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Symmetric Means

Theorem: (Maclaurin) For all a = (a1, . . . , an) ∈ Rn
≥0,

a1 + · · · + an

n
≥

√

a1a2 + · · · + an−1an
(n

2

) ≥ · · · ≥ n
√

a1 · · · an.

Notation

x = (x1, . . . , xn) = vector of n variables,

g(x) = homogeneous degree d symmetric function,

G(x) = G(x) =
g(x)

g(1, . . . , 1)
= term normalization of g(x),

G(x) = d
√

G(x) = symmetric mean corresponding to g(x).



Classical Inequalities

Write F(x) ≤ G(x) if F(a) ≤ G(a) for all a ∈ Rn
≥0.

Write F ≤ G if F(x) ≤ G(x) for all n ≥ 1.

AM-GM inequality: En(x) ≤ E1(x).

Maclaurin’s inequalities: E1 ≥ E2 ≥ E3 ≥ · · · .

Newton’s inequalities: For k ∈ N, Ek,k ≥ Ek+1,k−1.

(Usually written Ek,k ≥ Ek+1,k−1).



More Classical Inequalities

Muirhead: For |λ| = |µ|, Mλ ≤ Mµ iff λ � µ.

Schlömilch: For i, j ∈ R, Pi ≤ Pj iff i ≤ j.

Gantmacher: For k ∈ N, Pk,k ≤ Pk+1,k−1.

Popoviciu: For i, j ∈ N, Hi ≤ Hj iff i ≤ j.

Schur: For k ∈ N, Hk,k ≤ Hk+1,k−1.



Generalization of Newton, Maclaurin Inequalities

For λ = (λ1, . . . , λℓ) ⊢ r,

Eλ(x) = r

√

eλ(x)
( n
λ1

)

· · ·
( n
λℓ

).

Theorem: (C-G-S ’06) Eλ ≤ Eµ iff λ⊤
|λ| �

µ⊤
|µ|.

When |λ| = |µ|, this becomes Eλ ≤ Eµ iff λ � µ.

Thus the poset of elementary means is a union of majoriza-
tion orders of integer partitions.



Example

E221 is incomparable to E3111:

221⊤= 32, 3111⊤= 411.

221⊤

5
=

(

3

5
,
2

5

)

,
3111⊤

6
=

(

4

6
,
1

6
,
1

6

)

.

Partial sums are
3

5
<

4

6
3

5
+

2

5
= 1 >

4

6
+

1

6
=

5

6
.



Poset of Elementary Means
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Generalization of Gantmacher, Schlömilch Inequalities

For λ = (λ1, . . . , λℓ) ⊢ r,

Pλ(x) =
r

√

pλ(x)

nℓ
.

Theorem: (C-G-S ’06) Pλ ≤ Pµ iff λ⊤
|λ| �

µ⊤
|µ|.

Thus the poset of power sum means is dual to the poset of
elementary means,

Pλ ≤ Pµ iff Eλ ≥ Eµ.



Generalization of Muirhead Inequalities

For λ = (λ1, . . . , λℓ) = 1α12α2 · · · rαr ⊢ r,

Mλ(x) = r

√

mλ(x)
( n
α1,...,αr,n−ℓ

).

Theorem: (C-G-S ’07) For |λ| ≤ |µ|,
Mλ ≤ Mµ ⇐⇒ λ

|λ| �
µ

|µ| ⇐⇒ Eλ⊤≥ Eµ⊤.

Conjecture: For |λ| ≥ |µ|,

Mλ ≤ Mµ ⇐⇒ λ⊤

|λ| �
µ⊤

|µ| ⇐⇒ Pλ ≤ Pµ.



Double Majorization

λE µ iff λ
|λ| �

µ
|µ| and λ⊤

|λ| �
µ⊤
|µ|.



Example

31 is incomparable to 32 in double majorization:

31

4
=

(

3

4
,
1

4

)

� 32

5
=

(

3

5
,
2

5

)

, since

3

4
>

3

5
, and

3

4
+

1

4
= 1 =

3

5
+

2

5
.

31⊤

4
=

(

2

4
,
1

4
,
1

4

)

�
32⊤

5
=

(

2

5
,
2

5
,
1

5

)

, since

2

4
>

2

5
, but

2

4
+

1

4
=

3

4
<

2

5
+

2

5
=

4

5
.



Work in Progress

Theorem: (C-G-S ’06) We have

Eλ⊤≤ Mλ ≤ Pλ, Sλ ≤ Mλ, Hλ ≤ Pλ,

Mλ,Hλ incomparable

Conjecture: We have Eλ⊤≤ Sλ ≤ Hλ.

Conjecture: For |λ| = |µ|, we have

Sλ ≤ Sµ iff λ ≤ µ.

Problem: Show that for |λ| = |µ|, we have

Hλ ≤ Hµ iff λ ≤ µ.


