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Symmetric Means

Theorem: (Maclaurin) For alla = (ay,...,ap) € RY,,

a1t tan \/a1a2+---+an1an

n (2)

Notation
x = (x1,...,xy) = vector of n variables,
g(x) = homogeneous degree d symmetric function,
G(x)=G(x) = (1g(X) 3 = term normalization of g(x),
g(l,...,

®(x) = V/G(x) = symmetric mean corresponding to g(x).



Classical Inequalities
Write §(x) < 6(x) if §(a) < &(a) for all a € RY,

Write § < & if §(x) < &(x) for all n > 1.

AM-GM inequality: €,(x) < Eq(x).
Maclaurin’s inequalities: &1 > €9 > &3 > .- -,

Newton’s inequalities: For k € N, & . > €1y 1_1.
(Usually written Ek,k > Ek—l—l,k—l)-



More Classical Inequalities
Muirhead: For |A| = |ul, My <, iff A <
Schlomilch: For 7,7 € R, P <P, it < g
Gantmacher: For k € N, Brrk < Prt1 k-1
Popoviciu: For 7,5 € N, 9 < H; it <.

Schur: For k € N, ﬁk,k < ﬁk—l—l,k—l-



Generalization of Newton, Maclaurin Inequalities

For A= (A1,...,  \p) Fr,

N
Theorem: (C-G-5'06) €, < ¢, iff % = ﬁ

When |A] = |p, this becomes €y < &, iff A = p.

Thus the poset of elementary means is a union of majoriza-
tion orders of integer partitions.



Example

€991 is incomparable to E3q17:

221" = 32, 3111 = 411.
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Poset of Elementary Means
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Generalization of Gantmacher, Schlomilch Inequalities

For A= (A1,..., \p) Fr,

Tax) = (/A%

nt

_|_

Theorem: (C-G-S’06) ‘B < By iff ]A] | |

Thus the poset of power sum means is dual to the poset of
elementary means,



Generalization of Muirhead Inequalities

For A = (Aq,..., Ap) = 191292 .. Q1 = .

My(x) =7 mAX) .
)\< ) \/(al,...,gr,nf)

Theorem: (C-G-S’07) For |A| < |y,

A
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Conjecture: For [\ > |ul,
)\—l_ ,UT
My <M, < — = — <= P, <P,
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Double Majorization
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Example

31 is incomparable to 32 in double majorization:

4 5

§>§ and §+l:1:§+3
4175 4 4 5 5
31" /211 2 221\ |
Z(EM)?—%(S@S
2>2 but %+1:§<2+2:£
175 44 45 5 5



Work in Progress

Theorem: (C-G-S ’06) We have

Er <M <Py, Gy,  H), <Py,
My, H) incomparable

Conjecture: We have €7 < 6y < 9.

Conjecture: For |\ = |u|, we have

Problem: Show that for |A\| = ||, we have
f’)\ S g),u iff A S 2z



