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The dual canonical basis

For a polynomial p(z1 1, ..., %nn) and matrix A = (a; ;),
define
p(A) =plar1,...,ann)

Dual to the canonical basis of the Hopf algebra U (sl (C)),
is the dual canonical basis of

O(SLn(C)) = Clry 1, ..., 2pnl/(det(z) — 1).

Nonnegativity properties of the CB and DCB have inter-
pretations in representation theory, symmetric functions,
other areas.



Kazhdan-Lusztig immanants

Let P, ,v(q) be the KL polynomial indexed by w, w' € Sy,
Let wq be the longest permutation in \S),.

For each u € Sy, define f, : Sy, = Z by
fulv) = (‘Daumpwov,wQU(l)-

Define the Kazhdan-Lusztig immanant Immy,(x) by

Immy,(z) = Z fu(v)xl,v(l) T Tp(n)

vV>U

Remark: det(z) = Immq(x).



Minors and Schur functions

Given sets I, I’ define the (I, I') minor of a matrix A by

A[,]’(A) = det(ai,j)z‘e[,je]’-

Example: Let Hy330 =

hs hg hy hg)

ho hs hy hs
h1 ho hg h3

0 1 hyhy

. Then we have

A1934 1934(Hp332) = det(Hp332) = 55332,

A13,14(Hs332) = det [fn h;,] = $73/2:



Schur nonnegative symmetric functions

Call a symmetric function Schur nonnegative (SNN) if its
Schur expansion has nonnegative coefficients.

Examples:

_ P _ K
SKS)\_ZCI{ASP7 S/{/A—ZC)\IOSP
P

0
Questions: (L-L-T, O, F-F-L-P, B-B-M, W) For which
K, A, i, v are the following functions SNN?
SkS\ — Susy  (cf\ > CW for all p)
Sk/x— Sufv (cxy = ¢ty for all p)



Littlewood-Richardson coefficients

LR coefficients appear in representations of .S,

(8" ® SA)1on= @ o\ SP,

in representations of GLy,,
K A P y/p
Vre Vs = @Cﬁ;)\v )
0

in H*(Gr(p,C")),

ORON = Z Cer9p-



Examples of SNN symmetric functions

563/1542/1 — $53532 — s5431 + 48643 + 65847 + - - -
S63/3573/2 — S55/2543/1 = 95743 + 359221 + 58290 + - -
These are

(x)  A1313(A)A2424(A) — A1212(A)Aszg 34(A),
for A = Hz339 and A = H6643/3117 respectively.

Fact: The symmetric function (x) is SNN for every Jacobi-
Trudi matrix A = H, /.



Schur nonnegative polynomials

Definition: Call p(z11,...,2pn) € Clz11,...,2Tn 0]
a Schur nonnegative (SNN) polynomial if for every JT
matrix A, the symmetric function p(A) is SNN.

Theorem: (Hard parts of proof by H 91, D '92) Each
element of the dual canonical basis is SNN.

Observation: If p, g are SNN, so is p + gq.

Corollary: Each element of the dual canonical cone is
SNN.



Examples of SNIN polynomials

(Conj. JS 90; Pf. MH 91) For any .Sy, character y,

[mm, () Z x(w xlw Ty (n) is SNN.
WESH

(D-G-S 04) m < ¢ in the Bruhat order iff

T (1) Tngr(n) T Tlo(l) T Tno(n) 18 SNN.

(R-S 04) For combinatorially specified I, 1’, .J, .J’,

AJ’J/(x)Ajj(x) — ALI/(w)ATf(:U) is SNN.

Pf: These polynomials belong to the dual canonical cone.



