Gaussian Limits for Generalized Spacings

Yu. Baryshnikov and J. E. Yukich®

Bell Laboratories and Lehigh University

December 12, 2004

Abstract

Nearest neighbor cells in R?, d > 1, are used to define coefficients of divergence (¢-
divergences) between continuous multivariate samples. For large sample sizes, such distances
are shown to converge to a normal distribution with a variance depending on the underlying
point density. The finite dimensional distributions of the point measures induced by the
coefficients of divergence converge to those of a generalized Gaussian field with a covariance
structure determined by the point densities. In d = 1, this extends upon and generalizes
classical central limit theory for sum functions of spacings. The general results yield central
limit theorems for logarithmic k-spacings, information gain, log-likelihood ratios, and the

number of pairs of sample points within a fixed distance of each other.

1 Introduction

Let X;,1 <14 < n, denote the order statistics drawn from an i.i.d. sample with distribution F' on
R and let G be a distribution function. Classical spacing functionals on R [35] take the form of an

empirical ¢-divergence

S 60IG(Xie) ~ G, (L)

Rm 2C-323, Bell Laboratories, Lucent Technologies, 600-700 Mountain Ave, Murray Hill, NJ 07974:

ymb@research.bell-labs.com

Department of Mathematics, Lehigh University, Bethlehem PA 18015, USA: joseph.yukich@lehigh.edu

Key words and phrases: ¢-divergence, central limit theorems, spacing statistics, logarithmic spacings, informa-
tion gain, log-likelihood

1 Research supported in part by NSF Grant DMS-0203720



where ¢ : RT — R is a specified function. When F and G have densities f and g, respec-
tively, the functionals (1.1) form a discrete version of the ¢-divergence between f and g, namely
Ir (x)¢(%)dx. ¢-divergences, introduced independently by Csiszar [10, 11], and Ali and Silvey
[1, 2, 3], are a measure of the distance between the distributions F' and G. They are widely used
in non-parametric estimation and are well suited for goodness-of-fit tests [7, 9, 15, 22, 34, 37, 44].

This paper has two main goals. The first is to use nearest neighbor cells to establish high
dimensional analogs of the one dimensional ¢-divergences (1.1). The nearest neighbor cells are
employed as an adaptive scheme to define statistical distances of continuous samples in R?. We
establish a general central limit theorem (CLT) showing that the resulting distance functionals
converge to a normal random variable whenever the distributions ' and G have densities bounded
away from zero and infinity. Using one and two point correlation functions, together with the fact
that nearest neighbor cells have local interactions, we show that the large scale behavior of gen-
eralized ¢-divergences, as defined by limiting variances and covariances in the CLT, is determined
by the local behavior of the underlying density of points. The high dimensional analogs of the
¢-divergences (1.1) generate canonical random point measures, denoted “i, s ™ = 1, whose finite
dimensional distributions, after re-normalization, converge to those of a generalized Gaussian field.

The second goal of this paper is to establish a general CLT providing asymptotic normality
of (1.1) in d = 1 under general conditions on F,G, and ¢. This umbrella CLT generalizes and
extends upon classical CLTs for sum functions of spacings [7, 9, 12, 13, 17, 41, 44] and establishes
asymptotic normality for information gain, log-likelihood ratios, and sums of logarithmic k-spacings
whenever the densities of F' and G are bounded away from zero and infinity. The latter resolves
an open question of Darling (p. 249 of [13]). The methods extend to yield a CLT for the number
of pairs of sample points within a fixed distance.

Our approach relies upon stabilization methods to quantify the dependency between functionals
defined in terms of nearest neighbor cells. Such methods have been used [5, 31, 32] to establish
the limit theory for random measures and functionals in geometric probability. Unfortunately, our
functionals depend on both the local density f of points and also on an auxiliary weight g and
thus the methods of [5, 31, 32] are not directly applicable and need to be substantially modified.

Notation. Let X C R be locally finite. Given a € R and y € R?, let aX := {az : z € X} and
y+ X :={y+x:z€ X} For z € RY let |z| be its Euclidean modulus and for r > 0, let B,(z)
denote the Euclidean ball {y € R?: |y — 2| < r}. Let wy denote the volume of the unit radius ball
in R? and let 0 denote the origin of R?.



If B C B(R?%), where B(RY) denotes the Borel subsets of R?, then |B| denotes its Lebesgue
measure. Unless otherwise specified, A C B(R?) denotes a compact convex subset of R? with
non-empty interior.

Given f € C(A), where C(A) denote the continuous functions on A, and p a Borel mea-
sure on R?, (f, ) denotes the integral of f with respect to u. Let F := {¢ : Rt — Rt :
¢ is continuous and E [¢P(al'1)] < oo for all @ > 0 and some p > 3}, where I'; is a gamma
random variable. Let P, denote a homogeneous Poisson point process on R¢ with intensity 7.
When 7 = 1, we write P for P;. Finally, K denotes a generic positive constant whose value may

change from line to line.

2 Main Results

Here we establish two general central limit theorems. The first (Theorem 2.1) provides asymp-
totic normality for a high dimensional analog of (1.1) while the second (Theorem 2.2) establishes

asymptotic normality of (1.1) under general conditions on F, G, and ¢.

2.1 High dimensional ¢-divergence based on nearest neighbor cells

Throughout g : A — Rt is continuous and X1, X», ... are independent random variables in R, d >
1, with common continuous probability density f : A — RT. We assume once and for all that f
and g are bounded away from zero and infinity.

For each X;,1 < i < n, consider the ball C; := C;(X;, ..., X,,) centered at X; with radius equal
to the distance to the nearest neighbor in the sample {X7, ..., X;;}. We use the cells C; to define
high dimensional spacing functionals analogous to the classical one-dimensional functionals (1.1).
Define for 1 <4 < n the sample spacings

D, :=D;i(Xq,...,X») ::/ dx
Ci(X1,...,Xp)

and the transformed spacings

D! = DJ(Xy,....X,) ::/ g(x)dz.
’ Ci (X100 Xn)

We will measure the discrepancy between g and the sample density f by comparing the trans-

formed spacings {Digm, 1 <4 < n} with {sz,n’ 1 <i < n}. Given ¢ € F consider the ‘nearest



neighbors ¢-divergence’ functionals:

L,({D{, 3 AD],} ZD (Df ) (2.1)

14 is a measure of the ‘distance’ between g and f and is a discrete version induced by the balls of

the nearest neighbors graph of the ¢-divergence between g and f, namely [ G f(@)o (?E;;) dx.
The ¢-divergences (2.1), or ‘coefficients of divergence’, are used heavily in goodness-of-fit tests
[37] and are useful in characterizing the amount of information of one distribution contained in
another [37, 38]. If P and @ are measures with densities f and g, respectively, then the ¢-divergence
of f and g is a measure of the statistical distinguishability of P and ). Choices of ¢ € F figuring

prominently in estimation and decision theory include:

e ¢o(z) := logz defines Kullback-Leibler information (also called the modified log-likelihood

ratio statistic) and is used in maximum spacing methods,
o ¢1/2(x) :=2(1 — /z)? yields the square of the Hellinger distance,
e ¢1(x) := zlogz yields the log-likelihood ratio statistic or I-Divergence of Kullback-Leibler
o (o(x):= (z — 1)?/2 yields the chi-squared divergence, and
e ¢(")(z) := 2" yields information gain of order 7, 7 > 0.

If f is unknown, we can replace Dz{n in (2.1) by its empirical estimate ﬁfn = n~1, thus

providing a high-dimensional analog of the statistic (1.1):
NE (X1, X Z ¢(nDf,,) (2.2)

We will henceforth call N, g » the ‘nearest neighbors spacing statistic’, or ‘empirical nearest neighbor
¢-divergence’. We write N (Xl, ..., X)) when g = 3, 3 a constant.
Before stating our main results we need two definitions. For any locally finite X := {21, x9,...} C
4 and for all i = 1,2,..., let C(x;,X) := C;(X) be the ball centered at x; with radius equal to
the distance to the nearest neighbor in X. Let D;(X) := fCi(X) dz and DY(X) := fCI_(X) g(z)dz be
the generalizations of D;(X1, ..., X,,) and DY(X, ..., X,,), respectively. For all ¢ > 0 and all finite
point sets X, := {x1,...,z,} C R, let

N{ (%) = 3 6(tD] (X)). (2.3)



Definition 2.1 (Variance function) For all ¢ € F and all 8 > 0 put

Var[NY ,(Px N [0,1]%)]

Vo(B) := )\li_)n;.lo : \ . (2.4)

The existence of the limit (2.4) is not immediate but is a consequence of the proof of Theorem
2.1 which shows that y — [E [(8]C(0, P Uy))$(3IC(y, P U 0)])] — E¢2(AT1)] is integrable on R?
for all 8 > 0 and that

Vo(8) = E[¢*(BT1)] + /Rd [E[¢(BIC(0,P Uy))o(BIC(y, PUO)|)] —E¢*(AT1)] dy.  (2.5)

The existence of the limit in the next definition is a consequence of Lemma 6.1 of [31] and
follows because inserting an extra point into the Poisson point set P induces only local changes in

nearest neighbors distances [31].
Definition 2.2 (‘Average add-one cost’ function) For all ¢ € F and all 3 > 0, let

Ay(B) :=E [ lim [N (PN B,(0) U0) — N (P BT(O))]] .

T—00

2.2 A general CLT for ¢-divergences

The volume of the nearest neighbors cell around the origin with respect to P is a I'y random

variable. Given X; = , nDﬁ », 1s roughly equal to g(z)n|C;|, which is approximated in distribution

by fEx)Fl, since for large n, the points around x resemble a Poisson point process with intensity

f(z). Thus the summands in (2.2) behave asymptotically like qﬁ(%f‘l). Conditional on X; =z
and neglecting cell dependence, one expects in view of Definition 2.1 and scaling arguments that the

limiting variance of ¢(nDj, ) should equal Vy( fE )) Furthermore, in the absence of conditioning,

one expects that the limiting variance of n=1/2 S i1 gb(an ) should behave like a weighted average

of V¢(?§I§) This is indeed the case and is the content of the first part of Theorem 2.1 below.

Consider the point measures induced by the empirical nearest neighbor ¢-divergence:
1 = qu (nDY,) (2.6)

and let 7 , := pj , — Ep) o be their centered versions. The following general CLT, our first

main result, establishes convergence of the finite-dimensional distributions of n~/2%¢

b @S — 00
(ie., the convergence of the m-vector ((hy,n='/2[% .}, ..., (b, n= 2@ )} for all hy, ..,y in
C(A)) to the finite dimensional distributions of a mean zero finitely additive Gaussian field whose

covariance kernel is a weighted average of the variance and add-one cost functions. Henceforth, by



‘convergence in law’ we shall mean convergence of finite dimensional distributions. Applications,

corollaries, and examples follow in section three.

Theorem 2.1 Let ¢ € F and h € C(A). Then as n — oo

W — /Ahz(x)Vqs (?Ei;) f(z)dx — (/A h(z)Ag (%2) f(x)dfﬂ)2 (2.7)

and n’1/2ﬁi o converges in law as n — oo to a Gaussian field with covariance kernel

[ m@natavs (520 swiae — [ ma, (52 jwas [ maoa, (fc((g)f(fﬂ)d:é .

For certain choices of ¢ we may identify V, and Ay, thus providing limiting distributions of some
statistical distances of interest, including information gain and log-likelihood in high dimensions

(section 3.5). Notice that if we put

= () o [ ) )

then Theorem 2.1 yields the following CLT for the nearest neighbors spacing statistic th &

NY (X1, Xn) —ENY (X1,...Xs) p
-2 ——? L N(0,02(f, 9))-
nl/

Remarks.

(i) (Related work) Bickel and Breiman [6], and subsequently Schilling [39], consider the function-
als N} ,(X1, ..., Xpn) when ¢(x) = exp(—=). Using the approximation D ~ g(X;)|C(X1, ..., Xn)|,
they establish a CLT for the empirical process of nearest neighbor distances, but do not consider
convergence of the associated random measures ufh o =1 Strong limit theorems for multivari-
ate spacings using general ‘shapes’ are given by Deheuvels et al. [14]. Penrose [29] finds a CLT
for k-nearest neighbor distances and a strong law [28] for the largest nearest-neighbor link. Henze
[20] establishes the limit distribution for the maxima of weighted nearest neighbor distances.

(ii) (Poisson CLT) For all A > 0 let Pys be a Poisson point process on A with intensity measure
Af: A — RT. Recalling the general definition (2.3), the Poisson version of the ¢-divergence (2.2)
is

N (Pag)i= 3 ¢<A /C . )g(u)du> (2.9)

€PNy



and the Poisson analog of the point measures (2.6) is
> o (A/ g(u)du> Oe- (2.10)
zE€Pxf C(@,Par)

An integral part of the proof of Theorem 2.1 involves first showing the following Poisson version:

If ¢ € F and h € C(A), then as A — oo

Var[(h M,\¢ /hz ( i;)f(m)dx (2.11)

and A~/ g » converges in law to a Gaussian field with covariance kernel

g(w))

hi(z)ha(x)V, f(x)dx. 2.12
[ mtmaav, (45 fe) (212)
(iii) (Limits are distribution free) [25] The empirical nearest neighbors estimator is a.s. consis-

tent [25, 32] whenever ¢ there is some p > 4 such that E [¢p?(al'1)] < oo for all a > 0, i.e.,

i X1 Xn) /AE [gb(g(x)Fl)] f(x)dz a.s.

n—oo n f(z)

Thus, combining the above with Theorem 2.1, when g = f the limiting mean, variance, and

distribution for TlefW()(l7 .oy X)) and n’l/zﬁfw5 do not depend on f. In particular ai(f, g) =
V4(1)—(Ag(1))%. Therefore the nearest neighbor functionals are asymptotically distribution free un-
der the null hypothesis g = f and have asymptotic variance V(1) — (Ag(1))%. A possible goodness-
of-fit test would be to take the density g to be tested, compute the functional N57¢(X1, ey X)), and
see whether the cumulative distribution function is close to the cumulative distribution function
of a mean normal random variable with variance V(1) — (Ay4(1))2.

(iv) (Voronoi cells) Volumes of nearest neighbor cells are computationally attractive and have
exponentially decaying correlations. Defining analogous functionals based on cells generated by
any locally defined Euclidean graph (e.g. Voronoi cells) leads to similar CLTs.

(v) (Properties of limiting variance) In most of our examples, A, is strictly positive, showing
that Poissonization contributes extra randomness which manifests itself in a larger limiting vari-
ance. When V;, and Ay are convex, which is the case when ¢(x) = 2", r > 1, or when ¢(z) = zlogx
(?Eig )f(z)dz and [, Ag( Jgp(r) )f(x)dx are themselves divergences.

(2)
Thus the limiting variance (2.11) serves as a natural measure of distance. Basic properties of

(see sections 3.2, 3.3), then [,

¢-divergences [3, 10] imply that the limiting variance over Poisson samples is minimized when

g=1r.



2.3 Asymptotic normality of sum functions of spacings

Classical k-spacings on the line may be represented via analogs of the transformed spacings Dﬁ n
Viewing spacings on the line in this fashion and making minor modifications to the proof of
Theorem 2.1 gives a general CLT for the classical statistics (1.1). This is our second general result
and goes as follows.

Given a point set X C R? and a convex set C C R? containing the origin, define for all z € R?
and all k =1,2,...

di(z, X) == irtlf{card(x +C)NX > k+1}.

Thus d%(z, X) is the set-induced (asymmetric) distance between x and its kth nearest neighbor in
X. For every = € X, consider the cell C*(z, X) := z + dk(x, X) - C.

Given X := {x1,z9,..} CR and C :=[0,1], put for all i = 1,2, ...

CF .= C*(z;,X) and DY ::/ g(x)dx
ol

and note that Ci]€ is the difference of the order statistics x(;4x) — (s, i.e., corresponds to k-spacings

on the line. If g is a probability density with distribution function G then

) </Ck g(x)dUC) = O(G(x(igr)) — G(233)))-

If &, := {21, ..., } has order statistics z(1) < x(2) < ... < Z(y), then put for all t > 0

SY k(X Z¢ (@(i+k)) — Glz(@))])

and when g = 3, write St[fqﬁ,k(‘)(n)‘ When X, = {X1,..., X,,}, where X;, 1 <i <mn, are i.i.d,,

S (X1, X)) 1= 89 (X1, e, X Z¢ G(X(isn)) — G(X@)))

is the classical sum function of spacings. Developing the limit theory for Sz@,k(Xl’ ey X)) Over
continuous multivariate samples is important in goodness of fit tests. The passage from uniform to
non-uniform densities requires interchanging limits, which has proved to be an obstacle to rigorous
analysis.

Forall k =1,2,...let F, ;= {¢: RT - R : ¢ is continuous and E [¢?(al'y)] < oo for all a >
0 and some p > 3}, where I';, is a gamma random variable with parameters k and 1. For all ¢ € Fy,

put
n—k
I ok = Z d(n[G(X(itr)) — G(X@)])dx,-
i=1



The convergence in law of the measures ), , . := 17, 4, —Eps . follows exactly along the lines of
Theorem 2.1. In this setting we may explicitly identify the variance and add-one functions (V;, and
Ay) of Theorem 2.1 and therefore the limiting covariance structure as well. This goes as follows.

For all > 0 we put

VE(B) =2 3" Cov[p(ATh), (B(Trt — T1))] + (2.13)
=1
+ 2k[E ¢(OT'1,) — E¢(BTk41)]E ¢(OTk) + E ¢ (5Tk).-
As will be shown in section five, the analog of the combined identities (2.4) and (2.5) for the

spacings functional sh 6k 1S

Var[S? . (Py N0, 1
,\11_,120 ar| )\,qb,k()\)\ [ ])}:ng(m. (2.14)

Moreover, putting for all 5 > 0

AZk(8) = (k+ DE[6(BTk)] — KE [¢(BT k1)), (2.15)

and letting P be a homogeneous Poisson point process on R with intensity 1, it is straightforward

to show for all £ =1,2,... and 8 > 0 that

E[lim (S}, (PN B.(0)U0) — S, (PN B(0)] = AS 1(5).

T—00

Using the functions quk and Ag,k instead of V and Ay in Theorem 2.1, we state our second

main result, a general CLT for sum functions of spacings. Applications are given in section three.

Theorem 2.2 (Gaussian limit for sum functions of spacings) Let ¢ € Fi, and h € C(A), A :=

[a,b]. Then as n — oo

Var([(h ,Ufn(;sk / W2 (@)VE, ( g;) f(z)dx — (/AAi’k (?Ez;) f(x)dm>2

while n‘l/QﬁZ’d)

[ v, (55 s - [ m@ag, (55) s@as [ n@ag, (55 s

x converges in law to a Gaussian field with covariance kernel

Remarks. (i) Darling [13] undertook the first systematic study of the functionals S,, 4 x when

k = 1, but restricted attention to uniform samples. Theorem 2.2 generalizes Holst [21], as well as



earlier work of Cressie [9], who proves asymptotic normality (but not convergence in law) for sum
functions of k-spacings over uniform points. Holst uses a generalization of LeCam’s method and a
CLT for k-dependent random variables. In d = 1, Holst and Rao [22] prove asymptotic normality
of Sz’ sx(X1, ..., Xp) under ‘somewhat stringent conditions’ on f and g. For non-uniform samples
the asymptotics of Sf; ¢,k(X 1, -+, Xp) have been widely studied under the assumption that G runs
through a sequence of alternatives G,, approaching the uniform distribution; see Hall [19] and del
Pino [34]. Theorem 2.2 does not impose this restriction. Khashimov [26] establishes asymptotic
normality of 5711-, &) + (X1, ..., X)) under rather technical differentiability conditions on ¢ and f.

(ii) When ¢ € Fy, S§7¢7k is a consistent estimator of the ¢-divergence [25, 32] in the sense that

i ek (K1, Xa) :/AE [¢> (g(m)rkﬂ f(@)dz a.s.

we n /(@)

Analogous consistency results hold for non-overlapping k-spacings [40].

3 Applications

For many tests involving goodness-of-fit (Dudewicz et al. [15], Blumenthal [7], Cressie [9], Holst
and Rao [22], delPino [34], Weiss [44]) and parametric estimation (Ghosh and Jammalamadaka
[18]) it is important to know the asymptotic distribution of Sz7¢7k(X1, woey X;) for arbitrary g and

f and for various choices of ¢. The following provides some illustrative examples.

3.1 Limit theory for logarithms of spacings

If X4,..., X, are i.i.d. with density f, let

n—k
Sk (X1 ey X)) = Z log(n[G(X(iyw))) — G(X())])

denote the sum of the logarithmic k-spacings, where logx denotes the natural logarithm of .
Setting ¢(x) = logz in Theorem 2.2 yields a CLT for logarithms of k-spacings as follows.

Let ¢ be the di-gamma function with (k) := Zj;ll j~1 —~, where « is Euler’s constant, and
let o (k) := — Y01 52 + 7%/6.

By Cressie [9] and Holst [21],

k—1

> Cov(log Ty, log(Tkr1 — 1)) = k(k — 1)¢' (k) — (k — 1).
=1

10



Since E [log Ty] = ¢(k), we also have
2k(E log Ty, — E log Tj41)E log Ty, = —2¢(k).
Also, E [log? Tx] = ¢/ (k) + (1(k))2. So, combining terms and using (2.13) for ¢(z) = logz gives
Vice s (1) = 2[k(k = 13" (k) — (k = 1)] = 20(k) + ' (k) + (¥ (k))*. (3.1)

By(2.15) we have A?

8w (1) = (k+1)0(k) — kvo(k + 1) = ¢(k) — 1. Letting Uy, Us, ... be i.i.d. with

the uniform density on [0, 1] and putting 73 := (2k? — 2k + 1)¢’(k) — 2k + 1 and g = 1, Theorem
2.2 yields:

Corollary 3.1 (Gaussian limits for logarithmic k-spacings, uniform densities) As n — oo,

Var[Sllogk(Ul, ey Up)]

" — Tk,
an St (U1, .., Uy) —ESL  (Ur,...,Uy)
A B N (O,
while n_1/2ﬁg,log,¢ converges in law to a Gaussian field with covariance kernel

VS, (1) / ha(@)ha(z)dz — ((k) — 1)? / () / ().

where Vlfg,k(l) is as in (3.1).

By using simple relations such as
Cov(log AT, log B(Tky; — T')) = Cov(log Ty, log(Tr1; — Ty)), B8 >0,

it follows that Vlgg’k(ﬂ) = Vlfg’k(l) + log® 3 + 2log B(¥(k) — 1) and Af)&k(ﬂ) = Af)&k(l) + log 3.
Substituting this into Theorem 2.2 and re-arranging terms yields the following generalization of

Corollary 3.1:

Corollary 3.2 (CLT limits for logarithmic k-spacings, general densities) Let X, X1, X, ... be i.i.d.
with density f on [0,1]. Asn — oo
Var[S? . (X1,..., X,)]

o X
log,k - — 7, + Var {log(JgtEX)))]
d
an Sﬁ)g,k(Xl,...,Xn)—JESﬁ,g,k(Xl,---,Xn) D f(X)

11



Remarks. When X; are i.i.d. uniform on [0,1], and when g = 1, then the CLT for

S8 (X1, ..., X,) was established by Darling (sect. 7 of [13]) for & = 1 and later by Holst [21]

log,k
and Cressie [9] for general k. When the X; have a step density then Cressie shows asymptotic
normality of Sﬁ)g’k(Xl, ..ey X)) including cases when k — co. Czekala (Thm. 1 of [12]) apparently
re-discovered Cressie’s result. Shao and Hahn [41] treat general densities for k = 1, although their
proof depends upon interchanging limits in order to pass from step densities to arbitrary densities.
When k = 1, Blumenthal (Thm. 2 of [7]), proves Corollary 3.2 for densities f satisfying special
conditions. Corollary 3.2 extends all of these results to general f and g, resolving a conjecture of

Darling ([13], p. 249) affirmatively.

3.2 Information gain of order r

Let ¢(x) = 2", r > 0. We write S7 to denote S7, also known as Rényi’s information gain (I-

divergence) of order r in d = 1, that is

n—1
SI(X1, oy Xn) 1= (n[G(X(i11)) — G(X@)])" -
i=1
Denote the associated point measures by
n—1
1, =3 (n[G(X(i41)) — G(X3)]) dx,.
i=1

Let V. := —2rT2(r + 1)+ T'(2r + 1) and D, :=I'(r + 1)(1 — r). It is a simple matter to verify
via (2.13) and (2.15), respectively, that for all 8 > 0

Var[S?(Py N [0,1])]

V3 (8) = lim 3 =V,
and

A (B) = 2E [¢(8T1)] — E [¢(8T2)] = D"
Put

wf0) =i [ (%>2Tf(x)d$_D3 (f (jcij,)))rf(x)dscf.

Theorem 2.2 yields:

Corollary 3.3 (Gaussian limits for information gain, general densities) Let X1, X, ... be i.i.d.
with density f on A :=a,b]. Asn — o0

Var[S?(X1, ..., Xp)]
n

— a2(f.9)

12



and
S9(X1,.., Xpn) —ESI(Xq,..., X,)

nl/2

L. N(0,62(f, 9)),

—1/2

while n 5, .converges in law to a Gaussian field with covariance kernel

Vi [ @ (‘jcgg)%f(x)dx—l?f [ ) (45 s [ o) (42) sio

Remarks. It is easy to verify using [5] that o2(f,g) > 0 except when r = 1. Corollary 3.3
extends upon the CLTs of Darling [13] (uniform case) and Weiss [44]. The latter assumes that
GF~! has a step function derivative and incorrectly asserts that his results hold in more general
situations (cf. p. 417 of Pyke [35]). Moran [27] proved a CLT for the functional S over uniform

random variables.

3.3 Limit theory for log-likelihood ratio

Let ¢(z) = zlogz. We will use Theorem 2.2 to develop the limit theory for the log-likelihood
statistic .

SI(X1, 0 Xn) 1= > d(n[G(X(i41)) — G(X(3)])

i=1
as well as for the log-likelihood point measure

n—1

10 = S 6mlG(X 1) — G(Xa)])ox,.

i=1

Using the relations
E[(8I'11og(8l1))] = Blog B+ B(1 — ) and E[(8T'21og(8l2))] = 281log 5+ 3(3 — 2v),
as well as
E[(AT1 log(6T1))?] = *[2(log 8)* + (6 — 4y) log B + 2 + 7% /3 — 67 + 277,

it is a simple matter to verify via (2.13) and (2.15), respectively, that for all § > 0

Var[S{ ,(Pxn[0,1))] 72

Vf(ﬁ) = /\hj{)lo b\ = (g - 2)52
and that
AZ(B) := 2E¢(BT1) — E¢(Bl'2) = —f.
Put

) = (-2 [ £8a- ([ g(m)dx)Q.
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Let X have density f and note that since g is a density we have

2 9x)], =
o5(f.9) = (3 —2)Var [f(X)} t5 3
Using the above values for Vq;g(ﬁ), Ag(ﬁ), ai(f, g), and applying Theorem 2.2 for ¢(z) = zlogz

yields:

Corollary 3.4 (Gaussian limit for log likelihood, general densities) Let X1, Xa, ... be i.i.d. with
density f on A, A:=[a,b]. Asn — o0

Var[S3(X1, ..., Xn)]

; — 3(f.9)
and ’ ’
S¢(X1,...,X,L)T;i5¢(X1,...,X,L) LN(O,Ui(f,g))
while n*1/2ﬁfw converges in law to a Gaussian field with covariance kernel

9*(z)
f(x)

Remarks. Corollary 3.4 extends the results of Gebert and Kale [17], who assume uniformity

(- -2) /A b (2o (2) 22 4z — /A ha (2)g(x)da /A ho(2)g(x)da.

of X;, i > 1, and Czekala (Thm. 2 of [12]), who assumes that X;, i > 1, have a step density. van
Es [43] establishes asymptotic normality for Sg whenever k, n — oo, k = o(n'/?), and f : A — Rt

is Lipschitz.

3.4 Number of pairs of sample points within a fixed distance

Instead of considering spacing functionals defined with respect to the sample points, we now define a
functional using cells of fized radius t. Thus, for all ¢ > 0 and all locally finite point sets X € R¢ and
r € X weset ®!(z, X) := card(B;(z)NX) and for all A > 0 we define @ (z, X) := ®*(\/dz, \V/4X).
The functional

HY(X) = % > oz, X)
reX

counts the total number of pairs of points in X distant ¢ from each other. Define the scaled
version H(X) := H'(A\Y/X). Given i.i.d. random variables X1, ..., X,, with continuous density
f:A— Rt where A is a compact convex subset of R?, we seek the asymptotic distribution of
H!(X1,...,X,) as well as that of the point measure

,ufl = Z @;(Xi, {Xi}?:l)‘sxi'
i=1

14



For all h € C(A) and t > 0 put

o2(h) = Ut/AhQ(x)daH—vf <2/Ah3(x)dx—(/Ah2(x)dz)2>,

where v; := t%wy is the volume of a d-dimensional ball of radius ¢. The following CLT is obtained

by modifying the proof of Theorem 2.1; details are in section six.

Corollary 3.5 (Gaussian limit for the number of pairs of points within distance t) Let X1, X, ...
be i.i.d. with density f on A. Asn — oo
Var[H! (X1, ..., X)) 9

" — 0i(f) (32)
and ) .
H! (X4, ...,Xn)n—leQHn(Xl, ey Xn) D, N (0, 02(f))
while nil/szm converges in law to a Gaussian field with covariance kernel

/ (@) s () f2 () + 207 £3 ()| — 07 / hn(2) £ (x)de / ha(x) f2(2)d.
A A A

Remarks. The functional H' has been considered by various authors. L’Ecuyer et al. [16]
considers H! from the point of view of multidimensional goodness-of-fit tests, but restricts attention
to uniform samples. Penrose [30] (Ch.4) proves that the finite dimensional distributions of the

process H (X1, ..., X,,), t > 0, converge to those of a Gaussian process.

3.5 Information gain and log-likelihood in high dimensions

For differentiable ¢ with ¢(0) = 0, the limit V,(3), § > 0, in Definition 2.1 can be easily computed.
We will use this expression for V() in conjunction with the Poisson CLT (2.11 - 2.12) to develop
the limit theory for the information gain and log-likelihood functional on Poisson point sets in all
dimensions.

For all s,t,u € R, let I(s,t,u) be the volume of the intersection of two balls in R?, with
respective volumes s and ¢, at a distance u apart. Set

Ja(s,t) == /00 [eI(S’t’(“/“d)l/d) — 1]du.
max(s,t)

The following is proved in section seven.

Proposition 3.1 (evaluation of the variance function V;) Assume ¢ € F is differentiable and
¢(0) = 0. Then for all 8 > 0,
Vs(8) = E[¢*(5T1)] +

15



v [ i | " (8) (B1)e O a(s, ) — max(s, )]dsdt
0 0

provided that the integral exists.

In what follows we recall that P, is a Poisson point process with intensity Af on the compact

convex subset A of RY.

3.5.1 Information gain of order r

When ¢(z) = 2", 7> 0, NY ,(Pxs) defined by (2.9) yields Rényi’s information gain (I-divergence)
of order r. Since ¢(x) = " satisfies the conditions of Proposition 3.1, the following is immediate.

For all r > 0, define the constant
K, :=r? /OOO /0°° s"H e T [ 1y (s, t) — max(s, t)]dsdt.
Lemma 3.1 For all 8 > 0 and for ¢(x) =z, r > 0, we have
Ve(B) = 57" [E[(T1)*] + K] -

Combining (2.11 - 2.12) and Lemma 3.1 we easily deduce asymptotic normality for the infor-

mation gain Ny ;(Pxy) and the associated point measures pf , defined by (2.10). Let

(f”) f(@)de.

7.0 = B0+ 5] [ (2

A

Corollary 3.6 Let ¢(x) =a", r > 0. Then as A\ — o0

Var[NY ,(Pas)]

3 — 03(f.9)
i 7 ,(Pa) ~EN{,(Psy)
N3 ,(Pry) —ENY (Pay
My N0, ()

while n‘l/Qﬁi » converges in law to a Gaussian field with covariance kernel

ha(2)hs(z) (ﬂx)f f(x)dz.

2r
() + k) e

A

3.5.2 Log likelihood

When ¢(z) = zlogz, Nf\{qﬁ(??)\f) defined by (2.9) yields the log-likelihood statistic. To apply

Theorem 2.1 , we define the constants

I == / / (log s+ 1)(logt + 1)67(5+t) [Ja(s,t) — max(s, t)]dsdt,
o Jo
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Iy = / / (log s + 1)e~ St J4(s, t) — max(s, t)]dsdt,
o Jo
and

I = / / e~ J4(s, t) — max(s, t)]dsdt.
o Jo

The following is an easy consequence of Proposition 3.1.
Lemma 3.2 For all 8 > 0 and for ¢(x) = xlogz,
Vy(B) = B [2+ m/3 — 6y + 2v* + I1] + 5% log B[6 — 4y + 215] + (Blog B)*[2 + I3].

Using (2.11 - 2.12) we may deduce asymptotic normality for the log-likelihood functional
Ng(PAf) and for the associated point measures ,w’/{@ defined by (2.10). Let

o3(f.9) ::A(%)Z K, + Ky log (?Eg) LK, <1og%>2] f(z)dz

where K ::2+§—67+272+11,K2 =6 —4v+ 2[5, and K3 := 2+ I3.

Corollary 3.7 Let ¢(x) = xlogx. Then as A — oo

Var[N{ (P
a[ /\;\¢( Af)] —>0§>(f,g)

and
N{ 4(Prs) —ENY ,(Prf) p
e o N0.0i(f9)

while n‘l/Qﬁi s converges in law to a Gaussian field with covariance kernel

/A hi(x)ha(z) (?Eg) :

4 Proof of Theorem 2.1

K + Kj log (%) + K <log %)21 f(x)da.

4.1 Stabilization

The proof of Theorem 2.1 relies heavily upon the fact that correlations between nearest neighbor
cells decay exponentially fast with the distance between cells. This fact is neither surprising nor
difficult to establish. However, by quantifying the dependency between cells through the notion
of stabilization [5, 31, 32] we obtain explicit formulas for limiting variances and covariances. The

proofs are involved but we believe that this cannot be avoided. We have tried to make the proofs
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as self-contained as possible, but when there is obvious overlap with existing results we appeal to
those instead.

We now recall the notion of stabilization. Recall that for all A > 0, P,y is a Poisson point process
on A with intensity measure \f : A — RT. Define for all locally finite point sets X C R%, z € R?

and g : R — R the ‘g content of the cell around x with respect to X’ by

(z,X):= / g(u)du.
C(z,X)

19 stabilizes since the following property is satisfied: Given f,g: A — R* bounded away from zero
and infinity, for all x € A and all A > 1 there exists a random variable R := R, := Rgfc’f\, called a

radius of stabilization for K9 with respect to Pxy at x such that
I\, AV4Py s 0 BR(AY4x) U A) = T9(AY 4, AV 9Py 0 Br(AY %)) (4.1)

for all finite A C \/9A\ Bp(\/9z). I9 is said to stabilize since changes in point configurations
distant greater than R do not affect the value of I9.
The proof of Theorem 2.1 consists of the following three steps. We fix ¢ € F,g: A — RT, ¢

continuous, and f : A — RT a continuous density.

Step 1. (Poissonization of variance) Let
= Z 1) ()\/ g(u )du) Z ¢ (AKY(x,Pxf)) 0 (4.2)
TEPf C(z,Pay) TEPxf

We use stabilization ( 4.1) together with properties of the one and two point correlation func-

tions for I9 to show for all h € C(A),

el ““’ /h2 ( x>>f(x)dx. (4.3)

A—00 LC)

Step 2. (de-Poissonization) We de-Poissonize the limit (4.3) and show the limit (2.7), namely
Var[(h, 45, ,) -/ 6(x) 9(x) i

lim ————22% — [ p2(2)V, < ) x)dr — (/ h(z ( > x dz> . 4.4

Jim [ v, (45 72 s (44)

Step 3. (Completion of proof of Theorem 2.1) By appealing to general results and methods of
[33] and by using the stabilization of 19, we obtain for all h € C(A) as A — oo:

AV2 ) B N (o, /A 122V, (?8) f(x)d:v) . (4.5)
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We then establish Theorem 2.1 by de-Poissonizing the limit (4.5).

Variations of the above approach have been used in [5, 31] in the context of proving CLT's
for random measures in geometric probability. Unfortunately the functional 9 depends on the
auxiliary function g and thus the methods of [5, 31] are not directly applicable and need to be
substantially modified.

4.2 Step 1: Variance convergence over Poisson samples

To simplify the notation, for all A > 0, z € A4, g : A — RT, and locally finite X C A, define

B (2, X) = ¢ (A/C( X)g(u)du) = & (A9 (z, X))

so that (4.2) becomes
,ui’\@ = Z @i(x,?kf)dx.

€PNy

Since 19 stabilizes it is clear that ®9 stabilizes as well and has the same radius of stabilization.

o (y, X) = ¢ (A/ g(w)dU> :
C(y,X)

We refer to @i(m)(y,P,\f(z)) as a first order approximation to ®{(y,Pxs) in that f and g are

Define also

respectively approximated by the scalars f(z) and g(x). When z is close to y, the continuity

of ¢ and g ensures that this is a good approximation. We approximate u?\) » by the first order

(I)g(ﬂc)

approximation Zwepv X

(2, Prf(a))0z as follows.
For all A > 0, let P} ¢ be a Poisson point process equidistributed with and independent of Pyy,
ie., P;\f is a copy of Py¢. For all A > 0 and « € A we introduce two auxiliary homogeneous

independent Poisson point processes Py () and P} £(2) such that:
° ’PM(I),P;}(.(%) have constant intensity Af(z) on A,
e P,y and Py, are coupled in the sense that for any B € B(RY),
P [Par(B) # Py (B)] < A [ 1£6) = f(@)] do (46)

and the same is true for Pﬁ\f and Pf\f(w).

To show (4.3), we will show for all h € C'(A) that

A Warl(h, 1)) = /A 12 () E[(@ (z, Pag))?) f (x)da (4.7)
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A / / B(2)h(y)E [B(x, Pry Uy)®L(y, Pay U ) — B (x, Pag) By, P'ag)] £(2)  (y)dndy
AxXA

is approximated by its ‘first order version’

/h2<x>E[<<1>i<“<x,Pxfm))?]f(x)dz+A / / WoWE [ .. ] f@) f)dedy  (48)
A AxRd

where E[...] is shorthand for
E (042, Pai) U@L (0, Prsiey Ua) = 04 (0, Pasa) 24 (0, P si)| -

Then we show in the large A limit that (4.8) reduces to [, h? (x)VM%)f(x)dx

The approximation of (4.7) by (4.8) would be easy if all weights ®,(-,) were independent. If
x and y are far enough apart in A x A, then the corresponding weights are independent and the
integrand vanishes in this case. However for & and y close, the situation is much different and
requires some careful analysis which is inspired by (but does not follow from) the stabilization
methods of [5].

We will measure the closeness of (4.7) and (4.8) in terms of the one and two point correlation

functions for ®Y, defined for all z,y € R? by

¢3(z) = E[(@§(z, Pas))’]

and

S(x,y) == E [® (2, Pry Uy) P (y, Pas Uz) — B (2, Pag) 3 (3, P'ap)] -
The corresponding correlation functions for the first order approximations are:
&(@) = E[(®" (2, Pay)))’]
and
S(z,y) =E ‘I’?\(z)(xﬂ’xf(m) U y)q’i(z) (Y, Prfz) V) — ‘I’i(w) (xvPAf(z))q)i(I)(yaplAf(w))} :

The shorthand notation ¢ and ¢ signifies that we approximate ¢f(x) and ¢ (z,y) by using f(z)
and g(x) in place of f and g, respectively.
Write simply ¢?(z) and ¢9(z,y) for ¢ (z) and ¢ (z, y), respectively, and similarly for ¢ and ¢9.

Since for all A >0, A fc(x Pasior) du du, it follows for all z,y € R% and all A > 0, that

2
T JC(=,Pyr(ay)

@B (x) =¢(z) and &(z,xz+y) = & (z, 2 + A\V%y).
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Notice that for all z,y € R?, @i(w)(y) 2l (p(%lﬁ). By the bounds on g and f, the assumption

¢ € F, and Cauchy-Schwarz, we have

sup sup(|cS(z, y)|, |&5(z, y)|] < K. (4.9)
z,y€RT A>0

We next describe properties of the correlation functions resulting from stabilization of I9. The

first result describes the exponential decay of correlations.
Lemma 4.1 For all z,y € R?, the correlations ¢ (z,y) and & (z,y) satisfy the bounds:
|5 (z,y)| < K exp(=KX/4|z —y]) (4.10)

and

& (2,9)| < K exp(— KAV ]z — y). (4.11)

Proof. We prove (4.10); the proof of (4.11) is identical. Given z,y € A, let R, and R, be the
radii of stabilization for ®9 with respect to Pyy at = and y respectively. R, and R, are both less
than & := A/ 9|z —y|/2 except on a set with probability at most 2 exp(—KAX'/4|z—y|). Let E denote
the event that R, and R, are both less than A'/¢|z —y|/2. On E the sets \/9Py; N Br, (\'/92)
and A/4Py; N By, (A %y) do not intersect and thus on E we have ®4(z,Pxs Uy) = ®{(z, Pry)
and similarly ®§(y, Pxy Ux) = O (y, Pay).

It therefore follows that there is a constant K such that for all x,y € RY,

‘]E [‘I’?\(JC,P,\f U )@ (y, Par Uz) — DI(AY 42, N/ 9Py 0 Bs(AY/42)) 9 (A 4y, APy, 0 Ba(Al/dy))} ‘
< K(P[E)Y?,
by Holder’s inequality. Using independence in the second expectation, the bound

sup
z€ERY

E[@7(\ 92, \V9Py p 0 By (A 9)) — @ (2, Pag)]| < K(PIE])Y

and

sup |E [®I(\Y %z, APy 0 B(;(/\l/da:)]‘ < 00

z€R4
yields for all z,y € R?
E [@F(x, Pag Uy) @S (y, Pag U )] — E [B (A, AV APy )[E [@9 (A Ty, NPy p)]| < K (PIE])Y2.
This yields the desired bound (4.10). d
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Compactness of A and the continuity of f and h implies uniform continuity, so we fix moduli
of continuity tg,t, : RT — R such that for any z,y € A : |z —y| <4, |f(z) — f(y)] < t;(d) and
[h(x) = h(y)| < th(5) .

The next coupling lemma shows that the correlation functions ¢j and ¢ are uniformly approx-

(z) (2)

imated by the first order approximations cf\ and qf’\ , respectively. This lemma, whose proof is

deferred to the end of the section, depends heavily on the stabilization of I9.

Lemma 4.2 Let ¢ € F. There exists a function § : RT — RT, increasing to oo, such that as
A — 00, §(A)/A — 0 and

(i) For allz € A distant at least (§/\)Y? from 0A, |¢i(z) — @ (z)| — 0O,

(ii) For all z,y € A distant at least (§/\)Y/? from DA,

(i1i) SNt ((S(N)/ MY =0 and  S(\)tn((5(N) /N4 — 0.
The following lemma establishes the variance limit (4.3).

Lemma 4.3 Let ¢ € F and h € C(A). Then

lim Varl{h, 13,0)] = /AhQ(x)V¢ <g(x)) f(z)dz.

A—o0 A

Proof. Using the definition of ¢§ and ¢, we rewrite the right hand side of (4.7) as

@@ i@isea [ [ @ @iy -

[ 115 1) 47 [ 1) )|
A A

We want to compare the bracketed expression in the last integral, namely

h(@)d(x) + A /A h(y)eS (. 9) f (0)dy (4.12)

with its corresponding uniform version

M)+ ) [ h@E 01wy (1.13)
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Let § := 0(\) be as in Lemma 4.2. Since A is compact and convex, it satisfies the following
boundary regularity condition: limy_, oo M =0 for all » > 0, where 8T()\1/dA) denotes the
r-neighborhood of the boundary of A\!/¢A. Therefore, convexity and compactness of A, together
with 6/\ — 0, imply that the set of z € A distant at most 2(5/\)*/? from A has measure zero as
A — oo. Thus it will be enough to show for all # € A distant at least 2(5/\)'/¢ from 9A, that the
difference of the expressions (4.12) and (4.13) converges to zero as A — oo.

Lemma 4.2(i) implies for all z distant at least (5/X)*/¢ from A that the difference of the first
terms in (4.12) and (4.13) goes to zero as A — oo. For all x € A, the difference of the integrals in
(4.12) and (4.13) equals:

3 [ [ b)) = & (o )hla) @)y, (114)
To evaluate (4.14), we integrate separately over B(s,yyi/a(x) and R* \ Bys/yy/a(z). We split
the integral over B(s,y)1/4(7) as

Ao () - Be)ho) )y +
ERYNSVZIC))

A /B & (x,y)(h(y) — h(@))f(y)dy + (4.15)

(5/)\)1/d(75)

A / & (. )h(x) (f(y) — F(x))dy.

Bs,a1/d (@)
The first integral is bounded by the product of A, the volume of B(s,)1/4(7), and the maximum
over y of |(¢{(z,y) — & (z,y))h(y) f(y)|- However, since y is distant at least (5/A\)1/? from 0A, the
product goes to zero by Lemma 4.2(ii). The second and third integrals also tend to zero as A — oo
by the bound (4.9) and Lemma 4.2(iii).
Since f and h are bounded, the integral in (4.14) over R? \ Bs/xy4(x) is bounded by
K [ (2, y) + & (@, 9)]dA 1Y) < K exp(=Clz — al)dz
RNB,,1/a(®) RI\B,; /4(2)

by Lemma 4.1. This last integral is bounded by Kwy f;id exp(—Kt)t?~1dt, which tends to zero as

A — o0 since § — oo. We conclude that (4.14) converges to 0 uniformly in z € A. Hence,

A" Warl(h, i, )] — /A F(@)h(x) [h(w)@i(m)ﬂ / h(@)E @z +y)f@)dy| de (416)

converges to 0 as A — oo.

Using ®°(z, Pp) 295 (2,P) Z05(0,P) for all a, 3 € R* and = € R?, we get

@ (z) = E(®9“) (2, Pypy))? = E (27 (0,P))%
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Also, by definition of & we have
3 [ Baatnraay = [ @ s

= /Rd {E 90, Py (q) Uy) @Y™ (y, Pp(sy UO) — EDY)(0, Py, )E ) (y,Pf(z))} fla)dy.
(4.17)
Since ®*(0,PgUy) 4 7 (0,P U B~ /y) holds for all a, 8 > 0 and all y € R?, (4.17) equals

a(2) 9(x) 9) ()
= / [Eq)fw (0,PU2)®7@ (2,PUO0) —E®/@ (0,P)E 7@ (2, P)} dz
Rd

Thus, combining (4.16)- (4.17) yields

Var[(h
lim th) / h2

A—00

7 (0,P))2 f(2)da +

+/ h? () [M%(O,P U 2)® 5 (2, P UO) — m%(o,mm%(z,r)] dzf(x)de
A JRA

Finally, since (0, P) := ¢(8|C(0,P)|) and using the definition of V, (recall (2.5)) we obtain

G ““’ /h2 <x)>) Flz)da

A—00

as desired. Finally, taking A =[0,1]¢, h = f =1, and g = $3, it follows that

Var[N? (P, n10,1]¢
e O L]
A—00 A [0 l]d
furnishing the limit (2.4). O

Now we return to the

Proof of Lemma 4.2. To prove implication (i) we need to show for all x € A distant at least

(§/\)14 from 9A, that

E¢? | A du | —E¢? | A d
¢ ( /cu,m)g(u) U> ) < /C(L%(w))g(fﬂ) U>

as A — oo. Let ' := 2/, € C(x,Pxs) satisty

/ g(u)du = g(x')/ du. (4.19)
C(?L‘,'Pkf) C(.’IJ,'P)J)

Such a point exists because of the continuity of g and the mean value theorem for integrals.

—0 (4.18)
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Also, g(z},) — g(z) L, 0as A — oo and by the boundedness of g we have E|g(z}) — g(z)|* — 0.
Chebyshev’s inequality and Cauchy-Schwarz imply that as A — oo,

Ag(zh) / du — \g(z) / du 25 0, (4.20)
C(I,P)\f) C(JZ,P,\f)

since )\fc(z’%f) du has a finite second moment. Moreover (see e.g. Lemma 5.1 of [25]) for all

x € A distant at least (6/\)*/? from 9A

r,9@)
Ag(z) /C(w,p”)du f(z:)rl' (4.21)

Combining (4.19- 4.21) with the continuity of ¢ gives as A — oo,

# (0 f, o) = (4m).

Now for all z € A and ¢ € F we have

supE lgbz <)\/ g(u)du)] < 0.
Azl C(@,Pas)

It follows that for each x, ¢? </\ fC(m Prs) g(u)du) , A > 0, are uniformly integrable, showing that
(4.18) holds and so Lemma 4.2(i) holds.

Now we prove implications (ii) and (iii). Clearly, there is a function § := §(A) — oo as A — o
such that implication (iii) is true and, by exponential decay of ¢{, that
5(N) sup (x,y) =0 and &(N) sup & (z,y) — 0.
lz—yl>(8/A)1/4 lz—y|=(8/X)1/4

From the definition of ¢§ and ¢, it is enough to show that

oyl (/)14 SVE [ (2, Pry Ug) @4 (y, Pap Ux) — D5 (@, Pagia) Up) @™ (3, Pagiay Ua)]| = 0
z—y|<(0/A

(4.22)

and

sup  O(N)[E [@ (2, Pap)®L(y, P as) — 4 (@, Payia)) @8 (0, Pl apw)]| — 0 (4.23)
lz—y|<(6/X)1/d

as A — oco. We will show (4.22); (4.23) has a similar proof.
Now bound the absolute value in (4.22) as

IE [®4(x, Pry U y) % (y, Pay Uz) — 2 (z, Pz U )@ (y, Pirf(a) U)]|
< [E (D (2, Pay Uy) — B (@, Pagay U )B4 (y, Pay U )]
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+ [E[(®4(y, Prs Uz) — ) (y, Py ey Ua)) B4 (2, Prgiay U]

Since E [(®(y, Prr Uz))?] < oo and E [(@i(x)(;v,PAf(m) Uy))?] < oo for all z,y, it suffices by

Cauchy-Schwarz to show for all x € A that as A — oo

2
S(VE Uqﬁ(mﬂﬁ Uy) — 34 (@, Py s oy U y)‘ } ~0 (4.24)
and that
2
sup S(ME U‘PK(%PV Uz) — @i(z) (¥, Prf(z) U x)’ ] — 0. (4.25)
o=yl <(8/A)/4

Let z € A be distant at least (§/A)Y/¢ from 9A. Let A(z, A, §) be the event that Pyy = Py f(a)

on the ball B, ((§/A\)'/4) and that the radius of stabilization Rig\ for ®9 with respect to Py at

is less than §. The coupling estimate (4.7) and the exponential decay of Ri:g\ imply that

P[A(z, ), 6)¢] < Kwadt§((6/\)Y4) + exp(—Kd)]. (4.26)

Now we show (4.24). Now the left-hand side of (4.24) equals

2
d(ME ‘d) ()\/ g(u)du) —¢ ()\/ g(m)du)
C(w,P,\ny) C(IJ)/\‘f(z)Uy)
which is bounded by the sum of
_ ) _
SVE ‘a: (A / g(u)du> . (A / g(m)du> Laens)
C(ac,PAny) C(;c,’PAf(w)Uy)
and
2
SOVE ||6 (A / g(u)du) —¢ (A / g(m)du) Lictens)
C(x,PrsUy) C(z,Pxf(x)Vy)

The second expectation goes to zero by Cauchy-Schwarz, ¢ € F, and the estimate (4.26).
Since C(x, Prs) C Bx((6/X\)Y/?) on the set A(z, A, §), the definition of A(x, X, ) shows that the
first term is bounded by

SNE ||¢ )\/ gluw)du | — ¢ )\/ g(x)du
C(2,Pxg(x)Vy) C(2,Pxg(x)Vy)

The mean value theorem for integrals implies the existence of some x\ € C(2, P)f(z)uy) such that

2

the above equals
SOVE [[6 (9()IC (@, Pyey Uy)l) = 6 (9(@)|C(, Pyey Un)) ] -
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Since x, £, x, the continuity of ¢ and g imply that

2 p
|6 (9(23)|C(x, Py(ay UY)]) — d(9(2)|C(2, Pyay Uy))|” — 0. (4.27)
Since the left hand side of (4.27) is uniformly integrable, it follows that
. 2
1m E {6 (9(23)|C(@, Pyey Un)) = dlg(a) - I, Pyey Un))[*] = 0 (4.28)

and therefore there is some d,(\) — oo such that

8(NE (|6 (9(2}) - 1C(x, Pyay L)) = 6lg(@)|C(x, Py Um))[*| = 0.

This shows (4.24), changing our choice of §()), if necessary.

Now we prove (4.25), i.e. we show

lim sup S(NE | |¢ /\/ gluw)du | — ¢ )\/ g(x)du
AT00 gyl < (8/A) /4 C(y,PrsUz) C(y,P s (ay Uz)

Let y € B,((£)Y4). Let A(z,\,6,y) be the event that Pys = Py () on the ball B,(2(5/\)/4)
and that the radius of stabilization RZ:?\ for ®9 with respect to Pyy at y is less than J. Thus

2
=0.

C(y,Pry Ux)) = C(y,Parfz) Ux)) on the set A(z,),d,y). Following the proof of (4.24) it is

therefore enough to show

lim sup SNE ||¢ ()\/ g(y)du) — ¢ (/\/ g(m)du)
AT fz—y| < (8/A)1/4 C(y,Prs (@) Uz) C(y:Prs(a)U2)

The continuity of g and ¢ ensure that

lim sup E ||¢ <)\/ g(y)du) — ¢ <)\/ g(x)du)
AT00 gy < (5/A) /4 C(Y,Pxs(a)Uz) C(Y,Pag(a)U)

Decreasing our choice of §()\) if necessary, (4.25) follows. This completes the proof of Lemma 4.2.

2
=0.

2
=0.

O

4.3 Step 2: de-Poissonization: variance convergence over samples of

fixed size

We show here how to pass from (4.3) to the de-Poissonized limit (4.4). Let X, be the point process

consisting of m i.i.d. random variables X7, ..., X,,, with density f on A. De-Poissonization involves
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coupling X,,, m large, with a Poisson point process [31, 30, 5]. It will suffice to establish the
following two coupling lemmas.

We first fix the terminology. For all h € C(A), and m,n € NT_ let

m

H}(X) =) é(nDf,)h(X,)

i=1

and put R = H!'(Xp41) — H'(X,,). Define for all 8> 0

Ay(B) = lim [N (PN B:(0) UO) — N7, (PN B.(0))].

The existence of Aj(3) is guaranteed by Lemma 6.1 and Definition 2.1 of [31]. Note that
E[AL(B)] = Ay(B) where Ay is given by Definition 2.2.

Lemma 4.4 Fiz ¢ € F and let € > 0. Let h,g and f be fired. There exists § > 0 and ng > 1
such that for all n > ng and all m,m’ € [(1 — §)n, (1 + §)n] with m < m’, there exists random
variables X, X' with density f and a coupled family of variables D := D(X), D' := D(X'), R :=
R(X,X'), R := R'(X,X’) with the following properties:

(i) D and D’ each have the same distribution as h(X)A:ﬁ(fcgg),

(i4) D and D’ are independent,
Rh

m’,n)f

(iii) (R, R') have the same joint distribution as (an,m
(iv) P{|D — R| >e}U{|D' - R'| >¢}] <e.

Proof. The existence of D, D’, R, and R’ as well as properties (i)-(iii) follow from modifications
of the proof of Lemma 6.1 of [5] (alternatively, see Theorem 2.16 of [30]). Suppose we are given n.
Let X, X', Y1, Y5, ... beii.d. random variables with density f on A. On a suitable probability space,
let P :=P,; and P’ :=P), 7 be independent Poisson processes on A with intensity nf : A — RT.

Let P” be the point process consisting of those points of P which lie closer to X than to X’ (in
the Euclidean norm), together with those points of P’ which lie closer to X’ than to X. Clearly
P is a Poisson process also having intensity measure nf on A, and moreover it is independent of
X and of X'.

Let N denote the number of points of P” (a Poisson variable with mean n|A|). Choose an
ordering on the points of P”, uniformly at random from all N! possible such orderings. Use this
ordering to list the points of P as Wy, Wa, ..., Wy. Also,set Wyi1 =Y1, Wynio =Ys, Wi =Y;3
and so on.

Let

R:=R(X,X') = H'({Wy,..., Wy, X}) — H'({Wy,...,W,,})
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and

R = R(X,X/) = Hg({wla"'awm’—laX7X/}) 7HZLL({W17"'7WM’—DX})'

X, X', Wy, Wy, W5, ..., are i.i.d. variables on A with density f, and therefore the pairs (R, R’) and
(R}

m,n’

Rfjﬁb,’n) have the same joint distribution as claimed.

To prove property (iv), we need to first fix the notation. Fix h € C(A). We will show
P[|D — R| > €] < ¢; the proof of P[|D" — R'| > €] < ¢ is identical.

For all 7 > 0, recall that P, is a homogeneous Poisson point process with intensity 7. Given

P,, for all z € R? and 8 > 0, let B(z,7) denote a ball (depending on P,) such that

N, (P, (1 Blz,7) Uz) — NY(Pr ) B, 7)) = A;(g).

For all z € A define
Dg($) = [ng@(,Pf(z) N B(.’IJ, f(‘r)) U {E) - ng,¢(Pf(z) N B(l‘,f(l’)))]h(l’)

and

D() = DI (z) := (NI Py B, f(2))0) NI Py B, £(x)))]h(z) = h(x)%(ff@).

By following Lemma 6.1 of [5] we can show the following approximations for n large:

(i) the set of points of Wy, W, ..., W,, on n=Y9¢B(x, f(x)) differs little from the set of points
Pyt on n~ Y4B (x, f(z)), and

(ii) the set of points P, ; on n~/4B(x, f(z)) differs little from the set of points of Prf(z) on
n~V4B(z, f(x)).

For all n =1,2,... we have

D9(a) 2 DY(@) = [NY,, (Pusey N~ Bz, f(2)) U) = NE (Puyiay (n~ Y4B, (@) h().
(4.29)
Combining (i) and (ii) one might expect that |R(z,2") — D9 (x)| is small in probability for n large.
Indeed, by following Lemma 6.1 of [5] we can show for all € > 0 that there exists 6 > 0, ng > 1 such
that for all n > ng and all m,m’ € [(1 — d)n, (1 + J)n] with m < m’ and all pairs (z,2') € A x A
that
P[|R(z,2") — DI (z)| > /2] < /2.

To complete the proof that P[|D — R| > €] < &, it remains to show for all z € A and all ¢ > 0

that for n large
P[|DI(z) — DI@) (z)| > £/2] < /2. (4.30)
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By (4.29), it follows that the difference Dg(z) — D9*)(x) can be estimated by considering

differences of the type

3 ¢</' | g@ﬁm>—
NP () C(Xi,B(z,f(2))NPy(a))

X,€B(z,f(z

- > ¢G/ am@
NNPrf(z) C(Xs, n=YaB(z,f(2))NPrf(x))

X;en~—Y4eB(z,f(x

D du | — du | .
> ¢ (n /C (xi,mf(mg(u) U> ¢ (n /C (thnf(m))g(fv) u)

Xien=Y4aB(x,f(2))NPhs(z)
Using the continuity of ¢ and g as well as the boundedness of f and g, standard arguments
(see (4.27) - (4.28)) imply that the summands are uniformly small in probability for large n. Since
the number of summands is a.s. finite, the above difference is small in probability, showing (4.30).

Thus condition (iv) holds and Lemma 4.4 is proved. O

The proof of the next lemma follows that of Lemma 4.3 in [31]. Recall that the random variable

X has a density f.

Lemma 4.5 Let (k(n))n>1 be a sequence with k(n)/n — 0 as n — co. Then for all h € C(A)

. 9(X)
lim sup ER!  —Eh(X)A <)‘ =
N0 p—k(n)<m<n+k(n) ' ¢ f(X)
Also )
: 9(X)
lim sup ER! RM, ~— (E h(X)A! ()) =0,
=00 n—k(n)<m<m/<n+k(n) ’ ' ¢ f(X)
and

lim sup IE (R )2 < oc.
=00 n_k(n)<m<n+k(n) ’

We now show the limit (4.4). Given h € C(A), let H" := (h, 11y, ») and H = (hy 1)
We assume that Pys is coupled to {Xi,...,X,} by setting Py := {Xi,...,Xn, } with N, an
independent Poisson random variable with mean n.

We show for all h € C'(A) that

Var[H!] 5

lim —— — 73
n—oo n

72 = /AhQ(x)v¢ (J%g) F@)da — (/A h(z)Ay (?Eﬁ;) f(x)da:)Q.

30

where



Letting o := E [h(X)A;b(?gg)] first note that as n — oo
E [(n—l/z(H'Z — H" — (N, —n)a))?| — 0. (4.31)

To show (4.31) we employ the coupling Lemmas 4.4 and 4.5 and follow pp. 1019-1020 of [31]

verbatim. Now consider the identity
n V2 = 2 V2N, — n)a4+ 0 YV2(H!T — HY — (N, — n)a).

The last summand in the above has variance tending to zero by (4.31) and the second summand

has variance o and is independent of the first term. Letting o7 := [, h*(z)V, (?Eig) f(x)dz, it
follows that

o2 = lim n~'Var[H'"] = lim n~'Var[H"] + o2,

n— 00 n—oo

i.e., (4.4) holds as desired.

4.4 Step 3: Completion of the proof of Theorem 2.1

We consider

/Jg\,¢ = Z (I)i(%P)\f)(sma

2EPxs

where we recall from (4.1) that ®9 is a stabilizing functional with radius of stabilization Rﬁ:g with
respect to Py at . Ri:i has exponentially decaying tails uniformly in z € A and A > 0, i.e., there
exists K > 0 such that for all ¢ > 0

sup  P[RIY > 1] < K exp(—t/K).
A>0, z€A ’

By hypothesis, supy~g ,c4 E [|® (2, Py U x)|P] < oo for some p > 3. By Corollary 2.4 of [33], for

all h € C(A) there is a constant K > 0 such that for all A >3

<haﬁ§,¢> < ¢
(Var[(h, 71§ o)])'/2

sup | P < K(log \)3I\~1/2,

teR

— P[N(0,1) <]

Thus, combining with Step 1, we obtain that /\’1/2(}1, ﬁ§7¢> converges as A — oo to a normal

random variable with mean zero and variance [, h?(z)Vy (%) f(z)dz, completing the proof of

(4.5).
The limit (4.5) shows that n~2/2(H'" —E H'") 25 N(0,0%). Combined with (4.31) this gives

nV2(HM —EH" + (N, —n)a) =5 N(0,02).
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Since n~Y2(N,, — n)a is independent of H" and is asymptotically normal with mean zero and

variance o2, it follows by considering characteristic functions that
nV2(HF —EHT) 25 N(0,02 — 0?). (4.32)

By (4.31), the expectation of n=Y/2(H'" — H" — (N,, — n)a) tends to zero, so in (4.32) we can
replace E H' Z by E H,,, which gives

n~V2(Hh —E HM 25 N(0,72).

Taking h = hi + hs and using simple algebra shows that the limiting Gaussian field has the desired

covariance kernel (2.8), completing the proof of Theorem 2.1. O

5 Proof of Theorem 2.2
The proof of Theorem 2.2 follows exactly along the lines of the proof of Theorem 2.1. We only
need to show (2.14), i.e. show for all 5 > 0 that

_ Var[S{, (Px N[0, 1])]
/\113;0 A

= V;(B) (5.1)

where ng is given by (2.13). Throughout P denotes a rate one Poisson point process on R and
0 < S; < Sy < ... denote the order statistics for the restriction of P to R*. Let Sy := {S1, ..., S},
and put Sy := 0.

Simple modifications of the proof of Step 1 of Theorem 2.1 show that for all 8 > 0,

oo

— E[6*(T)] + / (0, y)dy

—00

_ Var[S{,  (Pan[0,1])]
Algrolo A

where

(0,y) = E[6(8Co)¢(BC,)] — E[¢(BSk)]E [¢(55k)],

where Cy (respectively, C) denotes the length of the k-spacings starting at the origin (respectively,
starting at y) with respect to the augmented point set P U0 U y. Write eg := E [¢(8Sk)]. Now

?(0,y) = E[(¢(BCo)d(BCy) — d(BSk)er)(1(y < Sk) + 1(y > Sk))]-

The expectation over the latter term vanishes since
E[(¢(BCo)d(BCy) — d(BSk)er)(L(y > Sk))] = E [o(BSk)(¢(BCy) — ex)(1(y > Sk))]
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=Ez, [¢(8Sk)(1(y > Sk))E (6(BCy) — ex[Sk))] = 0,

as the restriction of P to [y, 00) is independent of Sy.
Therefore for y > 0

/0 " (0, y)dy = /0 T E[6(BCo)6(5C,) — 6(ASW)e) (1(y < Si))ldy
k
Z $(BCo)d(BCy) — d(BSk)ex) - (1(Si-1 <y < Si)ldy

k
Z S(BSk)B(BSkr1 — BS1) — S(BSkr1)ex]-

The above clearly equals

k
> E[6(BSk)$(BSkr1 — BS1) — ¢(BSk)ex + (6(BSk) — G(BSk41)ex]
=1

k
=" Cov(¢(BSk), B(BSk+1 — BS1)) + kler — erv1)ex

|
= »—A

1=
K
=) Cov(e(8Sk), ¢(BSk+1 — BS1)) + k(ex — ex+1)ex,

1

since when [ = k the covariance vanishes. By symmetry, ffoo ?(0,y)dy = [~ (0, y)dy and thus

Var[S{ , (P N[0, 1])] s

/\li_{rolo — h\ =V (B)
where ng(ﬁ) is defined in (2.13). This completes the proof of Theorem 2.2. O

6 Proof of Corollary 3.5

Corollary 3.5 follows by modifying the proof of Theorem 2.1 as follows.
Step 1. Step 1 of the proof of Theorem 2.1 showed that for all 3 > 0

_ Var[N} ,(Pag N [0,1]%)]
lim 2

Jim ) =Vo(1/8) :=V4(B)

where we put V(3) := V(1/3). Likewise, we now find V; : Rt — R* such that for all 3 > 0

V(8 i tim VAR (Ps 0 [011%)]

lim. o (6.1)
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Following Step 1 of the proof of Theorem 2.1 with A = [0,1]¢, f = 3, h = 1 shows that the limit
(6.1) equals
/ E (®(0,Py))dx +
[0,1)¢
+ [ ] B@10.P Uy (1P U0)  E[#(0, Po)JE[@' (v, Py)ldyda.
[0,1]¢ JRd
Recalling ®!(z, X) := card(B;(z) N X) and letting
c?(0,) := E[|B:(0) NP5 U0 U {y}||B:(y) NP5 UOU {y}[] - E[|B:(0) N Ps[IE [| B:(y) NP5l

be the two point correlation function for ®' on Pg we get that (6.1) equals

BL@(0.P5)7)+ [ (0.

Writing B;(0) NPg as the union of disjoint sets B;(0) N Bi(y) NP and B.(0) N B (y) N'Pg and
similarly for B,(y) N Pg, it follows that

E[(2(0,P5))%] = E[|B:(0) N Pp’]

and

?(0,y) = Var[|B;(0) N By(y) N Pg|] = B|B:(0) N Be(y)!.

Letting v; := t%w, we thus obtain

/ ¢(0,y)dy = 8 / / 13, (09 ()15, ) () dudy
Rd R4 JRA

:ﬂ/ / IBt(O)(u)lBt(y)(u)dydu:ﬂ/ lBt(O)(u)/ 1Bt(y)(u)dyduzﬁvf.
Re JRe Rd R?

Notice also that E[|B;(0) N Ps|?] = Bvi(1 + Buy). Collecting terms, it follows that for all 3 > 0

) i i IR0

Jim. Y [|B:(0) N Psl?] + Bv} = ve(1 + 2Bvy).

Step 2. We identify the average add one cost

Ay(B) :=E | lim [H'(PsN B,.(0) UO) — H'(Pg N B,.(0))] .

r—00

First, note that since the difference in the inside braces is the number of points in Pz within ¢ of
the origin it follows that
Au(B) = E[N(Buvy)] = Por,
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where N(7) denotes an independent Poisson random variable with parameter 7.

It follows as in Step 2 of the proof of Theorem 2.1 that

1im Var[H (Xl,...,X )] :/ () fl@)de — (/ A dm>2

—u [ Fa dw+vt( / Plape— ([ f2<x>dx)2),

which is the desired limit (3.2).

Step 3. We follow Step 3 of the proof of Theorem 2.1 to obtain Corollary 3.5. 0

7 Proof of Proposition 3.1
We deduce Proposition 3.1 from the identity (2.5) as follows. From (2.5) we obtain
Vo() = B[] + [ c0.)dn

where ¢(0,y) := E[¢(3|C(0,PUy)|)p(8|C(y, PUO)|)] —E[¢p?(BI'1)]. For all s,t € R, let p(s,t) :=
P[|C(y,PUO0)| > s,|C(y, P UO0)| > t]. Then for all s,t € [0, |y|%wa] we have

p(s,t) = e (HOHIBlD),

Otherwise p(s,t) = 0. Hence, for y € R?
o0 2
= [ [ o0 s asi— ([~ os)e )
0

:20000’3' s5,t) — e~ 5tN]ds
/6/0 / &' (Bs)6 (Bt)[p(s, £) — e~C+0)dsdt,

using integration by parts and #(0) = 0. Since p(s,t) vanishes whenever (s,t) € [0, |y|%wq] we

obtain

lyl%wa  plyliwa
c(O,y) _ ﬂ2A A (i)/(ﬁs)qb/(ﬂt)[67(S+t)+l(s’t7ly‘) o 67(S+t)]d8dt _

_ 732 / / 7(S+t)d i
ﬂ //rnax(s’t)>|y|dwd QS (6$)¢ (ﬂt)e sdt

Therefore

lyl%wa  plyl?wa
/ (0, y)dy = / / / ¢/ (83)¢ (Br)[e~ (OGN _ =0 dsdrdy —
R4 R4 JO 0
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_ 32 / / 7(s+t)d dtd
’ /Rd//rnax<s,t>>y|dwd¢ (Bs)¢'(B)e sdtdy

and making a change of variable on the outside integral yields

oo rlylfwa  plylPwa
o= [~ 77 [T a6 e s - s asata )

_ 32 e / / _(S—H)d dtd d .
’ /0 //rnax(s,t)2|y|dwd¢ (ﬁs)é (6t)e sdt (|y| Wd)

Letting u := |y|%wyg, the above becomes

/ooo c(0,y)dy = ° /OOO /0 /0 ¢ (85)¢' (Bt)e (D[l (/)™ _1]asdtdu —

—_ 732 = / ’ —(s+1)
’ /o //rnax(s,t)2u¢ (Bs)@' (B)e dsdtdu.

Finally, change the order of integration to obtain

/ (0, y)dy = B° / / & (Bs)' (Bt)e=(+) / ) A dudsa -
0 0 0 max(s,t

SIS max(s,t)
12 / / —(s+t)
B /0 /O o' (Bs)¢' (Bt)e /0 dudsdt,

which is exactly the desired limit. This proves Proposition 3.1. 0.
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