INEQUALITIES IN PRODUCTS OF MINORS OF TOTALLY
NONNEGATIVE MATRICES

MARK SKANDERA

ABSTRACT. Let A; ; be the minor of a matrix which corresponds to row set I and
column set I’. We give a characterization of the inequalities of the form
ArprAg kg <AjpAp

which hold for all totally nonnegative matrices. This generalizes a recent result of
Fallat, Gekhtman, and Johnson.

RESUME.  Soit A le mineur d’une maitrice qui correspond a lensemble I des
files et I’ensemble I’ des colonnes. Nous donons une caractérisation des inégalités
de la forme

ArprAg kg <AjpAp

qui sont vrais pour chacque maitrice totalement positive. Ce résultat généralise un
résultat récent de Fallat, Gekhtman, et Johnson.

1. INTRODUCTION

Let A be an n x n matrix and let I and I’ be subsets of [n] = {1,...,n}. We
define A;p, the (I,1") minor of A, to be the determinant of the submatrix of A
corresponding to rows I and columns I’. A matrix is called totally nonnegative if
each of its minors is nonnegative. While this definition may be applied to nonsquare
matrices, we will restrict our attention to square totally nonnegative matrices. It is
easy to see that the concatenation of a row or column of zeros to a totally nonnegative
matrix introduces no negative minors.

One setting in which totally nonnegative matrices arise is in the counting of paths
in directed graphs. Let us define a planar network of order n to be a planar acyclic
directed graph G = (V, E) in which 2n vertices are distinguished as n sources and
n sinks. We will assume that all sources and sinks are boundary vertices, labeled
cyclically (counterclockwise) as $1,...,8n,tn,-..,t;. We will use S and T to denote
the sources and sinks of a planar network, and S; and T to denote the subsets of

Supported by the NSF.



2 MARK SKANDERA

S 2
55 l,
83 L
Sy l

FIGURE 1.1. A planar network of order 4

sources and sinks corresponding to an index set I,
S]:{Si|i€[},
T ={t;|i € I'}.

In figures we will draw sources on the left of a planar network and sinks on the
right. The orientations of edges will be understood to be from left to right. (See
Figure 1.1.)

Let G = (V, E) be a planar network of order n and let each edge e of G be labeled
by a positive real weight w,. Define the weight of a path from s to t to be product of
weights of edges along this path, and define the weighted path matriz of G to be the
matrix A = [a;;], where a;; is the sum of weights of all paths from source s; to sink ¢;.
Such a weighted path matrix is always totally nonnegative. In particular, the minors
of such a matrix have an interpretation in terms of families m = (my, ..., m,) of paths
in G from sources to sinks. Defining the weight of a path family to be the product of
weights of its n paths, we have the following result.

Theorem 1.1. Let A be the weighted path matriz of a planar network G. The minor
Arp of Ais equal to the sum of weights of all nonintersecting path families which
connect the sources indexed by I to the sinks indexed by I'. In particular, A is totally
nonnegative.

The first proofs of this fact were given by Karlin and MacGregor [7], and by Lind-
strom [8]. Since then, Theorem 1.1 has been used to prove that matrices arising in
various situations are totally nonnegative. (See for example [5] and [6].)

By results of Whitney [12], Loewner [9], Cryer [2], and Brenti [1], the converse of
Theorem 1.1 is true as well. This result was first stated in [1].
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Theorem 1.2. Fvery n xn totally nonnegative matrix A is the weighted path matrix
of a planar network G of order n.

While the planar network GG in Theorem 1.2 is not uniquely determined, it is easy to
see that G may be chosen so that each source (sink) has indegree zero and outdegree
one (outdegree zero and indegree one). Furthermore, it may always be chosen to be
of a canonical form [1]. (See also [4].)

Some recent interest in totally nonnegative matrices involves polynomial functions
in n? variables {x;; 4,7 € [n]} which evaluate to nonnegative numbers whenever we
set z;; = a;; for a totally nonnegative matrix A = [a;;] of size at least n x n. Let
us call such polynomials totally nonnegative. In particular, Lusztig [10] has shown
that the elements of the dual canonical basis of the coordinate ring of GL,, are totally
nonnegative. In order to better understand this basis, which currently has no simple
description, one might hope to characterize all totally nonnegative polynomials, or at
least to study some subset of these polynomials.

One such subset, discovered recently by Fallat et. al. [3], may be described in terms
of principal minors. An example is the totally nonnegative polynomial
(1.1.1) ApsynsyAeaea — ApayaaApsyes)
In other words, the inequality

(1.1.2) Apapalpesiesy < ApsiasApa{zq

holds for all totally nonnegative matrices of size at least 4 x 4. This and sixteen
similar inequalities are shown as a poset P in Figure 1.2. Each element of the form
I-K in P represents the product A; Ak g, and the minimal element represents the
determinant Ag;2343. The relation <p is defined by I-K <p J-L whenever the
inequality

ArAxx <AjjALL

holds for all totally nonnegative matrices. Thus the relation 14-23 <p 13-24 represents
the inequality (1.1.2).

This poset raises the question of finding a more general class of inequalities in
products of minors of totally nonnegative matrices. Let us consider products of non-
principal minors of the form Ay A; 7, where I = [n] \ 1.

Question 1.1. What conditions on four subsets I, I’, J, J' of [n] imply the inequality
(113) AI,I'AT,F < AJJ'AIT

for all totally nonnegative matrices of size at least n x n?
By Theorem 1.2, we may interpret the products of minors which occur in the

inequality (1.1.3) in terms of families of paths in planar networks. The combinatorial
interpretation of the product Ay Az is quite simple.
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FIGURE 1.2. A partial order on partitions of {1,2,3,4} into at most
two blocks.

Observation 1.3. Let A be an n X n totally nonnegative matriz, and let G be any
planar network whose weighted path matriz is A.  Then the product A;pAzz of
minors of A is equal to the weighted sum of all path families m1 = (my,...,m,) in G
with the following properties.

1. Each path connects a source in Sy to a sink in T or a source in St to a sink in
T5.

2. The paths from Sy to Ty are pairwise vertex disjoint, as are the paths from St
to TF

We will refer to the combination of the two conditions in Observation 1.3 as a binary
crossing rule or more specifically as the (I,1") crossing rule. We will refer to source-
to-sink paths and to families of these simply as paths and path families.

Using Observation 1.3 we may reformulate Question 1.1.

Question 1.2. What conditions on four subsets I, I’, J, J' of [n] imply that for each
planar network G of order n, the weighted sum of path families in G which obey the
(I,1") crossing rule is less than or equal to the weighted sum of path families in G
which obey the (J, J') crossing rule?

In Section 2 we will examine a special case of Question 1.2 which will lead to a proof
of our main theorem in Section 3. This theorem, which generalizes recent results of
Fallat et. al. [3], characterizes all inequalities of the form

ArrArp < Applg g
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which hold for all totally nonnegative matrices. A corollary provides a combinatorial
interpretation of the corresponding totally nonnegative polynomials

AsrAg = ArrAgp.

In Section 4 we will show that our main result essentially characterizes even the more
general class of inequalities of the form

A A g < Ay pAp

which hold for all totally nonnegative matrices.

2. PATH FAMILIES WHICH COVER A PLANAR NETWORK

A path family 7 in a planar network G will not in general use all of the edges of
G. We will say that m covers G if it does use all of the edges. Since the weight of
a path family which covers G is equal to the product of all edge weights in G (with
multiplicities for multiply covered edges), we may calculate the weighted sum of path
families which cover G simply by counting path families which cover GG. This suggests
the following specialization of Question 1.2.

Question 2.1. What conditions on four subsets I, I’, J, J' of [n] imply that for each
planar network G of order n, the number of path families which cover G and obey the
(I,1") crossing rule is less than or equal to the number of path families which cover
G and obey the (J, J') crossing rule?

Questions 1.2 and 2.1 are more closely than one might imagine: in fact they have
the same answer. The easiest way to see this is to consider three related families of
graphs and maps between these.

Let Gi(n) be the family of planar networks of order n which may be expressed
as a union of n source-to-sink paths, no three of which share a vertex. These are
precisely the planar networks which can be covered by path families which obey a
binary crossing rule. Note that the vertices in such planar networks have indegree
and outdegree bounded by two.

Let Go(n) be the family of undirected graphs with at least n connected components
which are paths, and arbitrarily many connected components which are cycles. To
define our first map ¢ : Gi(n) — Ga(n), let G = (V, E) be a graph in G, and create
o(G) =G = (V', E') as follows.

1. For each vertex x € V' which has indegree and/or outdegree two, create vertices
2~ and 7 in V’. Otherwise create vertex z in V.

2. For each edge (x,y) in E, create the unique edge (z*,y7) or (z,y7) or (z7,y)
or (z,y) which can be defined in £
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FIGURE 2.1. A planar network G which is a union of 7 paths.
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FIGURE 2.2. The graph ¢(G).

Figure 2.1 shows a planar network G and Figure 2.2 shows the graph ¢(G). As we
have used S and T to refer to the sources and sinks in GG, we will again use S and T'
to refer to the corresponding vertices in ¢(G).

It is not hard to see that the components of ¢(G) are of three types: paths whose
two endvertices are sources or sinks (there are necessarily n of these), paths containing
no source or sink, and cycles. Examination of these components immediately gives
a formula for the number of path families which cover G and obey a binary crossing
rule.
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Proposition 2.1. Let G be a planar network in Gy(n), let k be the number of cyclic
components of ¢(G), and let I, I' be two subsets of [n]. Then the number of path
families which cover G and obey the (I,1') crossing rule is 2% if no path component
of (G) contains two vertices in Sy U Ty. It is zero otherwise.

Proof. Let G be a graph in G;(n). Counting the number of path families which cover
G and obey the (I, I’) crossing rule is equivalent to counting the edge colorings of G
which satisfy the following conditions.

1. Each edge incident upon a source in S; or a sink in 7 is colored blue; edges
incident upon the remaining sources and sinks are colored red.

2. Each edge in the graph must be colored red, blue, or red and blue.

3. For each vertex v which is not a source or a sink, the number of red (blue) paths
entering v must equal the number of red (blue) paths leaving v.

These rules ensure that |I| nonintersecting blue paths lead from Sy to Ty, n — |I|
nonintersecting red paths lead from S7 to 747, and the union of these n paths is equal
to the edge set of G.

Consider any component H of ¢(G) and let F' be the corresponding set of edges in
G. If H is a path containing no vertex in S UT', then each edge in F' is colored both
red and blue. If H is a cycle, then F' may be colored in two ways, each of which is
consistent with the above rules. Now suppose H is a path containing two vertices in
SUT. If exactly one of these two vertices belongs to S;UT}/, then there is exactly one
coloring of F' which is consistent with the above rules, otherwise there is none. [

Proposition 2.1 implies a surprising relationship between the numbers of path fam-
ilies which cover a planar network and obey one of two different crossing rules.

Corollary 2.2. Let G be a planar network of order n and let 1,1, J,J" be subsets of
[n]. If the number of path families which cover G and obey the (I,1") crossing rule is
not equal to the number of path families which cover G and obey the (J,J") crossing
rule, then one of these numbers is zero.

Thus, the comparison of weighted sums of path families which cover a planar net-
work G and obey two different crossing rules reduces to a problem of determining the
existence of such families. By Proposition 2.1, this in turn reduces to the problem
of deciding if n paths in the graph ¢(G) determine a perfect matching of S; U T
with S7UTp. We therefore introduce a third class of graphs which records only this
information.

Let G3(2n) be the family of graphs on 2n vertices labeled 1,...,2n, and n edges
which can be drawn so that if the vertices lie in increasing order on a horizontal
line, then the edges form n noncrossing arcs above them. It is well known that the
cardinality of G3(2n) is C,,, the nth Catalan number. (See [11, p. 222].) To define a
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FIGURE 2.4. The graph ¢(G), drawn with vertices on a horizontal line
and edges above this line.

second map ¢ : G1(n) — G5(2n), let G = (V, E) be a graph in Gy(n), let G' = (V', E’)
be ¢(G) and create ¥(G) = G" = (V" E") as follows.

1. For each source s; in V' create vertex 7 in V.

2. For each sink t; in V create vertex 2n +1 —4 in V”.

3. For each path component of G’ with end vertices in S U T, connect the corre-
sponding two vertices in V'’ with an arc.

Figures 2.3 and 2.4 show two embeddings of the graph 1(G), where G is the graph
in Figure 2.1.

The map v allows us to state a simple criterion for comparing path families which
cover a given graph in Gi(n) and obey two different crossing rules.
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FIGURE 2.5. A graph H in G3(14) and the creation of the graph p(H) in Go(7).

Observation 2.3. Let G be a graph in Gi(n), let 1,1',J,J" be subsets of [n], and
define the sets

I"=TUu{2n+1—ilieTl},

I"=[2n] \ 1",
J'"=Ju{2n+1—jlje J},
J'=12n] N J".

More path families which cover G obey the (1,1") crossing rule than the (J, J') crossing
rule if and only if Y(G) is a perfect matching of the numbers I" with 1" and it is not
a perfect matching of the numbers J" with J".

It is easy to show that the map 1 is surjective. One proof of this is given by the
following map p : G3(2n) — Gi(n), which identifies a canonical representative in the
preimage ¢~ (H) of each graph H in G3(2n).

1. Draw a vertical representation of H and label the vertices sq,...,8,,tn, ..., t1
as in Figure 5(a).

2. For each edge e of H whose endvertices have indices which differ by k, replace e
by a zig-zag path of k + 1 straight edges and k new vertices as in Figure 5(b).

3. Identify pairs of new vertices as in Figure 5(c) so that each vertex in the resulting
graph has degree one or four.

It is easy to see that the graph created in step 2 is ¢(p(H)), and that all pairs of
vertices which are identified in step 3 belong to two different components of ¢(p(H)).



10 MARK SKANDERA

This important property proves the equivalence of Question 2.1 to Questions 1.1 and
1.2.

Lemma 2.4. Let H be a graph in G3(2n), and let I,1" be subsets of [n]. If p(H)
contains any path family which obeys the (I,1") crossing rule, then this path family
covers p(H) and is unique.

Proof. Let m be a path family in p(H) which obeys the (I,1’) crossing rule but
does not cover p(H), and color the edges of p(H) red and/or blue as in the proof
of Proposition 2.1. Construct the graph ¢(p(H)), and color its edges as those of
p(H) are colored. All components of ¢(p(H)) are paths, some containing uncolored
edges. For each component containing at least one uncolored edge, consider the vertex
labels of the corresponding arc in H, and choose a component C' which minimizes
the difference between these two labels. By the choice of C' and the fact that no
component of ¢(p(H)) contains two vertices 2 and x~ for any vertex z of p(H), we
have that some edge of C' is uncolored, one of its neighboring edges is colored twice,
the next edge is uncolored, etc. This implies that a terminal edge of C is colored
twice or not at all, contradicting our assumption that the edge coloring determines a
path family in p(H) which obeys the (I, ") crossing rule. O

3. MAIN THEOREM

The maps ¢ and ¢ defined in Section 2 reduce the problem of comparing products
AppAgzp, Ay Az g oof minors in n X n totally nonnegative matrices to a problem
of examining perfect matchings in graphs on 2n vertices. We will now demonstrate
that this problem reduces to examining subintervals of [2n| and their intersections
with the two sets I”, J” defined in Observation 2.3. In particular, we will define an
interval [by, by] = {b1,b1 + 1,...,b2} to be even if its cardinality is even, and we will
show that the inequality

ArrBip S Agplg g

holds for all totally nonnegative matrices if and only if the sets I, J” satisfy the
inequality

(3.3.1) max{|BNI"[,|B\I"|} > max{|BNJ"|,|B~ J"|}
for all even subintervals B of [2n].

Let us first consider the circumstances under which the inequality (3.3.1) fails to
hold for some subinterval B of [2n].

Lemma 3.1. Let I"” and J" be two subsets of [2n] and let B = [by, ba] be a minimal
subinterval of [2n] which satisfies

(3.3.2) max{|BNI"|,|B~\I"|} < max{|BNJ"|,|B~ J"|}.
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Then the numbers by and by both belong to J", or both belong to J”, while exactly one
of these numbers belongs to I. Furthermore, the cardinalities |[by + 1,0y — 1] N 1",
[[b1 + 1,00 — 1] N I7|, |[by + 1,00 — 1] N J”|, and |[by + 1,02 — 1] . J”| are all equal to
5(IB| = 2). In particular, B is even.

Proof. Assume without loss of generality that we have
IBNJ"' < |BNI"I<|BNnI"|<|BNJ"|.

The cardinality |B N J”| must be exactly one greater than |B N I”|, for otherwise B
would not be a minimal interval satisfying the inequality (3.3.2). Similarly, b; and by
both belong to J”, while at most one of these belongs to I”.

If neither b; nor by belongs to I”, then let ¢ be the smallest number such that the
cardinalities of [by,c] N I” and [by, ¢] \ I" are equal. If in addition the cardinalities of
(b1, c]NJ" and [by, c] \ J" are equal, then the interval [c+ 1, by] satisfies an inequality
of the form (3.3.2). If not, then the interval [by, ¢| satisfies an inequality of this form.
Either possibility contradicts the minimality of B.

If only one of the numbers by, by belongs to I”, then by symmetry we may assume
it is by. Then [[by + 1,02 N J"] is equal to the maximum of |[b; + 1,be] N I”| and
[[b1 + 1, b2] \ I"|. Therefore the intervals [b; + 1,bs] and B satisfy

[[b1 + L) NI"|=|BNI"|—1<|BNI"|=|BNJ'|—1=|[by +1,b] N J"],
and we have
[[br + 1, 0] N I"| = |[b1 + 1,0 N J"| = |BNI"|.
This implies that the cardinalities of the sets [by +1,bo — 1]N 1", [by +1,bo — 1] 17,
[b1 + 1,00 — 1] N J”, and [by + 1,by — 1]\ J” are all equal to (| B| — 2). O

Armed with this technical lemma, we may now state and prove our main result.

Theorem 3.2. Let I,1',J,J" be subsets of [n] and define the subsets I",J" of [2n] by
I"=Tu{2n+1—iliel},
J'=Ju{2n+1—j|je J}.

Then the following statements are equivalent.

1. In each totally nonnegative matriz of size at least n X n, the minors Ay, A;z,
AJ’J/; and Aj,T satisfy
ALI’AT,T S AJ’J/A777.
2. In each planar network G of order n, the weighted sum of path families in G

which obey the (I1,1") crossing rule is less than or equal to that of the path families
in G which obey the (J,J") crossing rule.
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3. For each planar network G = (V, E) in which the edges are weighted by formal
variables wy, . . ., w,,, the difference between the weighted sum of path families in
G which obey the (J,J') crossing rule and that of path families in G which obey
the (I,1') crossing rule is a subtraction-free polynomial in wy, ..., Wy,.

4. For each planar network G of order n, the number of path families which cover
G and obey the (I,1') crossing rule is zero, or is equal to the number of path
families which cover G and obey the (J,J") crossing rule.

5. For each even subinterval B of [2n], the sets 1" and J" satisfy

(3.3.3) max{|BNI"|,|B~\ 1"} > max{|BNJ"|,|B~ J"|}.
6. For each subinterval B of [2n|, the sets I” and J" satisfy (3.3.3).

Proof. (1 < 2) Follows from Observation 1.3.
(3 = 2) Obvious.

(4 = 3) The difference between the weighted sums of path families in G which
obey the two binary crossing rules can be expressed as a sum of differences, over all
subnetworks of G which can be covered by path families which obey at least one of
the two rules. Assume as in (4) that the difference corresponding to each subnetwork
is a monomial in wy, ..., w,, with coefficient (a — a) or (a — 0) for some nonnegative
integer a. Clearly the sum of these is a subtraction-free polynomial in wq, ..., wp,.

(5 = 4) Let G be a planar network, and let k(1, "), k(J,J') be the numbers of path
families which cover G and obey the (I, I") crossing rule and the (.J, J') crossing rule,
respectively. If k(I,1') is greater than k(J,J'), then k(J,J') must be equal to zero
by Corollary 2.2. Thus 1(G) is a perfect matching of I” with I” and not a perfect
matching of J” with J”. Let B = [b, by] be a minimal subinterval of [2n] such that
(b1, by) is an edge in 1(G) and by, by both belong to J” or both belong to J”. By the
minimality of B we have

—by+1 by—5b+3
2 1+ <2 1+

b
max{|B N 1", |BN 1"} = 2— .

=max{|BNJ"[,|B~J"|},

which contradicts (5).
(6 = 5) Obvious.

(2 = 6) Suppose that (6) is false. Let B = [by, by] be a minimal subinterval of [2n]
which satisfies

max{|BNI"|,|B\ 1"} < max{|BNJ"|,|B~ J"|}.
Without loss of generality, assume that we have

BN J'| < |B~I"|<|BOI" < |Bn.J"|.
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By Lemma 3.1, the cardinality of B is even, and exactly half of the elements of the
subinterval [b; + 1,by — 1] belong to I”. Furthermore, both b; and by belong to J”
while only one of these belongs to I”.

Create a graph H in G3(2n) by drawing 2n distinct points labeled 1,...,2n on a
horizontal line, and by connecting them with n nonintersecting arcs above the line as
follows.

1. Connect by to bs.

2. Below the arc (b, bs) and above the horizontal line, draw arcs to create a non-
crossing perfect matching of [by + 1,bo — 1] N 1" with [by + 1,0y — 1] ",

3. Above the arc (b1, by) and above the horizontal line, draw arcs to create a non-
crossing perfect matching of ([2n] ~ B) N I” with ([2n] \ B) \ I".

Clearly H is a matching of I” with I”, but not a matching of J” with J”. Now consider
the graph G = p(H) in Gi(n). By Lemma 2.4, exactly one path family in G obeys the
(I, 1) crossing rule and none obeys the (J, J') crossing rule. This contradicts (2). O

As an immediate corollary of Theorem 3.2, we obtain a combinatorial interpretation
of the difference

(3.3.4) AgpAg 7 — ArrAs g,
when this difference is nonnegative for all totally nonnegative matrices.

Corollary 3.3. Let I,1I',J and J' be subsets of [n|, define the sets I" and J" as in
Theorem 3.2, and assume that the inequality

(3.3.5) max{|BNI"|,|B~\ 1"} > max{|BNJ"|,|B~ J"|}.

holds for all even subintervals B of [2n]. Then for any n x n totally nonnegative
matriz A, and any planar network G whose weighted path matriz is A, the difference
(3.3.4) is equal to the weighted sum of path families w in G which obey the (J,J')
crossing rule and which cannot be covered by any path family which obeys the (I,1’)
crossing rule.

As a second corollary of Theorem 3.2, we obtain the following specialization to
principal minors, first stated in [3, Thm 4.10].

Corollary 3.4. Let I and J be subsets of [n]. Then the following statements are
equivalent.

1. In each totally nonnegative matriz of size at least n X n, the principal minors
ALI? Ajj, AJJ, and Ajyj satisfy

(336) A[JAjj < AJ’JA777.
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2. For each even subinterval B of [n], the sets I and J satisfy
(3.3.7) max{|BNI|,|B~\I|} > max{|BNJ|,|B~ J|}.

Proof. (1 = 2) follows from Theorem 3.2.

(2 = 1) Suppose that I and J satisfy (3.3.7) for all even subintervals of [n], and
define the subsets I” and J” of [2n| as before Theorem 3.2. If I” and J” fail to
satisfy (3.3.3) for some even subinterval of [2n], then this interval must be of the form
B = [by,2n+ 1 — by], where by, by < n. We cannot have b; = by, for then the four sets
BnI", BI", BNnJ", B~ J” would all have cardinality equal to n — b; + 1. On
the other hand, we cannot have by # by, for then I and J would fail to satisfy (3.3.7)
for the interval whose endpoints are by and be. Thus I” and J” must satisfy (3.3.3)
and the principal minors Ay 7, A7z, Ay, and A5 must satisfy (3.3.6). O

Note the similarity between the inequalities (3.3.3) and (3.3.7). This implies that
the map (I, I’,n) — (I”,2n) induces a bijective correspondence between inequalities

(338) A[J/Aiﬁ < AJJ'AIT
in products of nonprincipal minors of n x n matrices and inequalities
AI//7I//Aﬁ’ﬁ S AJ//’JHAW’W

in products of principal n X n minors of 2n x 2n matrices.

4. GENERALIZATION TO NONCOMPLEMENTARY INDEX SETS

A more general inequality than (3.3.8) has the form
(4.4.1) ArprAgx <Ay pAp .

That is, the pairs (I, K), etc. need not be complements. However, any such inequality
which holds for all totally nonnegative matrices can be deduced from Theorem 3.2 or
equivalently from Corollary 3.4. We will give a combinatorial proof of this fact using
the families of graphs introduced in Section 2.

Let p and p’ be the cardinalities of I U K and I’ U K’, and let ¢ and ¢’ be the
cardinalities of I N K and I’ N K’. Necessarily, p+ g =p' + ¢ = |I| + | K|. Applying
Observation 1.3, we may interpret the product of minors A; Ak g of any totally
nonnegative matrix to be the weighted sum of path families 7 = (mq,...,my4,) in a
planar network which connect sources indexed by I (K') to sinks indexed by I’ (K’)
and in which all S; to Ty paths (Sk to Tk paths) are vertex-disjoint. We will say
that such a path family obeys the (I, 1’, K, K') crossing rule. The following neccessary
condition for eight sets to satisfy (4.4.1) for all totally nonnegative matrices was first
stated in [3, Prop 2.2].
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Observation 4.1. Let I,1I',J, J' K, K' L, L be subsets of [m|. Unless I UK and
JU L are equal as multisets, and I' U K" and J U L' are equal as multisets, the prod-
ucts Ap pAg g and Ay Ay 1 are incomparable as functions on totally nonnegative
matrices.

Proof. Suppose ¢ is an index which appears with greater multiplicity in /U K than in
J UL, and let G be any planar network of order m in which the unique edge leaving
source s; has weight c. If ¢ is large enough, then the weighted path matrix of G
satisfies

A pAg g > AgpAp .

On the other hand, if ¢ is close enough to zero, we have the opposite strict inequality.
Similarly, if I’UK’ and J' UL’ are not equal as multisets, then the products are again
incomparable. O

Without loss of generality, we shall assume that the sets I U K and I’ U K’ are
equal to [p] and [p/], respectively. Otherwise we can delete appropriate matrix rows
and columns to make this true. Necessary and sufficient conditions for eight sets to
satisfy (4.4.1) are analogous to the inequalities (3.3.3) and (3.3.7). The appropriate
choices of I”,J", and n are as follows. Let n be the number %(p —q+p —q), let g
be the unique order preserving map

n:(INK)U(KNT) = [p—dq],
and let 1’ be the unique order reversing map
n (' KYU(K'\I')— [p—q+1,2n].
Define the subsets I” and J” of [2n] by
I"=n(I~K)Un'(K'\T'),
J'=n(J~NL)Uun (L' J).

Theorem 4.2. Let I,1I',J,J' K, K', L, L' be subsets of [m|, and define p, p', q, ¢,
n,n,n', I", and J", as above. Then the following statements are equivalent.

1. In each totally nonnegative matrix of size at least m xm, the minors Ay p, Ay,
Ak g, A satisfy

A Ag g < AjpAp .

2. The multisets I U K and J U L are equal, the multisets I' U K" and J' U L' are
equal, and the sets I",J" satisfy

max{|BNI"|,|B~\ 1"} > max{|BNJ"|,|B~ J"[}

for each even subinterval B of [2n].
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Proof. (2 = 1) Suppose (1) is false. Then there exists a planar network in which more
path families obey the (I, I'K, K') crossing rule than obey the (J, J', L, L") crossing
rule. This network contains a subnetwork G which is a union of (p + ¢) paths from p
sources to p’ sinks with the property that more path families 7 = (74, ..., m,4,) Which
cover GG obey the (I,I', K, K') crossing rule than obey the (J, J’, L, L) crossing rule.

Applying the procedure defining ¢ to GG, we obtain a graph in which exactly n
connected components are paths whose endpoints belong to the 2n-element set

Stk USk g UTp g UTkr g

By the discussion following Corollary 2.2, these n paths define a perfect matching of
Sirwry U Tigrry with Sy U T(p gy, which is not a perfect matching of S(; ) U
T(L/\J/ with S U T(J/\L/ Let H be the graph in G3(2n) realizing this matchmg,
in which Vertex i (1 <1 < p— q) corresponds to the source in S;_x U Sk.; with the
ith smallest index and vertex j (p —q¢ < j <p—q+p — ¢') corresponds to the sink
in Ty g U Tk with the jth greatest index. Let B = [by, bs] be a minimal interval
of [2n] such that (by,by) is an edge of H and by, by both belong to J” or both belong
to J”. Then we have

(4.4.2) max{|BNI"|,|B~I"|} < max{|BNJ"|,|B~ J"|}.

(1 = 2) Let B = [by, by] be a minimal subinterval of [2n| which satisfies (4.4.2), and
let j; and js be the preimages of these numbers with respect to the maps 1 and/or
n'. Create a graph H = (V, E) as follows.

1. Place 2p + 2q vertices on a horizontal line.
2. Define six sets of symbols
S={silie INK)U(K\I)},
U=Au;lie INK)},
U' = (i € <mK>},
T={tlie(I'~K)U(K \I)},
V=Av|i € (I’ﬁK)},
Vi={vj]ie (I'NK")}.
3. Label the leftmost p + ¢ vertices by the p 4+ ¢ symbols S U U U U’, in order of
nondecreasing indices. Label the rightmost p + ¢ vertices by the p + ¢ symbols
T UV UV’ in order of nonincreasing indices.
4. Connect each of the ¢+ ¢ pairs of the form (u;, u}) or (v;, v}) by ¢+¢’ noncrossing
arcs.

5. Connect the bist (from the left) singleton to the bond (from the left) singleton
by an arc.
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6. Draw p + ¢ — 1 more arcs above the vertices to complete a noncrossing perfect
matching of S; x U Tk with S ;U Tr k.

The arc drawn in step (5) prevents H from inducing a perfect matching of Sy UTp
with Sy ;UT) .. Now consider the planar network GG which is obtained from H by
creating p(H) and then identifying all pairs of vertices of the form (u;,u}) or (v;,v}).
There are no path families in G which obey the (J, J', L, L") crossing rule, but there
are some which obey the (I,I’, K, K') crossing rule. This contradicts (1). O

Example 4.1. Consider the two products of minors
Ap2360.{1245 2341250 A36){1.25)A(2,34},{245)-
We claim that these products are incomparable. To see this, let the map
n:{1,2,4,6} — {1,2,3,4}
preserve order, and let the map
n' :{1,4} — {5,6}
reverse order. Then define
I" = {n(1),n(2),n(6)} VD
={1,2,4},
J" = {n(1),n(6)} U {n'(4)}
={1,4,5}.
Since the sets ", J” satisfy
max{|[4,5] U I"|,][4,5] ~ I"|} < max{|[4,5] U J"|,|[4,5] ~ J"|},
max{|[5,6] U I"|,|[5,6] ~ I"|} > max{|[5,6] U J"|,|[5,6] ~ J"|},

the products of minors are incomparable.

5. OPEN PROBLEMS

Note that the results of this paper reduce the problem of comparing minors in
totally nonnegative matrices to the problem of counting unweighted path families in
planar networks. This is curious, since Theorem 1.2 does not guarantee that for every
totally nonnegative integer matrix A, there exists a planar network G such that A
counts unweighted paths in G. This suggests the following open problem.

Problem 5.1. Characterize the totally nonnegative integer matrices A = [a;;] for
which there exists a planar network G such that each entry a;; counts unweighted
paths in G from source s; to sink ¢;.

Other possibilities for extending the present work are the following.
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Problem 5.2. Let P(n) be the poset whose elements are set partitions of [2n] into
two blocks of size n, ordered by I-I <p,) J-J whenever the inequality

ArrAzr <Ay A75
holds for all totally nonnegative matrices. Find a simple description for P(n).

Problem 5.3. Characterize the inequalities in products of £ minors which are sat-
isfied by all totally nonnegative matrices, for k£ > 2.
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