and an index j € [m].
Then we have

(9.31) > U =g O(F,).

UeYm (Fu,j)

Proof. We prove (9.31) by induction on m. The only zig-zag network of order m = 1 is F.,
e € &;1. Thus the set Y;(F,, 1) consists of one tableau of shape (1) having no inversions. The
left- and right-hand sides of (9.31) are therefore ¢° = 1 and ¢°O(F.) = [0],! = 1, respectively.

Now assume (9.31) to hold for zig-zag networks corresponding to 3412-avoiding, 4231-
avoiding permutations in &,,_; and consider F,, with w € &,, avoiding the patterns 3412
and 4231. Let F,, correspond to the concatenation (9.7) of star networks with [b,m] the
unique interval containing m, let u = «(w), and fix an integer j € [m]. If F}, is disconnected,
then the set Y,,(Fy, ) is empty and both sides of (9.31) are 0. Assume therefore that F,, is
connected. If j < m, then by Lemma 9.9 and induction we have

m—b—1
(9.32) S M= S ¢ S YO = = b, O(R).
k=0

UGYm(Fw’]) U/EYm—l(Fu:j)

Similarly, if 7 = m, then by Lemma 9.10 and induction we have

m—1
qu_bqk_lO(Fu) if [b, m] maximal in <,
Z wv(U) _ ) k=b
(9.33) 1 m-1
UeYm (Fuw,m) q2m—2k—lqk—lO(Fu) otherwise,
k=b

= [m — bl,d" 'O(F,).
Now applying (9.15) to (9.32), (9.33), we have for j = 1,...,m that

Z O = ¢ m — b],0(F,) = ¢ 'O(F,).

U€Ym(Fuw,j)

Applying (9.28) to the previous result, we have the following.
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Corollary 9.12. Let w € G,,, avoid the patterns 3412 and 4231. Then we have

Z qINV(U) — [m]qO(Fw), Z qINV(U) _ O(Fw)

UeC([m],Fuw) UeCr(Im],Fuw)

Now we have the following g-analogs of Theorem 4.7 (iv-a).

Theorem 9.13. Let w € &,, avoid the patterns 3412 and 4231. For A = (A1,...,\,) F n,
we have

(934) wA Qe wCl quv (Uro- oUT

where the sum is over all cylindrical Fw—tableaux of shape X\, and

(9.35) U0 (GewCls(q)) = Mg+ Mg quv(Ulo...oUr)’
U

where the sum is over all left-anchored cylindrical F,,-tableaux of shape \.

Proof. Rewrite the sums above as in (9.22) and factor the resulting inner sums as in Propo-
sition 9.7. By Corollary 9.12; the right-hand sides of (9.34), (9.35) are both equal to

P‘l]q e P‘r]q Z qINV(V(Fw7])10...OV(FwJ)T)O(Fw|I1) T O(Fw|lr)-
I+[n]
type(l)=\

By Theorem 9.4, this is ¢ (¢e,wCy,(q))- O

For example, consider the descending star network Fiso; in (5.14) and the sum in (9.34).
It is easy to verify that there are eighteen cylindrical Fj40;-tableaux of shape 31. Four of
these are

1,1 2,2 33 44
(9 . 36) 9 bl Y
4,3 1,3 12 2,3

where 7, j represents the unique path from source ¢ to sink j. These tableaux U of shape 31
yield tableaux U; o Uy of shape 4,

(937 Tasfsa[aalt

which have 5, 2, 1, and 2 inversions, respectively. Together, they contribute ¢ + 2¢® + ¢° to
V3 (Ge,3421C421 (9)) = 1+ 3¢ +5¢° +5¢° +3¢* +¢°. Now consider the sum in (9.35). It is easy
to verify that there are six left-anchored cylindrical F349;-tableaux of shape 31: the second
and third tableaux in (9.36) and the four tableaux

¥

‘ 2,3 ‘ 31 ‘ 1,2

(9 38) 11 11 4,4 4,4
. ) ’ ’ .
23|34 ‘ 4,2 2,4 12|23 ‘ 3,1 13|32 ‘ 2,1 ‘

These tableaux U of shape 31 yield six tableaux U; o Us of shape 4: the second and third
tableaux in (9.37) and the four tableaux

(939 [aa[aslac]

which have 2, 1, 2, 3, 0, and 1 inversions, respectively. Together, the six tableaux contribute
1+ 2¢ 4 2¢* 4 ¢° to [3]g[1lq(1 4+ 2¢ + 2¢* + ¢*) = V2" (qe 3421 Cys: (q))-

‘2,4‘4,3‘3,2‘ ,

‘1,2

‘ 13 ‘ 3,2 ‘ 2,1
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As a consequence of Theorem 9.13, we now have the following analog of Corollary 6.5.
Say that a partition A of n is a refinement of another partition (or composition) p of n if A
can be obtained from p by replacing each part u; by an integer partition of u; and sorting
the results into weakly decreasing order.

Corollary 9.14. Let w € G,, avoid the patterns 3412 and 4231and let the component sizes
of Fyy be = (1, ..., ps). Then we have

U3 (@ewCiy(q)) = 0.
if and only if \ is not a refinement of p.

Proof. 1t is clear that if A is not a refinement of p, then there is no cylindrical F,,-tableau of
shape A. Therefore by Theorem 9.13 we have that ¢ (¢e,wC',(q)) = 0. Suppose on the other
hand that A = (Ay,..., \;) is a refinement of y, and let Ji, ..., Js be the subintervals of [n]
corresponding to the connected components of F,,. Then there exists an ordered set partition
I =(I,...,I,) F [n], whose type is a rearrangement of A, such that each block of J is a union
of several consecutive blocks of I. Let m = (my,...,m,) be the unique path family of type e
covering F,,. It is clear now that we can construct at least one record-free, row-semistrict £,
tableau of type e and shape A, by creating a row containing the paths m,, ..., m, (in order)
for each block [a,b] of I. By Theorem 9.1, we therefore have v, (g Ch,(q)) # 0. O

It would be interesting to extend Theorem 9.13 to include a g-analog of Theorem 4.7
(iv-b).

Problem 9.15. Find a statistic stat on F-tableaux such that we have
U (GewCiy(q) = Y g™,
U

where the sum is over all cyclically row-semistrict F,-tableaux of type e and shape .

It would also be interesting to show that all of the stated interpretations of ¥, (qe.wCl,(q))
remain valid if we reverse the order of concatenating rows of tableaux.

Problem 9.16. Show that Theorems 9.1, 9.4, 9.13 remain valid if one replaces the numbers
INV(Uyo---oU,), INV(Ufto-- -0 UR), INnV(V(FE,,I) 00V (F,,I),), with inv(U,o---oU),
INV(UB oo UR), INV(V(E,,I),0---0V(F,, 1)), respectively.

10. RESULTS CONCERNING ¢ (¢e,wC1,(q))

Recall that the component statements of Theorem 4.7 pertaining to monomial traces are
weaker than those pertaining to other traces. To state a g-analog of Theorem 4.7 (v-a), we
first state an analog of Corollaries 6.5, 8.2.

Proposition 10.1. Fiz A = (A\,...,\.) F n and w € &,, avoiding the patterns 3412 and
4231, If wy---w, has a decreasing subsequence of length greater than A\, then we have

03 (4ewCry(q)) = 0.
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Proof. Let w € &,, have a decreasing subsequence of length greater than \; and recall that
there exist integers {ay, | A, u F n} such that

A E H
¢q - a)\,ueq7
p> AT

where < is the dominance order on partitions. (See Section 1 and [2].) If ¢ (¢e.wC',(q)) # 0
then for one of the partitions y in the above sum we have €%(qc,..C,(¢)) # 0. But the number
of parts of p is necessarily less than or equal to A;. This contradlcts Corollary 6.5. U

Similarly, we have a partial analog of Corollary 9.14.

Proposition 10.2. Let w € &,, avoid the patterns 3412 and 4231 and let the component
sizes of Fy, (in weakly decreasing order) be p = (u1,...,p.). Then for each partition A = n
not refining . we have

3 (GewCl()) = 0.

Proof. Let <p be the refinement order on integer partitions of n and observe that we may
rewrite the last equation in (1.2) as
= Z LA,V¢Za

V>RA

since no row-constant Young tableau of shape A has content v unless A refines v. Inverting
the matrix (Ly,)xn and evaluating traces at g, C} (¢) we have

(10.1) &) (Ge,wCly (g Z Ly ) (4ewCl(q))-

Now suppose that we have A\ €r u. Then each partition v in (10.1) satisfies v £g p. By
Corollary 9.14, each term on the right-hand side of (10.1) is zero. O

We remark that Propositions 10.1, 10.2 are not new; they follow from [12, Prop. 4.1 (3), (2)],
respectively. For more facts about these evaluations, see [12, Sec4].

Now we complete the proof of Theorem 4.7 (v-a) and provide a g-analog of this result.
Let To(Fy, 1t) denote the set of column-strict F,-tableaux of shape p and type e.

Theorem 10.3. Let w € G,, avoid the patterns 3412 and 4231. For A1 < 2 we have

Z ¢ if for all pa X we have Ta(Fy, i) = 0,
(102) ¢2(qe,w01,u<qn = § UeTe(Fuw,N)
0 otherwise.

Proof. Clearly the claim is true for A = 1", since ¢, = et and the claimed formula coincides

with that in Theorem 6.4. Suppose that the claim holds for A = 2172, ... 2F-11n=2k+2 apd
consider the case A = 251""2% (L < [2]). Then we have

(103) (n kk)(qewCl ZMlen 2k 211n 2z¢211n 21( ewcl( ))
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where M, , is the number of column-strict Young tableaux of shape A and content . It
is easy to see that Mokjn—2k 9ijn—2i is equal to (Z__QZZ) By Theorem 6.4, the left-hand side of
(10.3) is the sum of ¢™V() over U € To(F,, 2F17~%F),

If w has a decreasing subsequence of length three, then by Proposition 10.1, the left-hand
side of (10.2) is 0. By the proof of Corollary 6.5, we have To(Fy,, ) = 0 for all 4 < A, and
the right-hand side of (10.2) is 0 as well.

Assume therefore that w avoids the pattern 321. By Theorem 3.7, every connected com-
ponent of F, induces a subposet of P(F,,) which is isomorphic to P(H}) where

k —Kk
k—l; EE —k-1
k-2 —k-2

33— 3

22— : 522

1— 1

Let b = b(w) be the number of odd components of F,,. Then it is possible to construct an
F,,-tableau which has b more paths in column 1 than it has in column 2, but it is not possible

to construct an F,-tableau for which this difference is greater than b. That is, for j = ”T_b
we have To(F,,271"%) # () while

(10.4) To(Fp, 1) = To(Fy, 21"7%) = -+ = To(F,,, 27711242 = ),

Fix U € To(Fy,271"7%7), and let the interval [py, pami1] of sources and sinks define an odd
component of F,,. Then paths indexed by pi,ps, ..., pams1 belong to the first column of U
while those indexed by ps, ..., po, belong to the second column. Note that swapping the
columns of the two sets of paths creates a valid column-strict F,,-tableau of shape 2/+117~2/—2
which has the same number of inversions as U. Thus for each such tableau U, we may create
a column-strict F,-tableau U’ of shape 2¥1"~2¥ by choosing k — j of the odd components and
swapping the columns of the even and odd indexed paths within these components. There

Hy, =

are (’;;_2]7 ) ways to do this. Conversely, every tableau U’ € To(F,, 2¢1"7%*) arises in this way.
Thus we have

n—k,k _ (n—2j U
(10.5) M (geuCr() = () Y

UETo(Fyp,201m27)

If j < k, then we have by induction and (10.4) that ¢3i1n72i(q67w0;(q)) = 0 for ¢ < k,
i # 7. Now (10.5) implies that ¢3k1n72k(q67w0;(q)) = 0, and the claim is true. If j = k, then

we have by (10.3) — (10.4) that ;""" (g C(q)) = 62" (¢eCl(q)) and by (10.5) the
claim again is true. O

We remark that the obvious g-analogs of Theorem 4.7 (v-b) are false. Consider the permu-
tation w = 3142 and the evaluation ¢;*(gewC,(q)) = ¢ + ¢*. F,, is the penultimate zig-zag
network in (3.4), and there are two column-strict cylindrical F,-tableaux of shape 22,

43134 3,443

21112 1,221
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Unfortunately, as U varies over these tableaux we have
(10.6) ZqINV(U) =14+ q37 ZqINV(UloUz) =14+ q2’ ZqINV(Uonl) =g+ q3‘
U U U

Perhaps a correct g-analog of Theorem 4.7 (v-b) would help with the formulation of an
interpretation of ¢)(¢e,wC},(¢)) when w avoids the patterns 3412 and 4231.
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