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Sy, character immanants
Let ¥ = (211, .., Tnn).
Given character x : Sy — C, define Imm, () € C|z] by

Immy(z) = E X(W)T1 4y ** Ty,
det
we Sy,

For A = (Aq,...,Ap) F n, abbreviate Imm () = ImmXA(x).
€

[mmyn(x) = det(z), Imm,,)(2) = per().
Example: n =3, A = (2,1).
Gz =2, 21 = @12 = -1,
(213) = x21(132) = 42 (321) = 0
[mmoy(x) = 221 179 9073 3 — 1 272 331 — T1,372,173 2.



Given Young subgroup Sy = Sy, X - -+ X .5y, C Sp, define

e = sgnng, 77)‘ = tringZ .

Induced characters are related to irreducible characters by

A —1 —1. i
=) K et =) Ko
p p
where { K _%\ | A\, o F n} are the inverse Kostka numbers,
Hs

defined by

14 —1
det(En4j—i)i j=1 = Kw\fm Sy
uEn
where =1, &. =01t £ < 0.



Littlewood-Merris-Watkins identities
Given subset I of [n}, define x; y = I, I submatriz of x.

Theorem: (L 40, M-W "85) For A = (A, ..., A\p),

Imm A Z det( le [1 det(xlg,[g)7
(11,1

Imm A Z per(zy, 1,)- Pef(xlg,lg)a
(11 1)

summed over all ordered set partitions with [/;] = A

Example: Imm oi(z) =

T1,1 19 T1,1 713 129 T93
det[ﬂ?m 9 2} 3 T det{fﬁgl T3 3} 2 + det {933,2 563,3} 1,1



Goulden-Jackson identities

Let z = (21,...,2n) and A = (Aq,...,A\p) = n. Define
polynomials (az)re7z, (81)rez and matrices A, B by

det(I + tdiag(z Zozktk, A= (a 0T Z){l? 0>
det(] — tdiag(z Zﬂktk B = (ﬁ)\ﬁj—i)g,j:l'

Theorem: (G-J’92)
det(A) = det(B) = Immy(x), mod (z%, 2,
Proof idea: (K-S ’08)
Immy(z) =Y K Immy(x) = Z K;’%\Immnu(:):).

/MT
p p



MacMahon Master Theorem

Given multiset K of [n], let x ¢ g be the K, K generalized
submatriz of x.

Example: For K =113,

T11 T11 T13
113,113 = |*1,1 T1,1 1.3
31 T3] 233

Theorem: (M 93, G-J '92) Coefficients of zfl e z,,]fjn in

" k1 " kn d 1
( Zl 51?1,]7{7) o (; xn’jz]) i det(] — diag(z)x)
]: )

are both equal to per(z g g)/ (k1! kn!).




The Hecke algebra Hj(q)

Generators over C[q% q2] Tsl, . ,fsn_l.
Relations:
YNQ (q2—q_%)f32+1 fori=1,...,n—1,
T’Siiﬁsi = T, Ts T, for [i — j| =1,
Ty Ty, = Ts T, for |i — j| > 2.

Natural basis: {Tw |lw € Sp},
YEU:TSz'l"'TSiE’ (w = s, -~
Te — ].

s;, reduced),

1 1
Characters are functions x, : Hp(q) — Clq2, ¢2].



Quantum polynomial ring

1
Define A(n; q) = ClqZ,q2)(x1 1, . .., Tn,n), modulo
Ti Tk = X5 kT ¢ if 1 < 7, k </,
1
Ti 0Tk = Q2T kT ¢ it k <,
1 o :
T kTi k= Q2%; 2 k it s < g,

1 e
TioTige =T k0 + (@2 — @)wjxsp i <j k<L

A central element is the quantum determinant,

-1
det(gj7 q) — Z (—q2>£(w>$1’wl Ty, -
wWESy

We have Oy (SL,C) = A(n;q)/(det(z;q) — 1).



Hy(q) character immanants
1
Given character x4 : Hn(q) — Clq2, q2], define

Imqu(az; q) = Z Xq(Tw)x1 w0, -+ Tnyw, € An;q)
¢ we s,

Abbreviate Imm ) (z;q) = Imm_\(z;q).
det Xg

Since the sign and trivial characters of Hy(q) are given by

~ 1 A 1
sgn : 1s, — —q?2, triv : T, — q2,

we have
Immin(x; q) = det(x; q),

1
Immy) (2 q) = per(z;q) = > (@) a2,
wWEeESy



Example: n =3, A = (2,1).
21(F Y _ 9 7 2Ly
Xq (Te) ’ Xq ( S132) Xq ( 8281) ;
~ ~ | -
X?]I(Tsl) — X31<T82> — q2 o q27 X31<T313231) = (.

Immoy (2; q) = 21 122223 3 — &1 202 3%3,1 — L1 3%2,123.2
1 1
+(q2 — @2)r1 929 173 3 + (¢2 — 2) 1 172,373 2.

Induced sign (eff) and trivial () characters from Young
subalgebras are related to irreducible characters by
A 1 p_ —1 p
Xqg = KW\TEQ = ZKN,AUW
p j
i.e., by the classical inverse Kostka numbers.



Quantum Littlewood-Merris-Watkins identities

Theorem: (K S 08) For A = (Aq,..., \p),
lmm (23 ) Z det(zr 1y3q) - -~ detlzy, 1,:9),

(115001
Imm A € q Z per :13]1 174 ) °'Pef($lg,[€3Q)a
(1,51 p)

summed over all ordered set partitions with [I;| = A

Example: Imm o (z;q) =
q

det(z12,12; ¢)73 3 + det(z1313; ¢)r2.2 + det(293 93; ¢) 21 1.



Quantum (Goulden-Jackson identities

Let z = (21,...,2n) and A = (Aq,...,A\p) F n. Define
(ar)kez: (Bprez € Aln;q)[z] and matrices A, B by

det(I + tdiag(z Zozktk A= (a T Z))‘j T
det(I — tdiag(» Zﬁkt‘“ B = (By4j—i)ij=1-

Theorem: (K-S '08)
det(A) = det(B) = Immy(x;q), mod (z%, 2.

Proof idea: By Quantum L-W-M identities,
ajoy = apaj, BB = BBy, mod (2, ..., 2.



Quantum MacMahon Master Theorem

|
Let y1, ..., yn quasicommute, y,y; = q2y;y; it 1 < j.

Let z1, ..., zp commute.

| 2 k—1
Define (k)g=1+q¢2+q@2+---+q 2.
(

Define (k)q! = (k)q - (k — 1)g- - (1)q.

Theorem: (G-L-705) Let K = 1% ... n*n be a multiset
of [n]. The coefficients of y]f Loooyfn and z]f L

(j21$1,jyg)‘ (an’]yj) o det([ d}ag() .q)

are both equal to per(ijK, q)/((k1)g! - - (kn)gl).



