TOTAL NONNEGATIVITY AND (3 + 1)-FREE POSETS

MARK SKANDERA AND BRIAN REED

Abstract. We factor the squared antiadjacency matrix A^2 of a (3 + 1)-free poset as a product of two antiadjacency matrices of unit interval orders. This gives a new combinatorial interpretation for the entries of A^2 in terms of finite planar networks and a proof that the f-vector of a (3 + 1)-free poset is also the f-vector of a unit interval order. We also state some inequalities satisfied by the components of these f-vectors.

1. Introduction

Much current research in algebraic combinatorics concerns the characterization of f-vectors of simplicial complexes, polytopes, and related combinatorial structures. (See [3], [23, Chapters 2,3].) One interesting source of f-vectors is the class of (3+1)- free posets because the generating polynomials for the corresponding f-vectors are known to have only real zeros [20, Corollary 4.1], [24, Corollary 2.9]. A poset is called (3 + 1)-free if it contains no induced subposet isomorphic to the poset shown in Figure 1.1 (a).

An interesting subclass of (3 + 1)-free posets is the class of those which are also (2 + 2)-free, i.e. which contain no induced subposet isomorphic to the poset shown in Figure 1.1 (b). These are often called unit interval orders because a well-known result [19] characterizes them as the posets P for which there exists a map from P to

(a) (b)

Figure 1.1 1

Figure 1.2

closed intervals of the real line x → [q_x, q_x + 1], which satisfies x <_P y if and only if q_x + 1 < q_y. No analogous result is known to hold for (3 + 1)-free posets in general.

Since unit interval orders form a proper subclass of (3 + 1)-free posets, one might be surprised to learn that the containment of the corresponding two sets of f-vectors is not proper. (See Corollary 4.5.) The proof of this fact relies upon the factorization of a totally nonnegative matrix which we will associate to each (3 + 1)-free poset.

A matrix is called totally nonnegative if the determinant of each of its square submatrices is nonnegative. A result often attributed to Lindström [13] describes the most important example of a totally nonnegative matrix in terms of a planar network, a planar acyclic directed graph G with 2n distinguished boundary vertices labeled counterclockwise as s_1, . . . , s_n, t_n, . . . , t_1. (See [11].) Given a planar network G, its path matrix A = [a_{ij}], in which a_{ij} counts paths from s_i to t_j, is totally nonnegative. For instance the matrix

3 3 2 2 1 3 3 2 2 1 5 5 4 4 3 5 5 4 4 3 5 5 4 4 3

is easily verified to be totally nonnegative because it is the path matrix of the planar network in Figure 1.2. When drawing planar networks, we will understand vertical edges to be oriented from bottom to top, and other edges to be oriented toward the right. (See also [8].)

We will finish by stating some inequalities which are satisfied by the f-vectors of all (3 + 1)-free posets and by posing some open questions.

2. Order ideals and totally nonnegative matrices

Given an n-element poset P whose elements are labeled 1, . . . , n, we define the antiadjacency matrix [22] of P to be the matrix A = [a_{ij}], a_{ij} = { 0 if i <_P j, 1 otherwise.

Clearly, distinct labelings of P can result in distinct antiadjacency matrices. It is easy to see that the antiadjacency matrix of a labeled poset P has no zero entries below the diagonal if and only if P is labeled naturally (i.e. each pair i, j of elements satisfying i <_P j also satisfies i < j as integers). Further, it is known that unit interval orders may be labeled so that the corresponding antiadjacency matrices are totally nonnegative [25, Problem 6.19 (ddd)], and that (3 + 1)-free posets may be labeled so that the corresponding squared antiadjacency matrices are totally nonnegative [20, page 238].

To characterize the poset labelings which lead to totally nonnegative (squared) antiadjacency matrices, we will use principal order ideals and dual principal order ideals. For any element i in a poset P , we will denote the corresponding principal order ideal and principal dual order ideal by Λ_i and V_i, respectively. Λ_i = {j ∈ P | j ≤_P i}, V_i = {j ∈ P | j ≥_P i}. More precisely, we will delete an element i from such ideals and consider the deleted ideals Λ^∗_i = {j ∈ P | j <_P i}, V^∗_i = {j ∈ P | j >_P i}. When discussing the deleted ideals of different posets P and Q, we will use the notation V^∗_i (P ) and V^∗_i (Q) to avoid ambiguity.

For each element i of P , we will define its altitude to be the difference in cardinality between its principal order ideal and principal dual order ideal, and will denote this number by α(i), α(i) = |Λ_i| − |V_i| = |Λ^∗_i | − |V^∗_i |. (See [7, page 33] for other applications of this function.)

Figure 2.1 Example 2.1. Let P be the poset in Figure 2.1. Then we have Λ^∗_1 = ∅ V^∗_1 = {3, 4, 5} α(1) = −3 Λ^∗_2 = ∅ V^∗_2 = {4, 5} α(2) = −2 Λ^∗_3 = {1} V^∗_3 = {5} α(3) = 0 Λ^∗_4 = {1, 2} V^∗_4 = {5} α(4) = 1 Λ^∗_5 = {1, 2, 3, 4} V^∗_5 = ∅ α(5) = 4

It is easy to verify the following properties of deleted order ideals in (3 + 1)-free posets and in unit interval orders. (We will use the symbols ⊆, ⊂ to denote containment and strict containment, respectively.)

Observation 2.1. Let i and j be distinct elements of a (3 + 1)-free poset. The corresponding deleted order ideals satisfy Λ^∗_i ⊆ Λ^∗_j or V^∗_i ⊆ V^∗_j .

(2.1)

Proof. Left to reader.

Observation 2.2. Let i and j be distinct elements of a unit interval order. The corresponding deleted order ideals satisfy

1. If Λ^∗_i ⊈ Λ^∗_j , then Λ^∗_j ⊂ Λ^∗_i . 2. If V^∗_j ⊈ V^∗_i , then V^∗_i ⊂ V^∗_j .

Proof. Left to reader.

In (3 + 1)-free posets, altitude is related to deleted ideals as follows. Observation 2.3. Let i and j be elements of a (3 + 1)-free poset. Then we have α(i) ≤ α(j) (2.2) if and only if we have |Λ^∗_i | ≤ |Λ^∗_j | and V^∗_i ⊇ V^∗_j ,

(2.3) or |V^∗_i | ≥ |V^∗_j | and Λ^∗_i ⊆ Λ^∗_j .

(2.4) Proof. Assume that i and j satisfy (2.2). Then we have (|Λ^∗_j | − |Λ^∗_i |) + (|V^∗_i | − |V^∗_j |) ≥ 0.

(2.5) If the first term in the sum (2.5) is positive, then Λ^∗_j is not contained in Λ^∗_i . Observation 2.1 then implies that V^∗_j is contained in V^∗_i , and we obtain (2.3). If the second term in the sum (2.5) is positive, we similarly obtain (2.4). If both terms in the sum (2.5) are nonnegative, then Observation 2.1 implies that one of the conditions (2.3), (2.4) is satisfied.

Now assume that i and j satisfy at least one of the conditions (2.3), (2.4). Then we have |Λ^∗_i | ≤ |Λ^∗_j | and |V^∗_i | ≥ |V^∗_j |, which implies (2.2).

We will say that a labeling of a poset P respects altitude if each pair i, j of poset elements satisfying α(i) < α(j) also satisfies i < j (as integers). Note that a labeling which respects altitude is necessarily natural. The following proposition (essentially stated in [27, Section 8.2]) shows that the antiadjacency matrices of naturally labeled unit interval orders are totally nonnegative precisely when the labelings respect altitude.

Proposition 2.4. Let P be a labeled n-element unit interval order with antiadjacency matrix A = [a_{ij} ]. The labeling of P respects altitude if and only if A satisfies a_{jk} ≥ a_{iℓ} (2.6) for 1 ≤ i ≤ j ≤ n and 1 ≤ k ≤ ℓ ≤ n. Proof. Suppose that A satisfies (2.6). Then the entries of A which are zero form a Ferrers shape in the upper right corner of the matrix. In other words, any two indices g < h satisfy |V^∗_g | ≥ |V^∗_h | and |Λ^∗_g| ≤ |Λ^∗_h|. Combining these inequalities, we obtain α(g) ≤ α(h), as desired.

Now suppose that A does not satisfy (2.6). Then for some indices g, h with a_{g,h} = 0 we have a_{g,h+1} = 1 or a_{g−1,h} = 1.

Figure 2.2

If a_{g,h+1} = 1 then Λ^∗_h is not contained in Λ^∗_{h+1}. Applying Observations 2.1 and 2.2, we then have

V^∗_h ⊆ V^∗_{h+1} and Λ^∗_{h+1} ⊂ Λ^∗_h,

from which we obtain

α(h + 1) = |Λ^∗_{h+1}| − |V^∗_{h+1}| < |Λ^∗_h| − |V^∗_h | = α(h),

(2.7)

and the labeling of P does not respect altitude. If a_{g−1,h} = 1, we similarly obtain α(g) < α(g − 1) and arrive at the same conclusion.

In a 0-1 matrix satisfying the conditions of Proposition 2.4, the zero entries form a Ferrers shape in the upper right corner of the matrix. For instance, the labeling of the poset in Figure 2.1 respects altitude and the antiadjacency matrix of this poset is 1 1 0 0 0 1 1 1 0 0 1 1 1 1 0 1 1 1 1 0 1 1 1 1 1 . (2.8)

One can prove that such a matrix A is totally nonnegative by constructing a planar network whose path matrix is A. (One can also use induction, or appeal to the famous result [1] concerning Toeplitz matrices.) Figure 2.2 shows a planar network whose path matrix is the antiadjacency matrix (2.8) of the poset in Figure 2.1.

A result analogous to Proposition 2.4 holds for the squared antiadjacency matrices of (3 + 1)-free posets. Before stating this result, let us give one interpretation of the entries of these matrices.

Lemma 2.5. Let P be a labeled n-element (3 + 1)-free poset with antiadjacency matrix A and define the matrix B = [b_{ij} ] = A^2. Then we have b_{ij} = { n − |V^∗_i | − |Λ^∗_j | if V^∗_i ∩ Λ^∗_j is empty, 0 otherwise.

Proof. By the definition of B we have b_{ij} = n∑ k=1 a_{ik}a_{kj} = #{k ∈ [n] | a_{ik} = a_{kj} = 1} = #{k ∈ P | i ≮_P k ≮_P j} = n − |V^∗_i | − |Λ^∗_j | + |V^∗_i ∩ Λ^∗_j |. Suppose that b_{ij} is nonzero and let k be an element satisfying i ≮_P k ≮_P j. Note that for any element ℓ belonging to the intersection V^∗_i ∩ Λ^∗_j , the subposet of P induced by {i, j, k, ℓ} is isomorphic to 3 + 1. Thus this intersection is empty and we have the desired result.

Proposition 2.6. Let P be a labeled n-element (3 + 1)-free poset with antiadjacency matrix A, and define the matrix B = [b_{ij} ] = A^2. The labeling of P respects altitude if and only if B satisfies the conditions 1. b_{jk} ≥ b_{iℓ}, 2. If b_{ik} − b_{iℓ} ≠ b_{jk} − b_{jℓ}, then b_{iℓ} = 0 and b_{ik} < b_{jk} − b_{jℓ}, for all integers 1 ≤ i ≤ j ≤ n and 1 ≤ k ≤ ℓ ≤ n.

Proof. Assume that B satisfies the two conditions above. Then for any two indices i < j in [n], any minimal element g, and any maximal element h, we have b_{ig} ≤ b_{jg} and b_{hi} ≥ b_{hj} . By the minimality of g and the maximality of h, both Λ^∗_g and V^∗_h are empty. Therefore by Lemma 2.5 we have |V^∗_i | ≥ |V^∗_j | and |Λ^∗_i | ≤ |Λ^∗_j |. (2.9) Combining the inequalities (2.9), we obtain α(i) ≤ α(j), as desired.

Now assume that B does not satisfy the required conditions. By [20, Proposition 3.4], B fails to satisfy condition 2 only if it fails to satisfy condition 1. We may assume therefore that for some i, j, g with i < j, we have b_{ig} > b_{jg} or b_{gi} < b_{gj} . (2.10) Assume that we have b_{gi} < b_{gj} . The intersection V^∗_g ∩ Λ^∗_j must be empty since b_{gj} is positive.

If the intersection V^∗_g ∩ Λ^∗_i is also empty, then by Lemma 2.5 we have |Λ^∗_j | < |Λ^∗_i |, (2.11)

Figure 2.3

and Λ^∗_i is not contained in Λ^∗_j . Observation 2.1 then implies that V^∗_i is contained in V^∗_j , and therefore we have |V^∗_i | ≤ |V^∗_j |. (2.12)

Combining the inequalities (2.11) and (2.12), we have α(j) < α(i), (2.13)

and the labeling does not respect altitude.

If the intersection V^∗_g ∩Λ^∗_i is not empty, then some element h in this intersection does not belong to Λ^∗_j , since V^∗_g ∩ Λ^∗_j is empty. On the other hand, there can be no element in Λ^∗_j which does not also belong to Λ^∗_i , for then the subposet of P induced by this element and g, h, i would be isomorphic to 3 + 1. Thus Λ^∗_j is properly contained in Λ^∗_i and by Observation 2.1, V^∗_i is contained in V^∗_j . Combining these two containments we again have (2.13), and the labeling does not respect altitude.

Similarly the assumption b_{ig} > b_{jg} implies the strict inequality |V^∗_j | < |V^∗_i |, and therefore implies (2.13).

As an example of Proposition 2.6, consider the labeled poset in Figure 2.3. This labeling respects altitude. and the corresponding squared antiadjacency matrix is

1 1 0 1 0 1 1 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 = 3 3 2 2 1 3 3 2 2 1 5 5 4 4 3 5 5 4 4 3 5 5 4 4 3 .

Again, to prove that such a matrix B is totally nonnegative, it suffices to construct a planar network having path matrix B. Figure 1.2 shows one such planar network which is constructed easily from B. Another possibility in Figure 2.4 is constructed by concatenating two planar networks corresponding to the antiadjacency matrices of unit interval orders [18]. This observation suggests the possibility of factoring the

Figure 2.4

squared antiadjacency matrices of (3 + 1)-free posets in general. Such a factorization is in fact possible and will be considered further in Sections 3 and 4.

3. A factorization theorem

The planar network in Figure 2.4 is constructed using a factorization of the squared antiadjacency matrix of the poset in Figure 2.3. In general, let A be the antiadjacency matrix corresponding to any labeling of a (3+1)-free poset. To obtain a factorization A^2 = CD, one constructs C and D from A by “pushing” the zero entries of A to the right and up, respectively. For example, one labeling of the poset in Figure 2.3 gives an antiadjacency matrix whose square factors as

1 1 1 1 1 0 1 0 1 1 1 1 1 1 1 1 1 0 1 0 1 1 1 1 1

2 = 1 1 1 1 1 1 1 1 0 0 1 1 1 1 1 1 1 1 0 0 1 1 1 1 1

0 1 0 1 0 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 .

Theorem 3.1. Let P be a labeled (3 + 1)-free poset with antiadjacency matrix A. Let C be the matrix obtained from A by permuting the entries of each row into nonincreasing order, and let D be the matrix obtained from A by permuting the entries of each column into nondecreasing order. Then we have A^2 = CD.

Proof. Let n be the cardinality of P and define the matrices B = [b_{ij} ] = A^2 and E = [e_{ij} ] = CD. Since the numbers c_{ij} and d_{ij} are given by c_{ij} = { 1 if j ≤ n − |V^∗_i |, 0 otherwise, d_{ij} = { 1 if i ≥ |Λ^∗_j | + 1, 0 otherwise, we have e_{ij} = n∑ k=1 c_{ik}d_{kj} = #{k ∈ [n] | c_{ik} = d_{kj} = 1} = #{|Λ^∗_j | + 1, . . . , n − |V^∗_i |} = { n − |V^∗_i | − |Λ^∗_j | if |V^∗_i | + |Λ^∗_j | ≤ n, 0 otherwise.

We claim that the inequality |V^∗_i | + |Λ^∗_j | ≤ n (3.1) holds if and only if the intersection V^∗_i ∩ Λ^∗_j is empty. If the intersection is empty, then (3.1) is clear. Suppose therefore that the intersection is not empty. Then P contains some element ℓ which satisfies i <_P ℓ <_P j and we have |V^∗_i ∪ Λ^∗_j | ≤ |V^∗_i | + |Λ^∗_j | − 1.

(3.2) If some element lies outside of the union V^∗_i ∪ Λ^∗_j above, then it is incomparable to i, ℓ, and j, contradicting the fact that P is (3 + 1)-free . Thus the cardinality of this union is n and the inequality (3.2) gives n ≤ |V^∗_i | + |Λ^∗_j | − 1, contradicting (3.1).

We therefore obtain the expression e_{ij} = { n − |V^∗_i | − |Λ^∗_j | if V^∗_i ∩ Λ^∗_j is empty, 0 otherwise, which is identical to that for b_{ij} given in Lemma 2.5.

(a) (b)

Figure 3.1

In the event that the labeling of P in Theorem 3.1 respects altitude, the matrices C and D in the theorem are the antiadjacency matrices corresponding to altitude respecting labelings of unit interval orders. Note however that the implied map from (3 + 1)-free posets to pairs of unit interval orders is neither injective nor surjective.

Corollary 3.2. Let P be a labeled (3 + 1)-free poset with antiadjacency matrix A. If the labeling of P respects altitude then there are labeled unit interval orders Q_1 and Q_2 whose antiadjacency matrices are the matrices C and D defined in Theorem 3.1. Furthermore the labelings of Q_1 and Q_2 respect altitude.

Proof. Let P be an n-element (3 + 1)-free poset with an altitude respecting labeling. By Observation 2.3, the sequence (|V^∗_1 |, . . . , |V^∗_n |) weakly decreases and the sequence (|Λ^∗_1|, . . . , |Λ^∗_n|) weakly increases. Thus the zero entries of C and D form Ferrers shapes in the upper right corners of these matrices. By Proposition 2.4, the corresponding poset labelings respect altitude.

Since the class of totally nonnegative matrices is closed under multiplication (see e.g. [2]), Corollary 3.2 gives an easy proof of the total nonnegativity of the squared antiadjacency matrix A^2 of a labeled (3 + 1)-free poset whose labeling respects altitude. It also allows one to combinatorially interpret A^2 without computing it.

Take for example the poset in Figure 2.3 labeled as shown. Its squared antiadjacency matrix factors as

1 1 0 1 0 1 1 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 = 1 1 1 0 0 1 1 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 0 0 0 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 , and counts paths in the planar network shown in Figure 2.4. This factorization also associates to the poset the two unit interval orders shown in Figure 3.1.

4. f-vectors of (3 + 1)-free posets

The relationship between the unit interval orders and the (3 + 1)-free poset in Corollary 3.2 extends beyond the factorization stated in Theorem 3.1. We will show that for any k, there is a bijective correspondence between the k-element chains in any two of these three posets.

A k-element chain in a poset P is a sequence of elements (x_1, . . . , x_k) of P which satisfy x_1 <_P · · · <_P x_k.

The chain polynomial or f-polynomial of P is the polynomial f_P (t) = 1 + a_1t + · · · + a_mt^m, where a_i is the number of i-element chains in P . The sequence of numbers f_P = (1, a_1, . . . , a_m) is called the f-vector of P and is often written as (1, f_0, . . . , f_{m−1}).

To better describe the relationship between the posets mentioned above, we will define a self-map ϕ on the set of all naturally labeled n-element posets. Given such a poset P with antiadjacency matrix A, we define ϕ(P ) as follows.

1. If all rows of A are weakly decreasing, define ϕ(P ) = P . 2. Otherwise,

(a) Let j be the greatest integer in [n − 1] such that there exists an i satisfying 0 = a_{i,j} < a_{i,j+1} = 1. (4.1)

(b) Define A^′ to be the matrix obtained from A by exchanging the entries a_{i,j} and a_{i,j+1} for each index i satisfying (4.1).

(c) Let ϕ(P ) be the labeled poset whose antiadjacency matrix is A^′. To see that the map ϕ is well defined, observe that the the matrix A^′ = [a^′_{g,h}] defined in step (2b) satisfies a^′_{g,h} = 1 (4.2) whenever g ≥ h as integers, and a^′_{f,h} = 0 (4.3) whenever a^′_{f,g} = a^′_{g,h} = 0. These are the two defining characteristics of an antiadjacency matrix of a naturally labeled poset. Since it is necessary that P be labeled naturally in order to obtain (4.2), the map ϕ is not defined on arbitrarily labeled posets. Note also that a different choice of j in step (2a) would define a different (but also well defined) map.

An equivalent definition of the map ϕ in terms of posets is as follows.

1. If i <_P j implies i <_P j + 1, . . . , n for all i, j, define ϕ(P ) = P . 2. Otherwise,

(a) Let j be the greatest integer such that there exists an i satisfying

i <_P j and i ≮_P j + 1.

(4.4)

(b) For each pair (x, y) of elements satisfying x <_P y,

(i) If y is not equal to j, then define x <_{ϕ(P )} y. (ii) If y is equal to j and x <_P j + 1, then define x <_{ϕ(P )} j. (iii) If y is equal to j and x ≮_P j + 1, then define x <_{ϕ(P )} j + 1.

In the event that P is a labeled (3 + 1)-free poset, it is easy to construct the Hasse diagram of ϕ(P ) from that of P . Let j be the greatest index satisfying (4.1), and let I be the set of elements of P covered by j and not comparable to j + 1. For each element i in I, replace the edge (i, j) by the edge (i, j +1). For each element h covered by an element in I and not covered by any element in Λ^∗_j ∩ Λ^∗_{j+1}, introduce the new edge (h, j).

While the map ϕ does not in general preserve altitude, it does preserve |V^∗_x | for all elements x in P . Further, if P is a (3 + 1)-free poset which satisfies |V^∗_1 | ≥ · · · ≥ |V^∗_n |, (4.5)

we can infer several interesting things about P and ϕ(P ). By Observation 2.3, a labeling of a (3 + 1)-free poset which respects altitude necessarily satisfies the condition (4.5). Note also that a labeling of a (3 + 1)-free poset which satisfies the condition (4.5) is necessarily natural.

Lemma 4.1. Let P be a labeled n-element (3+1)-free poset which satisfies (4.5) and let j be the greatest label which satisfies (4.1) for some i ≤ n. Then the four deleted ideals V^∗_j (P ), V^∗_{j+1}(P ), V^∗_j (ϕ(P )), V^∗_{j+1}(ϕ(P )) are equal. Furthermore, each element i satisfying (4.1) is covered by j in P and is covered by j + 1 in ϕ(P ).

Proof. Note that Λ^∗_j (P ) is not contained in Λ^∗_{j+1}(P ). Therefore by Observation 2.1, V^∗_j (P ) must be contained in V^∗_{j+1}(P ). By (4.5), these sets must be equal. Since j has been chosen as in step (2b) of the definition of ϕ, ϕ preserves the sets V^∗_j (P ) and V^∗_{j+1}(P ). Therefore V^∗_j (ϕ(P )) and V^∗_{j+1}(ϕ(P )) are equal to these sets as well.

Suppose that some element i satisfying (4.1) is not covered by j. Then there is an element h satisfying i <_P h <_P j. By our choice of i, we cannot have i <_P j + 1. Neither can we have j+1 <_P j since P is naturally labeled. Thus j+1 is incomparable in P to i, h, and j, contradicting the fact that P is a (3 + 1)-free poset.

Suppose that some element i satisfying (4.1) is not covered by j + 1 in ϕ(P ). Then for some element h we have i <_{ϕ(P )} h <_{ϕ(P )} j + 1, and since h is not equal to j + 1 we have i <_P h. By the previous argument, i must be covered by j in P . We therefore have h ≮_P j. It follows that we have h <_P j+1, and by transitivity we have i <_P j+1, contradicting our assumption that i satisfies (4.1).

Furthermore, we have the following relationship between P and ϕ(P ).

Proposition 4.2. Let P be a (3 + 1)-free poset whose labeling satisfies (4.5). Then the f-vector of ϕ(P ) is equal to that of P .

Proof. If ϕ(P ) = P then there is nothing to prove. Assume therefore that ϕ(P ) does not equal P , and that j is the maximum index satisfying (4.1) in the definition of the map ϕ. It will suffice to show that for any ℓ there is a bijection between ℓ-element chains in P which are not chains in ϕ(P ) and ℓ-element chains in ϕ(P ) which are not chains in P .

Let (x_1, . . . , x_{r−1}, j, x_{r+1}, . . . , x_ℓ) be a chain in P and not in ϕ(P ). By the definition of ϕ we have x_{r−1} ≮_P j + 1, x_{r−1} <_{ϕ(P )} j + 1, and x_{r−1} ≮_{ϕ(P )} j. Since P is (3 + 1)-free, we may apply Lemma 4.1 to obtain j + 1 <_{ϕ(P )} x_{r+1}. Thus (x_1, . . . , x_{r−1}, j + 1, x_{r+1}, . . . , x_ℓ) is a chain in ϕ(P ) and not in P .

Conversely, let (y_1, . . . , y_{s−1}, j + 1, y_{s+1}, . . . , y_ℓ) be a chain in ϕ(P ) and not in P . By the definition of ϕ, we have y_{s−1} ≮_{ϕ(P )} j, y_{s−1} <_P j, and y_{s−1} ≮_P j + 1. Since P is (3 + 1)-free, we may apply Lemma 4.1 to obtain j + 1 <_P y_{s+1}. Thus (y_1, . . . , y_{s−1}, j, y_{s+1}, . . . , y_ℓ) is a chain in P and not in ϕ(P ).

It follows that the map (x_1, . . . , x_{r−1}, j, x_{r+1}, . . . , x_ℓ) → (x_1, . . . , x_{r−1}, j + 1, x_{r+1}, . . . , x_ℓ) induced by ϕ is our desired bijection of chains.

In addition to preserving the f-vector of a poset, the map ϕ also preserves 3 + 1 avoidance.

Proposition 4.3. Let P be a labeled (3 + 1)-free poset which satisfies (4.5). Then ϕ(P ) is (3 + 1)-free.

Proof. Suppose that ϕ(P ) is not (3+1)-free. Then there are four elements {x_1, x_2, x_3, x_4} related as x_1 <_{ϕ(P )} x_2 <_{ϕ(P )} x_3, x_4 incomparable to x_1, x_2, x_3 in ϕ(P ).

Since the same four elements do not induce a subposet of P isomorphic to 3 + 1, we have at least one of the following comparisons in P .

1. x_1 ≮_P x_2. 2. x_2 ≮_P x_3. 3. x_1 <_P x_4. 4. x_4 <_P x_3.

Let j be the index referred to in the definition of ϕ.

Assume that comparison (1) is true. Then we have x_1 <_P j and x_2 is equal to j + 1. Since the deleted ideals V^∗_{j+1}(ϕ(P )) and V^∗_j (P ) are equal, the relation x_2 <_{ϕ(P )} x_3 (i.e. j + 1 <_{ϕ(P )} x_3) implies that we have j <_P x_3, and the relation x_4 ≮_{ϕ(P )} x_3 implies that x_4 is not equal to j. Thus the relations x_1 ≮_{ϕ(P )} x_4 and x_4 ≮_{ϕ(P )} x_3 imply that we have x_1 ≮_P x_4 and x_4 ≮_P x_3, contradicting the fact that P is (3 + 1)-free.

Assume therefore that comparison (1) is false and that comparison (2) is true. Then x_3 is equal to j + 1 and we have x_1 <_P x_2 <_P j.

The comparison x_4 ≮_{ϕ(P )} j + 1 implies that we have x_4 ≮_P j. Since x_1 is not covered by j in P , we must have x_1 <_{ϕ(P )} j, which implies that x_4 is not equal to j. Thus the relation x_1 ≮_{ϕ(P )} x_4 implies that we have x_1 ≮_P x_4, contradicting the fact that P is (3 + 1)-free.

Assume therefore that comparisons (1) and (2) are false, while comparison (3) is true. Then we have x_1 <_P x_2 <_P x_3, x_1 ≮_P j + 1, and x_4 is equal to j. Since V^∗_j (ϕ(P )) and V^∗_{j+1}(P ) are equal, the comparison x_4 ≮_{ϕ(P )} x_3 (i.e. j ≮_{ϕ(P )} x_3) implies that we have j + 1 ≮_P x_3, contradicting the fact that P is (3 + 1)-free.

Finally, assume that comparisons (1)-(3) are false, and that comparison (4) is true. Then we have

x_1 <_P x_2, x_1 ≮_P x_4,

and x_3 is equal to j. The comparison x_2 <_{ϕ(P )} j then implies that we have

x_2 <_P j + 1,

and the comparisons x_4 <_P x_3 and x_4 ≮_{ϕ(P )} x_3 imply that we have

x_4 ≮_P j + 1,

contradicting the fact that P is (3 + 1)-free.

Thus by applying several iterations of the map ϕ to a (3 + 1)-free poset P whose labeling respects altitude, we obtain the poset Q_1 from Corollary 3.2, and find that the f-vector of Q_1 is equal to that of P .

Theorem 4.4. Let P be a (3 + 1)-free poset and let A be the antiadjacency matrix corresponding to an altitude-respecting labeling of P . Define the matrices C and D as in Theorem 3.1, and let Q_1 and Q_2 be the two labeled unit interval orders whose antiadjacency matrices are C and D. Then the f-vectors of all three posets are equal.

Proof. If P is a unit interval order, then P = Q_1 = Q_2 and we are done. Suppose therefore that P is not a unit interval order. Then for some number k we have ϕ^k(P ) = Q_1, which by Proposition 4.2 implies that the f-vectors of P and Q_1 are equal. Applying the same argument to the dual poset of P , we find that the f-vectors of P and Q_2 are equal as well.

Thus although the set of (3 + 1)-free posets on n elements strictly contains the set of unit interval orders on n elements (for n > 3), the corresponding containment of sets of f-vectors is not strict.

Corollary 4.5. The set of f-vectors of (3 + 1)-free posets on n elements is equal to the set of f-vectors of unit interval orders on n elements.

As is the case with many interesting classes of f-vectors, no characterization of the f-vectors of (3 + 1)-free posets is known. On the other hand, it is not too difficult to prove some inequalities that must be satisfied by the components of these f-vectors. Somewhat surprisingly, the inequalities below are satisfied also by pure O-sequences [9], by the h-vectors of matroid complexes [4], and by the coefficients of the Poincaré polynomials of universal Coxeter groups [28]. (See also [5], [10], [16], [21, Cor. 2.4].)

Proposition 4.6. Let a(t) = a_0 +a_1t+· · ·+a_mt^m be the f-polynomial of a (3+1)-free poset. Then for i = 0, . . . , ⌊^{m−1}_2 ⌋ we have a_i ≤ a_{i+1}, (4.6) a_i ≤ a_{m−i}. (4.7)

Proof. Let P be an n-element (3 + 1)-free poset whose longest chain has m elements and whose f-polynomial is a(t).

If P is a chain, then a(t) is equal to (1 + t)^m and clearly satisfies the inequalities (4.6), (4.7). Assume therefore that P is not a chain, fix some m-element chain in P , and choose an element x not in this chain. Now define the induced subposets Q and R of P by Q = P ∖ x, R = Λ^∗_x ∪ V^∗_x , and let b(t) and c(t) be the f-polynomials of Q and R respectively. These are related to a(t) by a(t) = b(t) + tc(t). (4.8)

The longest chain of Q clearly has m elements. Therefore we will write b(t) = b_0 + b_1t + · · · + b_mt^m, where b_0, . . . , b_m are positive. It is clear that the longest chain in R has at most m − 1 elements. Since x is incomparable to at most two elements of any m-element chain in Q, the longest chain in R must have at least m − 2 elements. Therefore we will write c(t) = c_0 + c_1t + · · · + c_{m−1}t^{m−1}, where c_0, · · · , c_{m−2} are positive and c_{m−1} is nonnegative. Let us define c_{−1} to be zero, so that Eq. (4.8) becomes a_i = b_i + c_{i−1}, for i = 0, . . . , m.

(4.9)

Assume by induction that the proposition is true for (3 + 1)-free posets having fewer than n elements, and note that Q and R are two such posets. Applying this inductive hypothesis to (4.6) we see that b(t) satisfies b_i ≤ b_{i+1}, for i = 0, . . . , ⌊^{m−1}_2 ⌋.

(4.10) and c(t) satisfies

c_i ≤ c_{i+1}, for { i = −1, . . . , ⌊^{m−3}_2 ⌋ if c_{m−1} is zero, i = −1, . . . , ⌊^{m−2}_2 ⌋ if c_{m−1} is positive.

(4.11)

Rewriting (4.11) we have

c_{i−1} ≤ c_i, for { i = 0, . . . , ⌊^{m−1}_2 ⌋ if c_{m−1} is zero, i = 0, . . . , ⌊^m_2 ⌋ if c_{m−1} is positive.

(4.12)

Combining (4.9), (4.10), and (4.12) we obtain a_i = b_i + c_{i−1} ≤ b_{i+1} + c_i = a_{i+1}, for i = 0, . . . , ⌊^{m−1}_2 ⌋, which proves the inequality (4.6).

Applying the inductive hypothesis to (4.7), we see that b(t) satisfies b_i ≤ b_{m−i}, for i = 0, . . . , ⌊^{m−1}_2 ⌋, (4.13) while c(t) satisfies c_i ≤ c_{m−2−i}, for i = −1, . . . , ⌊^{m−3}_2 ⌋, if c_{m−1} is zero,

(4.14) c_i ≤ c_{m−1−i}, for i = 0, . . . , ⌊^{m−2}_2 ⌋, if c_{m−1} is positive.

(4.15)

First suppose c_{m−1} is zero. Then we have the inequality c_{i−1} ≤ c_{m−2−(i−1)} = c_{m−1−i}, for i = 0, . . . , ⌊^{m−1}_2 ⌋. Combining this inequality with (4.9) and (4.13) we obtain a_i = b_i + c_{i−1} ≤ b_{m−i} + c_{m−1−i} = a_{m−i}, which proves the inequality (4.7).

Now suppose that c_{m−1} is positive. Combining (4.9), (4.12), (4.13), and (4.15) we obtain a_i = b_i + c_{i−1} ≤ b_i + c_i ≤ b_{m−i} + c_{m−1−i} = a_{m−i}, (4.16) for i = 0, . . . , ⌊^{m−2}_2 ⌋. Indeed (4.16) also holds for i = ⌊^{m−1}_2 ⌋, for when m is even we have ⌊^{m−2}_2 ⌋ = ⌊^{m−1}_2 ⌋, and when m is odd we have c_⌊ m−1_{2 ⌋} = c m−1_2 = c_{m−1−⌊} m−1_{2 ⌋}.

This proves the inequality (4.7).

5. Open problems

A more thorough understanding of the f-vectors of (3 + 1)-free posets (equivalently, of unit interval orders) would be interesting because this might help to prove conjectures that certain combinatorially defined polynomials have only real zeros. (See for example [14, page 114] or [26, Problem 20].)

Problem 5.1. Characterize the f-vectors of unit interval orders.

On the other hand, a better understanding of the factorization in Theorem 3.1 might help to obtain results for (3 + 1)-free posets analogous to those already known for unit interval orders. For instance the number of nonisomorphic unit interval orders on n elements is well-known to be the nth Catalan number [6], [29], but no such formula is known for (3 + 1)-free posets.

Problem 5.2. Find a formula for the number of nonisomorphic (3 + 1)-free posets on n elements.

Perhaps one could obtain a lower bound for the formula in Problem 5.2 by counting appropriate pairs of unit interval orders.

Problem 5.3. Characterize the pairs of unit interval orders which result from the factorization in Corollary 3.2. (Equivalently, characterize the corresponding pairs of antiadjacency matrices, or the corresponding planar networks.)

A second consequence of an answer to Problem 5.3 might be a new interpretation of the elements of a (3 + 1)-free poset.

Problem 5.4. Find a representation of (3 + 1)-free posets analogous to the interval representation of unit interval orders.

It is not hard to show that an n-element unit interval order is uniquely determined by its sequence (α(1), . . . , α(n)) of altitudes. The analogous statement is not true for (3 + 1)-free posets. Nevertheless, one might use altitude sequences to obtain a lower bound for the number of (3 + 1)-free posets on n elements.

Question 5.5. Is there a simple characterization of the altitude sequences arising from (3 + 1)-free posets on n elements, or a simple formula counting such sequences?

An interesting related problem, stated by Postnikov [15], is based upon a conjecture of Kostant [12].

Problem 5.6. Let P be a labeled poset with altitude sequence (α(1), . . . , α(n)). Show that if P is a unit interval order, then there are two permutations π_1 · · · π_n and σ_1 · · · σ_n in S_n which satisfy π_i − σ_i = α(i), for i = 1, . . . , n.

The statement is trivially true if we assume P has dimension at most two, and thus is true for many unit interval orders, which have dimension at most three [17]. (See also [7, Section 5.4], [27, Section 8.3].) The analogous statement involving (3 + 1)-free posets is false however.

6. Acknowledgments

The authors are grateful to Richard Stanley, Curtis Greene, Pedro Perez-Cabezas, Frederick Juarez, Michal Ostrowski, and Ted Thorbeck for many helpful conversations, to referees for correcting errors, and to Rob Lazarsfeld who administered the REU program at the University of Michigan in 2001.

References

[1] M. Aissen, I. J. Schoenberg, and A. Whitney. On generating functions of totally positive sequences. J. Anal. Math., 2 (1952) pp. 93–103.

[2] T. Ando. Totally positive matrices. Linear Algebra Its Appl., 90 (1987) pp. 165–219. [3] L. J. Billera and A. Björner. Face numbers of polytopes and complexes. In Handbook of Discrete and Computational Geometry (J. E. Goodman and J. O’Rourke, eds.). CRC Press, Boca Raton/New York, 1997 pp. 291–310.

[4] M. Chari. Two decompositions in topological combinatorics with applications to matroid complexes. Trans. Am. Math. Soc., 349 (1997) pp. 3925–3943.

[5] P. J. Chase. Subsequence numbers and logarithmic concavity. Discrete Math., 16 (1976) pp.

123–140.

[6] R. A. Dean and G. Keller. Natural partial orders. Canad. J. Math, 20 (1968) pp. 535–554. [7] P. C. Fishburn. Interval Graphs and Interval Orders. Wiley, New York, 1985. [8] S. Fomin and A. Zelevinsky. Total positivity: Tests and parametrizations. Math. Intelligencer, (2001) pp. 23–33.

[9] T. Hibi. What can be said about pure O-sequences? J. Combin. Theory Ser. A, 50 (1989) pp.

319–322.

[10] G. Kalai. The diameter of graphs of convex polytopes and f-vector theory. In DIMACS Ser.

Disc. Math. Theoret. Comput. Sci., vol. 4. American Mathematical Society, 1991 pp. 387–411. [11] S. Karlin and G. McGregor. Coincidence probabilities. Pacific J. Math., 9 (1959) pp.

1141–1164.

[12] B. Kostant, 2000. Personal communication.

[13] B. Lindström. On the vector representations of induced matroids. Bull. London Math. Soc., 5 (1973) pp. 85–90.

[14] J. Neggers. Representations of finite partially ordered sets. J. Combin. Inform. System Sci., 3 (1978) pp. 113–133.

[15] A. Postnikov, 2000. Personal communication.

[16] M. Pouzet and I. G. Rosenberg. Sperner properties for groups and relations. Europ. J.

Combinatorics, 7 (1986) pp. 349–370.

[17] I. Rabinovitch. The dimension of semiorders. J. Combin. Theory Ser. A, 25 (1978) pp. 50–61. [18] B. Reed. Factorization of antiadjacency matrices of (3 + 1)-free posets, Fall 2001. U. Michigan REU project.

[19] D. Scott and P. Suppes. Foundational aspects of theories of measurement. J. Symbol. Logic, 23 (1958) pp. 233–247.

[20] M. Skandera. A characterization of (3 + 1)-free posets. J. Combin. Theory Ser. A, 93 (2001) pp. 231–241.

[21] R. Stanley. A monotonicity property of h-vectors and h^∗-vectors. Europ. J. Combin., 14 (1993) pp. 251–258.

[22] R. Stanley. A matrix for counting paths in acyclic digraphs. J. Combin. Theory Ser. A, 74 (1996) pp. 169–172.

[23] R. Stanley. Combinatorics and Commutative Algebra. Birkhäuser, Boston, MA, 1996. [24] R. Stanley. Graph colorings And Related Symmetric functions: Ideas and Applications. Discrete Math., 193 (1998) pp. 267–286.

[25] R. Stanley. Enumerative Combinatorics, vol. 2. Cambridge University Press, Cambridge, 1999.

[26] R. Stanley. Positivity problems and conjectures. In Mathematics: Frontiers and Perspectives (V. Arnold, M. Atiyah, P. Lax, and B. Mazur, eds.). American Mathematical Society, Providence, RI, 2000 pp. 295–319.

[27] W. T. Trotter. Combinatorics and Partially Ordered Sets: Dimension Theory. Johns Hopkins University Press, 1992.

[28] G. Warrington, 2002. Personal communication.

[29] R. L. Wine and J. E. Freund. On the enumeration of decision patterns involving n means.

Ann. Math. Stat., 28 (1957) pp. 256–259.

University of Michigan, Dept. of Mathematics, 2074 East Hall, 525 East University, Ann Arbor, MI 48109-1109

E-mail address: mskan@umich.edu, brz@umich.edu