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Total nonnegativity

Call a matrix totally nonnegative (TNN) if each of its minors is nonnegative. Call a
polynomial p(x) := p(x1,1, x1,2, . . . , xn,n) ∈ Z[x1,1, x1,2, . . . , xn,n] totally nonnega-
tive (TNN) if p(A) := p(a1,1, a1,2, . . . , an,n) ≥ 0 for each TNN matrix A = (ai,j).

Question: For what functions θ : Sn→ Z is the polynomial

Immθ(x) :=
∑
w∈Sn

θ(w)x1,w1
· · · xn,wn

TNN? Can we combinatorially interpret Immθ(A)?

Fact: For each irreducible character χλ, the polynomial Immχλ(x) is TNN. No
combinatorial interpretation for Immχλ(A) is known.

The Hecke algebra Hn(q)

Generated over Z[q
1
2, q¯

1
2] by Ts1

, . . . , Tsn−1
(Te := 1) with relations

T 2
si

= (q − 1)Tsi + qTe for i = 1, . . . , n− 1,

TsiTsjTsi = TsjTsiTsj for |i− j| = 1,

TsiTsj = TsjTsi for |i− j| ≥ 2.

Natural basis: {Tw = Tsi1 · · ·Tsi` |w = si1 · · · si` reduced in Sn}.

(Modified) Kazhdan-Lusztig basis: {C̃w(q) |w ∈ Sn},

C̃w(q) = q
`(w)

2 C ′w(q) =
∑
v≤w

Pv,w(q)Tv.

Hn(1) ∼= Z[Sn].

Total nonnegativity and linear functionals on Hn(q)

Call s[i,j] = 1 · · · (i− 1)j · · · i(j + 1) · · ·n ∈ Sn a reversal.

Fact (S ’91, H ’93): Fix a linear function θq : Hn(q) → Z[q
1
2, q¯

1
2] and its special-

ization θ : Sn→ Z. Then each of the following statements implies the next:

1. θq(C̃w(q)) ∈ N[q] for all w ∈ Sn.
2. θq(C̃s[i1,j1]

(q) · · · C̃s[im,jm]
(q)) ∈ N[q] for all reversal sequences (s[i1,j1], . . . , s[im,jm]).

3. θ(C̃s[i1,j1]
(1) · · · C̃s[im,jm]

(1)) ∈ N for all reversal sequences (s[i1,j1], . . . , s[im,jm]).
4. Immθ(x) is TNN.

Question: For what functions θq : Hn(q) → Z[q
1
2, q¯

1
2] can we combinatorially

interpret θq(C̃s[i1,j1]
(q) · · · C̃s[im,jm]

(q))?

Fact (H ’93): For each irreducible character χλq and each w ∈ Sn we have
χλq (C̃w(q)) ∈ N[q]. Thus χλq (C̃s[i1,j1]

(q) · · · C̃s[im,jm]
(q)) ∈ N[q] for all λ ` n; w ∈ Sn.

No combinatorial interpretation known.

Star networks and path families

To each Kazhdan-Lusztig basis element C̃s[a,b]
(q) ∈ Hn(q) associate the star network

G[a,b] =

a−1

a

b

b−1

n

1

a−1

a

b

b−1

n

1

,

(edges oriented left to right). Associate concatenations to products.

Example: To C̃s[1,2]
(q)C̃s[2,4]

(q)C̃s[1,2]
(q) ∈ H4(q), associate the star network

G[1,2] ◦G[2,4] ◦G[1,2] = ◦ ◦ =
2

3

4

2

3

4

1 1

.

Call π = (π1, . . . , πn) a path family in G if πi is a path from source i on left to sink
i on right, and π covers all edges of G. Let c(π) = # crossings in π (always even).

Example: G = G[1,2] ◦G[2,4] ◦G[1,2] is covered by two path families.

τ =

1

2

3

τ

τ

τ

τ

4

, c(τ ) = 0; ρ =

4

3

1

2

ρ
ρ
ρ
ρ

, c(ρ) = 2.

Path tableaux and inverted noncrossings

A π-tableau (G-tableau) of shape λ ` n is an arrangement of π1, . . . , πn into
left-justified rows, with λi paths in row i. Call a π-tableau column-strict if

πj

πi
⇒ πi lies entirely below πj

(no shared vertex.)

Example: Let G = G[1,2] ◦G[2,4] ◦G[1,2].
There are 8 column-strict G-tableaux of shape 31.

τ 3

τ 2 4τ τ1 ,
τ 3

τ 4 2τ τ1 ,
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τ 2 3τ τ1 ,
τ 4

τ 3 2τ τ1 ,
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τ U (4)
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Let π cover star network G = G[i1,j1] ◦ · · · ◦G[im,jm] and let U be a π-tableau. If

πa, πb pass through the central vertex of G[ip,jp] but do not cross there,
πb enters and exits above πa,
πb appears in an earlier column of U than πa,

then call the triple (p, πa, πb) an inverted noncrossing in U :

π

πb

a , πb
. . . πa .

Let invnc(U) be the number of inverted noncrossings in U .

Example: The 8 tableaux above satisfy the following.

1. invnc(U (1)
τ ) = 1: (2, τ3, τ2).

2. invnc(U (2)
τ ) = 2: (2, τ3, τ2), (2, τ4, τ2).

3. invnc(U (3)
τ ) = 2: (2, τ4, τ3), (2, τ4, τ2).

4. invnc(U (4)
τ ) = 3: (2, τ4, τ3), (2, τ4, τ2), (2, τ3, τ2).

5. invnc(U (1)
ρ ) = 1: (2, ρ3, ρ1).

6. invnc(U (2)
ρ ) = 2: (2, ρ4, ρ1), (2, ρ3, ρ1).

7. invnc(U (3)
ρ ) = 2: (2, ρ4, ρ1), (2, ρ4, ρ3).

8. invnc(U (4)
ρ ) = 3: (2, ρ4, ρ3), (2, ρ4, ρ1), (2, ρ3, ρ1).

Observe that (1, τ2, τ1) and (3, τ2, τ1) are noncrossings which are not inverted in
tableaux U (1)

τ , . . . , U
(4)
τ .

Main result

Theorem (CS ’18): Let ελq = sgn↑Hn(q)
Hλ(q). Then we have

ελq (C̃s[i1,j1]
(q) · · · C̃s[im,jm]

(q)) =
∑
π

q
c(π)

2

∑
U

qinvnc(U),

where the first sum is over path families π in G[i1,j1] ◦ · · ·G[im,jm], and the second
sum is over all column-strict π-tableaux U of shape λ>.

Example: We compute ε211
q (C̃s[1,2]

(q)C̃s[2,4]
(q)C̃s[1,2]

(q)), with the 8 tableaux above
of shape 211>= 31:

q
c(τ )

2 (qinvnc(U
(1)
τ ) + qinvnc(U

(2)
τ ) + qinvnc(U

(3)
τ ) + qinvnc(U

(4)
τ ))

+ q
c(ρ)

2 (qinvnc(U
(1)
ρ ) + qinvnc(U

(2)
ρ ) + qinvnc(U

(3)
ρ ) + qinvnc(U

(4)
ρ ))

= q
0
2(q1 + 2q2 + q3) + q

2
2(q1 + 2q2 + q3)

= q + 3q2 + 3q3 + q4.

Open question

Question: Is there a similar combinatorial interpretation of
χλq (C̃s[i1,j1]

(q) · · · C̃s[im,jm]
(q)),

and therefore of Immχλ(A) for all TNN matrices A?

My next de�nition

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Ut purus elit, vestibulum ut, placerat ac, adipiscing vitae, felis. Curabitur dictum gravida mauris. Nam arcu libero,
nonummy eget, consectetuer id, vulputate a, magna. Donec vehicula augue eu neque. Pellentesque habitant morbi tristique senectus et netus et malesuada fames ac turpis
egestas. Mauris ut leo. Cras viverra metus rhoncus sem. Nulla et lectus vestibulum urna fringilla ultrices. Phasellus eu tellus sit amet tortor gravida placerat. Integer sapien
est, iaculis in, pretium quis, viverra ac, nunc. Praesent eget sem vel leo ultrices bibendum. Aenean faucibus. Morbi dolor nulla, malesuada eu, pulvinar at, mollis ac, nulla.
Curabitur auctor semper nulla. Donec varius orci eget risus. Duis nibh mi, congue eu, accumsan eleifend, sagittis quis, diam. Duis eget orci sit amet orci dignissim rutrum.

Illustration

Figure 1. Some lines with marked intersections.

Nunc sed pede. Praesent vitae lectus. Praesent neque justo, vehicula eget, interdum id,
facilisis et, nibh. Phasellus at purus et libero lacinia dictum. Fusce aliquet. Nulla eu ante
placerat leo semper dictum. Mauris metus. Curabitur lobortis. Curabitur sollicitudin
hendrerit nunc. Donec ultrices lacus id ipsum.

Introduction #2

some items and α = γ,
∑

i ...

α = γ,
∑
i

Nam dui ligula, fringilla a, euismod sodales, sollicitudin vel, wisi. Morbi auctor lorem
non justo. Nam lacus libero, pretium at, lobortis vitae, ultricies et, tellus. Donec aliquet,
tortor sed accumsan bibendum, erat ligula aliquet magna, vitae ornare odio metus a mi.
Morbi ac orci et nisl hendrerit mollis. Suspendisse ut massa. Cras nec ante. Pellentesque
a nulla. Cum sociis natoque penatibus et magnis dis parturient montes, nascetur ridiculus
mus. Aliquam tincidunt urna. Nulla ullamcorper vestibulum turpis. Pellentesque cursus
luctus mauris.

Theorem (Person, 1824)

Let a = b + c and c = 7. Additionally, assume b = 4. Then, a 6= 1. Quisque
ullamcorper placerat ipsum. Cras nibh. Morbi vel justo vitae lacus tincidunt ultrices.
Lorem ipsum dolor sit amet, consectetuer adipiscing elit. In hac habitasse platea dic-
tumst. Integer tempus convallis augue. Etiam facilisis. Nunc elementum fermentum
wisi. Aenean placerat. Ut imperdiet, enim sed gravida sollicitudin, felis odio placerat
quam, ac pulvinar elit purus eget enim. Nunc vitae tortor. Proin tempus nibh sit amet
nisl. Vivamus quis tortor vitae risus porta vehicula.

Proof: Since a = 6 + 4 = 11 it is not 1.
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