Chain Polynomials and Permutation Statistics by Mark Allan Skandera M. S., Operations Research University of California at Berkeley, 1992 Sc. B., Applied Mathematics Brown University, 1991 Submitted to the Department of Mathematics in partial fulfillment of the requirements for the degree of Doctor of Philosophy

at the MASSACHUSETTS INSTITUTE OF TECHNOLOGY June 2000

cfl Mark Allan Skandera, MM. All rights reserved.

The author hereby grants to MIT permission to reproduce and distribute publicly paper and electronic copies of this thesis document in whole or in part, and to grant others the right to do so.

Author : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : Department of Mathematics April 13, 2000

Certified by : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : Richard P. Stanley Professor of Mathematics Thesis Supervisor Accepted by : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : Michael Sipser Chairman, Applied Mathematics Committee

Accepted by : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : Thomasz S. Mrowka Chairman, Department Committee on Graduate Students

Chain Polynomials and Permutation Statistics by Mark Allan Skandera

Submitted to the Department of Mathematics on April 13, 2000, in partial fulfillment of the requirements for the degree of Doctor of Philosophy

Abstract

Motivated by results and conjectures involving f-vectors, h-vectors, and the sequences counting linear extensions of posets, we prove three new results which relate these sequences to permutation statistics and (3 + 1)-free posets.

Our first result extends Dumont’s permutation statistic to the rearrangement classes of arbitrary words, creating a generalized statistic which is Eulerian. As a consequence we show that for each distributive lattice J(P ) which is a product of chains, there is a poset Q such that the f-vector of Q is the h-vector of J(P ). This strengthens for products of chains a result of Stanley concerning the flag h-vectors of Cohen-Macaulay complexes [43, Cor. 4.5]. We conjecture that the strengthened result holds for all finite distributive lattices (Conjecture 2.7.1).

Our second result solves the open problem of defining a natural Eulerian permutation statistic whose joint distribution with inv on S_n is the same as that of des with maj. We define such a statistc stc, along with a set-valued function ST C which is analogous to the descent set function D. We conjecture several properties of joint distributions involving the statistic stc, including the symmetry of the joint distribution of (des, stc) on S_n.

Lastly, we characterize (3 + 1)-free posets in terms of their antiadjacency matrices. Generalizing a previous result for unit interval orders, this characterization relates (3 + 1)-free posets to totally positive matrices and leads to a simple proof that the chain polynomial of a (3 + 1)-free poset has only real zeros.

Thesis Supervisor: Richard P. Stanley Title: Professor of Mathematics

Acknowledgments

I could not have written this thesis without the help of a number of people.

Richard Stanley undoubtedly helped the most by introducing me to algebraic combinatorics, suggesting research topics, lending me numerous books and articles, and offering endless patience as I struggled to ask the right questions about open problems. I am very fortunate to have been his advisee at MIT.

Jennifer Galovich, Ira Gessel, and Einar Steingrímsson taught me a great deal about permutation statistics, and inspired much of the work in Chapters 2 and 3.

Danny Kleitman was a great source of encouragement, and perhaps the first professor at MIT to believe in me and to help me believe in myself.

Other mathematicians offered suggestions involving specific proofs, helped me find relevant results in the literature, and brought related open questions to my attention. These are Sara Billey, Miklós Bóna, Tim Chow, Art Duval, Dominique Foata, Sergey Fomin, Patricia Hersh, Michael Kleber, Alex Postnikov, Don Rawlings, Vic Reiner, Gian-Carlo Rota, Rodica Simion, and John Stembridge. In addition, each of these people has been a great role model for me.

Finally, I must thank my parents for giving me since birth every advantage I needed to enter a Ph.D. program in mathematics.

Contents

Notation 9

Introduction 11

1 Three sequences associated to a poset 12 1.1 Definitions of the three sequences . . . . . . . . . . . . . . . . . . . . 12 1.2 Distributive lattices and linear extensions of posets . . . . . . . . . . 15 1.3 The Neggers-Stanley conjectures . . . . . . . . . . . . . . . . . . . . . 17 1.4 A theorem for balanced Cohen-Macaulay complexes . . . . . . . . . . 19 1.5 Three open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2 Dumont’s statistic on words 24 2.1 Eulerian permutation statistics . . . . . . . . . . . . . . . . . . . . . 24 2.2 Word statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 2.3 Generalizing Dumont’s statistic . . . . . . . . . . . . . . . . . . . . . 28 2.4 An application of Dumont’s statistic . . . . . . . . . . . . . . . . . . 33 2.5 The chain map Ψ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 2.6 Inverting the chain map . . . . . . . . . . . . . . . . . . . . . . . . . 38 2.7 Open questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3 Joint distributions of permutation statistics on S_n 43 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 3.2 Eulerian-Mahonian statistic pairs . . . . . . . . . . . . . . . . . . . . 44 3.3 Codes and major index tables . . . . . . . . . . . . . . . . . . . . . . 46 3.4 The statistic stc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 3.5 The stc-set of a permutation . . . . . . . . . . . . . . . . . . . . . . . 54 3.6 More equidistribution results . . . . . . . . . . . . . . . . . . . . . . . 58 3.7 Open equidistribution questions . . . . . . . . . . . . . . . . . . . . . 61

4 Posets whose chain polynomials have only real zeros 63 4.1 Interval characterizations . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.2 Antiadjacency matrices of unit interval orders . . . . . . . . . . . . . 64 4.3 The squared antiadjacency matrix . . . . . . . . . . . . . . . . . . . . 67 4.4 A characterization of (3 + 1)-free posets . . . . . . . . . . . . . . . . 69 4.5 The altitude sequence . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 4.6 (3 + 1)-free posets and distributive lattices . . . . . . . . . . . . . . . 75

Bibliography 78

Index 82

Notation Z the integers N the nonnegative integers

[n] the set of integers {1, 2, . . . , n} |T | the cardinality of the set T #T the cardinality of the set T S_n the symmetric group on n letters D(π) the descent set of π E(π) the excedance set of π LC(π) the (nonzero) letter set of code(π) des(π) the number of descents in π exc(π) the number of excedances in π dmc(π) Dumont’s statistic on π maj(π) the major index of π inv(π) the number of inversions in π den(π) Denert’s statistic on π R(w) the set of rearrangements of the word w C(w) the set of codes of rearrangements of the word w w · u the concatenation of words w, u w_1 · · · w_m < u_1 · · · u_m w_i < u_i for i = 1, . . . , m w_1 · · · w_m ≤ u_1 · · · u_m w_i ≤ u_i for i = 1, . . . , m w_1 · · · w_m � u_1 · · · u_m w_1 · · · w_m ≤ u_1 · · · u_m and w_i < u_i for some i ∈ [m] E_n the set of words {w ∈ N^n | w ≤ (n − 1) · · · 1 · 0}

<_P is less than, in the poset P n + m the disjoint sum of an n-element chain and an m-element chain J(P ) the distributive lattice corresponding to the poset P L(P ) the set of linear extensions of the poset P L_k(P ) the elements of L(P ) which have exactly k descents Δ(P ) the order complex of the poset P f_Σ the f-vector of the simplicial complex Σ f_P the f-vector of the poset P f_P (x) the generating function of f_P h_P the h-vector of the poset P h_P (x) the generating function of h_P Λ_x the principal order ideal corresponding to element x in a poset V_x the principal dual order ideal corresponding to element x in a poset ⟨A⟩ the order ideal corresponding to antichain A in a poset

Introduction

Many open problems in algebraic combinatorics concern the finite integer sequences a = (a_0, . . . , a_d) related to simplicial complexes, partially ordered sets (posets), and permutation statistics. Ideally, one would like to characterize the sequences which arise in various settings. For example, the Schützenberger-Kruskal-Katona theorem characterizes those sequences which are f-vectors of simplicial complexes. (See [48, p. 54], and also [4], [19].)

Precise characterization of sequences can be a very difficult problem, and authors often make progress toward characterization by proving and conjecturing related statements. (See [3], [4], [5], [12], [36], [37], [48, Ch. 2,3].) Typical results and conjectures relate the integers a_0, . . . , a_d by linear or quadratic inequalities. For instance, the sequence a is called unimodal if we have

a_0 ≤ · · · ≤ a_j ≥ · · · ≥ a_d, for some index j,

and log-concave if we have

a^2_i ≥ a_{i−1}a_{i+1}, for i = 1, . . . , d − 1.

In the case that a is a positive sequence, it is easy to see that log-concavity implies unimodality. A stronger property still is that the polynomial

a_0 + a_1x + · · · + a_dx^d

has only real zeros. (See [45].) Other results relate the sequences arising in one setting to those arising in another.

In Chapter 1, we define three sequences which have proven to be quite difficult to characterize. We state some known properties of these sequences, including a theorem of Stanley which relates the h-vectors of a particular class of simplicial complexes to the f-vectors of other complexes. The proof of a special case of this theorem and the famous Neggers-Stanley conjectures motivate three problems which we consider in greater detail in the remaining chapters.

Chapter 1

Three sequences associated to a poset

1.1 Definitions of the three sequences

Three integer sequences often associated to a finite poset are its f-vector, h-vector, and the sequence counting its linear extensions by descent. Let P be a finite poset on n elements. If x and y are two elements of P , we will write x <_P y to indicate that x is less than y in P .

The f-vector of P counts chains by cardinality. A chain of P is an ordered k-tuple of elements (x_1, . . . , x_k) which satisfies

x_1 <_P · · · <_P x_k.

We denote the f-vector of P by f_P = (f_{−1}, f_0, . . . , f_{d−1}), where f_i is the number of (i+1)-element chains in P , and d is the maximum cardinality of a chain in P . By convention, we define f_{−1} = 1. There is considerable interest in characterizing the integer sequences which are f-vectors of posets, and in identifying the properties of P which guarantee f_P to be unimodal, log-concave, and which guarantee the generating function

f_P (x) = f_{−1} + f_0x + · · · + f_{d−1}x^d

to have only real zeros. We will call the polynomial f_P (x) defined above the chain polynomial of P .

The h-vector of P ,

h_P = (h_0, h_1, . . . , h_d),

Figure 1-1: A poset whose h-vector isn’t nonnegative.

is defined in terms of the f-vector by the equation d∑ i=0 f_{i−1}(x − 1)^{d−i} = d∑ i=0 h_ix^{d−i}. From this definition, it is clear that knowing the h-vector of a poset is equivalent to knowing the f-vector. It is easy to verify that

h_k = k∑ i=0 (−1)^{k−i} ( d − i k − i ) f_{i−1}, (1.1)

for k = 0, . . . , d, and one may use this fact as an alternative definition of the h-vector. Another definition of the h-vector of a poset expresses its generating function in terms of a linear fractional transformation of the variable x in the chain polynomial. Defining the h-polynomial h_P (x) by

h_P (x) = (1 − x)^df_P ( x 1 − x ) , (1.2)

one easily verifies that the coefficients of h_P (x) are the h-vector of P ,

h_P (x) = h_0 + h_1x + · · · + h_dx^d.

Example 1.1.1. If P is the poset in Figure 1-1, then we have f_P = (1, 4, 2) and h_P = (1, 2, −1).

While the f-vector of a poset is positive by definition, this is not true of the h-vector. There is considerable interest in identifying the properties of P which guarantee the h-vector h_P to be nonnegative, unimodal, and log-concave, and which guarantee the h-polynomial h_P (x) to have only real zeros.

Using (1.2) we observe two facts concerning f and h-vectors.

Observation 1.1.1. Let P , P^′, and P^{′′} be finite posets.

1. All zeros of f_P (x) are real if and only if all zeros of h_P (x) are real.

2. We have f_P (x) = f_P 0(x)f_P 00(x) if and only if we have h_P (x) = h_P 0(x)h_P 00(x).

The polynomial f_P (x) factors as f_P 0(x)f_P 00(x) when P has the form P = P^′ ⊕ P^{′′}. This poset is a disjoint union of the elements of P^′ and P^{′′}, in which we define x <_P y whenever x <_P 0 y or x <_P 00 y or x ∈ P^′, y ∈ P^{′′}. (See [44, Ch. 3].)

Now let us label P by some bijective function ϕ : P → [n]. If x and y are two elements of P which satisfy x <_P y and are labelled as ϕ(x) = i and ϕ(y) = j, we will abuse notation a bit and write i <_P j. We will say that P is naturally labelled if the map ϕ satisfies ϕ(x) < ϕ(y) whenever x <_P y.

Our third important sequence counts linear extensions of P by descents, assuming a fixed labelling ϕ of P . A linear extension of P is a permutation π = π_1 · · · π_n satisfying i < j whenever π_i <_P π_j. The set of such linear extensions is sometimes called the Jordan-Hölder set of P , and is denoted by L(P ). A descent of a permutation π is a position i which satisfies π_i > π_{i+1}. We will denote the set of descents of π by D(π) and the number of descents by des(π), D(π) = {i | π_i > π_{i+1}}, des(π) = #{i | π_i > π_{i+1}}.

Counting descents in linear extensions of P , we partition the Jordan-Hölder set L(P ) into disjoint subsets L_0(P ), . . . , L_{n−1}(P ), where L_k(P ) is the subset of linear extensions of P having k descents, L_k(P ) = {π ∈ L(P ) | des(π) = k}. Denoting the cardinality of L_k(P ) by g_k, we define the integer sequence g_P = (g_0, . . . , g_{n−1}), which counts linear extensions of P by descent. (See Example 1.2.1.) This sequence does not remain constant for all possible labellings of P . In particular, we have g_0 = 1 whenever P is naturally labelled and is g_0 = 0 otherwise.

It would be very interesting to characterize the integer sequences which arise in this manner, or to prove any properties of such sequences. In particular, it appears that for each finite labelled poset P , the sequence g_P is log-concave and unimodal, and the polynomial

g_P (x) = g_0 + g_1x + · · · + g_{n−1}x^{n−1}

has only real zeros. These properties have been proven only for special classes of posets. (See Section 1.3: the cases in which P is labelled naturally and arbitrarily correspond to Conjectures 1.3.2 and 1.3.3.)

Surprisingly, the sequences which count linear extensions of a poset by descent are closely related to f-vectors and h-vectors. We will describe an explicit relationship in the following section.

1.2 Distributive lattices and linear extensions of posets

A very important class of posets is the class of distributive lattices. (See [44, Ch. 3] for definitions.) Typically defined in terms of lattice join and meet operations, distributive lattices also may be defined in terms of antichains in posets. An antichain in a poset P is a subset of elements which are pairwise incomparable in P . For each antichain X ⊂ P we define the corresponding order ideal ⟨X⟩ by ⟨X⟩ = {x ∈ P | x ≤_P y for some y ∈ X}, and define a new poset J(P ) to be the set of order ideals of P , ordered by inclusion.

A distributive lattice is any poset J(P ) constructed in this way from an arbitrary poset P . We will denote by ^0 and ^1 the unique minimal and maximal elements of J(P ), which correspond to the order ideals containing no elements of P and all elements of P , respectively.

One important property of a distributive lattice J(P ) is that its h-vector is nonnegative. Furthermore, the h-vector of a distributive lattice has a simple combinatorial interpretation which links all three sequences in Section 1.1.

Theorem 1.2.1. Let P be a naturally labelled finite poset on n elements, and let h_{J(P )} = (h_0, . . . , h_{n+1}) be the h-vector of the distributive lattice J(P ). Then, h_{J(P )} counts linear extensions of P by descents. That is, for k = 0, . . . , n + 1 we have h_k = |L_k(P )|.

Proof. For each subset S of [n − 1], define α(S) to be the number of linear extensions of P whose descent set is contained in S, and define β(S) to be the number of linear extensions of P whose descent set is equal to S. α(S) = #{π ∈ L(P )| D(π) ⊂ S}, β(S) = #{π ∈ L(P )| D(π) = S}. The numbers α(S) and β(S) are related by α(S) = ∑ T ⊂S β(T ), or equivalently, using the principal of inclusion-exclusion, by β(S) = ∑ T ⊂S (−1)^{|S}r^{T |}α(T ).

Thus we may express the cardinalities of the sets L_0(P ), . . . , L_{n−1}(P ) in terms of the numbers {α(T ) | T ⊂ [n − 1]}, |L_k(P )| = ∑ S∈(^{[n}�^{1]}_k ) β(S)

= ∑ S∈(^{[n}�^{1]}_k ) ∑ T ⊂S (−1)^{|S}r^{T |}α(T )

= k∑ i=0 (−1)^{k−i} ( n − i − 1 k − i ) ∑ T ⊂(^{[n}�^{1]}_i ) α(T ).

Trivially, L_k(P ) is empty for k greater than n − 1.

Furthermore, we may express the number α(T ) in terms of the f-vector of the poset J(P ) r {^0, ^1}. Assume that the elements of T are t_1 < · · · < t_k. It is not hard to see that α(T ) counts chains in J(P ), the ranks of whose elements are are t_1, . . . , t_k, α(T ) = #{v_1 <_{J(P )} · · · <_{J(P )} v_k | r(v_i) = t_i, for i = 1, . . . , k}.

Denoting the f-vector of J(P ) r {^0, ^1} by f^′ = (f^′_{−1}, f^′_0, . . . , f^′_{n−2}), we have f^′_{i−1} = ∑ T ⊂(^{[n}�^{1]}_i ) α(T ),

and therefore |L_k(P )| = k∑ i=0 (−1)^{k−i} ( n − i − 1 k − i ) f^′_{i−1} = h^′_k,

where h^′ = (h^′_0, . . . , h^′_{n−1}) is the h-vector of J(P ) r {^0, ^1}. This is essentially the h-vector of J(P ), for by Observation 1.1.1 (2), we have f_{J(P )}(x) = (1 + x)^2(f^′_{−1} + f^′_0x + · · · f^′_{n−2}x^{n−1}), h_{J(P )}(x) = h^′_0 + h^′_1x + · · · h^′_{n−1}x^{n−1} + 0x^n + 0x^{n+1}.

Example 1.2.1. Figure 1-2 shows a naturally labelled poset P and the corresponding distributive lattice J(P ). The chain polynomial and h-polynomial of J(P ) are given by f_{J(P )}(x) = (1 + x)^2(1 + 6x + 10x^2 + 5x^3), h_{J(P )}(x) = 1 + 3x + x^2.

Figure 1-2: A poset P and the corresponding distributive lattice J(P ).

The linear extensions of P are L(P ) = {1234, 124/3, 13/24, 2/134, 2/14/3}. (We have marked descents by slashes.) Therefore, we see that h_{J(P )} counts linear extensions of P by descent.

The astute reader will note from the above example that the h-polynomial h_{J(P )}(x) is in fact the chain polynomial f_Q(x) of another poset Q, whose elements and relations correspond to the “boxes” of the distributive lattice J(P ). This raises the question of identifying the distributive lattices whose h-vectors are the f-vectors of other posets. We will return to this question soon.

As we have implied in Section 1.1, the Jordan-Hölder set of a poset P depends upon a particular labelling of P . However, Theorem 1.2.1 implies the surprising fact that for any poset P , the cardinalities of the sets L_k(P ) remain constant for all natural labellings of P . The reader may wish to switch the labels 1 and 2 on the poset P in Figure 1-2 to verify that the set L(P ) changes, while the cardinalities |L_0(P )|, |L_1(P )|, |L_2(P )| do not.

1.3 The Neggers-Stanley conjectures

One interesting conjecture concerning f-vectors and h-vectors is due to Neggers [39, p. 114].

Conjecture 1.3.1. (The Distributive Lattice Conjecture.) Let P be any poset on n elements, and let J(P ) be the corresponding finite distributive lattice. Then the polynomial

f_{J(P )}(x) = f_{−1} + f_0x + · · · + f_nx^{n+1}

has only real zeros.

As we have have implied in the Introduction, the truth of this conjecture would imply the log-concavity and unimodality of the f-vector f_{J(P )}. Various proofs show that the conjecture holds for the special cases in which P is a disjoint sum of chains [42], a Ferrers poset [8], a Gaussian poset [8], and a poset of the form P^′ + P^{′′}, where P^′ and P^{′′} are posets for which the conjecture holds. This last proof implies that the conjecture holds for the class of series-parallel posets. (See [44, Ch. 3] for definitions.) In addition, Stembridge has verified the conjecture for all posets P having eight or fewer elements [53]. A more general open problem is to determine whether the conjecture holds for polynomials of the form f_L(x), where L is a modular lattice. No counterexamples are known.

By Observation 1.1.1 (1), Conjecture 1.3.1 is equivalent to the assertion that the polynomial

h_{J(P )}(x) = h_0 + h_1x + · · · + h_nx^n

has only real zeros. By Theorem 1.2.1, this polynomial counts linear extensions of P by descent. Therefore, the conjecture may be restated in terms of naturally labelled posets.

Conjecture 1.3.2. Let P be any naturally labelled poset on n elements, and define the sequence g_P = (g_0, . . . , g_{n−1}) by g_i = |L_i(P )|. Then the polynomial

g_P (x) = g_0 + g_1x + · · · + g_{n−1}x^{n−1}

has only real zeros.

Gasharov [32] has proven that the sequence g_P is unimodal in the case that P is a naturally labelled poset of rank less than three.

When the poset P in Conjecture 1.3.2 is not naturally labelled, we do not have the equality of sequences g_P and h_{J(P )}. Nevertheless, Stanley has conjectured that the same conclusion holds for arbitrary labellings of P . Thus we have the following stronger conjecture. (See [50, Problem 20].)

Conjecture 1.3.3. (Poset Conjecture) Let P be an arbitrarily labelled poset on n elements, and define the sequence g_P = (g_0, . . . , g_{n−1}) by g_i = |L_i(P )|. Then the polynomial

g_P (x) = g_0 + g_1x + · · · + g_{n−1}x^{n−1}

has only real zeros.

Brenti has proven that Conjecture 1.3.3 holds if P is a Ferrers poset with a columnstrict labelling, or if P is a disjoint sum of chains [8]. Stembridge has verified the conjecture for all posets having seven or fewer elements [53].

Many equivalent forms of the Neggers-Stanley conjectures may be found in [8] and [56]. In these papers and elsewhere in the literature, the polynomials and sequences in question are named differently. The polynomial denoted by W_P (x) corresponds to our polynomial g_P (x). When P is naturally labelled, the polynomial denoted by E_P (x) corresponds to our f_{J(P )}(x), and otherwise, it corresponds to (1 + x)^dg_P (^x_{1+x} ). In addition, the polynomials W_P (x) and E_P (x) sometimes differ from our polynomials by a multiplicative factor of x.

Recalling the coincidence from Example 1.2.1, in which the h-vector of one poset was the f-vector of another, we will consider a theorem in Section 1.4 which addresses a similar phenomenon.

1.4 A theorem for balanced Cohen-Macaulay complexes

The conditions for which the h-vector of one poset is the f-vector of another are unknown. It would be very interesting to obtain any information about this phenomenon. An existing result of this nature involves the f-vectors and h-vectors of simplicial complexes.

The f-vector of a simplicial complex generalizes that of a poset. If Σ is a (d − 1)- dimensional simplicial complex, we define its f-vector to be the sequence

f_Σ = (f_{−1}, f_0, f_1, . . . , f_{d−1}),

where f_i counts the number of i-dimensional faces of Σ. By convention, f_{−1} = 1. Since the chains of a poset P form a simplicial complex, known as the order complex of P and denoted by Δ(P ), this new definition of the f-vector is compatible with the definition we gave in Section 1.1. That is, we have f_P = f_{Δ(P )}. (See [44, p. 120].)

The h-vector of a simplicial complex generalizes that of a poset analogously. As in Section 1.1, we define the h-vector h_Σ = (h_0, h_1, . . . , h_d) in terms of f_Σ, d∑ i=0 f_{i−1}(x − 1)^{d−i} = d∑ i=0 h_ix^{d−i}. For some conditions on a simplicial complex, one can show that its h-vector is the f-vector of another complex. Specifically, we have the following result due to Stanley [43, Cor. 4.5].

Theorem 1.4.1. If Σ is a balanced Cohen-Macaulay complex, then its h-vector is the f-vector of some balanced simplicial complex Γ.

(The original statement of this theorem asserts the stronger result that the flag hvector of Σ is equal to the flag f-vector of Γ. We use the simpler version here to emphasize its similarity to the theorems and conjectures in other sections of this paper.)

We define a simplicial complex to be Cohen-Macaulay if it satisfies a certain topological condition [48, p. 61], and balanced if we can color the vertices with d colors such that no face contains two vertices of the same color [48, p. 95]. The class of balanced Cohen-Macaulay complexes is quite important because it includes the order complexes of all distributive lattices. We have seen that the distributive lattices, in turn, contain information about all posets.

By placing an additional restriction on the complex Σ, one arrives at a special case of the theorem which has an elegant bijective proof. (See [6, Remark 6.6] and [20, Cor. 2.2].) Let us require that Σ be the order complex of a distributive lattice J(P ). Theorem 1.4.2. If J(P ) is any finite distributive lattice, then its h-vector is the f-vector of some balanced simplicial complex Γ.

In this case, h_Σ = h_{J(P )} counts the number of linear extensions of P by descent. Therefore, the theorem asserts that there is a bijective correspondence between linear extensions of P with k descents and (k − 1)-faces of some simplicial complex Ξ(P ).

L_k(P )^{1−1}←→ {σ | σ a (k − 1)-face of Ξ(P )}. (1.3)

To prove Theorem 1.4.2, we will construct such a simplicial complex.

Definition 1.4.1. Let P be any poset, and define Ξ(P ) to be the collection of sets of the form {v_1, . . . , v_k} which satisfy

1. Each element v_i = v_{i1} · · · v_{in} belongs to L_1(P ).

2. The k descent sets D(v_i) = {ℓ_i} for i = 1, . . . , k are distinct.

3. There is some linear extension π in L_k(P ) with descent set D(π) = {ℓ_1, . . . , ℓ_k} such that we have {π_1, . . . , π_{ℓi} } = {v_{i1}, . . . , v_{iℓi} }, for i = 1, . . . , k. (1.4)

It is not difficult to see that the collection Ξ(P ) of sets satisfies the conditions (1.3). Definition 1.4.1 (3) essentially defines a bijection Ψ : L(P ) → Ξ(P ) which identifies a linear extension π with a set Ψ(π) = {v_1, . . . , v_k} in Ξ(P ), where k = des(π). Let us call this bijection the simplex map and define it explicitly in terms of k vertex maps.

Definition 1.4.2. Let P be an n-element poset and let π = π_1 · · · π_n be a linear extension of P having descent set D(π) = {ℓ_1, . . . , ℓ_k}. For each descent ℓ_i in D(π), define the vertex map ψ_{ℓi} : L(P ) → L_1(P ) by

ψ_{ℓi} (π) = (π_1 · · · π_{ℓi} ) · (π_{ℓi+1} · · · π_n).

Define the simplex map Ψ : L(P ) → Ξ(P ) by Ψ(π) = {ψ_{ℓ1} (π), . . . , ψ_{ℓk} (π)}.

To demonstrate that Ξ(P ) is a well defined simplicial complex, and thus complete the proof of Theorem 1.4.2, we observe that for each k-set σ which belongs to the collection, each (k − 1)-subset of σ does as well.

Proposition 1.4.3. For any poset P , the collection Ξ(P ) of subsets of L_1(P ) is a simplicial complex.

Proof. Let P be a poset on n elements. For each pair of indices (i, j) satisfying 1 ≤ i < j ≤ n, define the map ϕ_{ij} : S_n → S_n by

π → (π_1 · · · π_i) · (π_{i+1} · · · π_j) · (π_{j+1} · · · π_n), (1.5)

where π_{i+1} · · · π_j is the strictly increasing rearrangement of the word π_{i+1} · · · π_j.

It is easy to see that if π is a linear extension of P , then ϕ_{ij}(π) is as well. Moreover, if π belongs to L_k(P ) and satisfies Ψ(π) = {v_1, . . . , v_k}, then ϕ_{ℓj}�_{1ℓj+1} (π) belongs to L_{k−1}(P ) and satisfies Ψ(ϕ_{ℓj}�_{1ℓj+1} (π)) = Ψ(π) r {v_j}.

Let n1 be the n-element antichain 1 + · · · + 1 and define Ξ_n = Ξ(n1). By Proposition 1.4.3, we see that that for each n-element poset P , the complex Ξ(P ) is a subcomplex of Ξ_n.

Example 1.4.3. Figure 1-3 shows the complex Ξ_4.

For any poset P , the complex Ξ(P ) is balanced. Each vertex may be colored according to its single descent. However, the complex is not in general an order complex, so Theorem 1.4.2 does not imply that for each distributive lattice J(P ) there exists a poset Q = Q(P ) which satisfies f_Q = f_{Ξ(P )} = h_{J(P )}. The fact that the complex Ξ_4 is not an order complex is apparent from Figure 1-3. While Ξ_4 contains the faces {2413, 2341}, {2413, 4123}, and {2341, 4123}, it is missing the face {2413, 2341, 4123}. Clearly no three poset elements can be pairwise comparable without forming a three-element chain.

Figure 1-3: The complex Ξ_4.

In order for a simplicial complex to be an order complex it is necessary that each maximal non-face (or missing face) have at most two elements. This condition characterizes the class of flag complexes, which contains the class of order complexes. (See [48, p. 100].) Other properties which the complexes {Ξ_n}_{n>0} lack are connectivity and acyclicity. The problem of calculating the homology groups of these complexes is open. (See [20, Question 4.15].)

Returning to Theorems 1.4.1 and 1.4.2, we note that the hypothesis of Theorem 1.4.2 is much stronger than that of Theorem 1.4.1, and yet the conclusions of the two theorems are the same. In principle, a stronger hypothesis should allow us to assert a stronger conclusion. This observation suggests the following questions, which we will discuss further in Section 2.7.

Question 1.4.4. For which posets P is there a flag complex Γ such that f_Γ = h_{J(P )}?

Question 1.4.5. For which posets P is there a poset Q such that f_Q = h_{J(P )}?

1.5 Three open problems

The results and conjectures in Sections 1.1-1.4 point to some intriguing open problems, and to several strategies for solving them.

Theorem 1.4.1, which refers to the broad class of balanced Cohen-Macaulay complexes, offers many opportunities for proving stronger results in special cases. In the interest of studying the h-vectors of distributive lattices, we will consider the following problem.

Problem 1.5.1. Find the most general poset class P such that for every poset P in P there exists a poset Q satisfying f_Q = h_{J(P )}. More generally, find the most general class S of simplicial complexes such that for every complex Σ in S, there exists a poset Q satisfying f_Q = h_Σ.

The discussion following Theorem 1.4.2 suggests solving Problem 1.5.1 by using an Eulerian statistic to associate an order complex to each poset P in P. We will use this strategy to solve a special case of Problem 1.5.1 in Chapter 2.

The proof of Theorem 1.2.1 suggests that a good permutation statistic to be used in solving Problem 1.5.1 might be one for which we have an analogy of the descent set. Thus, we could reinterpret the f-vector and h-vector in terms of new interpretations of the numbers α(S) and β(S) in the proof of the theorem. A close look at the definition of the Jordan-Hölder set in Section 1.1 suggests that Mahonian statistics and their relations to our chosen Eulerian statistic may also be of some use.

Problem 1.5.2. Find a simple Eulerian permutation statistic stat to which we can associate a set-valued function F : S_n → 2^{[n−1]} satisfying the equations

|F (π)| = stat(π), for all π ∈ S_n, #{π ∈ S_n | F (π) = T } = #{π ∈ S_n | D(π) = T }, for all T ⊂ [n − 1]. Find equidistribution results for pairs such as (stat, maj) and (stat, inv), and modify the proof of Theorem 1.2.1 to use stat and F in place of des and D.

We will consider this problem in Chapter 3, and will state some new results involving joint distributions of permutation statistics.

If there were any method of interpreting the h-vector of one poset as the f-vector of second, then one would be tempted to prove the Neggers-Stanley conjectures by demonstrating that the chain polynomial of this second poset has only real zeros. This possibility suggests obtaining as much information as possible about the posets whose chain polynomials have only real zeros.

Problem 1.5.3. Describe poset classes P which have the property that f_P (x) has only real zeros whenever the poset P belongs to P. Give various characterizations of the posets in any such class.

In Chapter 4 we will give a simple characterization of the posets in one such class Q, and will note that there are many distributive lattices J(P ) for which there exists a poset Q in Q satisfying f_Q = h_{J(P )}.

All three of the problems above provide many opportunities for new results, and perhaps significant progress on any of them would help solve the Neggers-Stanley conjectures.

Chapter 2

Dumont’s statistic on words

2.1 Eulerian permutation statistics

Let S_n be the symmetric group on n letters. A permutation statistic is a function stat : S_n → N which maps permutations to nonnegative integers. The distribution of a permutation statistic on S_n is simply a count of the number of permutations π in S_n for which stat(π) = k, for all possible values of k.

Recall from Section 1.1 that des is a statistic counting the number of descents in a permutation. Writing π = π_1 · · · π_n, we have

des(π) = #{i | π_i > π_{i+1}}.

A second statistic exc counts the number of excedances in a permutation. We call position i an excedance in π if π_i > i. Therefore, exc(π) = #{i | π_i > i}. It is well known that the number of permutations in S_n with k descents equals the number of permutations in S_n with k excedances. This number is often denoted A(n, k+1). The numbers {A(n, k+1) | n ≥ 1; k + 1 = 1, . . . , n} are called the Eulerian numbers and satisfy the recurrence

A(n, k + 1) = (k + 1)A(n − 1, k + 1) + (n − k − 1)A(n − 1, k), (2.1)

subject to the initial conditions

A(1, k + 1) = { 1, for k + 1 = 1, 0, otherwise.

Example 2.1.1. The following table shows the Eulerian numbers A(n, k + 1) for n = 1, . . . , 6.

n\k + 1 1 2 3 4 5 6 1 1 2 1 1 3 1 4 1 4 1 11 11 1 5 1 26 66 26 1 6 1 57 302 302 57 1

The generating function

A_n(x) = n∑ k+1=1

A(n, k + 1)x^{k+1} = ∑ π∈Sn x^{1+des(π)} = ∑ π∈Sn x^{1+exc(π)}

is called the nth Eulerian polynomial, and any permutation statistic stat satisfying

A_n(x) = ∑ π∈Sn x^{1+stat(π)}

is called Eulerian.

A third Eulerian statistic, essentially defined by Dumont [18], counts the number of distinct nonzero letters in the code of a permutation. We define code(π) to be the word c_1 · · · c_n, where c_i = #{j > i | π_j < π_i}. Denoting Dumont’s statistic by dmc, we have dmc(π) = #{ℓ ≠ 0 | ℓ appears in code(π)}.

Example 2.1.2. π = 2 8 4 3 6 7 9 5 1, code(π) = 1 6 2 1 2 2 2 1 0.

The distinct nonzero letters in code(π) are {1, 2, 6}. Thus, dmc(π) = 3.

Dumont showed bijectively that the statistic dmc is Eulerian, #{π ∈ S_n | dmc(π) = k} = A(n, k + 1). While few researchers have found an application for dmc since [18], Foata [24] proved the following equidistribution result involving the statistics inv (inversions) and maj (major index). These two statistics belong to the class of Mahonian statistics. (See [24] for further information.)

Theorem 2.1.1. The Eulerian-Mahonian statistic pairs (des, inv) and (dmc, maj) are equally distributed on S_n, i.e.

#{π ∈ S_n | des(π) = k; inv(π) = p} = #{π ∈ S_n | dmc(π) = k; maj(π) = p}.

Note that the statistics des, exc, and dmc are all defined on a permutation π to be the cardinalities of certain sets associated to π. To name these sets, we define the descent set and excedance set of π to be the sets of descents and excedances in π. We denote these by D(π) and E(π), respectively. Similarly, we define the letter set of a word to be the set of its nonzero letters, and we denote the letter set of code(π) by LC(π). Thus, des(π) = |D(π)|, exc(π) = |E(π)|, dmc(π) = |LC(π)|. It is easy to see that for every subset T of [n − 1] there are permutations π, σ, and ρ in S_n satisfying T = D(π) = E(σ) = LC(ρ). In fact, Dumont’s original bijection [18] shows that for each such subset T we have #{π ∈ S_n | E(π) = T } = #{π ∈ S_n | LC(π) = T }. However, the analogous statement involving D(π) is not true. In Chapter 3 we will define a fourth Eulerian statistic stc and a related set-valued function ST C which satisfy the equations stc(π) = |ST C(π)|, for all π ∈ S_n, #{π ∈ S_n | ST C(π) = T } = #{π ∈ S_n | D(π) = T }, for all T ⊂ [n − 1]. Eulerian permutation statistics are related to the h-vectors of distributive lattices by Theorem 1.2.1. In particular, since S_n is the Jordan-Hölder set of the n-element antichain n1 = 1 + · · · + 1, we see that the Eulerian numbers A(n, 1), . . . , A(n, n) are the h-vector of the Boolean algebra B_n = J(n1). However, while the h-vector of a distributive lattice J(P ) counts linear extensions of P by descent, it is not in general true that this h-vector counts linear extensions of P by other statistics. Several interesting results assert the equidistribution of two permutation statistics on the Jordan-Hölder set of a poset P , provided that P belongs to some specific poset class P. (See [7], for example.) We will prove a result of this type in the following two sections, and will use the result in Sections 2.4-2.6 to strengthen a special case of Theorem 1.4.1.

2.2 Word statistics

Generalizing permutations on n letters are words w = w_1 · · · w_m on n letters, where m ≥ n. We will assume that each letter in [n] appears at least once in w. Generalizing the symmetric group S_n, we define the rearrangement class of w by

R(w) = {w_σ�1_{(1)} · · · w_σ�1_{(m)} | σ ∈ S_m}.

Each element of R(w) is called a rearrangement of w.

Many definitions pertaining to S_n generalize immediately to the rearrangement class of any word. In particular, the definitions of descent, descent set, code, letter set of a code, and Dumont’s statistic remain the same for words as for permutations. Generalization of excedances requires only a bit of effort.

For any word w, denote by w̄ = w̄_1 · · · w̄_m the unique nondecreasing rearrangement of w. We define position i to be an excedance in w if w_i > w̄_i. Thus, exc(w) = #{i | w_i > w̄_i}. If position i is an excedance in word w, we will refer to the letter w_i as the value of excedance i. One can see word excedances most easily by associating to the word w the biword ( w̄ w ) = ( w̄_1 · · · w̄_m w_1 · · · w_m ) .

Example 2.2.1. Let w = 312312311. Then, ( w̄ w ) = ( 1 1 1 1 2 2 3 3 3 3 1 2 3 1 2 3 1 1 ) . Thus, E(w) = {1, 3, 4} and exc(w) = 3. The corresponding excedance values are 3, 2, and 3.

We will use biwords not only to expose excedances, but to define and justify maps in Sections 2.4 and 2.5. In particular, if u = u_1 · · · u_m and v = v_1 · · · v_m are words and y is the biword y = ( u v ) , then we will define biletters y_1, . . . , y_m by

y_i = ( u_i v_i ) , and will define the rearrangement class of y by R(y) = {y_σ�1_{(1)} · · · y_σ�1_{(m)} | σ ∈ S_m}.

It is well known that the word statistics des and exc are equally distributed on the rearrangement class of any word w, just as the permutation statistics des and exc are equally distributed on S_n. That is, #{v ∈ R(w) | exc(v) = k} = #{v ∈ R(w) | des(v) = k}. Analogously to the case of permutation statistics, a word statistic stat is called Eulerian if it satisfies #{v ∈ R(w) | stat(v) = k} = #{v ∈ R(w) | des(v) = k} for any word w and any nonnegative integer k.

2.3 Generalizing Dumont’s statistic

As implied in Section 1.1, we define Dumont’s statistic on a word w to be the number of distinct nonzero letters in code(w), dmc(w) = |LC(w)|. This generalized statistic is Eulerian.

Theorem 2.3.1. If R(w) is the rearrangement class of an arbitrary word w and k is any nonnegative integer, then #{v ∈ R(w) | dmc(v) = k} = #{v ∈ R(w) | exc(v) = k}.

Our bijective proof of the theorem depends upon an encoding of a word which we call the excedance table.

Definition 2.3.1. Let v = v_1 · · · v_m be an arbitrary word and let let c = c_1 · · · c_m be its code. Define the excedance table of v to be the unique word etab(v) = e_1 · · · e_m satisfying

1. If i is an excedance in v, then e_i = i. 2. If c_i = 0, then e_i = 0.

3. Otherwise, e_i is the c_ith excedance of v having value at least v_i.

Note that etab(v) is well defined for any word v. In particular, if i is not an excedance in v and if c_i > 0, then there are at least c_i excedances in v having value at least v_i. To see this, define k = #{j ∈ [m] | v_j < v_i}. Since c_i of the letters v̄_1, . . . , v̄_k appear to the right of position i in v, then at least c_i of the letters v̄_{k+1}, . . . , v̄_m must appear in the first k positions of v. The positions of these letters are necessarily excedances in v. An important property of the excedance table is that the letter set of etab(v) is precisely the excedance set of v.

Example 2.3.2. Let v = 514514532, and define c = code(v). Using v, v̄, and c, we calculate e = etab(v),

v̄ = 1 1 2 3 4 4 5 5 5, v = 5 1 4 5 1 4 5 3 2, c = 6 0 3 4 0 2 2 1 0, e = 1 0 3 4 0 3 4 1 0.

Calculation of e_1, . . . , e_5 and e_9 is straightforward since the positions i = 1, . . . , 5 and 9 are excedances in v or satisfy c_i = 0. We calculate e_6, e_7, and e_8 as follows. Since c_6 = 2, and the second excedance in v with value at least v_6 = 4 is 3, we set e_6 = 3. Since c_7 = 2, and the second excedance in v with value at least v_7 = 5 is 4, we set e_7 = 4. Since c_8 = 1, and the first excedance in v with value at least v_8 = 3 is 1, we set e_8 = 1.

We prove Theorem 2.3.1 with a bijection θ : R(w) → R(w) which satisfies

E(v) = LC(θ(v)), (2.2)

and therefore

exc(v) = dmc(θ(v)). (2.3)

Definition 2.3.3. Let w = w_1 · · · w_m be any word. Define the map θ : R(w) → R(w) by applying the following procedure to an arbitrary element v of R(w).

1. Define the biword z = (_v etab(v) ) . 2. Let y be the unique rearrangement of z satisfying y = (_u code(u) ) . 3. Set θ(v) = u.

Construction of y is quite straightforward. Let e = e_1 · · · e_m = etab(v), and linearly order the biletters z_1, . . . , z_m by setting z_i < z_j if

v_i < v_j, or v_i = v_j and e_i > e_j.

Break ties arbitrarily. Considering the biletters according to this order, insert each biletter z_i into y to the left of e_i previously inserted biletters.

Example 2.3.4. Let v and e be as in Example 2.3.2. To compute θ(v), we define z = ( v e ) = ( 5 1 4 5 1 4 5 3 2 1 0 3 4 0 3 4 1 0 ) . We consider the biletters of z in the order ( 1 0 ) , ( 1 0 ) , ( 2 0 ) , ( 3 1 ) , ( 4 3 ) , ( 4 3 ) , ( 5 4 ) , ( 5 4 ) , ( 5 1 ) , and insert them individually into y: ( 1 0 ) , ( 1 1 0 0 ) , ( 1 1 2 0 0 0 ) , ( 1 1 3 2 0 0 1 0 ) , ( 1 4 1 3 2 0 3 0 1 0 ) , . . . Finally we obtain y = ( u code(u) ) = ( 1 4 5 5 4 1 3 5 2 0 3 4 4 3 0 1 1 0 )

and set θ(v) = 145541352.

It is easy to see that any biword z has at most one rearrangement y satisfying Definition 2.3.3 (2). Such a rearrangement exists if and only if we have e_i ≤ #{j ∈ [m] | v_j < v_i}, for i = 1, . . . , m, (2.4) or equivalently, if and only if

v̄_{ei} < v_i, for i = 1, . . . , m, (2.5)

where we define v̄_0 = 0 for convenience.

Observation 2.3.2. Let v = v_1 · · · v_m be any word and let e = etab(v). Then we have e_i ≤ #{j ∈ [m] | v_j < v_i}, for i = 1, . . . , m.

Proof. If i is an excedance in v, then e_i = i and v̄_1 ≤ · · · ≤ v̄_i < v_i. If c_i = 0, then e_i = 0. Otherwise, define k = #{j ∈ [m] | v_j < v_i}. By the discussion following Definition 2.3.1, at least c_i of the positions 1, . . . , k are excedances in v with values at least v_i. The letter e_i, being one of these excedances, is therefore at most k.

Thus the map θ is well defined and satisfies (2.2) and (2.3). We invert θ by applying the procedure in the following proposition.

Proposition 2.3.3. Let y = (_u c ) be a biword satisfying c = code(u). The following procedure produces a rearrangement z = (_v e ) of y satisfying e = etab(v).

1. For each letter ℓ in L(c), find the greatest index i satisfying c_i = ℓ, and define z_ℓ = y_i. Let S be the set of such greatest indices, and define T = [m] r S.

2. For each index i ∈ T , define

d_i = { #{j ∈ S | c_j ≤ c_i; u_j ≥ u_i}, if c_i > 0, 0, otherwise.

3. Let (y_σ�1_{(i)})_{i∈T} be the unique rearrangement of (y_i)_{i∈T} satisfying

(d_σ�1_{(i)})_{i∈T} = code((u_σ�1_{(i)})_{i∈T} ).

4. Insert the biletters (y_σ�1_{(i)})_{i∈T} in order into the remaining positions of z.

Proof. The procedure above is well defined. In particular, we may perform step 3 because the biword ( u_i d_i ) i∈T satisfies d_i ≤ #{j ∈ T | u_j < u_i}, for each i ∈ T, as required by (2.4). To see that this is the case, let i be an index in T with c_i > 0. In step 1 we have placed d_i biletters y_j with u_j > u_i into positions 1, . . . , c_i of z. Thus, at least d_i biletters y_j with u_j ≤ ū_{ci} have not been placed into these positions. The index j of any such biletter belongs to S only if c_j > c_i. However, since ū_{cj} < u_j ≤ ū_{ci} < u_i, we have c_j < c_i. Thus, j belongs to T .

We begin to verify that e = etab(v) by calculating the excedance set of v. We claim that E(v) = L(c).

The positions L(c) = {c_j | j ∈ S} are excedances in v, because for each index j in S, we have v_{cj} = u_j > ū_{cj} = v̄_{cj} . These positions are in fact the only excedances in v. For each index j in T , denote by ϕ(j) the position of z into which we have placed y_j. Supposing that some indices {ϕ(j) | j ∈ T } are excedances in v, choose i ∈ T so that ϕ(i) is the leftmost of these excedances and define k = #{j ∈ [m] | u_j < u_i}. Then, we have k > #{j ∈ S | c_j ≤ k} + #{j ∈ T | σ(j) < σ(i)}. (2.6) Since c_i ≤ k by (2.4), we have #{j ∈ S | c_j ≤ k} = #{j ∈ S | c_j ≤ c_i} + #{j ∈ S | c_i < c_j ≤ k}, and by the definition of σ, we have #{j ∈ T | σ(j) < σ(i)} = #{j ∈ T | u_j < u_i} − d_i = #{j ∈ T | u_j < u_i} − #{j ∈ S | c_j ≤ c_i; u_j ≥ u_i}. Using these identities to simplify (2.6), we obtain #{j ∈ S | u_j < u_i; c_j > c_i} > #{j ∈ S | c_i < c_j ≤ k}. (2.7) If j belongs to the set on the left hand side of (2.7) and satisfies c_j > k, then we have u_j > ū_{cj} ≥ ū_k = u_i − 1, a contradiction. On the other hand, if each index j in this set satisfies c_j ≤ k, then we have the inclusion {j ∈ S | u_j < u_i; c_j > c_i} ⊂ {j ∈ S | c_i < c_j ≤ k}, which contradicts (2.7). We conlcude that the set {ϕ(j) | j ∈ T } is precisely the set of non-excedances in v, and that we have E(v) = L(c) = {c_j | j ∈ S}. Finally, we show that e has the defining properites of etab(v). For each index j in S, we have defined e_{cj} = c_j so that e satisfies condition (1) of Definition 2.3.1. Let c^′ be the code of v. We claim that for each index i ∈ T , we have

e_{ϕ(i)} = c_i = { the c^′_{ϕ(i)}th excedance in v having value at least u_i, if c^′_{ϕ(i)} > 0, 0, otherwise.

By our definition of the sequence (d_i)_{i∈T} , it suffices to show that c^′_{ϕ(i)} = d_i for each index i. The subword v_{ϕ(i)+1} · · · v_m of v includes d_i letters v_{ϕ(j)} with j ∈ T and v_{ϕ(j)} < v_{ϕ(i)}. On the other hand, any excedance in v to the right of ϕ(i) has value greater than v_{ϕ(i)}. We conclude that c^′_{ϕ(i)} = d_i.

The above procedure inverts θ because the biword z it produces is the unique rearrangement of y having the desired properties.

Proposition 2.3.4. Let v = v_1 · · · v_m be an arbitrary word, and define z = ( v e ) = ( v etab(v) ) . If there is any rearrangement z^′ of z satisfying

z^′ = ( v^′ e^′ ) = ( v^′ etab(v^′) ) , then z^′ = z.

Proof. Let L be the letter set of e. By Definition 2.3.1, we must have E(v) = E(v^′) = L. Let i be an excedance of v and v^′. By condition (1) of Definition 2.3.1 we must have e_i = e^′_i = i, and by condition (3) the upper letters v_i and v^′_i must be as large as possible. Thus, (z_i)_{i∈L} = (z^′_i)_{i∈L}.

Let T = [m] r L be the set of non-excedance positions of v and v^′, and consider the corresponding subsequences of biletters (z_i)_{i∈T} and (z^′_i)_{i∈T} . By condition (3) of Definition 2.3.1, the codes of (v_i)_{i∈T} and (v^′_i)_{i∈T} are determined by the excedances and excedance values in v and v^′. Thus, the two codes must be identical. Applying the argument following Example 2.3.4, we conclude that (z_i)_{i∈T} = (z^′_i)_{i∈T} .

2.4 An application of Dumont’s statistic

Recall from Theorems 1.4.1 and 1.4.2 that the h-vector of any distributive lattice J(P ) is also the f-vector of some balanced simplicial complex Γ. It would be interesting to determine when Γ can be chosen to be an order complex Δ(Q) for some poset Q. Then, h_{J(P )} would be the f-vector of Q and one could study the polynomial h_{J(P )}(x) by studying chains in Q. As an application of Dumont’s (word) statistic, we will show that this is the case when J(P ) is a product of chains (or equivalently, when P is a disjoint sum of chains.)

Theorem 2.4.1. Let the distributive lattice J(P ) be a product of chains. Then there is a poset Q such that the h-vector of J(P ) is the f-vector of Q.

If J(P ) is a product of chains having cardinalities (p_1 + 1), . . . , (p_n + 1), then P is the disjoint sum of chains (p1 + · · · + pn). (See Section 4.1 and [44, Ch. 3].) It is not difficult to see that linear extensions of P are in bijective correspondence with rearrangements of the word w = 1^{p1} · · · n^{pn} , L(P )^{1−1}←→ R(w). Combining this observation with Theorem 2.3.1, we restate Theorem 2.4.1 in terms of Dumont’s statistic.

Figure 2-1: A poset with a k-element chain for each k-letter code in C(11223).

Proposition 2.4.2. Let w be any word and define the vector h = (h_0, . . . , h_d) by h_i = #{u ∈ R(w) | dmc(u) = i}, where d is the maximum cardinality of LC(u) over all rearrangements u of w. Then, there is a poset Q whose f-vector is h.

Let C(w) be the set of codes of all rearrangements of w, C(w) = {code(u) | u ∈ R(w)}. Proposition 2.4.2 asserts that for any word w, there is a bijection between k-letter codes in C(w) and k-element chains in some poset Q,

{c ∈ C(w) | c a k-letter code}^{1−1}←→ {(v_1 <_Q · · · <_Q v_k) ∈ Δ(Q)}. (2.8) To prove the proposition, and therefore Theorem 2.4.1, we will construct such a poset Q = Q(w) as follows.

Definition 2.4.1. For any word w, let Q be the subset of one-letter codes in C(w), and let c and c^′ be codes in Q whose letters are ℓ and ℓ^′, respectively. Define c <_Q c^′ if 1. ℓ < ℓ^′.

2. The multiplicity of ℓ in c is strictly greater than that of ℓ^′ in c^′. 3. For each position i such that c^′_i = ℓ^′, we have c_{i+ℓ}0_{−ℓ} = ℓ.

Example 2.4.2. Figure 2-1 shows the poset Q corresponding to the word w = 11223. The f-vector f_Q counts words in R(w) by Dumont’s statistic. Equivalently, it counts linear extensions of the poset P = 2 + 2 + 1 by descent, and is equal to the h-vector of J(P ), f_Q = h_{J(P )} = (1, 12, 15, 2).

In Sections 2.5 and 2.6 we will demonstrate that the poset Q satisfies the bijections of (2.8). Mimicking the proof of Theorem 1.4.2, we will give an explicit bijection Ψ : C(w) → Δ(Q) which takes k-letter codes in C(w) to k-element chains in Q.

2.5 The chain map Ψ

Fix a nondecreasing word w = w_1 · · · w_m on n letters, and define the poset Q as in Definition 2.4.1. We will define a chain map Ψ : C(w) → Δ(Q) which will identify a code c with a chain Ψ(c) = v_1 <_Q · · · <_Q v_k, of elements in Q. If c is a code on the k letters ℓ_1 < · · · < ℓ_k, then each poset element v_i will be a code whose unique nonzero letter is ℓ_i. Specifically, we will determine v_i by applying a vertex map ψ_{ℓi} : C(w) → Q to c, v_i = ψ_{ℓi} (c). After proving that the vertex map satisfies ψ_{ℓi} (c) <_Q ψ_{ℓj} (c) whenever ℓ_i < ℓ_j, we will define the chain map to be a product of vertex maps, Ψ(c) = ψ_{ℓ1} (c) <_Q · · · <_Q ψ_{ℓk} (c).

We begin by observing that several simple operations on codes in C(w) yield other codes in C(w).

Observation 2.5.1. Let u = u_1 · · · u_m be a rearrangement of w and let c = c_1 · · · c_m be its code.

1. If c_i > c_{i+1}, then the word c^′ = c_1 · · · c_{i−1} · c_{i+1} · (c_i − 1) · c_{i+2} · · · c_m belongs to C(w).

2. If for some r > i, c_i is strictly less than c_{i+1}, . . . , c_r, and c_i > c_{r+1}, then the word

c^{′′} = c_1 · · · c_{i−1} · c_{r+1} · c_{i+1} · · · c_r · (c_i − 1) · c_{r+2} · · · c_m

belongs to C(w).

3. If c_i < c_{i+1}, or if c_i = c_{i+1} and u_i < u_{i+1}, then the word

c^{′′′} = c_i · · · c_{i−1} · (c_{i+1} + 1) · c_i · c_{i+2} · · · c_m

belongs to C(w).

Proof. Let u^′ be the word obtained from u by switching the letters in positions i and i + 1, and let u^{′′} be the word obtained by switching the letters in positions i and r + 1,

u^′ = (u_1 · · · u_{i−1} · u_{i+1} · u_i · u_{i+2} · · · u_m), u^{′′} = (u_1 · · · u_{i−1} · u_{r+1} · u_{i+1} · · · u_r · u_i · u_{r+2} · · · u_m).

(1) We have u_i > u_{i+1} and c^′ = code(u^′).

(2) We have u_{r+1} < u_i < u_{i+1}, · · · , u_r and c^{′′} = code(u^{′′}). (3) We have u_i < u_{i+1} and c^{′′′} = code(u^′).

Using this observation we will define two families of maps from C(w) to itself, λ_1, . . . , λ_{m−1} and μ_1, . . . , μ_{m−1}. Then, composing maps from these two families, we will define the family of vertex maps ψ_1, . . . , ψ_{m−1}.

The map λ_{ℓi} : C(w) → C(w) removes from a code c all letters ℓ_j which are greater than ℓ_i. It essentially changes each such letter ℓ_j to ℓ_i and moves it ℓ_j − ℓ_i places to the right in c. If we identify c with the k-element chain v_1 <_Q · · · <_Q v_k, then we will identify λ_{ℓi} (c) with the i-element subchain v_1 <_Q · · · <_Q v_i.

Definition 2.5.1. Let ℓ be a nonzero letter. Define the map λ_ℓ : C(w) → C(w) by performing the following procedure on a code c. For i = m, m − 1, . . . , 1, If c_i > ℓ, then 1. Set δ = c_i − ℓ.

2. Redefine c = c_1 · · · c_{i−1} · c_i · · · c_{i+δ} · ℓ · c_{i+δ+1} · · · c_m.

Analogous to λ_{ℓi} , the map μ_{ℓi} : C(w) → C(w) removes all letters which are less than ℓ_i. It simply changes each lower letter to 0. Thus, if we identify c with the kelement chain v_1 <_Q · · · <_Q v_k, then we will identify μ_{ℓi} (c) with the (k−i+1)-element subchain v_i <_Q · · · <_Q v_k.

Definition 2.5.2. Let ℓ be a nonzero letter. Define the map μ_ℓ : C(w) → C(w) by μ_ℓ(c) = a_1 · · · a_m, where

a_i = { 0, if c_i ≤ ℓ, c_i, otherwise.

The maps λ_1, . . . , λ_{m−1}, and μ_1, . . . , μ_{m−1} are well defined, for their definitions are merely repeated applications of Observation 2.5.1 (1) and (2). Note that the composition μ_ℓλ_ℓ produces a code on the single letter ℓ. This code is an element of Q, and a vertex of Δ(Q).

Definition 2.5.3. Let ℓ be a nonzero letter. Define the vertex map ψ_ℓ : C(w) → Q by ψ_ℓ = μ_ℓλ_ℓ.

It is easy to see that λ^2_ℓ = λ_ℓ, and therefore that ψ_ℓλ_ℓ = ψ_ℓ. These and the following relations will be essential in establishing a bijection between C(w) and Δ(Q).

Proposition 2.5.2. Let ℓ and ℓ^′ be letters, 1 ≤ ℓ < ℓ^′ ≤ n. The maps λ_ℓ, λ_ℓ0, ψ_ℓ, and ψ_ℓ0 satisfy the relations

1. λ_ℓ0λ_ℓ = λ_ℓλ_ℓ0 = λ_ℓ.

2. ψ_ℓλ_ℓ0 = ψ_ℓ.

3. ψ_ℓ(c) <_Q ψ_ℓ0(c), if c contains both letters.

Proof. (1) Let c = code(u) be an element of C(w). By the comments following Definition 2.5.2, we may interpret λ_ℓ(c) as follows. Define b = b_1 · · · b_m by

b_i = { ℓ, if c_i > ℓ, c_i, otherwise,

and rearrange the biword (_u b ) as (_u0 b0 ) so that b^′ = code(u^′). Then, b^′ = λ_ℓ(c).

It is not hard to see that there is a unique such rearrangement. Using this interpretation, it is easy to see that λ_ℓ0λ_ℓ, λ_ℓλ_ℓ0, and λ_ℓ describe the same procedure.

(2) Using (1), we have ψ_ℓλ_ℓ0 = μ_ℓλ_ℓλ_ℓ0 = μ_ℓλ_ℓ = ψ_ℓ.

(3) We may assume that ℓ^′ is the greatest letter in c. (Otherwise, we define d = λ_ℓ0(c) and note that ψ_ℓ(c) = ψ_ℓ(d) and ψ_ℓ0(c) = ψ_ℓ0(d).) Let e = ψ_ℓ(c) and e^′ = ψ_ℓ0(c). Clearly, the multiplicity of ℓ in e is strictly greater than that of ℓ^′ in e^′, for #{i | e_i = ℓ} = #{i | c_i ≥ ℓ} > #{i | c_i ≥ ℓ^′} = #{i | e^′_i = ℓ^′}. Next, we show that for any position i of e^′ satisfying e^′_i = ℓ, we must have e_{i+ℓ}0_{−ℓ} = ℓ. Since by assumption, ℓ^′ is the greatest letter in c, we have e^′_i = ℓ^′ if and only if c_i = ℓ^′. To find e, we first calculate λ_ℓ(c) by the procedure of Definition 2.5.1. At each iteration i such that c_i = ℓ^′, we place the letter ℓ into position i + ℓ^′ − ℓ of λ_ℓ(c). This position will not be altered by iterations i − 1, . . . , 1, since all letters of c are no greater than ℓ^′. Finally, since e = μ_ℓλ_ℓ(c), and μ_ℓ changes only those letters less than ℓ, we see that e_{i+ℓ}0_{−ℓ} = ℓ for every position i such that e_i = ℓ^′.

Now we may define the map Ψ.

Definition 2.5.4. Define the chain map Ψ : C(w) → Δ(Q) by

Ψ(c) = ψ_{ℓ1} (c) <_Q · · · <_Q ψ_{ℓk} (c),

where ℓ_1 < · · · < ℓ_k are the distinct nonzero letters in c.

2.6 Inverting the chain map

We will define a map Φ : Δ(Q) → C(w) which takes a k-element chain in Q to a k-letter code in C(w). By demonstrating that Φ inverts Ψ, we will complete the proof of Proposition 2.4.2.

We begin by defining an operation ∨ : C(w) × Q → C(w) which joins a new letter to a code.

Definition 2.6.1. Let d ∈ Q be a code whose unique nonzero letter is ℓ^′, and let c ∈ C(w) be a code whose greatest letter is ℓ. Assume that ψ_ℓ(c) <_Q d. Define the code e = c ∨ d by the following procedure.

1. For each i such that d_i = ℓ^′, set e_i = ℓ^′ and cross out the ℓ in position i + δ of c.

2. Fill the remaining positions of e with the remaining components of c, in order.

Note that L(e) = L(c) ∪ {ℓ}. Therefore, we may map a chain of k one-letter codes to a single k-letter code by iterating the join operation.

Definition 2.6.2. Let v_1 <_Q · · · <_Q v_k be a chain of one-letter codes on the letters ℓ_1 < · · · < ℓ_k, respectively. Define the map Φ : Δ(Q) → C(w) by

Φ(v_1 <_Q · · · <_Q v_k) = (· · · ((v_1 ∨ v_2) ∨ v_3) · · · ) ∨ v_k.

The following proposition shows that the join operation is well defined. It follows that Φ is well defined also.

Proposition 2.6.1. If c and d are codes in C(w) satisfying the hypotheses of Definition 2.6.1, then c ∨ d also belongs to C(w).

Proof. Let u and y be words in R(w) whose codes c = code(u) and d = code(y) satisfy the conditions of Definition 2.6.1. Consider the leftmost position i in c such that c_i = ℓ and d_{i−δ} = ℓ^′. By assumption, c_{i−1} ≤ c_i. If c_{i−1} < c_i, or if c_{i−1} = c_i and u_{i−1} < u_i, then we may apply Observation 2.5.1 (3) ℓ^′ − ℓ times to obtain the word c_1 · · · c_{i−δ−1} · ℓ^′ · c_{i−δ+1} · · · ĉ_i · · · c_m, which belongs to C(w). (Here, ĉ_i means that the letter c_i is omitted.) Repeating this process for each such position i, we redefine the join operation. Therefore it suffices to show that for every position i satisfying d_{i−δ−1} = 0, d_{i−δ} = ℓ^′, and c_{i−1} = c_i = ℓ, we have u_{i−1} < u_i.

Let i be such a position and suppose that u_{i−1} = u_i. Since d_{i−δ} = ℓ^′ and d_{i−δ−1} = 0, there are exactly i − δ − 1 + ℓ^′ = i + ℓ − 1 letters in y which are strictly less than y_i. In particular, we have

w_{i+ℓ−1} < w_{i+ℓ}. (2.9)

Let k be the number of positions preceeding i such that u_{i−k} = u_{i−k+1} = · · · = u_i and c_{i−k} = c_{i−k+1} = · · · = ℓ. Then there are exactly i − k − 1 + ℓ letters in u which are strictly less than u_i (= u_{i−1} = · · · = u_{i−k}). In particular, we have w_{i−k−1+ℓ} < w_{i−k+ℓ} = w_{i−k+1+ℓ} = · · · = w_{i+ℓ}, which contradicts (2.9). We conclude that u_{i−1} < u_i, and therefore that c ∨ d belongs to C(w).

To begin demonstrating that Φ inverts Ψ we note the following relations satisfied by ψ, λ and ∨.

Proposition 2.6.2. The pair of maps (ψ, λ) inverts the operation ∨ in the following sense.

1. Let c ∈ C(w) be a code with greatest letter ℓ, and let d ∈ Q be a code with letter ℓ^′ > ℓ and satisfying ψ_ℓ(c) <_Q d. Then we have ψ_ℓ0(c ∨ d) = d, λ_ℓ(c ∨ d) = c. 2. Let c ∈ C(w) be a code whose greatest two letters are ℓ < ℓ^′. Then we have λ_ℓ(c) ∨ ψ_ℓ0(c) = c.

Proof. (1) Let S be the set of positions of d containing the letter ℓ^′, and let δ = ℓ^′ − ℓ.

Define the words e = c ∨ d, d^′ = ψ_ℓ0(c ∨ d), and c^′ = λ_ℓ(c ∨ d). Calculating e, we have (e_i)_{i∈S} = ℓ^′ · · · ℓ^′, (e_i)_{i∉S} = (c_i)_{i−δ∉S} . Since e contains no letters greater than ℓ^′, we have d^′ = ψ_ℓ0(e) = μ_ℓ0(e). Thus, d^′ = d: (d^′_i)_{i∈S} = ℓ^′ · · · ℓ^′, (d^′_i)_{i∉S} = 0 · · · 0. Calculating c^′ = λ_ℓ(e), we change each occurrence of ℓ^′ in e to ℓ, and move it δ positions to the right. Since ψ_ℓ(c) <_Q d, we see that c^′ = c: (c^′_i)_{i−δ∈S} = ℓ · · · ℓ = (c_i)_{i−δ∈S} , (c^′_i)_{i−δ∉S} = (c_i)_{i−δ∉S}. (2) Similar.

Completing the proof of Proposition 2.4.2, the following proposition shows that Ψ is bijective.

Proposition 2.6.3. Let c ∈ C(w) be a code on the letters ℓ_1 < · · · < ℓ_k, and let v_1 <_Q · · · <_Q v_k be a k-element chain in Q, where the letter of v_i is ℓ_i for each i. The maps Ψ and Φ satisfy

1. ΨΦ(v_1 <_Q · · · <_Q v_k) = v_1 <_Q · · · <_Q v_k. 2. ΦΨ(c) = c.

Proof. (1) By Definition 2.6.2, we have

Φ(v_1 <_Q · · · <_Q v_k) = (· · · ((v_1 ∨ v_2) ∨ v_3) · · · ) ∨ v_k.

Applying Ψ = ψ_{ℓ1} × · · · × ψ_{ℓk} to this code, we calculate ψ_{ℓi} ((· · · (v_1 ∨ v_2) ∨ · · · ) ∨ v_k), for i = 1, . . . , k. By Proposition 2.6.2 (1), we have

ψ_{ℓi} ((· · · (v_1 ∨ v_2) ∨ · · · ) ∨ v_k) = ψ_{ℓi} λ_{ℓi} λ_{ℓi+1} · · · λ_{ℓk} ((· · · (v_1 ∨ v_2) ∨ · · · ) ∨ v_k) = ψ_{ℓi} ((· · · (v_1 ∨ v_2) ∨ · · · ) ∨ v_i) = v_i, as desired.

(2) By Definition 2.5.4, we have

Ψ(c) = ψ_{ℓ1} (c) <_Q · · · <_Q ψ_{ℓk} (c).

Applying Φ to this chain, we join vertices one at a time. Noting that ψ_{ℓ1} (c) = λ_{ℓ1} (c), we use Proposition 2.6.2 (2) to calculate

λ_{ℓi} (c) ∨ ψ_{ℓi+1} (c) = λ_{ℓi} λ_{ℓi+1} (c) ∨ ψ_{ℓi+1} λ_{ℓi+1} (c) = λ_{ℓi} (λ_{ℓi+1} (c)) ∨ ψ_{ℓi+1} (λ_{ℓi+1} (c)) = λ_{ℓi+1} (c).

Thus, after k − 1 join iterations, we recover c.

2.7 Open questions

Since the class of balanced Cohen-Macaulay complexes contains so many widely studied classes of complexes, there are many possibilities to refine Theorem 1.4.1. In Theorem 2.4.1, we have required that Σ be an order complex of the form Δ(J(P )), where P is a disjoint sum of chains. It is not known whether the theorem holds for more general classes of posets. (See [44], [48] for definitions in the questions that follow.)

Question 2.7.1. If P is a forest, then is there another poset Q such the h-vector of J(P ) is the f-vector of Q?

Question 2.7.2. If P is a series-parallel poset, then is there another poset Q such the h-vector of J(P ) is the f-vector of Q?

We conjecture that the answers to both questions are affirmative. In fact, we conjecture that the answer remains affirmative for any choice of a poset P .

Conjecture 2.7.1. Let J(P ) be any distributive lattice. Then there is another poset Q such that the h-vector of J(P ) is the f-vector of Q.

This conjecture has been tested by computer for all distributive lattices J(P ) arising from posets P having up to seven elements. Other open questions place requirements on Γ instead of on Σ.

Question 2.7.3. For which balanced Cohen-Macaulay complexes Σ is h_Σ the fvector of a graded poset (or (3 + 1)-free poset, or flag complex)?

To begin to answer Questions 2.7.1 - 2.7.3, it would be interesting to utilize any Eulerian permutation statistic stat to define posets such as Q in Definition 2.4.1 which satisfy the following two conditions.

1. Each k-element chain in Q corresponds to a permutation π in L(P ) with stat(π) = k .

2. For each poset P in some class P, the statistics stat and des are equidistributed on L(P ), so that h_{J(P )} = f_Q.

One might also consider a variation of this method based upon objects other than permutations, such as Motzkin paths or either of the tree representations in [44, pp. 23-25].

A result similar to Theorem 2.3.1 (in the sense that word rearrangements correspond to linear extensions of certain posets) states that the statistics inv and maj are equally distributed on the linear extensions of posets known as postorder labelled forests [7]. Perhaps Theorem 2.3.1 could be extended similarly.

Question 2.7.4. For what conditions on a poset are the statistics des and dmc equidistributed on L(P )?

One might apply another variation of the method above by defining a rule which maps each n-element poset P to a subset K(P ) of S_n which is not a set of linear extensions of P . This subset should have the property that the elements π in K(P ) satisfying stat(π) = k are in bijective correspondence with L_k(P ). In hopes of solving some of these open questions, we will study another Eulerian statistic in the following section.

Chapter 3

Joint distributions of permutation statistics on Sn

3.1 Introduction

Closely related to the Jordan-Hölder set of a poset is the permutation statistic inv which counts inversions. We define a pair (i, j) to be an inversion in a permutation π if i < j and π_i > π_j. Thus, inv(π) = #{(i, j) | i < j and π_i > π_j}. Let P be an n-element poset. Redefining the Jordan-Hölder set as

L(P ) = {π ∈ S_n | (i, j) an inversion in π ⇒ π_i ≯_P π_j},

we see that the study of linear extensions of a poset by descent is essentially the study of the pair of permutation statistics (des, inv).

In the past few decades, many results about permutation statistics have involved joint distributions on S_n of k-tuples of statistics. In 1954, Carlitz [10] essentially found a generating function for the joint distribution of (des, maj) [11]. This distribution has some particularly interesting symmetries. Foata [24] demonstrated the equidistribution of the pairs (des, inv) and (dmc, maj), and the symmetry of the distribution of the pair (inv, maj). Extending joint distribution results beyond pairs of statistics, Gessel [33] found a generating function for the joint distribution of (des, maj, inv), and Garsia and Gessel [30] found a generating function for the joint distribution of (des, ides, maj, imaj).

The statistic inv arises often in combinatorics, and an equidistribution result conspicuously absent from those above is one which states that for some Eulerian statistic stat, the pairs (stat, inv) and (des, maj) are equidistributed on S_n. We solve this well known problem in the following sections and state some related conjectures which may be of use in solving Conjecture 1.3.1.

3.2 Eulerian-Mahonian statistic pairs

The generating function for the number of permutations π in S_n with k inversions is the q-analog of n-factorial, ∑ π∈Sn q^{inv(π)} = (1 + q)(1 + q + q^2) · · · (1 + q + q^2 + · · · + q^{n−1}).

The permutation statistics distributed this way on S_n have been named Mahonian statistics [24], in honor of MacMahon. Following Clarke and Steingrímsson [14], we will write Eulerian statistics with lowercase letters and Mahonian statistics with capitals. Another Mahonian statistic is the major index, denoted maj. It is defined to be the sum of the descents of a permutation,

maj(π) = ∑ i∈D(π) i.

The following table gives the distributions of inv and maj on S_n for n = 1, . . . , 5.

n\k 0 1 2 3 4 5 6 7 8 9 10 1 1 2 1 1 3 1 2 2 1 4 1 3 5 6 5 3 1 5 1 4 9 15 20 22 20 15 9 4 1

The generating function for the joint distribution of (des, maj) on S_n is given by Carlitz’s q-Eulerian polynomial B_n(t, q) [10]. (We follow the notation of Foata and Zeilberger [26].) ∑ π∈Sn t^{des(π)}q^{maj(π)} = B_n(t, q).

Writing B_n(t, q) as

B_n(t) = n−1∑ k=0 B_{n,k}(q)t^k, we may view the q-Eulerian polynomial as a polynomial in t whose coefficients are polynomials in q. Carlitz [10] showed that these coefficients satisfy the recurrence relation B_{n,k}(q) = [k + 1]_qB_{n−1,k}(q) + q^kB_{n−1,k−1}(q), with initial conditions B_{0,k}(q) = δ_{0,k}.

Example 3.2.1. The following table shows the joint distribution of (des, maj) on S_5. Note the interesting symmetries.

des\maj 0 1 2 3 4 5 6 7 8 9 10 0 1 1 4 9 9 4 2 6 16 22 16 6 3 4 9 9 4 4 1

A second pair of statistics, (exc, den) was conjectured by Denert [17] and shown by Foata and Zeilberger [26] and Han [35] to have the same joint distribution as (des, maj).

Theorem 3.2.1. The pairs of permutation statistics (exc, den) and (des, maj) are equidistributed on S_n, ∑ π∈Sn t^{exc(π)}q^{den(π)} = ∑ π∈Sn t^{des(π)}q^{maj(π)} = B_n(t, q).

In other words,

#{π ∈ S_n | exc(π) = k; den(π) = p} = #{π ∈ S_n | des(π) = k; maj(π) = p}.

Thus the table in Example 3.2.1 which counts permutations in S_5 by descents and major index also counts permutations by excedances and Denert’s statistic, den.

Denert’s statistic is a Mahonian statistic with a slightly peculiar definition. Given a permutation π = π_1 · · · π_n, we define the Denert table of π to be the word

dentab(π) = d_1 · · · d_n,

where d_i counts the number of indices j < i such that π_j appears in the subword π_i · · · i of the cyclic permutation π_i · · · n · 1 · · · (π_i − 1). (Note that each letter d_i in the Denert table is no greater than i − 1. We will consider such words in greater detail in the next section.) We define den to be the function which maps a permutation π to the sum of the components of its Denert table,

den(π) = n∑ i=1 d_i.

Foata and Zeilberger gave an equivalent definition which avoids calculation of the Denert table [26]. Let E(π) be the excedance set of π. Then den(π) is the sum of the elements of E(π) plus the number of inversions (i, j) in π such that both i and j are excedances or both i and j are not excedances,

den(π) = ∑ i∈E(π) i + inv((π_i)_{i∈E(π)}) + inv((π_i)_{i∉E(π)}).

Example 3.2.2. Let π = 72835146. Computing the Denert table, we have ( π dentab(π) ) = ( 7 2 8 3 5 1 4 6 0 0 1 0 0 3 2 2 ) . The nonzero components of dentab(π) are

d_3 = 1, because 2 occurs in the word 8123, d_6 = 3, because 2, 3, 5 occur in the word 123456, d_7 = 2, because 5, 7 occur in the word 4567, d_8 = 2, because 7, 8 occur in the word 678.

Thus, den(π) = 1 + 3 + 2 + 2 = 8. Alternatively, we may calculate den(π) by adding the excedances of π to the numbers of inversions in the subwords 78 and 235146,

den(π) = (1 + 3) + 0 + 4 = 8.

Since the statistic inv arises so often in combinatorics, one might hope for a natural Eulerian statistic stat such that the pair (stat, inv) is equidistributed on S_n with the pairs (des, maj) and (exc, den). There is in fact a natural Eulerian statistic with this property. We will call it stc and will define it in Section 3.4.

3.3 Codes and major index tables

Denote by E_n the set of words w = w_1 · · · w_n on the letters {0, . . . , n − 1} in which each letter w_i is at most n − i, E_n = {w_1 · · · w_n ∈ N^n | w_i ≤ n − i; for i = 1, . . . , n}. We will refer to the strictly decreasing word

(n − 1) · (n − 2) · · · 0

as the stair word of length n, and to the elements of E_n as sub-stair words of length n. Clearly the cardinality of the set E_n is n!, and bijections between E_n and S_n arise frequently in combinatorics.

One such bijection sends a permutation to its code. Recall from Section 2.1 that code(π) is the word c_1 · · · c_n, where c_i = #{j ∈ [n] | j > i; π_j < π_i}. We will denote the bijection by γ, γ : S_n → E_n π → code(π). An important property of the code of a permutation is that the components of code(π) sum to inv(π).

We pause here to comment that the definition of Dumont’s statistic in terms of the code (see Section 2.1) is somewhat arbitrary. One would arrive at different Eulerian statistics dmd, dmi by counting distinct nonzero letters in the Denert table or inversion table (= code(π^{−1})).

Another bijection from S_n to E_n sends a permutation π to its major index table, a word whose components sum to maj(π). To define the major index table, we will denote by π^{(i)} the restriction of π to the letters i, . . . , n. (e.g. if π = 284367951, then π^{(4)} = 846795, the restriction of π to the letters 4, . . . , 9.)

Definition 3.3.1. Let π be a permuation in S_n. Define the major index table of π to be the word

majtable(π) = m_1 · · · m_n,

where

m_i = { 0, if i = n, maj(π^{(i)}) − maj(π^{(i+1)}), otherwise.

If we imagine building the permutation π by inserting the letters [n] in decreasing order, then m_i is the amount by which the major index increases with the insertion of i.

Example 3.3.2. Let π = 284367951. To calculate the major index table we build π one letter at a time in the order 9, . . . , 1 and record each increase in the major index. (Slashes in the following table indicate descents.)

i π^{(i)} maj(π^{(i)}) m_i 9 9 0 0 8 89 0 0 7 8/79 1 1 6 8/679 1 0 5 8/679/5 5 4 4 8/4679/5 6 1 3 8/4/3679/5 9 3 2 28/4/3679/5 12 3 1 28/4/3679/5/1 20 8

Thus we have majtable(π) = m_1 · · · m_9 = 833140100.

It is not hard to see that for each permutation π in S_n, the word majtable(π) belongs to E_n. (See Lemma 3.3.2.) Furthermore, the map taking a permutation to its major index table is known to be a bijection. This fact has been proved several times in the literature [25], perhaps first by Carlitz [11].

Theorem 3.3.1. The map μ : S_n → E_n defined by μ(π) = majtable(π) is a bijection.

Proof. To invert μ we apply the following procedure to a word m = m_1 · · · m_n in E_n.

1. Define w^{(n)} to be the one-letter word n.

2. For i = n − 1, . . . , 1, let w^{(i)} be the unique word obtained by inserting the letter i into the word w^{(i+1)} in such a way that maj(w^{(i)}) − maj(w^{(i+1)}) = m_i.

3. Set π = w^{(1)}.

It is clear that if the word π exists, then it satisfies π^{(i)} = w^{(i)} for i = 1, . . . , n, so that majtable(π) = m. By the following lemma, π does exist and is unique. In particular, given any permutation w on the letters {i + 1, . . . , n} and any integer ℓ in the interval {0, . . . , n − i}, then there is a unique permutation w^′ obtained by inserting the letter i into w in such a way that maj(w^′) − maj(w) = ℓ.

Lemma 3.3.2. Let π = π_1 · · · π_{n−i} be a permutation on the letters {i + 1, . . . , n}, and suppose that π has k descents. Let d_{k−1} < · · · < d_0 be the positions of these k descents, let d_k = 0, and let a_{k+1} < · · · < a_{n−i} = n − i be the remaining positions of π.

Figure 3-1: Interpretation of the major index table of one permutation as the code of another.

1. Let ℓ be an integer satisfying 0 ≤ ℓ ≤ k and define π^′ to be the permutation obtained by inserting the letter i into position d_ℓ + 1 of π. Then, des(π^′) = des(π), maj(π^′) = maj(π) + ℓ.

2. Let ℓ be an integer satisfying k < ℓ ≤ n − i and define π^′ to be the permutation obtained by inserting the letter i into position a_ℓ + 1 of π. Then, des(π^′) = des(π) + 1, maj(π^′) = maj(π) + ℓ.

Proof. (1) The descent set of π^′ is D(π^′) = {d_{k−1}, . . . , d_ℓ, d_{ℓ−1} + 1, . . . , d_0 + 1}. (2) Let p be the least number such that d_p < a_ℓ. Then, the descent set of π^′ is D(π^′) = {d_{k−1}, . . . , d_p, a_ℓ, d_{p−1} + 1, . . . , d_0 + 1}, and a_ℓ = (ℓ − k) + (k − p) = ℓ − p.

Combining the bijections γ and μ, we prove the equidistribution on S_n of maj and inv as a corollary. (See Figure 3-1.)

Corollary 3.3.3. The permutation statistics inv and maj are equally distributed on S_n.

Proof. Define the bijection ϕ : S_n → S_n by ϕ = γ^{−1}μ. Since ϕ satisfies

majtable(π) = code(ϕ(π)),

it also satisfies

maj(π) = inv(ϕ(π)).

Surprisingly, the letter order n, n−1, . . . , 1 preceding Definition 3.3.1 is not crucial for the construction of the major index table. In fact any letter order σ_1, . . . , σ_n induces a bijection S_n → E_n as in Theorem 3.3.1 [34]. Let us reconsider Theorem 3.3.1, Lemma 3.3.2, and Corollary 3.3.3 in terms of a more general major index table.

Fix a permutation σ = σ_1 · · · σ_n in S_n and denote by π^{(i)} the restriction of π to the letters σ_i, . . . , σ_n. (e.g. if σ = 852739461 and π = 284367951, then π^{(4)} = 436791, the restriction of π to the letters {σ_4, . . . , σ_9} = {1, 3, 4, 6, 7, 9}.) We will call the sequence π^{(1)}, . . . , π^{(n)} defined in this way the sequence of restricted permutations corresponding to σ.

Definition 3.3.3. Fix a permutation σ in S_n. For any permutation π in S_n, construct the sequence π^{(1)}, . . . , π^{(n)} of restricted permutations corresponding to σ and define the σ-major index table of π to be the word

σ-majtable(π) = m_1 · · · m_n,

where

m_i = { 0, if i = n, maj(π^{(i)}) − maj(π^{(i+1)}), otherwise.

Note that if σ is the permutation 1 · · · n, then the sequence π^{(1)}, . . . , π^{(n)} has the same meaning as preceding Definition 3.3.1, and the σ-major index table is just the major index table.

Theorem 3.3.4. Fix a permutation σ in S_n. The map μ_σ : S_n → E_n defined by μ_σ(π) = σ-majtable(π) is a bijection.

Proof. Similar to the proof of Theorem 3.3.1. Use the following lemma instead of Lemma 3.3.2.

Lemma 3.3.5. Fix a permutation σ in S_n. Let π be a word on the letters {σ_{i+1}, . . . , σ_n}, and suppose that π has k descents. Let d_{k−1} < · · · < d_0 be the positions of these k descents, let d_k = 0, and let d_{−1} = n − i. Define the positions d^′_k < · · · < d^′_0 by

d^′_ℓ = { d_ℓ, if π_{dℓ+1} > σ_i, max{j ∈ [n − i] | d_ℓ < j ≤ d_{ℓ−1}; π_j < σ_i}, otherwise.

Let a^′_{k+1} < · · · < a^′_{n−i} be the positions {0, 1, . . . , n − i} r {d^′_0, . . . , d^′_k}. 1. Let ℓ be an integer satisfying 0 ≤ ℓ ≤ k and define π^′ to be the permutation obtained by inserting the letter σ_i into position d^′_ℓ + 1 of π. Then, des(π^′) = des(π), maj(π^′) = maj(π) + ℓ.

2. Let ℓ be an integer satisfying k < ℓ ≤ n − i and define π^′ to be the permutation obtained by inserting the letter σ_i into position a_ℓ + 1 of π. Then, des(π^′) = des(π) + 1, maj(π^′) = maj(π) + ℓ.

Proof. Identical to the proof of Lemma 3.3.2.

As a corollary of Theorem 3.3.4, we have n! bijections of the form ϕ_σ = γ^{−1}μ_σ : S_n → S_n which satisfy maj(π) = inv(ϕ_σ(π)) and therefore prove that #{π ∈ S_n | inv(π) = k} = #{π ∈ S_n | maj(π) = k}. We shall see that the bijections {ϕ_σ | σ ∈ S_n} prove other equidistribution results as well.

It is not difficult to show that if σ = σ_1 · · · σ_n and σ^′ = σ^′_1 · · · σ^′_n are two different permutations, then the bijections μ_σ and μ_σ0 are identical if and only if σ_n = σ^′_{n−1} and σ_{n−1} = σ^′_n. Thus, the cardinality of the set {ϕ_σ | σ ∈ S_n} is really^{n!}_2 rather than n!.

3.4 The statistic stc

We will define a simple Eulerian statistic stc which satisfies

#{π ∈ S_n | stc(π) = k; inv(π) = p} = #{π ∈ S_n | des(π) = k; maj(π) = p},

and will give a bijective proof of this fact in Theorem 3.4.2. To begin, we introduce a function st : E_n → N and relate this function to the Eulerian numbers.

Definition 3.4.1. Define st : E_n → N to be the function which maps a sub-stair word v = v_1 · · · v_n to the greatest number ℓ such that v contains a subsequence v_{i1} , . . . , v_{iℓ} which is (componentwise) strictly greater than the stair word of length ℓ, v_{i1} · · · v_{iℓ} > (ℓ − 1) · (ℓ − 2) · · · 0.

While v may contain several such subsequences of maximum length, identifying one and calculating this maximum length is quite easy. Starting from the rightmost position of v and reading left, we circle the first letter which is at least one, the next which is at least two, etc., until we cannot continue. The number of circled positions of v is then st(v).

Example 3.4.2. Let v = 245223010. Starting from the right, we circle the 1, 3, 5, and 4. Thus, st(v) = 4. Note that v_2v_3v_5v_8 = 4531 is strictly greater than 3210, the stair word of length 4.

Representing words as histograms, we see that st(v) is the number of nonzero stairs which we can place beneath the histogram of v, preserving the order of these stairs. Figure 3-2 shows four nonzero stairs beneath the histogram of the word 245223010.

Let us count the words v in E_n satisfying st(v) = k, and denote these numbers by α(n, k). To derive a recursive formula for α(n, k), we note that

st(v_1 · v_2 · · · v_n) = { st(v_2 · · · v_n) + 1, if v_1 > st(v_2 · · · v_n), st(v_2 · · · v_n), if v_1 ≤ st(v_2 · · · v_n).

(3.1)

Thus we have the recursion α(n, k) = (k + 1)α(n − 1, k) + (n − k − 1)α(n − 1, k − 1), and initial conditions α(1, k) = { 1, for k = 0, 0, otherwise.

We see that the numbers α(n, k) are in fact the Eulerian numbers. (By similar reasoning one can show that the statistic dmc is Eulerian.)

Figure 3-2: A histogram interpretation of st(245223010).

Observation 3.4.1. The number of words v in E_n satisfying st(v) = k − 1 is given by the Eulerian number A(n, k).

Composing the function st with the bijections γ and μ_σ from Section 3.3, we create a family of permutation statistics.

Definition 3.4.3. Define the permutation statistics stc and stm_σ by

stc(π) = st(code(π)), stm_σ(π) = st(σ-majtable(π)).

Observation 3.4.1 shows that each of these statistics is Eulerian; however, our main theorem reproves this fact bijectively without appealing to the observation. Furthermore, it shows that the statistic stc satisfies

#{π ∈ S_n | stc(π) = k; inv(π) = p} = #{π ∈ S_n | des(π) = k; maj(π) = p}.

We prove the main theorem with the bijection ϕ : S_n → S_n from Corollary 3.3.3, which satisfies

maj(π) = inv(ϕ(π)), des(π) = stc(ϕ(π)).

Theorem 3.4.2. The pairs of permutation statistics (des, maj) and (stc, inv) are equally distributed on S_n.

Proof. Fix a permutation σ in S_n, and let ϕ_σ : S_n → S_n be the bijection defined in Theorem 3.3.1. For every permutation π in S_n, the bijection ϕ_σ satisfies

σ-majtable(π) = code(ϕ_σ(π)),

and therefore also satisfies

maj(π) = inv(ϕ_σ(π)), stm_σ(π) = stc(ϕ_σ(π)).

We claim that stm_σ(π) = des(π).

Let m = m_1 · · · m_n be the σ-major index table of π, and let π^{(1)}, . . . , π^{(n)} be the sequence of restricted permutations corresponding to σ. Fix i < n and assume that st(m_{i+1} · · · m_n) = des(π^{(i+1)}). By equation (3.1), we have st(m_i · m_{i+1} · · · m_n) = { st(m_{i+1} · · · m_n) + 1, if m_i > st(m_{i+1} · · · m_n), st(m_{i+1} · · · m_n), otherwise.

By Lemma 3.3.5, we have

des(π^{(i)}) = { des(π^{(i+1)}) + 1, if m_i > des(π^{(i+1)}), des(π^{(i+1)}), otherwise.

Thus, st(m_i · · · m_n) = des(π^{(i)}). Proceding by induction, we obtain stm_σ(π) = des(π), as desired.

3.5 The stc-set of a permutation

Theorem 3.4.2 states an analogy between the statistic pairs (des, maj) and (stc, inv). We will extend this result by associating a set to any permutation in such a way that the relationship of this set to the statistics stc and inv is analogous to that of the descent set to the statistics des and maj. Let D : S_n → 2^{[n−1]} be the set-valued function which maps a permutation to its descent set. Recall that D satisfies |D(π)| = des(π), ∑ i∈D(π) i = maj(π).

In Definition 3.5.2 we will define an analogous set-valued function ST C : S_n → 2^{[n−1]} which satisfies |ST C(π)| = stc(π), ∑ i∈ST C(π) i = inv(π).

We will call ST C(π) the stc-set of π, and we will show that the functions D and ST C are equally distributed on S_n.

Our strategy in defining ST C(π) for any permutation π is to transform the word code(π), whose components sum to inv(π), into another word in which all the nonzero letters are distinct and sum to inv(π). We begin by defining a map ω : E_n → E_n which transforms a sub-stair word v into another word whose component sum is the same as that of v, and whose nonzero letters are strictly decreasing. We give an algorithmic description of the map ω.

Definition 3.5.1. Define the map ω : E_n → E_n by performing the following procedure on a sub-stair word v = v_1 · · · v_n.

For i = n − 2 to 1, do

For j = i to n − 2, do If v_j ≤ v_{j+1}, and these letters are not both zero, then replace them in positions j and j + 1 by the letters ℓ and ℓ^′, where

(ℓ, ℓ^′) = { (v_{j+1} + 1, v_j − 1), if v_j > 0, (v_{j+1}, v_j), otherwise.

(3.2)

The map ω is essentially a “bubble sort” algorithm, modified so that each time it exchanges two nonzero letters, it increments the letter moving left and decrements the letter moving right. Figure 3-3 shows the computation of ωv for v = 332110. Each line in the table represents a single iteration of the algorithm, with positions j and j + 1 marked below by × if the corresponding letters are exchanged, and by )( otherwise.

Using Definition 3.5.1, one easily verifies for any word v in E_n with stc(v) = k that the word v^′ = ωv also belongs to E_n and satisfies v^′_1 > · · · > v^′_k > 0, v^′_{k+1} = · · · = v^′_n = 0, v^′_1 + · · · + v^′_k = v_1 + · · · + v_n.

(These properties also follow from Theorem 3.5.1.) The map ω therefore naturally associates a subset of [n − 1] to each sub-stair word v in E_n: the set of nonzero letters of ωv.

Definition 3.5.2. Define the st-set of a sub-stair word v to be the set ST (v) = {ℓ > 0 | ℓ appears in ωv}.

Figure 3-3: Computation of ω(332110).

Applying this definition to the code and major index tables of a permutation π, define the stc-set and σ-stm-set of π to be the sets ST C(π) = ST (code(π)), σ-ST M(π) = ST (σ-majtable(π)).

We claim that for every subset T of [n − 1], the number of permutations in S_n with stc-set T equals the number of permutations in S_n with descent set T . We prove this result with the bijection ϕ from Corollary 3.3.3 which satisfies D(π) = ST C(ϕ(π)).

Theorem 3.5.1. For every subset T of [n − 1], we have #{π ∈ S_n | D(π) = T } = #{π ∈ S_n | ST C(π) = T }.

Proof. Fix a permutation σ in S_n, and let ϕ_σ : S_n → S_n be the bijection defined in Theorem 3.3.1. For every permutation π in S_n, the bijection ϕ_σ satisfies σ-majtable(π) = code(ϕ_σ(π)), and therefore also satisfies σ-ST M(π) = ST C(ϕ_σ(π)). We claim that σ-ST M(π) = D(π).

Let m = m_1 · · · m_n be the σ-major index table of π, and let π^{(1)}, . . . , π^{(n)} be the sequence of restricted permutations corresponding to σ. Fix i < n and let d_0 > · · · > d_{k−1} be the descents of π^{(i+1)}. Assume that ω(m_{i+1} · · · m_n) = d_0 · · · d_{k−1} · 0 · · · 0 so that we have ST (m_{i+1} · · · m_n) = D(π^{(i+1)}).

It is easy to see from Definition 3.5.1 that the map ω satisfies ω(m_i · · · m_n) = ω(m_i · ω(m_{i+1} · · · m_n)). Thus, we have

ω(m_i · · · m_n) = ω(m_i · d_0 · · · d_{k−1} · 0 · · · 0) = { (d_0 + 1) · · · (d_{mi−1} + 1) · d_{mi} · · · d_{k−1} · 0 · · · 0, if m_i ≤ k, (d_0 + 1) · · · (d_{j−1} + 1) · (m_i − j) · d_j · · · d_{k−1} · 0 · · · 0, otherwise, where j is the least integer satisfying m_i − j > d_j.

By Lemma 3.3.2, the nonzero letters in ω(m_i · · · m_n) are precisely the descent set of π^{(i)}. Thus, we have ST (m_i · · · m_n) = des(π^{(i)}). Proceding by induction, we obtain σ-ST M(π) = D(π), as desired.

Corollary 3.5.2. Let π be a permutation in S_n with stc(π) = k and inv(π) = p. Then the stc-set of π is a k-subset of [n − 1] whose elements sum to p.

We formulate a second, algebraic, definition of the map ω as follows. Let G be a set of n − 2 operators η_1, . . . , η_{n−2} on E_n, and define the action of η_i on a word v = v_1 · · · v_n by η_i(v) = v_1 · · · v_{i−1} · ℓ · ℓ^′ · v_{i+2} · · · v_n, where

(ℓ, ℓ^′) =

(v_i, v_{i+1}) if v_i > v_{i+1} or v_i = v_{i+1} = 0, (v_{i+1} + 1, v_i − 1) if 0 < v_i ≤ v_{i+1}, (v_{i+1}, v_i) if 0 = v_i < v_{i+1}.

It is not difficult to see that the operators in the set G satisfy the relations of the 0-Hecke monoid on n − 2 generators:

η^2_i = η_i, for i = 1, . . . , n, η_iη_{i+1}η_i = η_{i+1}η_iη_{i+1}, for i = 1, . . . , n − 1, η_iη_j = η_jη_i, for |i − j| ≥ 2. (See [27].) Thus, an alternative definition of ω is ω = (η_{n−2}η_{n−3} · · · η_1) · (η_{n−2}η_{n−3} · · · η_2) · · · (η_{n−2}η_{n−3}) · (η_{n−2}). 3.6 More equidistribution results

Since Dumont’s statistic has not enjoyed many applications since its definition, the problem of finding a Mahonian partner x for dmc has not received much attention. We will define such a statistic x and two additional statistics y and z in order to prove several joint distribution results.

Let c = c_1 · · · c_n be the code of a permutation π, and for each letter ℓ in L(c), define the number ξ(ℓ) by

ξ(ℓ) = ℓ + #{i | c_i ≥ ℓ; ℓ appears in c_1 · · · c_{i−1}}.

Define x(π) to be the sum

x(π) = ∑ ℓ∈L(c) ξ(ℓ).

Example 3.6.1. Let π = 427196385. Then, code(π) = 314042010. For ℓ = 1, . . . , 4, row ℓ of the table below shows the contribution of each component of code(π) to ξ(ℓ).

code(π) 3 1 4 0 4 2 0 1 0 contributions to ξ(1) 0 1 1 0 1 1 0 1 0 contributions to ξ(2) 0 0 0 0 0 2 0 0 0 contributions to ξ(3) 3 0 1 0 1 0 0 0 0 contributions to ξ(4) 0 0 4 0 1 0 0 0 0

Summing the contributions, we have x(π) = 5 + 2 + 5 + 5 = 17.

To show that x is a Mahonian partner for Dumont’s statistic, we introduce a bijection ν : S_n → E_n. By interpreting ν(π) as the code of another permutation, we create another bijection

θ^′ = γ^{−1}ν : S_n → S_n, which satisfies E(π) = LC(θ^′(π)), exc(π) = dmc(θ^′(π)), den(π) = x(θ^′(π)).

(As we have remarked in Section 2.1, the equidistribution of E and LC on S_n is essentially due to Dumont [18]. For more information about this distribution, see [21].)

Definition 3.6.2. Define the map ν : S_n → E_n by sending a permutation π with excedance table e = e_1 · · · e_n to the word a = a_1 · · · a_n, where a_{n−πi+1} = e_i.

Note that this corresponds to rearranging the biword ( π etab(π) )

so that the top letters are in reverse order, and simply reading the resulting bottom word. By equation (2.4) the word ν(π) belongs to E_n.

Example 3.6.3. To apply ν to the permutation π = 72835146, we calculate ( π etab(π) ) = ( 7 2 8 3 5 1 4 6 1 1 3 1 3 0 0 0 ) , and rearrange this biword as ( 8 7 6 5 4 3 2 1 3 1 0 3 0 1 1 0 ) . Thus, we have ν(π) = 31030110.

We invert θ^′ using the procedure in the following proposition.

Proposition 3.6.1. Let u be the word n · (n − 1) · · · 1, let c be an element of E_n, and define the biword y = (_u c ) . The following procedure produces the unique rearrangement z = (_ρ e ) of y satisfying e = etab(ρ).

1. For each letter ℓ in L(c), find the least index i satisfying c_i = ℓ, and define z_ℓ = y_i. Let S be the set of such least indices, and define T = [n] r S.

2. For each index i ∈ T , define

d_i = { #{j ∈ S | c_j ≤ c_i; u_j ≥ u_i}, if c_i > 0, 0, otherwise.

3. Let (y_σ�1_{(i)})_{i∈T} be the unique rearrangement of (y_i)_{i∈T} satisfying (d_σ�1_{(i)})_{i∈T} = code((u_σ�1_{(i)})_{i∈T} ).

4. Insert the biletters (y_σ�1_{(i)})_{i∈T} in order into the remaining positions of z.

Proof. Similar to the proof of Proposition 2.3.3. Uniqueness of the rearrangement z follows from Proposition 2.3.4.

Proposition 3.6.2. The pairs of statistics (dmc, x) and (des, maj) are equidistributed on S_n.

Proof. By Theorem 3.2.1, it suffices to show the equidistribution of (dmc, x) with (exc, den) Let π = π_1 · · · π_n be a permutation in S_n. The map θ^′ satisfies exc(π) = dmc(θ^′(π)).

We claim that it also satisfies den(π) = x(θ^′(π)).

Using (3.1) and the definition of excedance table, we may express den(π) as den(π) = ∑ i∈E(π) i + inv((π_i)_{i∈E(π)}) + inv((π_i)_{i∉E(π)}) = ∑ i∈E(π) i + ∑ i∈E(π) #{j ∈ E(π) | π_i > π_j; i ≤ j} + ∑ i∈E(π) #{j ∉ E(π) | π_i > π_j; i ≤ e_j} = ∑ i∈E(π) i + ∑ i∈E(π) #{j | π_i > π_j; i ≤ e_j}. Letting a = a_1 · · · a_n = ν(π), we may express x(θ^′(π)) as

x(θ^′(π)) = ∑ i∈L(a) i + ∑ i∈L(a) #{j | i ≤ a_j; i appears in a_1 · · · a_{j−1}}.

Since E(π) = L(a), it suffices to show that for each letter i in E(π), we have #{j | π_i > π_j; i ≤ e_j} = #{j | i ≤ a_j; i appears in a_1 · · · a_{j−1}}.

This is easily demonstrated by the bijection j → n − π_j + 1. Since e_j = a_{n−πj +1}, we have i ≤ e_j if and only if i ≤ a_{n−πi+1}. Further, the letter i first appears in the word a in position n − π_i + 1, which precedes position n − π_j + 1 if and only if π_i > π_j.

The Mahonian statistic y and the Eulerian statistic z might most honestly be defined as the preimages of the statistics maj and des with respect to the map θ^′,

y(π) = maj(θ^′(π)), z(π) = des(θ^′(π)).

Nevertheless, we define the two statistics without referring to θ^′, in case they might aid in the bijective proof of another equidistribution result.

Let e = e_1 · · · e_n be the excedance table of a permutation π, and for each letter i, let ϵ(i) be e_π�1_{(i)}, the letter in e whose position is that of i in π. Define y(π) to be the sum

y(π) = ∑ i:ϵ(i+1)>ϵ(i) (n − i + 1),

and define z(π) to be the cardinality z(π) = #{i | ϵ(i + 1) > ϵ(i)}.

Proposition 3.6.3. The pairs of statistics (exc, y) and (des, inv) are equidistributed on S_n.

Proof. By Theorem 2.3.1 and Proposition 3.6.2, it suffices to show the equidistribution of (exc, y) with (dmc, maj). Let π = π_1 · · · π_n be a permutation and let a = a_1 · · · a_n be ν(π) so that a = code(θ^′(π)). We simply note that ϵ(i + 1) is greater than ϵ(i) if and only if n − i + 1 is a descent in a. This is equivalent to n − i + 1 being a descent in θ^′(π).

The same argument proves the equidistribution of the pairs (exc, z) and (dmc, des). Thus, as a corollary of Proposition 3.6.2, we have an equidistribution result for two quadruples of statistics.

Corollary 3.6.4. The two quadruples of permutation statistics (exc, den, y, z ) and (dmc, x, maj, des) are equidistributed on S_n.

3.7 Open equidistribution questions

Experience with the statistic stc suggests that a result much stronger than that of Theorem 3.4.2 is true.

Conjecture 3.7.1. The following quadruples of permutation statistics are equidistributed on S_n.

1. (des, maj, inv, stc)

2. (stc, inv, maj, des)

3. (dmc, x, maj, des)

4. (des, maj, x, dmc)

This conjecture has been tested on the symmetric groups up to S_{10}. Perhaps the Mahonian statistic r-maj [41], which generalizes maj and inv, will be of some use in constructing a bijective proof.

Since the stc-set and the descent set are equidistributed on S_n, perhaps it would be possible to use the statistic stc to modify the proof of Theorem 1.2.1 or to construct a poset analogous to that in the proof of Proposition 2.4.2 for a larger class of posets.

Question 3.7.1. Can we create a poset using major index tables, in which each k-element chain corresponds to a major index table m with st(m) = k?

Another strategy for constructing such a complex is to look for new interpretations of Mahonian statistics as we have for Eulerian statistics. The relationship of linear extensions to inv depends on the fact that an inversion of a permutation is a pair of numbers. The inversion set of a permutation, a subset of (_{[n]} 2 ) , has no obvious analog for the other Mahonian statistics we have discussed.

Question 3.7.2. Is there a way to associate a maj-set (or x-set or den-set) to a permutation which is analogous to the inversion set?

If these sets could be defined easily, they might help associate a set K(P ) of permutations to a poset P in the manner we have described at the end of Section 2.7.

Chapter 4

Posets whose chain polynomials have only real zeros

4.1 Interval characterizations

For nonnegative integers a and b, we denote by a + b the poset which is the disjoint sum of an a-element chain and a b-element chain. A poset is called (a + b)-free if it contains no induced subposet isomorphic to a + b. (See [44, Ch. 3] for basic definitions.) For example, the first two posets in Figure 4-1 are 2 + 2 and 3 + 1. The third poset P is (2 + 2)-free but not (3 + 1)-free, because the subposet induced by the elements {2, 3, 4, 6} is isomorphic to 3 + 1.

Fishburn [22] characterized (2 + 2)-free posets by showing that any such poset P may be represented as a set of closed intervals of real numbers [c_i, d_i], ordered by

[c_i, d_i] <_P [c_j, d_j], if d_i < c_j.

He also showed that for posets free of both 3 + 1 and 2 + 2, the intervals may be chosen to have unit length. In honor of these results, (2 + 2)-free posets are often called interval orders and (2 + 2)-free, (3 + 1)-free posets are often called unit interval orders.

Unfortunately, little is known about posets free only of 3 + 1. Characterization of (3 + 1)-free posets is desirable, because several results and conjectures about posets

Figure 4-1: 2 + 2, 3 + 1, and a poset P which is not (3 + 1)-free.

require avoidance only of 3 + 1. For instance, Stanley’s generalization of the chromatic polynomial [46] is known to be s-positive for the incomparability graphs of (3 + 1)-free posets [31], and is conjectured to be e-positive for these graphs as well [13, 46, 49, 51, 54]. Further, the chain polynomial of a (3 + 1)-free poset is known to have only real zeros. (See [49] and Corollary 4.6.1.)

4.2 Antiadjacency matrices of unit interval orders

Unit interval orders have many well known properties, and have several characterizations which avoid intervals and forbidden induced subposets. (See [16], [23], [55], [57].) One such characterization uses natural labellings and antiadjacency matrices. (See [55].) Let P be a labelled poset on n elements. Recall that any bijective function ϕ : P → [n] is called a labelling of P , and is called natural if it satisfies ϕ(x) < ϕ(y) whenever x <_P y. If the elements x and y are labelled as i and j, we will often write i <_P j to mean x <_P y. For any labelled poset P , we define the antiadjacency matrix A = [a_{ij}] of P by a_{ij} = { 0, if i <_P j, 1, otherwise.

Note that the entries on the diagonal of A are equal to one for any labelling of P . The entries below the diagonal are all equal to one if and only if P is naturally labelled.

Theorem 4.2.1. Let P be a poset on n elements. P is a unit interval order if and only if it may be naturally labelled so that the corresponding antiadjacency matrix A satisfies a_{jk} ≥ a_{iℓ}, for 1 ≤ i ≤ j ≤ n and 1 ≤ k ≤ ℓ ≤ n. (4.1)

Since A is a 0-1 matrix, (4.1) implies that the entries of A which are zero form a Ferrers shape in the upper right corner of A. From this fact, it is easy to see that unit interval orders are counted by Catalan numbers.

Example 4.2.1. Corresponding to any natural labelling of the unit interval order P in Figure 4-2 is the antiadjacency matrix

A = 1 1 0 0 0 1 1 0 0 0 1 1 1 1 0 1 1 1 1 0 1 1 1 1 1 .

Figure 4-2: a unit interval order.

To prove that a unit interval order may be labelled as in the theorem, we will begin with an arbitrary labelling of P and will relabel P to satisfy the theorem. This is equivalent to performing simultaneous row and column permutation on the antiadjacency matrix A which corresponds to the arbitrary labelling. To verify that a poset labelling satisfies the theorem, we will find it convenient to compare matrix columns and rows with vector inequalities. Let a = (a_1, . . . , a_n) and b = (b_1, . . . , b_n) be any two vectors in R^n . We define the inequalities a ≤ b and a � b by

a ≤ b if a_i ≤ b_i for i = 1, . . . , n.

a � b if a ≤ b, and ai < bi for some i.

Let us denote the ith row and ith column of any matrix M by M_{i∗} and M_{∗i}.

Observation 4.2.2. The following two conditions on any real matrix M are equivalent.

1. It is possible to simlutaneously permute the columns and rows of M to obtain a matrix M^′ = [m^′_{ij}] such that the entries of M^′ weakly increase to the left in rows and downward in columns, i.e., m^′_{jk} ≥ m^′_{iℓ}, for 1 ≤ i ≤ j ≤ n and 1 ≤ k ≤ ℓ ≤ n. 2. The rows and columns of M corresponding to any pair of indices i and j satisfy one of the following pairs of vector inequalities.

(a) M_{i∗} ≥ M_{j∗} and M_{∗i} ≤ M_{∗j}. (b) M_{i∗} ≤ M_{j∗} and M_{∗i} ≥ M_{∗j}.

The first statement simply says that we may sort the columns of M in weakly decreasing order while simultaneously sorting the rows in weakly increasing order. With a moment’s thought, we see that this is possible if and only if the conditions in the second statement are true.

We prove Theorem 4.2.1 with two propositions. Since the condition (4.1) fails to hold for nonnatural poset labellings, it will suffice to consider arbitrary labellings.

Proposition 4.2.3. Let P be a labelled poset with antiadjacency matrix A. P is (2 + 2)-free if and only if the columns of A are pairwise comparable as vectors.

Proof. Suppose that two columns of A are incomparable as vectors. That is, A_{∗i} ≱ A_{∗j} and A_{∗i} ≰ A_{∗j}, for some indices i ≠ j. Then for some indices k ≠ ℓ we have

1 = a_{ik} > a_{iℓ} = 0 and 0 = a_{jk} < a_{jℓ} = 1. (4.2)

This implies that i <_P k, j <_P ℓ, i ≮_P ℓ and j ≮_P k. The four elements must be distinct, and they induce a subposet of P which is isomorphic to 2 + 2.

Conversely, if four elements i, j, k, and ℓ of P are related as above, then any labelling of P induces an antiadjacency matrix whose entries satisfy (4.2). The columns of this matrix cannot be pairwise comparable.

Proposition 4.2.4. Let P be a labelled (2 + 2)-free poset with antiadjacency matrix A. P is (3 + 1)-free if and only if the rows and columns of A corresponding to any pair of indices i and j satisfy one of the following pairs of vector inequalities.

1. A_{i∗} ≥ A_{j∗} and A_{∗i} ≤ A_{∗j}.

2. A_{i∗} ≤ A_{j∗} and A_{∗i} ≥ A_{∗j}.

Proof. Suppose that have an incorrect pair of comparisons of the form

A_{i∗} � A_{j∗} and A_{∗i} � A_{∗j}.

That is, P contains elements k and ℓ satisfying

1 = a_{iℓ} > a_{jℓ} = 0, (4.3) 1 = a_{ki} > a_{kj} = 0. (4.4)

Thus, we have k <_P j <_P ℓ, and i must be incomparable to all three of these elements. The subposet induced by these elements is isomorphic to 3 + 1.

Conversely, if four elements i, j, k, and ℓ are related in P as immediately above, then any labelling of P induces an antiadjacency matrix whose entries satisfy (4.3) and (4.4). The columns of this matrix do not satisfy our hypotheses.

An alternative statement of the condition (4.1) relates unit interval orders to totally positive matrices. A real matrix, finite or infinite, is called totally positive (or sometimes totally nonnegative) if each k × k minor is nonnegative. (See [2].) Totally positive matrices have many interesting properties and arise frequently in combinatorics. (See [1], [9], [15] [28], [29], [50], [51], [52].) One important property of a finite square totally positive matrix is that all of its eigenvalues are nonnegative and real. (See [2, Thm. 1.1]).

An infinite matrix which is well known to be totally positive is

C =

1 0 0 0 · · · 1 1 0 0 · · · 1 1 1 0 · · · 1 1 1 1 · · · . . . . . . . . . . . .

. (4.5)

(See [1].) It is easy to see that the matrices satisfying the conditions of Theorem 4.2.1 are finite generalized submatrices of C. That is, each such matrix is determined by a finite multiset of columns and a finite multiset of rows of C. The matrix A in Example 4.2.1 is the generalized submatrix of C corresponding to rows (2, 2, 4, 4, 5) and columns (1, 1, 3, 3, 5). Since any generalized submatrix of a totally positive matrix is itself totally positive, we see that any unit interval order has a labelling for which the corresponding antiadjacency matrix A is totally positive. It follows that the antiadjacency matrix corresponding to any labelling of a unit interval order has only positive real eigenvalues.

4.3 The squared antiadjacency matrix

If A is the antiadjacency matrix of a finite labelled poset P on n elements, then the squared antiadjacency matrix B = A^2 has a simple combinatorial interpretation. Let G = (P, E) be the graph whose adjacency matrix is A. The vertex set of G consists of the elements {1, . . . , n} of P , and the edge set consists of the ordered pairs (i, j) ∈ P × P such that i ≮_P j. (See Figure 4-3.) Clearly, B = [b_{ij}] counts paths of length two in G. That is, b_{ij} is the number of ordered triples (i, x, j), where (i, x) and (x, j) belong to E.

Observation 4.3.1. Assume that P is (3 + 1)-free, and let i, j, k, and ℓ be elements of P .

1. If i <_P j <_P k, then b_{ik} = 0.

2. If b_{ik} > b_{iℓ}, then there is an element x <_P ℓ, such that i ≮_P x ≮_P k

3. If b_{ik} > b_{jk}, then there is an element y >_P j, such that k ≯_P y ≯_P i.

Figure 4-3: A poset P and a graph G whose adjacency matrix is the antiadjacency matrix of P

Proof. (1) Assume b_{ik} > 0. Then, for some element x of P , (i, x) and (x, k) belong to E, implying that i ≮_P x ≮_P k. In fact, x must be incomparable to i and k, for if x <_P i, then we have x <_P i <_P j <_P k, and if k <_P x, then we have i <_P j <_P k <_P x, both impossible. Similarly, x cannot be comparable to j. Thus, the subposet of P induced by {i, j, k, x} is isomorphic to 3 + 1, contradicting our assumption that P is (3 + 1)-free.

(2) If b_{ik} > b_{iℓ}, then there are more paths of length two in G from i to k than from i to ℓ. It follows that for some element x of P , the pairs (i, x) and (x, k) belong to E, and the pair (x, ℓ) does not.

(3) Apply the argument of (2) to the dual poset of P .

Elements such as x in Observation 4.3.1 (2) are central to the proof of Lemma 4.3.2. To simplify notation, we introduce the following definition.

Definition 4.3.1. Let i, k, ℓ, and x be elements of P . Call x a (k, ℓ)-advantage for i if (i, x) and (x, k) are edges in the graph G and (x, ℓ) is not.

We use the word advantage, imagining that x helps us to travel from i to k, but not from i to ℓ. In terms of the poset relation <_P , x is a (k, ℓ)-advantage for i if x <_P ℓ, and i ≮_P x ≮_P k. Note that in Figure 4-3, the vertex x is a (k, ℓ)-advantage for i, although it is not a (k, ℓ)-advantage for j.

Lemma 4.3.2. Assume that P is (3 + 1)-free, and let i, j, k, and ℓ be elements of P . If b_{ik} − b_{iℓ} > b_{jk} − b_{jℓ}, then one of the following is true:

1. P contains an element x such that j <_P x <_P ℓ and b_{jℓ} = 0.

2. P contains an element y such that i <_P y <_P k and b_{ik} = 0.

Proof. Let us denote by α(k, ℓ, i) the number of elements of P which are (k, ℓ)- advantages for i. Then we have b_{ik} − b_{iℓ} = α(k, ℓ, i) − α(ℓ, k, i). Assuming that b_{ik} − b_{iℓ} > b_{jk} − b_{jℓ}, we have α(k, ℓ, i) + α(ℓ, k, j) > α(k, ℓ, j) + α(ℓ, k, i), and at least one of the following two inequalities must be true. α(k, ℓ, i) > α(k, ℓ, j), α(ℓ, k, j) > α(ℓ, k, i). Suppose that α(k, ℓ, i) > α(k, ℓ, j). Then P contains an element x which is a (k, ℓ)- advantage for i and not a (k, ℓ)-advantage for j. By Definition 4.3.1 the pairs (i, x) and (x, k) belong to E and the pairs (x, ℓ) and (j, x) do not. Thus, j <_P x <_P ℓ and by Observation 4.3.1 (1) we have b_{jℓ} = 0. Similarly, if α(ℓ, k, j) > α(ℓ, k, i), then P contains an element y such that the pairs (y, k) and (i, y) do not belong to E. Thus, we have i <_P y <_P k and b_{ik} = 0.

4.4 A characterization of (3 + 1)-free posets

To characterize (3 + 1)-free posets in a manner analogous to Theorem 4.2.1, we will use squared antiadjacency matrices.

Example 4.4.1. Corresponding to any natural labelling of the (3 + 1)-free poset P in Figure 4-3 is the squared antiadjacency matrix

B = 2 2 0 0 0 2 2 0 0 0 4 4 2 2 0 4 4 2 2 0 5 5 3 3 1 .

Theorem 4.4.1. Let P be a poset on n elements. P is (3 + 1)-free if and only if it may be naturally labelled so that the squared antiadjacency matrix B satisfies the following two conditions for all integers 1 ≤ i ≤ j ≤ n and 1 ≤ k ≤ ℓ ≤ n. 1. b_{jk} ≥ b_{iℓ}. 2. If b_{ik} − b_{iℓ} ≠ b_{jk} − b_{jℓ}, then b_{iℓ} = 0 and b_{ik} < b_{jk} − b_{jℓ}.

Condition (1) of the theorem says that entries of the squared antiadjacency matrix increase to the left in rows and downward in columns. Following the proof of Theorem 4.2.1, we will prove that a (3 + 1)-free poset P may be labelled to satisfy this condition by choosing an arbitrary labelling of P and by performing simultaneous row and column permutation on the corresponding squared antiadjacency matrix B.

Proposition 4.4.2. Any (3 + 1)-free poset may be naturally labelled so that the entries of its squared antiadjacency matrix weakly increase to the left in rows and downward in columns.

Proof. Let P be a (3 + 1)-free poset and assume that for each labelling of P , the corresponding antiadjacency matrix fails to satisfy condition (2) of Observation 4.2.2. (Trivially, condition (2) fails to hold for each non-natural labelling of P .) We consider two cases for a fixed labelling of P and the corresponding squared antiadjacency matrix B.

Case 1: Two columns of B are incomparable as vectors. That is, B_{∗i} ≱ B_{∗j} and B_{∗i} ≰ B_{∗j}, for some indices i ≠ j. Then for some indices k ≠ ℓ we have b_{ik} > b_{iℓ} and b_{jk} < b_{jℓ}, implying that b_{ik} − b_{iℓ} > b_{jk} − b_{jℓ}. Applying Lemma 4.3.2 to this inequality, we have b_{jℓ} = 0 or b_{ik} = 0, both contradictions. The argument for incomparable rows is identical.

Case 2: All columns of B are pairwise comparable as vectors, as are all rows, but for some indices i ≠ j, we have an incorrect pair of comparisons of the form

B_{i∗} � B_{j∗} and B_{∗i} � B_{∗j}.

That is, there are elements k and ℓ in P , not necessarily distinct, satisfying b_{iℓ} > b_{jℓ} and b_{ki} > b_{kj}. By Observation 4.3.1 (3), P contains an element x <_P j, such that k ≮_P x ≮_P i.

By Observation 4.3.1 (2), P contains an element y >_P j, such that i ≮_P y ≮_P ℓ. Thus, x <_P j <_P y is a chain, and each of these three elements is incomparable to i. This contradicts our assumption that P is (3 + 1)-free.

It happens that any labelling of a (3 + 1)-free poset which satisfies the first condition of Theorem 4.4.1 also satisfies the second condition.

Proposition 4.4.3. Let P be a (3 + 1)-free poset, naturally labelled so that its squared antiadjacency matrix B weakly increases to the left in rows and downward in columns.

Let i, j, k, and ℓ be numbers satisfying 1 ≤ i < j ≤ n and 1 ≤ k < ℓ ≤ n. Then the 2 × 2 submatrix [ b_{ik} b_{iℓ} b_{jk} b_{jℓ} ]

satisfies one of the following two conditions: 1. b_{ik} − b_{iℓ} = b_{jk} − b_{jℓ}. 2. b_{iℓ} = 0 and b_{ik} < b_{jk} − b_{jℓ}.

Proof. Suppose that condition (1) is not satisfied.

Case 1: (b_{ik} − b_{iℓ} > b_{jk} − b_{jℓ}.) We apply Lemma 4.3.2 to this inequality. If b_{jℓ} = 0, then b_{iℓ} = 0 and b_{ik} > b_{jk}, contradicting our assumptions about weakly increasing entries of B. If instead b_{ik} = 0, then b_{iℓ} = 0 and b_{jℓ} > b_{jk}, another contradiction. Case 2: (b_{ik} − b_{iℓ} < b_{jk} − b_{jℓ}.) Again we apply Lemma 4.3.2. If b_{jk} = 0, then all four numbers are zero, a contradiction. We conclude that b_{iℓ} = 0 and that condition (2) is satisfied.

Finally, we show that the only posets satisfying the conditions of Theorem 4.4.1 are those which are (3 + 1)-free.

Proposition 4.4.4. Let P be a labelled poset containing 3 + 1 as an induced subposet, and let B be its squared antiadjacency matrix. Then there are two distinct elements i and k such that b_{ik} ≠ 0 and b_{ii} − b_{ik} ≠ b_{ki} − b_{kk}.

Proof. Let 1, 2, 3, and 4 be four elements of P such that 1 <_P 2 <_P 3 is a chain, and 4 is incomparable to 1, 2, and 3. Let G = (P, E) be the graph defined in Section 4.3.

Clearly, b_{13} ≠ 0, since (1, 4) and (4, 3) are edges in G. We claim that

b_{11} − b_{13} ≠ b_{31} − b_{33}.

Define the sets X = {x ∈ P | (1, x) ∈ E, (x, 1) ∈ E, (x, 3) ∉ E}, Y = {x ∈ P | (x, 1) ∈ E, (x, 3) ∉ E}, and note that

|X| = b_{11} − b_{13}, |Y | = b_{31} − b_{33}.

Certainly X is a subset of Y . Moreover it is a proper subset, since the element 2 belongs to Y and not to X. Thus we have b_{11} − b_{13} < b_{31} − b_{33}.

As we have considered Theorem 4.2.1 in terms of totally positive matrices, we now consider Theorem 4.4.1 in terms of totally positive matrices. The infinite matrix D,

D =

1 0 0 0 · · · 2 1 0 0 · · · 3 2 1 0 · · · 4 3 2 1 · · · . . . . . . . . . . . .

,

is in some sense the square of the infinite matrix C from (4.5). It too is totally positive. It is easy to see that the matrices satisfying the conditions of Theorem 4.4.1 are generalized submatrices of D: each is determined by a finite multiset of columns and a finite multiset of rows. The matrix B in Example 4.4.1 is the generalized submatrix of D corresponding to rows (2, 2, 4, 4, 5) and columns (1, 1, 3, 3, 5). Since any generalized submatrix of a totally positive matrix is itself totally positive, we see that any (3 + 1)-free poset has a labelling for which the corresponding squared antiadjacency matrix B is totally positive. It follows that the squared antiadjacency matrix corresponding to any labelling of a (3 + 1)-free poset has only positive real eigenvalues, and that the antiadjacency matrix has only real eigenvalues.

Since Theorem 4.2.1 implies that the Catalan numbers count unit interval orders, it is natural to ask if the observation above will yield an analogous result for (3 + 1)- free posets. No such formula is currently known.

Question 4.4.2. Does Theorem 4.4.1 imply a simple formula for the number of (3 + 1)-free posets on n elements?

4.5 The altitude sequence

For each (3 + 1)-free poset P , it is simple to construct a labelling ϕ which satisfies the conditions of Theorem 4.4.1, or of Theorem 4.2.1 if P is a unit interval order. We do so using the principal order ideals and dual principal order ideals of the elements of P .

For any element x in a poset P , we will denote the corresponding principal order ideal and principal dual order ideal by Λ_x and V_x, respectively. Λ_x = {y ∈ P | y ≤_P x}, V_x = {y ∈ P | y ≥_P x}. It is easy to verify that if P is (3 + 1)-free, then its order ideals satisfy the following two properties.

1. If |Λ_x| > |Λ_y|, then |V_x| ≤ |V_y|.

2. If |V_x| > |V_y|, then |Λ_x| ≤ |Λ_y|.

For each element x of P , we will define its altitude to be the difference in cardinality between its principal order ideal and principal dual order ideal. α(x) = |Λ_x| − |V_x|. If the element x is labelled as ϕ(x) = i, we will write Λ_i, V_i, and α(i) in place of Λ_x, V_x, and α(x).

Example 4.5.1. Let P be the poset in Figure 4-3. Then we have α(j) = α(k) = −3, α(i) = α(x) = 1, α(ℓ) = 4.

We will say that a labelling ϕ of P respects altitude if it satisfies ϕ(x) < ϕ(y) whenever α(x) <_P α(y). A labelling which respects altitude is necessarily natural.

By the following proposition, the labellings of unit interval orders which satisfy Theorem 4.2.1 are precisely those which respect altitude.

Proposition 4.5.1. Let P be a unit interval order labelled by ϕ and let A be the corresponding antiadjacency matrix. The matrix A satisfies the conditions of Theorem 4.2.1 if and only if the labelling ϕ respects altitude.

Proof. Suppose that P has been labelled as in Theorem 4.2.1, and let x and y be two elements satisfying ϕ(x) < ϕ(y). Then we have A_{x∗} ≤ A_{y∗} and A_{∗x} ≥ A_{∗y}. Equivalently, we have |V_x| ≥ |V_y| and |Λ_x| ≤ |Λ_y|. (4.6) Combining these inequalities, we obtain α(x) ≤ α(y).

Now suppose that ϕ is a natural labelling of P such that the corresponding antiadjacency matrix A does not satisfy (4.1). Then for some labels i < j we have A_{i∗} � A_{j∗} or A_{∗i} � A_{∗j}.

Equivalently, we have |V_i| < |V_j| or |Λ_i| > |Λ_j|. If |V_i| < |V_j|, then we must have |Λ_i| ≥ |Λ_j|. Therefore, α(i) − α(j) = |Λ_i| − |V_i| − |Λ_j| + |V_j| > 0, and ϕ does not respect altitude. Similarly if |Λ_i| > |Λ_j|, then we must have |V_i| ≤ |V_j|. Again, ϕ does not respect altitude.

A result analogous to Proposition 4.5.1 holds for (3 + 1)-free posets.

Proposition 4.5.2. Let P be (3 + 1)-free poset labelled by ϕ, and let B be the corresponding squared antiadjacency matrix. The matrix B satisfies the conditions of Theorem 4.4.1 if and only if the labelling ϕ respects altitude.

Proof. Suppose that P has been labelled as in Theorem 4.4.1, and let x and y be two elements satisfying ϕ(x) < ϕ(y). Then we have B_{x∗} ≤ B_{y∗} and B_{∗x} ≥ B_{∗y}. In particular, if w is any minimal element of P and z is any maximal element, then we have b_{xw} ≤ b_{yw} and b_{zx} ≥ b_{zy}. This implies that |V_x| ≥ |V_y| and |Λ_x| ≤ |Λ_y|. (4.7) Combining these inequalities, we obtain α(x) ≤ α(y).

Now suppose that ϕ is a natural labelling of P such that the corresponding squared antiadjacency matrix B does not satisfy the conditions of Theorem 4.4.1. Then for some labels i < j we have B_{i∗} � B_{j∗} or B_{∗i} � B_{∗j}. If B_{∗i} � B_{∗j}, then for some element z of P , we have b_{zi} < b_{zj}. By Theorem 4.4.1 (2), we may assume that z is maximal in P . Thus, we have |Λ_i| > |Λ_j|. It follows that |V_i| ≤ |V_j|. Therefore, α(i) − α(j) = |Λ_i| − |V_i| − |Λ_j| + |V_j| > 0, and ϕ does not respect altitude. Similarly, if B_{i∗} � B_{j∗}, then we have |V_i| < |V_j| and |Λ_i| ≥ |Λ_j|. Again, ϕ does not respect altitude.

Thus, to demonstrate that a poset is a unit interval order (is (3 + 1)-free), it suffices to examine the (squared) antiadjacency matrix corresponding to any altitude respecting labelling of P .

Let us define the altitude sequence of any poset P to be the sequence of n altitudes, written in weakly increasing order. Is not difficult to show that a unit interval order is uniquely identified by its altitude sequence, although this fact does not hold for posets in general. Furthermore, we conjecture the analogous stronger result for (3 + 1)-free posets.

Conjecture 4.5.3. Two (3 + 1)-free posets P and Q have the same altitude sequence if and only if they are isomorphic.

If this conjecture is true, one might use altitude sequences to count (3 + 1)-free posets.

Question 4.5.2. Is there a simple characterization of the altitude sequences arising from (3 + 1)-free posets on n elements, or a simple formula counting such sequences?

Another conjecture relates the altitude sequences of unit interval orders to pairs of permutations. The following statement of the conjecture, due to Postnikov [40], differs somewhat from its original form due to Kostant [38].

Conjecture 4.5.4. Let P be a unit interval order on n elements. Then there are two permutations π, σ in S_n such that the vector (π_1 − σ_1, . . . , π_n − σ_n) is the altitude sequence of P .

This conjecture is trivially true for the class of posets of dimension 2 (see [55]), and thus holds for all series-parallel posets and many unit interval orders. The analogous statement involving (3 + 1)-free posets is not true.

4.6 (3 + 1)-free posets and distributive lattices

While (3 + 1)-free posets and distributive lattices have little in common by definition, the following corollary of Theorem 4.4.1 suggests that there may be a connection between the two classes.

By a result of Stanley [47], we may use the antiadjacency matrix of a poset to determine whether or not the chain polynomial has only real zeros. Let P be an arbitrarily labelled poset with antiadjacency matrix A. Then we have

f_P (x) = det(I + xA). (4.8)

From this formula we see that f_P (x) has only real zeros if and only if A has only real eigenvalues. Applying the discussion following Proposition 4.4.4 to Theorem 4.4.1, we obtain the following corollary. (This result was originally proved in [49, Cor. 2.9], using facts about symmetric functions [31], [49, Thm. 2.8].)

Corollary 4.6.1. Let P be a (3 + 1)-free poset. Then the chain polynomial f_P (x) has only real zeros.

Recall that Stanley and Neggers have conjectured (Conjecture 1.3.1) the similar statement that the chain polynomial of any distributive lattice has only real zeros. Unfortunately, it is not in general possible to label a distributive lattice so that some power of its antiadjacency matrix is totally positive. However, if this were the case for some subclass of distributive lattices, we would have a combinatorial proof that the zeros of the corresponding chain polynomials were roots of unity.

Question 4.6.1. Let A be the antiadjacency matrix of a labelled distributive lattice J(P ). Under what conditions is there a power k > 0 for which A^k is totally positive?

Noting that two posets which are not isomorphic can have the same f-vector, we arrive at another possiblility of applying Corollary 4.6.1 to Conjecture 1.3.1.

Question 4.6.2. For which distributive lattices J(P ) is there a (3 + 1)-free poset Q such that f_{J(P )} = f_Q or h_{J(P )} = f_Q?

There is some evidence in favor of an affirmative answer to the second equality in Question 4.6.2, and therefore in favor of Conjecture 2.7.1. Namely, for all posets P having seven or fewer elements, there is at least one poset Q satisfying

f_Q = h_{J(P )}. (4.9)

This remains true if we require Q to be a (3 + 1)-poset, or even a unit interval order. In fact, for a given distributive lattice J(P ) with h-vector h_{J(P )} = (h_0, h_1, . . . , h_n), the number of h_1-element unit interval orders Q satisfying (4.9) is often quite large. In the following table we partition the set {J(P ) | #P ≤ 7} into blocks, according to the value of h_1 in each h-vector h_{J(P )}. Column two of the table gives the number of unit interval orders Q which satisfy (4.9), averaged over the distinct h-vectors in each block.

average number of h_1 unit interval orders Q satisfying f_Q = h_{J(P )} 1 1 2 1 3 1.33 4 2 5 2.9 6 3.53 7 6 8 8 9 13.43 10 18.51 11 25.97 12 40.36 13 58.53 14 98.53 15 111.97 16 237.72 17 263.30 18 507.75 19 493.10 20 1088.03

Note that the average number of unit interval orders Q which satisfy (4.9) is a lower bound for the average number of (3 + 1)-posets which satisfy (4.9), and a very weak lower bound for the average number of abritrary posets which satisfy (4.9). Interestingly, there is no equally strong evidence supporting the first equality in Question 4.6.2. Many distributive lattices J(P ) exist for which f_{J(P )} is not the f-vector of a unit interval order, although f_{J(P )}(x) does have only real zeros.

This raises some questions about the generality of chain polynomials among polynomials which have only real zeros. Let F be the class of polynomials f(x) in P[x] which have only real zeros and which satisfy f(0) = 1,

F = {f(x) = 1 + a_0x + · · · + a_{n−1}x^n ∈ P[x] | all zeros of f(x) are real }.

Let F_1 be the subset of F for which (1, a_0, . . . , a_{n−1}) is the f-vector of some poset. Let F_2 be the subset of F_1 for which (1, a_0, . . . , a_{n−1}) is the f-vector of some (3 + 1)-free poset.

Question 4.6.3. Which, if any, of the inclusions F_2 ⊂ F_1 ⊂ F are strict?

Note that if we had the equality F_2 = F_1, then this would imply a partial converse to Corollary 4.6.1. If on the other hand we had the equality F_1 = F, then Conjecture 1.3.1 would imply Conjecture 2.7.1.

Bibliography

[1] M. Aissen, I. J. Schoenberg, and A. Whitney. On generating functions of totally positive sequences. J. Anal. Math. 2, 93–103 (1952).

[2] T. Ando. Totally positive matrices. Linear Algebra Its Appl. 90, 165–219 (1987).

[3] M. M. Bayer and L. J. Billera. Counting faces and chains in polytopes and posets. Contemp. Math. 34, 207–252 (1984).

[4] L. J. Billera and A. Björner. Face numbers of polytopes and complexes. In J. E. Goodman and J. O’Rourke, eds., Handbook of Discrete and Computational Geometry, pp. 291–310. CRC Press, Boca Raton/New York (1997).

[5] L. J. Billera and G. Hetyei. Linear inequalities for flags in graded partially ordered sets (1998). to appear.

[6] A. Björner, P. Frankl, and R. Stanley. The number of faces of balanced Cohen- Macaulay complexes and a generalized Macaulay theorem. Combinatorica 7, 23–34 (1987).

[7] A. Björner and M. Wachs. Permutation Statistics and Linear Extensions of Posets. J. Combin. Theory Ser. A 58(1), 85–114 (1991).

[8] F. Brenti. Unimodal, Log-Concave, and Pólya Frequency Sequences in Combinatorics. No. 413 in Mem. Amer. Math. Soc. American Mathematical Society, Providence, RI (1989).

[9] F. Brenti. Combinatorics and total positivity. J. Combin. Theory Ser. A 71(2), 175–218 (1995).

[10] L. Carlitz. q-Bernoulli and Eulerian numbers. Trans. of the AMS 76, 332–350 (1954).

[11] L. Carlitz. A combinatorial property of q-Eulerian numbers. American Math.

Monthly 82, 51–54 (1975).

[12] M. Chari. Matroid inequalities. Disc. Math. 147, 283–286 (1995).

[13] T. Chow. Descents, quasi-symmetric functions, Robinson-Schensted for posets, and the chromatic symmetric function. J. Alg. Combin. 10, 227–240 (1999).

[14] R. J. Clarke, E. Steingrímsson, and J. Zeng. New Euler-Mahonian statistics on permutations and words. Adv. Appl. Math. 18, 237–270 (1997).

[15] C. W. Cryer. Some properties of totally positive matrices. Lin. Alg. Its Appl.

15, 1–25 (1976).

[16] R. A. Dean and G. Keller. Natural partial orders. Canad. J. Math 20, 535–554 (1968).

[17] M. Denert. The genus zeta function of hereditary orders in central simple algebras over global fields. Math. Comp. 54, 449–465 (1990).

[18] D. Dumont. Interprétations combinatoires des nombres de Genocchi. Duke Math.

J. 41, 305–318 (1974).

[19] A. Duval. A combinatorial decomposition of simplicial complexes. Israel J. Math.

87, 77–87 (1994).

[20] P. Edelman and V. Reiner. H-shellings and h-complexes. Adv. Math. 106, 36–64 (1994).

[21] R. Ehrenborg and E. Steingrímsson. The excedance set of a permutation. preprint (2000).

[22] P. C. Fishburn. Intransitive indifference with unequal indifference intervals. J.

Math. Psych. 7, 144–149 (1970).

[23] P. C. Fishburn. Interval Graphs and Interval Orders. Wiley, New York (1985). [24] D. Foata. Distributions Eulériennes et Mahoniennes sur le groupe des permutations. In M. Aigner, ed., Higher Combinatorics, vol. 19, pp. 27–49. D. Reidel Publishing Combany, Dordrecht-Holland (1977).

[25] D. Foata (1999). Personal communication.

[26] D. Foata and D. Zeilberger. Denert’s permutation statistic is indeed Euler- Mahonian. Studies in Appl. Math. 83, 31–59 (1990).

[27] S. Fomin and C. Greene. Noncommutative Schur functions and their applications.

Disc. Math. pp. 179–200 (1998).

[28] S. Fomin and A. Zelevinsky. Double bruhat cells and total positivity. J. Amer.

Math. Soc. 12, 335–380 (1999).

[29] S. Fomin and A. Zelevinsky. Total positivity: Tests and parametrizations. Math.

Intelligencer (To appear).

[30] A. M. Garsia and I. Gessel. Permutation statistics and partitions. Adv. Math.

31(3), 288–305 (1979).

[31] V. Gasharov. Incomparability graphs of (3 + 1)-free posets are s-positive. Disc.

Math. 157, 211–215 (1996).

[32] V. Gasharov. On the Neggers-Stanley conjecture and the Eulerian polynomials.

J. Combin. Theory Ser. A 82(2), 134–146 (1998).

[33] I. Gessel. Generating functions and enumeration of sequences. Ph.D. thesis, MIT, Cambridge, MA (1977).

[34] I. Gessel (1999). Personal communication.

[35] G. N. Han. Une transformation fondamentale sur les réarrangements de mots.

Adv. Math. 105, 26–41 (1994).

[36] T. Hibi. Linear and nonlinear inequalities concerning a certain combinatorial sequence which arises from counting the number of chains of a finite distributive lattice. Disc. Appl. Math. 34, 145–150 (1991).

[37] D. M. Jackson and I. P. Goulden. A formal calculus for the enumerative system of sequences-i. combinatorial theorems. Studies in Applied Mathematics 61, 141– 178 (1979).

[38] B. Kostant (2000). Personal communication.

[39] J. Neggers. Representations of finite partially ordered sets. J. Combin. Inform.

System Sci. 3, 113–133 (1978).

[40] A. Postnikov (2000). Personal communication.

[41] D. Rawlings. The r-major index. J. Combin. Theory Ser. A 31, 175–183 (1981). [42] R. Simion. A multiindexed Sturm sequence of polynomials and unimodality of certain combinatorial sequences. J. Combin. Theory Ser. A 36, 15–22 (1984).

[43] R. Stanley. Balanced Cohen-Macaulay complexes. Trans. of the AMS 241(1), 139–157 (1979).

[44] R. Stanley. Enumerative Combinatorics, vol. 1. Wadsworth & Brooks/Cole, Belmont, CA (1986).

[45] R. Stanley. Log-concave and unimodal sequences in algebra, combinatorics, and geometry. In Graph Theory and its Applications: East and West, vol. 576, pp. 500–535. Annals of the New York Academy of Sciences (December 29, 1989).

[46] R. Stanley. A symmetric function generalization of the chromatic polynomial of a graph. Adv. Math. 111, 166–194 (1995).

[47] R. Stanley. A matrix for counting paths in acyclic digraphs. J. Combin. Theory Ser. A 74, 169–172 (1996).

[48] R. Stanley. Combinatorics and Commutative Algebra. Birkhäuser, Boston, MA (1996).

[49] R. Stanley. Graph colorings And Related Symmetric functions: Ideas and Applications. Discrete Math. 193, 267–286 (1998).

[50] R. Stanley. Positivity problems and conjectures. In Mathematics: Frontiers and Perspectives. International Mathematics Union (to appear).

[51] R. Stanley and J. R. Stembridge. On immanants of Jacobi-Trudi matrices and permutations with restricted positions. J. Combin. Theory Ser. A 62, 261–279 (1993).

[52] J. Stembridge. Immanants of totally positive matrices are nonnegative. Bull.

London Math. Soc. 23, 422–428 (1991).

[53] J. Stembridge (1999). Personal communication.

[54] T. S. Sundquist, D. G. Wagner, and J.West. A Robinson-Schensted algorithm for a class of partial orders. J. Combin. Theory Ser. A 79, 36–52 (1997).

[55] W. T. Trotter. Combinatorics and Partially Ordered Sets: Dimension Theory.

Johns Hopkins University Press (1992).

[56] D. Wagner. Enumeration of functions from posets to chains. European J. Combin.

13, 313–324 (1992).

[57] R. L. Wine and J. E. Freund. On the enumeration of decision patterns involving n means. Ann. Math. Stat. 28, 256–259 (1957).

Index

adjacency matrix, 67 advantage, 68 α(S), 15 altitude, 73

respecting labelling, 73 sequence, 75 antiadjacency matrix, 64

of a distributive lattice, 76 relation to chain polynomial, 75 squared, 67 antichain, 15

balanced complex, 20, 22 β(S), 15 biletter, 27 biword, 27 Boolean algebra, 26 Brenti, 18 bubble sort, 55

C(w), 34 Carlitz, 43, 44, 48 Catalan numbers, 64 chain, 12, 16, 63 chain map, 38 chain polynomial, 12, 23

of a distributive lattice, 18 of a (3 + 1)-free poset, 64 real zeros of, 13, 23 chromatic polynomial, 64 Clarke, 44 code, 25, 47 Cohen-Macaulay complex, 20, 22, 42

D, see descent set den, 45–46 Denert, 45 Denert table, 45, 47

Denert’s statistic, 45–46 dentab, see Denert table des, 14, 23, 24 descent set, 14, 20, 23, 26, 44, 49, 54 descents, 14, 24, 45, 47 disjoint sum of chains, 33 distribution of a permutation statistic, 24 distributive lattice, 15, 20

order complex of, 20 Distributive Lattice Conjecture, 17, 18 dmc, 25, 52 dmd, 47 dmi, 47 Dumont, 25, 26 Dumont’s statistic, 24–42, 47, 52 application, 33 definition, 25 definition for words, 28

E, see excedence set E-polynomial, 19 e-positivity, 64 eigenvalues, 67 E_n, 46 equidistribution, 43

of maj and inv, 43, 49 of stm-set and descent set, 56 etab, 29 Eulerian numbers, 24 Eulerian polynomial, 25 Eulerian statistic, 23, 44, 47

definition, 25 examples, see des, dmc, dmd, dmi, exc, ides, stc, stm, z Eulerian word statistic, 28 Eulerian-Mahonian statistic pairs, 26 exc, 24, 45 excedance, 24, 45

in a word, 27 value, 27 excedance set, 26, 46 excedance table, 28

f-vector, 11, 12

of a distributive lattice, 16, 18, 23, 76 of a poset, 12, 14, 22, 23 of a simplicial complex, 19 Ferrers poset, 18 Ferrers shape, 64 Fishburn, 63 flag complex, 22, 42 flag f-vector, 15, 19, 23 flag h-vector, 15, 19, 23 Foata, 43–46 forest, 41

Garsia, 43 Gasharov, 18 Gaussian poset, 18 generalized submatrix, 67, 72 Gessel, 43 graded poset, 42

h-polynomial, 13

real zeros of, 13 h-vector, 12

combinatorial interpretation of, 15 of a distributive lattice, 16, 22, 23, 76 of a poset, 12, 14, 23 of a simplicial complex, 19 Han, 45 Hecke monoid, 58

ides, 43 imaj, 43 incomparability graph, 64 increasing rearrangement, 21 induced subposet, 63 infinite Toeplitz matrix, 67 interval order, 63 inv, 23, 43, 46 inversion set, 62 inversion table, 47 inversions, 25, 43

J(P ), 15 join operation, 38 joint distribution, 43

of (des, ides, maj, imaj), 43 of (des, inv), 43 of (des, maj), 43–45, 54 of (des, maj, inv), 43 of (des, maj, inv, stc), 62 of (dmc, des), 61 of (dmc, maj), 43 of (dmc, x, maj, des), 61, 62 of (exc, den), 45 of (exc, den, y, z), 61 of (exc, z), 61 of (inv, maj), 43 of (stc, inv), 54 symmetric, 43, 62 Jordan-Hölder set, 14, 23, 26, 43

Katona, 11 Kostant, 75 Kruskal, 11

L(P ), 14, 20 labelled poset, 14 labelling, 64

altitude respecting, 73 LC, see letter set letter set, 26 linear extensions, 14, 15, 20, 43 by descent, 12, 14, 43 L_k(P ), 14, 17, 20 log-concavity, 11, 18

MacMahon, 44 Mahonian statistic, 23, 44, 45 examples, see den, imaj, inv, maj, r-maj, x, y maj, 23, 44, 47 major index, 25, 43, 45, 47 major index table, 47–57

corresponding to σ, 50 majtable, 47 missing face, 22 modular lattice, 18 Motzkin paths, 42

natural labelling, 14, 17, 18, 64 Neggers, 11, 17–19, 23, 76 nondecreasing rearrangement, 27

order complex, 19, 23, 33

of a distributive lattice, 20 order ideal, 15, 72

dual, 72 principal, 72

permutation statistic, 23, 24, 43 classes, see Eulerian statistic, Mahonian statistic distribution of, 24 Poset Conjecture, 18 Postnikov, 75 product of chains, 33

q-analog of n-factorial, 44 q-Eulerian polynomial, 44

R(w), 27 rank, 16, 18 rearrangement, 27 rearrangement class, 27

of a biword, 28 set of codes of, 34 r-maj, 62

s-positivity, 64 Schützenberger, 11 sequence of restricted permutations, 47 corresponding to σ, 50 series-parallel poset, 18, 41, 75 σ-major index table, 50 σ-stm-set (σ-ST M), 56 simplex map, 20 squared antiadjacency matrix, 67–72 combinatorial interpretation of, 67 st, 52 st-set (ST ), 55 stair word, 46 stairs beneath the code, 52 Stanley, 11, 17–19, 23, 64, 75, 76 stc, 26, 46, 52, 53

histrogram interpretation of, 52 stc-set (ST C), 26, 55, 56

algebraic description of, 57 algorithmic description of, 55 Steingrímsson, 44 Stembridge, 18 stm_σ, 53 strictly decreasing word, 46 sub-stair words, 46 symmetric distribution

of (des, dmc), 62 of (des, stc), 62 of (maj, inv), 43, 62 of (maj, x), 62 symmetric functions, 76

(3 + 1)-free poset, 63

characterization of, 63, 70 Toeplitz matrix, 72 totally positive matrix, 67, 72 tree representation, 42 (2 + 2)-free poset, 63

unimodality, 11, 18 unit interval order, 63

antiadjacency matrix of, 64 characterization of, 64

vector inequalities, 65 vertex map, 20, 37

W -polynomial, 19 word statistic, 27

Eulerian, 28 words, 27

x (Mahonian statistic), 58

y (Mahonian statistic), 61

z (Eulerian statistic), 61 Zeilberger, 44–46