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Immanants and C|z] 1,..., %y )

Let x = (7 j)1<i j<n be a matrix of variables.

O(SL(n,C)) = Clxy11,...,2pn)/(det(x) — 1).

- D Auul

r>0(M,M")
Call elements of Ay, r,1(x) immanants.
Immf Z f xl w ,w(n)v
wWESy

det(z) = Y <—1>‘<w>:c1,w<1> Ty ()



The Désarménien-Kung-Rota basis of A[n],[n] ()

Define the I, J submatriz and I, J minor ot x by

xr.g = (Tij)iel jet;
Ar j(x) =det(xy j).

Given Young tableaux (T, U) of shape A\ F n, define the
bideterminant [T : Ul(x) as in the example

{ 1 2} (2) = D195 137(7) Az4 24(7) Ap7 56 ().

Thm: (D-K-R, "78) A basis for A[n]’[n] (x) is given by

D = U {1T: Ul(z)|T,U standard of shape A}.
ey
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The Désarménien-Kung-Rota basis of A[g]’[g] (T115---,733)

X1] 12 T13)
T = |%2] 22 23
T3] 132 33
|17
202 () = det(x),
?1) ‘ ?1)2 (x) = A3 13(x) 22 2,
:?1) 2 %3: () = A13.12(2)22 3,
:% 5 %2: (x) = A12.13(2)23 2,
59053 (2) = A ga(x) w3 3,
(123 123](2) = 21122073 3.



The dual canonical basis of A[n],[n] (x)

Immanants in the dual canonical basis have the form

Immy () = Z (_1)5(10)—6(@)@@@(1)3;1710(1) Ty ap(n)»

w>v
where Qy 1w (q) = Pugw,w(q) are inverse Kazhdan-Lusztig
polynomials.
[mme(z) = det(x),

Immw0<37) = X1nd2n—1"""Tn,l-

Y

Thm: (D, '92) A basis for Ay, r(2) is given by

L = {Immy(x)|w € Sy}.
det



The dual canonical basis of A[g]’[g] (115---,733)

T11 12 13
r= |x21 22 T23
| T31 T32 X33

Immy93(x) = det(x),

[mmo3(7) = o1 99 173 3 — T1 972,373 1 — 1,372,173 .2
+ T1,3722%3 1,

Immy3o(z) = 71,172,373 2 — T19T2 3731 — 1,372,173 2
+ T1,.3%2,273 1

Immysi(z) = 21,279 3731 — 1,372,273 1,

[mmso(x) = 21 3791732 — T1 379973 1,

Immgo1 () = 21,372,273 1.



The iterated dominance order on SYT
For a SYT T, define T; = subtableau containing 1, ... ,z7.

Given SYTx T', U, define T' <7 U it
shape(T;) < shape(U;), i=1,...,n

in ordinary dominance.

Ex: T = %3 L and U = %i are incomparable, since
shape(7T5) < shape(Us),
shape(Ty) > shape(Uy).



The iterated dominance order on SYT of shape (3,2)




The iterated dominance order on SYT of shape (3,2)

1)2]3 1]2]3 1)2]3

415 415 415

| | |

1[2]4 1[2]4 1[2]4

3|5 3|5 3|5

/ AN / AN / AN
1[3]4 1]2]5 1[3]4 1[2]5 1[3]4 1]2]5
2|5 3|4 2|5 3|4 2|5 3|4

AN / AN / AN /

1[3]5 1[3]5 1[3]5




The iterated dominance order on S,

Define iterated dominance on standard bitableaux by
(R,S) <y (T,U) if
R<;T, S<pU.

Define iterated dominance on permutations by
U S[ w if

(T'(v),U(v)) <1 (T(w), U(w)),
where

W (T(w),U(w)).

col



The iterated dominance order on 5y

CITT]




The transition matrix between the bases

Denote each D-K-R basis element by
Ry(z) = [U(w) : T(w))(z),
where RSK col : w — (T'(w), U(w)).
Thm: (R-S, '06) For some dy iy € N, dyyp = 1, we have
v<JW

Problem: Find a formula for dy 4.

This would give an alternative formula for the numbers
P’U,’U}(:l)'



The transition matrix for n = 3

T11 12 T13

T = |%21 22 23

231 T392 133
Ryo3(x) ] (100000] [Immyos(x
ngg(af) 110000 Imm132($
Rosi(z)]  [011000] [Immoz(x
Rglg(af) 010100 Imm312($
Ro13(x) 111110| |Immgs(x
Ra91(x) 1 T1111] Immsgq(x




