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Abstract

Given a mean zero functional F of a Poisson measure on a metric space, we apply
the Malliavin-Stein method to establish sharpened second-order Poincaré inequalities for
F/

√
Var(F ) in terms of fourth moments of difference operators. The rates of normal

approximation are expressed in the Kolmogorov and Wasserstein distances and require
fewer error terms than corresponding previous results. When F is expressible as a sum
of score functions which are distributionally close to scores having short-range structure,
then we deduce that F/

√
Var(F ) satisfies Berry-Esseen bounds. The normal approxima-

tion criteria of the scores, here called bounded Lipschitz localization, are more general
than stabilization criteria and allow for unbounded interactions of scores. This approach
yields Berry-Esseen bounds for local U-statistics on metric measures spaces, localizing
functionals on hyperbolic space, as well as for Poisson functionals in a space-time set-
ting, with infinite time horizon, including statistics of spatial birth-growth models and
Laguerre tessellations.

Key words and phrases: Stein’s method, central limit theorems, Malliavin calculus, local-
izing scores, stochastic geometry, Kolmogorov and Wasserstein distances
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1 Introduction

Consider a Poisson point process P on a measure space (X, ν), with ν a σ-finite measure. Let
F = f(P) be a measurable function of P. Under what conditions on F can one obtain good
proximity bounds between F and a standard normal N? More precisely, if d is metric on
the space of probability laws, when does one obtain the second-order Poincaré inequality

d

(
F − EF√

VarF
,N

)
= O

(
1√

VarF

)
? (1.1)

The Berry-Esseen bound (1.1) is unimprovable in general and represents an optimal quan-
titative central limit theorem for Poisson functionals.

This question, and more generally the study of qualitative and quantitative normal con-
vergence of functionals of point processes have a long history. Bickel and Breiman [7]
in 1983 established the normal convergence of the total edge length of nearest neighbor
graphs on i.i.d. binomial input in Rd and noted: ‘Our proof is long. We believe this is due
to the complexity of the problem.’ Kesten and Lee [18] in 1996, when proving that the
total edge length of the minimal spanning tree on Poisson input on growing cubes in Rd

converged to the normal wrote: ‘Another drawback of our approach is that it is not quanti-
tative. Further ideas are needed to obtain an error estimate in our central limit theorem’. In
the case that (X, ν) is Euclidean space, ν Lebesgue measure, and F = f(P) is representable
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as a sum of scores depending a.s. on local data, the work [30] developed proximity bounds
in the Kolmogorov distance between F̂ := (F − EF )/

√
VarF and N , but these bounds are

suboptimal.
It was not until 2016 that a systematic investigation of proximity bounds between F̂ and

N was undertaken with the aid of the Malliavin-Stein method. The pioneering paper of
Last, Peccati and Schulte [24] established the remarkably versatile second-order Poincaré
inequality

dK

(
F − EF√

VarF
,N

)
≤

6∑
i=1

γi (1.2)

where the formulae for γi, 1 ≤ i ≤ 6, involve integrals of products of difference operators,
e.g.,

γ1 =

[∫
X3

[E (DxF )
2(DyF )

2]1/2[E (Dx,yF )
2(Dy,zF )

2]1/2µ3(dx, dy, dz)

]1/2
,

with similar geometry based formulae for γi, 2 ≤ i ≤ 6. Thus the Kolmogorov distance dK is
controlled by integrals of products of moments of the first order difference operatorsDxF =

f(P + δx) − f(P) as well as of the second order difference operators D(2)
x,yF = DxDyF . To

quote [24], the error of normal approximation has a ‘significantly more complex structure’
than the Poincaré inequalities of [12] and [26].

This raises the question: In view of (1.1) are there relatively simple verifiable criteria
under which the errors γi, 1 ≤ i ≤ 6, in (1.2), collapse into terms which are O( 1√

VarF
)?

Secondly, does the simplicity of the criteria reveal quantitative central limit theorems for
Poisson functionals previously not known to satisfy asymptotic normality?

We answer both questions in the affirmative when (X, ν) is a metric measure space
and show that if the Poisson functional F is a sum of scores which are distributionally
well-approximated by short-range scores, then F satisfies the Berry-Esseen bound (1.1).
The rates are in general unimprovable and hold for Poisson functionals on general metric
spaces, including hyperbolic space, and including functionals of Poisson input which may
have an infinite time component, as well as for scores which do not necessarily depend on
local data. This extends Penrose and Yukich [30], Lachièze-Rey et al. [21], Lachièze-Rey
[19], Lachièze-Rey et al. [20] and Bhattacharjee and Molchanov [5]; most of these works
were either confined to Euclidean space and/or assumed that the scores satisfied strong
localization conditions, without allowing for an infinite time component.

Our approach consists of two parts, the first of which extends [24] and [41]. Given a
Poisson functional F , we apply the Malliavin-Stein method to obtain rates of normal conver-
gence of F̂ in terms of fourth moments of difference operators, and requiring fewer error
terms than the corresponding results in [24, 41]. This strictly improves the corresponding
rate results in [24, 41], as the error terms γ3, γ4 in [24] and γ

(2)
7 in [41] are shown to be

superfluous for the Kolmogorov distance. Removing these terms is satisfying, as e.g. γ4
requires control of the fourth moment of F , often a source of technical difficulty. The im-
proved second order Poincaré bounds established here, given in terms of the Kolmogorov
and Wasserstein distances, are the cleanest and shortest second order Poincaré inequali-
ties currently available for general Poisson functionals, when working with fourth moment
conditions on the difference operators. The bounds are stated in full generality in Theorem
2.1 and include functionals of marked Poisson point processes.

In a second part, we apply the general Theorem 2.1 to Poisson functionals expressible
as a sum of scores

H :=
∑

z∈P∩W
ξ((z,Mz), P̂),

where ξ are measurable functions, W ⊂ X is a window with finite measure, P is a Poisson
measure on W , {Mz}z∈P are i.i.d. marks, and P̂ := {(z,Mz)}z∈P is the Poisson process P
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equipped with independent marks.
Our localization criterion consists of comparing, for each r > 0, the distribution of ξ

with the distribution of a suitably chosen short-range score ξ[r], where for any locally finite
χ the score ξ[r]((z,Mz), χ) depends only on the input in the radius r ball around z ∈ X,
namely on χ ∩ (Br(z)× M). We often choose ξ[r] to be the restriction of ξ to a radius r ball,
i.e., ξ[r]((w,Mw), χ) = ξ((w,Mw), χ ∩ (Br(z) × M)), but the approach here allows for more
general choices of ξ[r]. We show that as soon as ξ and the family (ξ[r])r>0 satisfy a fifth
moment condition as well as either

sup
z∈X

sup
A

P(ξ((z,Mz),P ∪ A) ̸= ξ[r]((z,Mz),P ∪ A)) ≤ ψ(r), r > 0

or the slightly weaker condition

sup
z∈X

sup
A

||ξ((z,Mz),P ∪ A)− ξ[r]((z,Mz),P ∪ A)||1 ≤ ψ(r), r > 0,

where the sup runs over sets A ⊂ X of cardinality at most 6, and where ψ satisfies a mild
integrability condition on (X, ν), then the Berry-Esseen bound (1.2) holds, i.e.

d

(
H − EH√

VarH
,N

)
= O

(
1√

VarH

)
, (1.3)

where d is either the Kolmogorov or Wasserstein distance and where we assume VarH =

Ω(ν(W )). More generally as soon as four-tuples of scores (ξ(z1,P), ..., ξ(z4,P)) have enough
short-range structure, in the sense that they are distributionally close to four-tuples of
short-range scores (ξ[r](z1,P), ..., ξ[r](z4,P)), uniformly over all four-tuples, as measured by
the bounded Lipschitz distance, then the short-range interactions dominate, which is to say,
heuristically speaking, that H behaves like a sum of independent random variables with a
distribution which is well-approximated by the normal as at (1.3).

This geometric localization, called bounded Lipschitz localization as introduced in [9], is
weaker and more flexible than the standard stopping set stabilization criterion in [21], [30].
Though it requires H to have enough distributional short-range structure over all possible
ranges, as measured by ψ, it also allows for interactions of scores at distant points.

Our general quantitative CLT for Ĥ := (H − EH)/
√
VarH holds for Poisson input on

general metric measure spaces, in contrast to [19, 20, 21, 30, 38]. The general main results
given by Theorem 2.7 and Corollaries 2.8 and 2.9 provide rates of normal convergence in
the Kolmogorov and Wasserstein distances for local U-statistics on metric measure spaces
and localizing functionals on d-dimensional hyperbolic space, including statistics of the
random geometric graph and the k-nearest neighbor graphs in these spaces. It also yields
precise quantitative central limit theorems for Poisson functionals where previously only
qualitative results were available. This includes statistics of Rd-valued diffusions on graphs
on Poisson random input on Rd [8].

We also consider Poisson functionals in a space-time setting, with X enlarged to X × R,
giving rise to sums

H :=
∑

(z,tz)∈P∩(W×R)

ξ((z, tz,Mz), P̂).

Such statistics arise in general space-time growth models with infinite time horizon, includ-
ing statistics of classic birth-growth models and Laguerre tessellations. In such models the
score on an infinite time interval is well approximated by input on a large but finite time
interval. This phenomenon is quantified through ‘time-localization’, a companion concept
to ‘space-localization’. We use Theorem 2.1 to deduce rates of normal convergence for
Ĥ := (H − EH)/

√
VarH; see Theorem 2.7. This quantitative central limit theorem yields

presumably optimal rates of normal convergence for the afore-mentioned statistics.
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This paper focuses on rates of convergence in the univariate central limit theorem but
the methods and approach can also be used to achieve rates of convergence in the multi-
variate central limit theorem for vectors of Poisson functionals, with each entry expressible
as a sum of scores satisfying bounded Lipschitz localization, cf. Remark (i) in Section 2.7.

2 Main results

In this section we present our main results in detail.

Underlying space. We let (X, ν) be a σ-finite measure space, with ν a σ-finite measure on
the σ-algebra F .

Marked Poisson point processes. Throughout, we let P be a Poisson process on X with
intensity measure ν. In order to treat marked point processes, let (M,FM,Q) be a probability
space. By M we mean the space of marks whereas Q is the underlying probability measure
of the marks. Let X̂ := X × M. By F̂ we denote the product σ-field of F and FM and by ν̂
the product measure of ν and Q. To obtain an unmarked point process, one may consider
the case where (M,FM,Q) is a singleton endowed with a Dirac point mass, and the ‘hat’
superscript can be removed in all occurrences. For any given point x ∈ X, we denote by Mx

the corresponding random mark, which is distributed according to Q and is independent of
everything else.

Let NX̂ be the set of σ-finite counting measures on X̂, which can be interpreted as

point configurations in X̂. Whenever it is clear from context, we drop the subscript and
simply write N. The set N is equipped with the smallest σ-field N such that the maps
mA : N → N ∪ {0,∞},M 7→ M(A) are measurable for all A ∈ F̂ . A point process is a
random element in N.
Malliavin Derivative. Given F a measurable function of P̂ and (x,mx), (y,my) ∈ X̂, we let

D(x,mx)F (P̂) = F (P̂ ∪ {(x,mx)})− F (P̂)

and
D

(2)
(x,mx),(y,my)

F (P̂) = D(x,mx)D(y,my)F (P̂)

be the first and second order difference operators applied to F .

2.1 Sharpened Malliavin-Stein bounds on the marked Poisson space

In this section we present significantly improved second-order Poincaré inequalities, which
simplify and extend some of the work in [24] and [41]. The main result are the normal
approximation bounds in Theorem 2.1, which both sharpen and extend the p = 2 version
of Theorems 3.3 and 3.4 of [41], which themselves improve upon Theorems 1.1 and 1.2 in
[24]. In Sections 3 and 4 we apply Theorem 2.1 to Poisson functionals which may be rep-
resented as sums of BL-localizing score functions, but we emphasize that this quantitative
CLT applies to general functionals on the marked Poisson space, including those which may
not be conveniently expressed as a sum of BL-localizing scores. Even for functionals on the
unmarked Poisson space, this sharper result contains fewer approximating terms than the
corresponding results in [41] and [24].

The Kolmogorov distance between the laws of random variables X and Y is

dK(X,Y ) = sup
t∈R

|P(X ≤ t)− P(Y ≤ t)|

whereas the Wasserstein distance is

dW (X,Y ) = sup
h∈Lip(1)

|Eh(X)− Eh(Y )|,
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where Lip(1) denotes the class of Lipschitz functions on R with Lipschitz constant one.
Throughout N denotes a standard Gaussian random variable.

Theorem 2.1. (sharpened Malliavin-Stein bounds for Poisson functionals) Let (X, ν) be a
σ-finite measure space and (M,Q) a space of marks with probability measure Q. Let P̂ be a
Poisson measure on X×M of intensity ν ⊗Q. Let F be a measurable function of P̂ such that
EF 2 <∞ and EF = 0 and∫

X×M
E
[(
D(x,mx)F

)2]
(ν ⊗ Q)(dx, dmx) <∞.

For any point x ∈ X, define a random variable Mx independent of everything else, dis-
tributed according to Q. Then it holds that

dW (F,N) ≤
√

2
π γ̂0 +

√
2
π γ̂1 +

1√
2π
γ̂2 + γ̂3

and
dK(F,N) ≤ γ̂0 + γ̂1 +

1
2 γ̂2 + γ̂4 + γ̂5 + γ̂6,

where

γ̂0 := E |1−Var(F )|

γ̂1 := 2

(∫
X

(∫
X

E
[
|D(y,My)F |

4
]1/4 · E

[
|D(2)

(x,Mx),(y,My)
F |4
]1/4

ν(dy)

)2

ν(dx)

)1/2

γ̂2 := 2

(∫
X

(∫
X

E
[
|D(2)

(x,Mx),(y,My)
F |4
]1/2

ν(dy)

)2

ν(dx)

)1/2

γ̂3 := 2

∫
X

E |D(y,My)F |
3ν(dy)

and

γ̂4 :=

(
4

∫
X

E |D(y,My)F |
4ν(dy)

)1/2

γ̂5 :=

(
8

∫
X

∫
X

E |D(2)
(x,Mx),(y,My)

F |4ν(dy)ν(dx)
)1/2

γ̂6 :=

(
32

∫
X

∫
X

E
[
|D(2)

(x,Mx),(y,My)
F |4
]1/2 · E

[
|D(x,Mx)F |

4
]1/2

ν(dy)ν(dx)

)1/2

.

Remark 2.2. We do not assume Var(F ) = 1 and instead introduce the term γ̂0. This is a
standard extension and can be useful in cases where the functional F is not normalized.
Note that one easily derives that

dW

(
F − EF√
Var(F )

, N

)
≤
√

2
πVar(F )

−1γ̂1 +
1√
2π

Var(F )−1γ̂2 +Var(F )−3/2γ̂3

and

dK

(
F − EF√
Var(F )

, N

)
≤ Var(F )−1

(
γ̂1 +

1
2 γ̂2 + γ̂4 + γ̂5 + γ̂6

)
by linearity of the operators D,D(2).

In the following, we compare Theorem 2.1 with existing general results, all of which
are less sharp and less general whenever the difference operators satisfy fourth moment
assumptions.
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1. Removal of complicated terms in [24]. In [24, Theorem 1.2], the bound on the
Kolmogorov distance is given by the sum of terms γ1, ..., γ6. We remove two terms
from the bound on the Kolmogorov distance: γ3 and γ4. The term γ3 (corresponding to
our γ̂3) only contains the first Malliavin derivative to a third power - this differs from
the other terms and can in some cases lead to worse bounds. It is a (presumably)
necessary term for the Wasserstein distance, but can be removed in the Kolmogorov
case. The term γ4 in [24] has a structure that differs strongly from the other terms:
it contains the term EF 4, which is often difficult to bound and complicates matters
significantly. Methods for removing some of the terms from the Kolmogorov bound
first appeared in [20], based on ideas from [39]. The result in [20] required however
strong additional assumptions on the functional F . In [41], these additional assump-
tions were removed and a shortened bound was shown without any additional starting
assumptions. We proceed in a similar way and show that γ3 and γ4 are unnecessary
in the Kolmogorov second-order Poincaré inequality.

2. Removal of term γ7 in [41]. The development in [41] focused on achieving a bound
under a lower (2 + ϵ)-moment assumption on F , and while the terms γ3, γ4 from [24]
were removed in the Kolmogorov distance, an additional term γ7 appeared in the
bound as an artifact of the more general proof. While [41, term γ7] was much more in
line with the remaining terms and thus easier to treat, we stress that when working
with fourth moment assumptions on the difference operators, this term is superfluous
and no such term is necessary in Theorem 2.1.

3. Extension to marked spaces. In [24], Theorem 1.1 gives a bound for the Wasser-
stein distance for functionals F of generic spaces X. It is possible to introduce marks
by choosing X := X′ ×M to be a marked space, but the resulting terms γ1, ..., γ3 will be
different, i.e. the integrals over the marked spaces will be grouped with integrals over
the space X′, which is often unfavorable. In our result, by a careful rewriting of the
proof, we achieve a setting where each point is equipped with an independent mark
when assessing the add-one costs, i.e. integrals over the mark space M are grouped
with the expectation. A similar adaptation of the arguments of [24] to marked input
is achieved in [21].

2.2 BL-localization in space and time

Considerable attention has been given to systematically establishing rates of normal con-
vergence for functionals of Poisson input on general spatial domains. The rates of normal
convergence, expressed with respect to either the Kolmogorov, Wasserstein, ℓ2 or ℓ3 dis-
tances, all rely on Stein’s method; see e.g. [2, 30, 24, 21, 19, 20, 37, 38, 41]. The rates of
convergence in [24, 41], like those of Theorem 2.1, are valid for Poisson input on general
metric spaces, though evaluation of the terms γi, i = 1, ..., 6, may be challenging.

When the Poisson functional may be expressed as a sum of score functions satisfying
either a stopping set stabilization criterion as in [21] or an L4 stabilization criterion as in
[19], then evaluation of the terms γ̂i, i = 1, ..., 6, is facilitated and leads to rates of con-
vergence which are unimprovable in general. Up to now, these results hold in Euclidean
space and not a general metric space [30, 21, 19, 37, 38]; moreover neither the stopping
set stabilization nor the L4 stabilization criterion is satisfied by scores arising in certain
statistics of random point sets in Euclidean space, including e.g. interacting diffusions on
sparse graphs in Rd. When the Poisson functional is a sum of score functions satisfying a
weak spatial dependency condition here termed BL-localization and which is weaker than
existing stabilization criteria, then one may systematically simplify the terms γ̂i, i = 1, ..., 6,

in Theorem 2.1, thereby establishing rates of convergence in the Kolmogorov and Wasser-

6



stein distances. The results are valid in an arbitrary metric measure space and the rates are
optimal in general. This is achieved by establishing bounds on the moments of the differ-
ence operators and showing that these moment bounds control the order of growth of the
integrals in the expressions for γ̂i, 1 ≤ i ≤ 6, in Theorem 2.1. Establishing BL-localization
of scores is often more transparent than finding good bounds for moments of difference
operators by ad hoc methods.

In addition to considering score functions defined purely in space, we widen our scope
and consider sums of scores on Poissonian space-time input onX×R. We shall be interested
in summing scores on points in the unbounded space-time domains W ×R, that is to say we
consider input with possibly unbounded time component. We treat such statistics subject to
the scores satisfying localization in time as well as localization in space. Roughly speaking,
localization in time says that the difference between scores at finite time t0 and infinite time
becomes negligible as t0 increases. This condition, apparently new, is a useful companion
to space-localization and it manifests in statistics of generalized birth-growth models [35]
and generalized Delaunay tessellations obtained by consideration of the projection of a
parabolic hull process in space-time Rd×R onto Rd as in [16]. These statistics are related to
statistics of points retained in a parabolic thinning of a space-time Poisson point processes
in a half-space, which arises in solutions to the inviscid Burgers’ equation [1, 3] with random
initial data. These applications are developed in Section 6.

Setup. Let (X, d, ν) be a σ-finite metric measure space andW ⊆ X a subset with ν(W ) <∞.
We let (M,Q) be a probability space of marks and denote by Mz the independent mark
associated to z ∈ X, distributed according to Q. For any set A ⊂ X, we denote by Â the
random set containing the points (z,Mz), where z ∈ A. We take µ to be a σ-finite measure
on R and equip R with the Euclidean metric.

The set N = NX×R×M denotes the set of locally finite point measures on X × R × M. By
P we mean a Poisson measure on X × R of intensity ν ⊗ µ. The set P̂ denotes the points
(z, tz,Mz) with (z, tz) ∈ P; P̂ has the law of a Poisson process on X × R × M with intensity
measure ν ⊗ µ⊗ Q.

We consider scores
ξ : (X × R × M)×N → R

assumed to be measurable functions from (X ×R×M)×N to R. The scores give rise to the
Poisson functionals

H := H(P̂) =
∑

(z,tz)∈P∩(W×R)

ξ((z, tz,Mz), P̂).

The sets X×R control the space-time domains carrying the (unmarked) input of ξ, whereas
W × R is the window over which the scores are summed. Two natural cases arise:

• W ≡ X, i.e. the point process is constrained to a window and we sum scores over all
points in W ;

• W ⊊ X, i.e. the score function ξ takes as input a larger, possibly infinite (in space)
point process P̂, but we only sum scores on points inside the window W .

These are discussed in more detail in Subsection 2.4. Additionally, it is natural to include
scores which do not depend on time. This is treated in Corollary 2.8.

Denote by Br(x) = B(x, r) the open ball of radius r around the point x ∈ X with respect
to the metric d. Given a subset X0 ⊂ X, we define d(x,X0) := infz∈X0 d(x, z). We shall
always write ξ((z, tz,Mz), χ) for ξ((z, tz,Mz), χ∪{(z, tz,mz)}), where χ ∈ N and (z, tz,mz) ∈
X × R × M.

BL-localization of scores in space-time. The definition below is crucial to our develop-
ment, as it defines the notions of BL-localization in space and BL-localization in time. To
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derive central limit theorems, it suffices that four-tuples of scores are distributionally well-
approximated by four-tuples of short-range scores, as measured by the bounded Lipschitz
distance. A short-range score in space is one which depends only on data in a ball with
fixed radius. A short-range score in time depends only on data up to a certain time, and is
zero after this time.

For p ∈ N, denote generic points in Rp by x := (x1, . . . , xp). By BL(Rp) we mean the class
of Lipschitz(1) functions f : Rp → R with supremum norm bounded by 1, that is

sup
x,y∈Rp

|f(x)− f(y)|
||x− y||

≤ 1, sup
x∈Rp

|f(x)| ≤ 1,

where ∥x− y∥ is the Euclidean distance on Rp.
Given Rp-valued random vectors X := (X1, ..., Xp) and Y := (Y1, ..., Yp), defined on possi-

bly different probability spaces, the bounded Lipschitz distance between the laws of X and
Y is

dBL(L(X),L(Y)) = sup
f∈BL(Rp)

|E f(X)− E f(Y))|.

BL-localization establishes closeness in the dBL metric between the laws of the random
variables ξ and their short-range versions ξ[r] and ξ(s). This motivates the term ‘localization’
in contrast to ‘stabilization’, a notion comparing specific realizations of the scores - either
exactly (via stopping sets) or approximately in Lq.

Definition 2.3. (BL-localization of scores in space and in time) Given θ > 0, and θ′ ∈
(0, 1/2] the score ξ is said to BL(θ, θ′)-localize on the space-time domain (X, d, ν) ×
(R, µ) if there exist families of scores (ξ[r])r>0 and (ξ(s))s∈R and non-increasing functions
ψ : [0,∞) → [0, 2], with ψ(0) = 2, and ϕ : R → [0, 2] such that

• for any locally finite χ ∈ N, and any z ∈ X, tz ∈ R we have for any r > 0,

ξ[r]((z, tz,Mz), χ) = ξ[r]((z, tz,Mz), χ ∩ (Br(x)× R × M)) Q − a.s. (2.1)

and for any s ∈ R

ξ(s)((z, tz,Mz), χ) = 1(tz < s)ξ(s)((z, tz,Mz), χ ∩ X × (−∞, s)× M) Q − a.s.; (2.2)

• for any z1, ..., z4, x, y ∈ X, and tz1 , ..., tz4 , tx, ty ∈ R, and any Ai ⊆
{(z1, tz1), ..., (z4, tz4), (x, tx), (y, ty)} for i = 1, . . . , 4, we have for all r > 0

dBL

((
ξ((zi, tzi ,Mzi), P̂ ∪ Âi)

)
i=1,...,4

,
(
ξ[r]((zi, tzi ,Mzi), P̂ ∪ Âi)

)
i=1,...,4

)
≤ ψ(r), (2.3)

and for all s ∈ R

dBL

((
ξ((zi, tzi ,Mzi), P̂ ∪ Âi)

)
i=1,...,4

,
(
ξ(s)((zi, tzi ,Mzi), P̂ ∪ Âi)

)
i=1,...,4

)
≤ ϕ(s), (2.4)

• we have

Iψ(θ) := Iψ,X(θ) := max
(
1, sup
x∈X

∫
X

ψ

(
d(x, z)

2

)θ
ν(dz)

)
<∞; (2.5)

and

Iϕ(θ′) := max
(
1,

∫
R
ϕ(t)θ

′
µ(dt)

)
<∞. (2.6)
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The collections (ξ[r])0<r<∞ and (ξ(s))s∈R, satisfying (2.1) and (2.2), respectively, are said
to be families of short-range scores in space and short-range scores in time, respectively.
Lastly we put for all p > 0

Mξ
p,X := max

{
1, sup
r∈(0,∞]

sup
(z,tz)∈X×R

A⊂X×R,|A|≤p+1

E |ξ[r]((z, tz,Mz), P̂ ∪ Â)|p,

sup
s∈R

sup
(z,tz)∈X×R

A⊂X×R,|A|≤p+1

E |ξ(s)((z, tz,Mz), P̂ ∪ Â)|p
}
, (2.7)

where ξ[∞] = ξ.

The BL-localization definition may appear complex, but as we shall see shortly in Sub-
section 2.5, its verification reduces to checking some relatively straightforward conditions
on a single score. The bound dBL(L(X),L(Y)) ≤ 2 always holds and thus the requirement
that ψ and ϕ are bounded by 2 is not a constraint. Likewise, imposing ψ(0) = 2 is convenient
for the purpose of presentation, but of no consequence in applications. Note that BL(θ1)
localization implies BL(θ2) localization in space or time, whenever θ1 < θ2.

In practice, we often choose ξ[r] and ξ(s) to be the restrictions of ξ given as

ξ((z, tz,mz), χ ∩ (Br(z)× R × M)) and 1(tz < s)ξ((z, tz,mz), χ ∩ (X × (−∞, s)× M)) (2.8)

respectively. However in some cases we will choose ξ[r] to be dependent on the geometry
of the balls Br(·). This flexibility in the choice of ξ[r] widens the scope of applications.

Remark 2.4. BL(θ, 12 )-space-time localization and M ξ
2,X < ∞ imply that H is a.s. finite.

Indeed, we have

E |H| ≤ E
∑

(z,tz)∈P∩W×R

|ξ(z, tz,Mz), P̂)|

Mecke
=

∫
W×R

E |ξ((z, tz,Mz), P̂)|(ν ⊗ µ)(dz, dtz)

=

∫
W×R

(
E |ξ((z, tz,Mz), P̂)| − E |ξ(tz)((z, tz,Mz), P̂)|

)
(ν ⊗ µ)(dz, dtz)

≤ 48(Mξ
2,X)1/2ν(W )

∫
R
ϕ(tz)

1/2µ(dtz) <∞,

where the inequality(
E |ξ((z, tz,Mz), P̂)| − E |ξ(tz)((z, tz,Mz), P̂)|

)
≤ 52(Mξ

2,X)1/2ϕ(tz)
1/2

follows from Lemma 4.2 below applied to the localizing pair |ξ|, |ξ(tx)| and with q = 1 there.

Remark 2.5. Localization in time is satisfied in two natural cases. The first is whenever
the probability of the score being non-zero decays fast with respect to the magnitude of
the time component. This is the case in space-time models where points in the distant
future are unlikely to contribute to the statistic H, as in spatial birth-growth models and
generalized beta-Delaunay tessellations. The second natural case arises when the scores ξ
do not depend on any time coordinate. In this case, one can choose ϕ ≡ 2 and µ = δ0, the
Dirac mass at 0. See Corollary 2.8 for details.

Remark 2.6. Condition (2.6) is in fact a condition on µ((−∞, 0)) as well as on the decay of
ϕ at +∞. Indeed, since ϕ is non-decreasing, we have ϕ(t) ≥ ϕ(0) for every t < 0. It follows
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from (2.6) that µ((−∞, 0)) <∞. Heuristically , this means that µ is a finite measure on the
negative half-line and hence not too many points of the point process will be situated here,
while there can be many points on the positive half-line but their importance and contribu-
tion to the total sum decreases with ϕ fast enough to ensure finiteness. Alternatively, it is
possible to choose µ such that µ((0,+∞)) < ∞, in which case the choice of ϕ is irrelevant
and not too many points will be situated on the positive half-line. Their importance however
may be large.

2.3 The main results

Our main foundational result for the Poisson functionals H := H(P̂) goes as follows. It is a
consequence of Theorem 2.1.

Theorem 2.7. (rates of normal convergence for sums of BL-space-time localizing scores
on metric spaces) Let ξ : (X × R × M) × NX×R×M → R be a score function on the marked
space domain X × R × M and P a Poisson process on X × R with intensity ν ⊗ µ and P̂ its
marked version. Define

H := H(P̂) =
∑

(z,tz)∈P∩(W×R)

ξ((z, tz,Mz), P̂).

Assume that ξ satisfies BL
(

1
240 ,

1
120

)
space-time localization according to Def. 2.3, with

Mξ
5,X <∞. For ψ as in Def. 2.3 and q > 0, put

Gq :=

∫
X

ψ(d(x,W ))qν(dx) = 2qν(W ) +

∫
X\W

ψ(d(x,W ))qν(dx).

If G1/120 <∞, then there is a CK <∞ given by

CK := c · Iψ,X
(

1
240

)3 · Iϕ( 1
120

)7/2
,

where c <∞ is a universal scalar, such that

dK

(
H − EH√

VarH
,N

)
≤ CK · (M ξ

5,X)2/5 ·
G

1/2
1/120

VarH
(2.9)

and there is a CW <∞ given by

CW := c · Iψ,X( 1
50 )

3 · Iϕ( 3
200 )

4

such that

dW

(
H − EH√

VarH
,N

)
≤ CK · (M ξ

5,X)2/5 ·
G

1/2
1/120

VarH
+ CW · (M ξ

5,X)3/5 ·
G3/200

(VarH)3/2
. (2.10)

In many applications scores do not depend on input in a time variable and hence we
give a version of Theorem 2.7 which looks at scores defined on the space X only.

Corollary 2.8. (rates of normal approximation for sums of BL-space-localizing scores) Let
ξ : (X × M) ×NX×M → R be a score function on the marked space domain X × M and P a
Poisson process on X with intensity ν and P̂ its marked version. Define

H := H(P̂) =
∑

z∈P∩W
ξ((z,Mz), P̂).

10



Assume that ξ satisfies BL( 1
240 )-space localization, i.e., assume ξ satisfies conditions (2.3)

and (2.5) with θ = 1
240 (where any input t. in time is ignored), and with the short-range

scores ξ[r] satisfying (2.1). Define M ξ
5,X as

Mξ
5,X := max

(
1, sup
r∈(0,∞]

sup
z∈X

A⊂X,|A|≤6

E |ξ[r]((z,Mz), P̂ ∪ Â)|5
)
.

Assume M ξ
5,X <∞ and G1/120 <∞. Then the bounds (2.9) and (2.10) hold with

CK := c · Iψ,X( 1
240 )

3 and CW := c · Iψ,X( 1
50 )

3. (2.11)

Proof. Extend the definition of ξ and ξ[r] to X ×R×M in the natural way by simply ignoring
the input in time. The moment boundMξ

5,X is not affected by this extension. Choose µ := δ0,

the Dirac mass at 0 and ξ(s) ≡ 0. Then (2.2) holds and (2.4) holds with ϕ ≡ 2. Display (2.5)
becomes

Iϕ(θ′) = ϕ(0)θ
′
= 2θ

′
,

for any θ′. The bounds on CK and CW follow.

In many cases the values of CK , CW as well as the moments M ξ
5,X are scalar pre-factors

and, unlike the quantities Gq and VarH, do not grow with ν(W ), and hence do contribute
to the order of growth in the approximation error, whence Berry-Esseen bounds follow im-
mediately. However the generality of our approach allows for the case when CK , CW ,M

ξ
5,X

are dependent on an external parameter which may for example control the score ξ, the
intensity of the Poisson measure, or even the measure of the underlying space. In such in-
stances the Berry-Esseen bounds may be modified by additional factors which are possibly
dependent on ν(W ).

The next result will be put to good use in the sequel. We state it for scores defined on
X × R × M (space-time) and as well as those defined on X × R (space) only. The corre-
sponding quantities CW , CK and M ξ

5,X are to be taken from Theorem 2.7 and Corollary 2.8
respectively.

Corollary 2.9. (Berry-Esseen bounds) If X = W and ξ satisfies BL
(

1
240 ,

1
120

)
space-time

localization (resp. BL( 1
240 ) space-localization if ξ is independent of time), then

dK

(
H − EH√

VarH
,N

)
≤ CK · (M ξ

5,W )2/5
ν(W )1/2

VarH

and

dW

(
H − EH√

VarH
,N

)
≤ CK · (M ξ

5,W )2/5
ν(W )1/2

VarH
+ CW · (M ξ

5,W )3/5
ν(W )

(VarH)3/2
,

where CK , CW and M ξ
5,X are as in Theorem 2.7 (resp. as in Corollary 2.8).

If VarH ≥ c0ν(W ) for some positive constant c0 then there is a C > 0 depending on
c0, CK , CW ,M

ξ
5,X such that for d ∈ {dW ,dK}

d

(
H − EH√

VarH
,N

)
≤ C√

VarH
. (2.12)

Proof. When X =W , then Gq = 2qν(W ), which immediately yields the bound.

The values of θ and θ′ in the integrals appearing in Iψ,X(θ) and Iϕ(θ′) are artifacts of the
proof. In most applications, the exact values of θ and θ′ are not relevant, as the functions
ψ, ϕ decay faster than any power and CK and CW are simply scalars.
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For scores on Euclidean space, it is often the case that ψ(r) decays exponentially fast
in r and hence integrability (2.5) is easily satisfied. More concretely, if X = Rd and ν is
Lebesgue measure, then we may let ψ(r) = exp(−a1ra2) for any a1, a2 > 0 or we may take ψ
to decay as a large power, namely ψ(r) = min(1, r−α), with α > d/θ.

If X is hyperbolic space Hd with curvature −1, with ν the uniform measure, and d the
intrinsic metric, then we may take ψ(r) = exp(−τ(r)), provided that τ has faster than linear
growth (see (5.1) for details).

Remark 2.10. (A word on the proof) At first sight it is not clear that BL-localization should
suffice for controlling the fourth moments under the integrals in Theorem 2.1. However
when applying the difference operators Dx and Dx,y to H we are led to controlling expec-
tations of products of difference operators applied to scores ξ at the respective entries of
four-tuples (z1, ..., z4) ∈ X4. We portray products of second order difference operators on
four such scores as an ostensible difference with an analogous product of difference op-
erators on corresponding short-range scores ξ[r], provided r is chosen to be the maximum
distance between the pair (x, y) and the four-tuple (z1, ..., z4). The said difference is only in
appearance, as the difference operator on the analogous product of short-range scores van-
ishes. By writing products of second-order difference operators in this manner, we may use
BL-localization (2.3) to control their expectations with an error proportional to ψ(r), and
thus by ψ(d(x, y)/2), as necessarily r ≥ d(x, y)/2. Hence integrated moments of products of
second-order difference operators may be controlled by the integrals of ψ as at (2.5). This,
together with similar bounds on first-order difference operators, leads to efficient control
of all integrals in the error terms of Theorem 2.1, whence Theorem 2.7.

2.4 How to use the main theorem

Theorem 2.7 and its two corollaries include several set-ups which apply to broad classes of
Poisson functionals.

(i) (dilating windows) One is given a sequence of windows (Wλ)λ≥1 and spaces (Xλ)λ≥1,
Wλ ⊆ Xλ, which are embedded into a common metric measure space (X, d, ν), with
Wλ ↑ X. With P a Poisson point process on X with intensity measure ν and with Pλ the
restriction of P to Xλ we put

Hλ := Hλ(P̂) =
∑

z∈P∩Wλ

ξ((z, tz,Mz), P̂λ), (2.13)

which is a sum of scores on dilating windows. Then Theorem 2.7 goes through ver-
batim, with H replaced by Hλ, with X replaced by X, with M ξ

p,X replaced by M ξ
p,X,

and with Iψ,X replaced by Iψ,X. The constants CK , CW are thus independent of λ.
When X = Rd and Wλ := [− 1

2λ
1/d, 12λ

1/d]d we obtain a set-up treated extensively in
the literature, though under the stronger assumption that ξ satisfies stopping set sta-
bilization. Here we only assume localization and do not restrict to Euclidean space.
Several applications shall make use of this set-up.

(ii) (point processes of increasing intensity) We consider the normal approximation for
sums of scores on a fixed measure space but with point processes of increasing inten-
sity.

Let (X, dλ, νλ)λ≥1 be a sequence of metric measure spaces and Pλ a Poisson point
process on X with intensity measure νλ where possibly νλ(X) ↑ ∞ as λ → ∞. Let
W ⊆ X. Put

Hλ := Hλ(P̂λ) =
∑

z∈Pλ∩W
ξλ((z, tz,Mz), P̂λ). (2.14)

12



where ξλ : (X × R × M)×NX×R×M → R. Consider the analog of (2.5):

I ′
ψ(θ) := max

(
1, sup
λ≥1

sup
x∈X

∫
X

ψ

(
dλ(x, z)

2

)θ
νλ(dz)

)
<∞. (2.15)

Given θ > 0, and θ′ ∈ (0, 1/2] the scores (ξλ)λ≥1 are said to BL(θ, θ′)-localize on their
respective space-time domains ((X, dλ, νλ) × (R, µ))λ≥1 if for each λ there exist short-

range functions ξ[r]λ , ξ
(s)
λ such that (2.1)- (2.4) hold uniformly in λ and with I ′

ψ(θ) re-
placing Iψ(θ). There are two natural cases of interest.

(a) (increasing intensity on a compact subset of Rd) Consider the heavily studied case
W ≡ X = [− 1

2 ,
1
2 ]
d with X equipped with the Euclidean metric and Pλ a Poisson

measure with intensity λρ(x)dx on X, with dx Lebesgue measure and ρ : X → R+.

Berry-Esseen bounds for the sums
∑
x∈Pλ

ξ(x,Pλ), were established in [21] under
the assumption that the scores satisfy stopping set stabilization. Theorem 2.7
yields comparable bounds for the sums Hλ at (2.13) under the weaker assumption
that the scores satisfy localization (2.3), where the integrability condition (2.15)
given by

I ′
ψ(θ) := max

(
1, sup
λ∈[1,∞)

sup
x∈[− 1

2 ,
1
2 ]

d

∫
[− 1

2 ,
1
2 ]

d

ψ

(
λ1/d|x− z|)

2

)θ
λρ(z)dz

)
<∞ (2.16)

is satisfied as soon as

sup
x∈Rd

∫
Rd

ψ

(
|x− z|)

2

)θ
||ρ||supdz <∞. (2.17)

(b) (increasing intensity on a manifold) Let W ≡ X ≡ M with M a d-dimensional Rie-
mannian manifold with Riemannian metric dg and where Pλ is a Poisson measure
with intensity λρ(x)dx on M, with dx the Riemannian volume measure. Theorem
2.7, with X = M and M equipped with the metric λ1/ddg, yields Berry-Esseen
bounds for the sums

∑
x∈Pλ

ξ(x,Pλ) whenever the scores satisfy localization (2.3),
subject to the integrability condition (2.15), which takes the form

max
(
1, sup
λ∈[1,∞)

sup
x∈M

∫
M
ψ

(
λ1/ddg(x, z)

2

)θ
λρ(z)dz

)
<∞. (2.18)

When M is a C1 smooth manifold then rates of normal convergence with spurious
logarithmic factors were obtained in [29] albeit under the relatively strong as-
sumption that ξ belongs to the class Σ(k, r0), i.e., the collections of scores having a
stopping set whose radius is the maximum of a fixed constant r0 and the distance
to the kth nearest neighbor, and also under the assumption that the metric is the
extrinsic Euclidean metric. Here we obtain Berry-Esseen rates for the sums Hλ

at (2.13) without logarithmic factors, assuming only that ξ satisfies localisation
(2.18), and where distances are with respect to the metric intrinsic to M, which is
arguably more natural.

(iii) (scores defined on the full space X = Rd) The bounds for Theorem 2.7 simplify
when X = Rd, d is the Euclidean metric, ν is Lebesgue measure, W := Wλ :=

[− 1
2λ

1/d, 12λ
1/d]d, and P is a Poisson point process on Rd × R with intensity ν ⊗ µ. This

gives rise to a sum of scores

H∞
λ :=

∑
(z,tz)∈P∩Wλ×R

ξ((z, tz,Mz), P̂).
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If ξ satisfies BL( 1
240 ,

1
120 )-space-time-localization (Def. 2.3) and Mξ

5,Rd is finite, and if in
addition ∫ ∞

0

ψ(r)1/240rd−1dr <∞, (2.19)

then we assert that

dK

(
H∞
λ − EH∞

λ√
VarH∞

λ

, N

)
≤ CK(Mξ

5,Rd)
2/5

√
λ

VarHλ

and

dW

(
H∞
λ − EH∞

λ√
VarH∞

λ

, N

)
≤ CK(Mξ

5,Rd)
2/5

√
λ

VarHλ
+ cCW · (M ξ

5,Rd)
3/5 λ

(VarHλ)3/2
,

where CK = cIϕ( 1
120 )

7/2 and CW = cIϕ( 3
200 )

4.

To prove this assertion, note that Gq = 2qλ+
∫

Rd\Wλ
ψ(d(x,Wλ))

qdx. It suffices to show

that the integral is O(λ(d−1)/d) when q = 1/120 or q = 3/200. Let Hd−1 denote (d− 1)-
dimensional Hausdorff measure. For any K ⊂ Rd and r > 0 we let Kr := {y ∈ Rd :

|x− y| ≤ r}. The co-area formula tells us that∫
Rd\Wλ

ψ
(
d(y,Wλ)

)q
dy ≤

∫ ∞

0

∫
∂((Wλ)r)

ψ(r)qHd−1(dx)dr

=

∫ 1

0

∫
∂((Wλ)r)

ψ(r)qHd−1(dx)dr +

∫ ∞

1

∫
∂((Wλ)r)

ψ(r)qHd−1(dx)dr.

The first integral is O(λ(d−1)/d). To evaluate the second integral, recall (see e.g. the
proof of Lemma 5.12 of [21]) that for any convex K we have

Hd−1(∂Kr) ≤ cHd−1(∂K)(1 + rd−1), r > 0.

Thus under the integrability condition (2.19), we find∫
Rd\Wλ

ψ
(
d(y,Wλ)

)1/120
ν(dy) = O(λ(d−1)/d) +Hd−1(∂Wλ)

∫ ∞

1

ψ(r)1/120(1 + rd−1)dr

= O(λ(d−1)/d)

and hence Gq = O(λ) for q = 1/120. Since ψ is bounded by 2, the result follows for
q = 3/200.

Next, we need to show that Iψ,X(θ) is bounded by a constant independent of λ when
θ = 1/120 or θ = 1/50. For this, note that

Iψ,X(θ) ≤
∫

Rd

ψ

(
d(x, y)

2

)1/240

dy = 2ddκd

∫ ∞

0

ψ(r)1/240rd−1dr,

where κd denotes the volume of a unit ball in Rd. This suffices to conclude.

2.5 Conditions which imply BL-localization

Showing BL-localization requires checking conditions (2.3) and (2.4), which at first glance
may appear challenging. However there are several conditions which are easier to verify
and which imply localization. They are as follows.
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(i) (Bounding the probability of the difference) Assume that for any (z, tz) ∈ X × R and
A ⊂ X with |A| ≤ 6 and any r > 0, one has

P
(
ξ((z, tz,Mz), P̂ ∪ Â) ̸= ξ[r]((z, tz,Mz), P̂ ∪ Â)

)
≤ ψ̃(r) (2.20)

for a non-increasing function ψ̃ : (0,∞) → [0, 1]. Then we can choose ψ(r) :=

max(2, 8ψ̃(r)) and achieve (2.3). An analogous result holds for showing localization
in time (2.4).

(ii) (Stabilization) Given a score ξ : (X×R×M)×N → R, the quantityRξ := Rξ((z, tz,mz), χ)

is a radius of stabilization at the point (z, tz,mz) ∈ X × R × M if for any χ, χ′ ∈ N

ξ
(
(z, tz,mz), χRξ

)
= ξ
(
(z, tz,mz), χRξ ∪ (χ′

Rξ)
c
)

(2.21)

where χRξ = χ ∩ (B(z,Rξ) × R × M) and (χ′
Rξ)

c = χ′ ∩ (B(z,Rξ)c × R × M). Suppose

there is ψ̃ such that

sup
(z,tz)∈X×R

sup
|Â|≤6

P(Rξ((z, tz,Mz), P̂ ∪ Â) ≥ r) ≤ ψ̃(r), r > 0. (2.22)

In this case, ξ satisfies (2.3) on the metric measure space (X, d, ν) with ψ(r) =

min(2, 8ψ̃(r)) and with the short-range scores ξ[r] defined as in (2.8). Indeed, we have
for r > 0

dBL
((
ξ((zi, tzi ,Mzi), P̂ ∪ Âi)

)
i=1,...,4

, (2.23)(
ξ((zi, tzi ,Mzi), (P̂ ∪ Âi) ∩Br(zi)× R × M)

)
i=1,...,4

)
≤ 2P(Rξ((z1, tz1 ,Mz1), P̂ ∪ Â1) ≥ r or . . . or Rξ((z4, tz4 ,Mz4), P̂ ∪ Â4) ≥ r)

≤ 2

4∑
i=1

P(Rξ((zi, tzi ,Mz1), P̂ ∪ Âi) ≥ r)

≤ 8 sup
z∈X

sup
|Â|≤6

P(Rξ((z, tz,Mz), P̂ ∪ Â) ≥ r). (2.24)

Thus if X = Rd and if Rξ has an exponentially decaying tail, then ξ is automatically
BL-localizing.

(iii) (Lq stabilization) Assume there is a q ≥ 1 and a non-increasing function ψ̃ : (0,∞) → R
such that for any r > 0

sup
(z,tz)∈X×R

sup
|Â|≤6

E
[
|ξ((z, tz,Mz), P̂ ∪ A)− ξ[r]((z, tz,Mz), P̂ ∪ A)|q

]1/q ≤ ψ̃(r). (2.25)

Then (2.3) holds with ψ(r) = min(2, 4ψ̃(r)). An analogous statement holds for time
localization (2.4).

For some scores it may also be easier to show that (2.3) or (2.4) hold with dBL replaced
by a larger distance such as the total variation distance.

2.6 Comparison between our results and the literature

A comparison between our results (specifically Corollary 2.9) and those of [21] (Theorem
2.1 and Corollary 2.2) and [19] is in order:

(i) We obtain rates of convergence in the Kolmogorov and Wasserstein distances dK and
dW , whereas [21] is limited to dK .
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(ii) BL-localization in space is weaker than the stabilization criteria required in [30], [31],
[21], and the localization criteria in [35], thus encompassing a broader range of statis-
tics, including those in Sections 5 and 6.

(iii) We consider Poisson input on general metric spaces, whereas [21] is restricted to
Euclidean space and other metric spaces satisfying a polynomial growth condition on
the measure of spheres.

(iv) Theorem 2.7 extends [19] in several directions, as [19] is confined to X = Rd, it does
not allow for infinite time horizons, and it requires that ξ satisfy L4 stabilization, albeit
with requirements on the rates of decay which are weaker than those corresponding
to the rates given by BL(θ).

(v) Our results and those in [21] both allow for the possibility that scores concentrate
around lower-dimensional sets, though in different ways. In [21] the concentration
requires that the probability of non-vanishing scores decays exponentially fast with
respect to the boundary of a bounded subset of Rd; in our set-up the concentration is
expressed in terms of a time variable with respect to the space-time sets W × {0} ⊂
X × R, X a metric space, and allows for models with infinite time horizon.

(vi) [21] treats Poisson and binomial input on a fixed window in Euclidean space (and other
spaces satisfying a growth condition on the measure of spheres), letting the intensity
go to infinity. When X = Rd, when the input is Poisson, and when the scores ξλ in
[21] satisfy ξλ(x,X ) = ξ(λ1/dx, λ1/dX ), then the approach here applies, only assuming
localization and not the stronger stabilization criterion. See Item (iia) in Subsection
2.4 for further details.

(vii) The work [9] uses the cumulant method to establish qualitative CLT’s for sums of BL-
localizing scores on general input on Rd, though localization (2.3) must hold when the
four tuple of scores is replaced by a p-tuple, p ∈ N, and moreover for each p ∈ N, the
function ψ := ψp must be decreasing faster than any power, clearly a much stronger
condition than what we require here for Poisson input.

2.7 Refinements and extensions

(i) (Rates of multivariate normal convergence) In Lemmas 4.5 and 4.6, we establish
bounds on the fourth moment of the first and second difference operators D,D(2)

applied to H. We use these bounds to control the terms γ̂1, . . . , γ̂6 in Theorem 2.1.
Likewise, these bounds may be used to derive quantitative CLTs for multivariate Pois-
son functionals where each entry is a sum of BL-localizing scores, thus going beyond
the case where each entry is assumed to be a sum of stabilizing scores, as in [38].
Indeed, the error terms in Theorem 1.1 in [37] and Theorem 1 in [40], especially for
the multivariate d2 and d3 distances, similarly consist of fourth moments of difference
operators of H. This is an avenue which we do not pursue in this paper.

(ii) (Bounded scores) If |ξ| is bounded, or if X = W then by modifying the proof accord-
ingly it can be seen that the constants CK and CW can be reduced using Iψ,X(θ) and
Iϕ(θ′) with values of θ, θ′ which exceed 1/240 and 1/120, respectively. For example,
when |ξ| is bounded then the values of θ, θ′ in our main results can be increased by a
factor of 5. This is a consequence of Lemmas 4.1 and 4.2 which show that differences
of products of moments of four bounded random variables are controlled by a bounded
Lipschitz distance (usually less than one) and not the fifth root of a bounded Lipschitz
distance, as is the case when the random variables have a fifth moment. Thus, for ex-
ample, the values of θ, θ′ in Theorem 2.7 and Corollaries 2.8 and 2.9 can be increased
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to 1/48 and 1/24 respectively, and the function G1/120 may be replaced by the smaller
function G1/24.

(iii) (Extensions to score functions depending additionally on windows) The score functions
ξ can additionally be made to depend on either the surrounding windows W or on the
domains X by defining the function as

ξ : (X × R × M)×N× B(X) → R.

Our approach in the sequel goes through virtually unchanged with this additional de-
pendence. It is of particular importance when accounting for boundary effects which
could arise in e.g. statistics of Voronoi cells.

(iv) (Further extensions) A simplifying step in our proofs uses the trivial inequality
min(a, b) ≤ a1/2b1/2 for a, b > 0. Using instead the inequality min(a, b) ≤ aεb(1−ε), ε ∈
(0, 1), it follows that space-time localization hypotheses of the type BL(θ, θ) can be
replaced by a BL(2θε, 2θ(1 − ε)) condition for any ε ∈ (0, 1). We have chosen ε = 1/2

for simplicity, but allowing for general ε ∈ (0, 1) is potentially useful when determining
minimal conditions under which integrability conditions (2.5) and (2.6) on ψ and ϕ are
both satisfied.

(v) The bounds in Theorem 2.7 on CK and CW can be tightened, to allow for the case
where the integrals in the terms Iψ,X and Iϕ are small. Define

A := cmax(1,Mξ
5,X)2/5Iψ,X( 1

60 )
2Iϕ( 1

60 )
2

and set

Jψ,X(θ) := sup
x∈X

∫
X

ψ

(
d(x, z)

2

)θ
ν(dz)

and

Jϕ(θ′) :=
∫

R
ϕ(t)θ

′
µ(dt).

Then define

ω1 := Jψ,X( 1
240 )Jϕ(

11
1200 )Jϕ(

1
120 )

1/2G
1/2
1/120

ω2 := Jψ,X( 1
120 )Jϕ(

1
120 )Jϕ(

1
60 )

1/2G
1/2
1/60

ω3 := Jϕ( 3
200 )G3/200

ω4 := Jϕ( 1
50 )

1/2G
1/2
1/50

ω5 := Jψ,X( 1
60 )

1/2Jϕ( 1
60 )G

1/2
1/60

ω6 := Jψ,X( 1
120 )

1/2Jϕ( 1
120 )G

1/2
11/600.

Note that A can never be smaller than c, but the terms Jψ,X and Jϕ(θ′) depend on
ϕ, ψ, on the underlying measure and on the space X and might be small, especially
when compared to the term Gq with varying q. The bound (2.9) in Theorem 2.7 can be
replaced by the more accurate bound

dK

(
H − EH√

VarH
,N

)
≤ A

VarH
(ω1 + ω2 + ω4 + ω5 + ω6)

and (2.10) by

dW

(
H − EH√

VarH
,N

)
≤ A

VarH
(ω1 + ω2) +

A3/2

(VarH)3/2
ω3.
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3 Proof of Theorem 2.1

Before starting the proof of Theorem 2.1, we recall some definitions and properties related
to Malliavin Calculus on the Poisson space.

Let (W,W, µ) denote a σ-finite measure space and N the set of locally finite N0 ∪ {∞}-
valued measures on (W,W). Let h ∈ L1(N × W) and η a Poisson measure on W of intensity
µ.

Let h ∈ L2(N× W). Then for µ-a.e. w ∈ W we have

h(η, w) =

∞∑
n=0

In(hn(w, .)),

where In(hn) is the nth Wiener-Itô integral of hn and

hn(w,w1, ..., wn) =
1

n!
ED(n)

w1,...,wn
h(η, w).

Define the symmetrization h̃n of hn by

h̃n(w1, ..., wn+1) =
1

n+ 1

n+1∑
k=1

hn(wk, w1, ..., wk−1, wk+1, ..., wn+1).

Then we say that h ∈ dom δ if h ∈ L2(N× W) and

∞∑
n=0

(n+ 1)!

∫
Wn+1

h̃2n dµ
(n+1) <∞

and we define the Skorohod integral δ(h) of h by

δ(h) :=

∞∑
n=0

In(hn).

See [41, display (2.9) and thereafter] and [23, displays (25) and (42)] for details on the
above notions.

Now let h ∈ L1(N× W) ∩ L2(N× W) and define for each τ ∈ (0, 1) and all x ∈ W:

Pτhn(η, x) :=

∫
E [hn(η

τ + ξ, x)|η]Π(1−τ)µ(dξ),

where ητ is a τ -thinning of η and Π(1−τ)µ denotes the law of a Poisson process with intensity
(1 − τ)νλ. Note that Pτ is known as the Ornstein-Uhlenbeck operator. We refer to [23,
display (71)] and thereafter for details. For the convenience of the reader, we include
a result giving useful properties of Pτhn, which is taken from [41, equation (2.13) and
Lemma 6.2].

Lemma 3.1. Let h ∈ L2(N× W) and let τ ∈ (0, 1). Then Pτh satisfies

E
∫

W

∫
W
(DzPτh(η, w))

2
µ(dz)µ(dw) <∞. (3.1)

and Pτh→ h in L2(N× W) as τ → 1. Moreover, for w, z ∈ W and all p ≥ 1,

E |Pτh(η, w)|p ≤ E |h(η, w)|p

and

E |DzPτh(η, w)|p ≤ E |Dzh(η, w)|p.
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We are now ready to start the proof of Theorem 2.1. To simplify the bound on the
Kolmogorov distance, we start by proving a sharper version of [41, Corollary 4.7, with
p = 2], namely a version with one less term. The proof proceeds almost identically, but we
replace the use of [41, Theorem 4.2] by the isometry relation [23, Theorem 5].

Proposition 3.2. Let h ∈ L1(N × W) and G be a measurable function of η bounded by
cG <∞. Then∣∣∣∣E ∫

W
h(η, x) ·DxG µ(dx)

∣∣∣∣
≤ cG

(
E
∫

W
h(η, x)2 µ(dx) + E

∫
W

∫
W

(
Dxh(η, y)

)2
µ(dx)µ(dy)

)1/2

. (3.2)

Compared with Corollary 4.7 in [41], this bound has one less term inside the square
root and it implies Corollary 4.7 in the case p = 2, since we can choose W = X × [0, 1] and
µ = λ⊗ ds.

Proof. Let (Un)n∈N ⊂ W be an increasing sequence of sets such that
⋃
n∈N Un = W and

µ(Un) <∞ for all n ∈ N. Define for each n ∈ N and all x ∈ W:

hn(η, x) := 1(x ∈ Un)max{−n,min{h(η, x), n}}.

It is clear that h ∈ L1(N×W)∩L2(N×W) and thus we can define Pτhn for all τ ∈ (0, 1) and
n ∈ N. Since hn ∈ L2(N × W), Lemma 3.1 applies. By [23, Theorem 5], and since clearly
Pτhn ∈ L1(N×W)∩L2(N×W), condition (3.1) implies that Pτhn ∈ dom δ. By Lemma 6.1 in
[41], we have

E
∫

W
Pτhn(η, x) ·DxG µ(dx) = E [δ(Pτhn)G].

Using Jensen’s inequality and the fact that |G| ≤ cG, we have∣∣∣∣E ∫
W
Pτhn(η, x) ·DxG µ(dx)

∣∣∣∣ ≤ cGE [δ(Pτhn)
2]1/2.

By Theorem 5 in [23], we have

E [δ(Pτhn)
2] = E

∫
W
(Pτhn(η, x))

2µ(dx) + E
∫

W

∫
W
DxPτhn(η, y) ·DyPτhn(η, x)µ(dx)µ(dy)

≤ E
∫

W
(Pτhn(η, x))

2µ(dx) + E
∫

W

∫
W
(DxPτhn(η, y))

2
µ(dx)µ(dy),

where the second line follows by the Cauchy-Schwarz inequality. Using Lemma 3.1 and the
fact that |hn| ≤ |h| and |Dhn| ≤ |Dh| by the definition of hn, we now have

E [δ(Pτhn)
2] ≤ E

∫
W
(h(η, x))2µ(dx) + E

∫
W

∫
W
(Dxh(η, y))

2
µ(dx)µ(dy).

We have shown that for all τ ∈ (0, 1) and n ∈ N∣∣∣∣E ∫
W
Pτhn(η, x) ·DxG µ(dx)

∣∣∣∣
≤ cGE

∫
W
(h(η, x))2µ(dx) + E

∫
W

∫
W
(Dxh(η, y))

2
µ(dx)µ(dy).

It remains to show that the left hand side converges to∣∣∣∣E ∫
W
h(η, x) ·DxG µ(dx)

∣∣∣∣
when successively taking τ → 1 and n → ∞. This was shown to hold in Corollary 4.7 in
[41].
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Proof of Theorem 2.1. For convenience of notation, define Ŷ := X × M × [0, 1]. Let η be a
Poisson point process on Ŷ of intensity measure ν ⊗ Q ⊗ ds. For a point ŷ = (y,my, sy) ∈ Ŷ,
we denote by ηŷ the restriction of η to points in the set X × M × [0, sy).

Note that we can couple χ, a Poisson point process on X × M of intensity ν ⊗ Q, and η by
defining χ as the projection ΠX×M(η) of η onto X × M. This leads to a natural extension of
the functional F = F (χ) to point processes on X × M × [0, 1] by setting

F (η) := F (ΠX×M(η)).

The functional F is now a measurable function of η and we can apply Theorem 3.2 from
[41] with q = 2 to get:

dW (F,N) ≤
√

2

π
E

∣∣∣∣1− ∫
Ŷ
DŷF · E [DŷF |ηŷ] (ν ⊗ Q ⊗ ds)(dŷ)

∣∣∣∣
+ 2E

∫
Ŷ
|E [DyF |ηŷ]| · |DŷF |q (ν ⊗ Q ⊗ ds)(dŷ) (3.3)

and

dK(F,N) ≤ E

∣∣∣∣1− ∫
Ŷ
DŷF · E [DŷF |ηŷ] (ν ⊗ Q ⊗ ds)(dŷ)

∣∣∣∣
+ sup
z∈R

E
∫

Ŷ
|E [DŷF |ηŷ]| ·DŷF ·Dŷ(Ffz(F ) + 1(F > z)) (ν ⊗ Q ⊗ ds)(dŷ), (3.4)

where fz is the canonical solution to the Stein equation (see (2.26) in [41]).
The term γ̂0 can now be easily obtained by bounding the first term in (3.4) by

E |1−Var(F )|+ E

∣∣∣∣Var(F )− ∫
Ŷ
DŷF · E [DŷF |ηŷ] (ν ⊗ Q ⊗ ds)(dŷ)

∣∣∣∣ ,
which also implies the bound for (3.3).

Step 1. We start by proving that

E

∣∣∣∣Var(F )− ∫
Ŷ
DŷF · E [DŷF |ηŷ] (ν ⊗ Q ⊗ ds)(dŷ)

∣∣∣∣
is bounded by γ̂1 + γ̂2. Our proof follows the lines of the proof of Theorem 3.3 in [41],
though we will need to adapt some of the steps in order to bring the marks inside the inner
integrals. Define

G :=

∫
Ŷ
DŷF · E [DŷF |ηŷ] (ν ⊗ Q ⊗ ds)(dŷ)−Var(F ).

Following the steps (8.15)-(8.22) (with p=2) in the proof of [41, Theorem 3.3], we have

E |G| ≤

(∫
Ŷ

E

(∫
Ŷ

E
[
|Dx̂h(η, ŷ)|

∣∣ηx̂](ν ⊗ QM ⊗ ds)(dŷ)

)2

(ν ⊗ QM ⊗ ds)(dx̂)

)1/2

, (3.5)

where
h(η, ŷ) := DŷF · E

[
DŷF

∣∣ηŷ].
Note that in [41], it is assumed for simplicity of notation that Var(F ) = 1. However the
proof goes through unchanged without this assumption, since D(cF ) = cDF , for any c ∈ R.
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We now apply Minkowski’s integral inequality to the right hand side of (3.5). Note that
we group the integrals over marks together with the expectations, splitting them off from
the integrals over X × [0, 1]. We thus get

E |G| ≤

(∫
X×[0,1]

(∫
X×[0,1]

(∫
M

E

(∫
M

E
[
|D(x,mx,sx)h(η, (y,my, sy)|

∣∣η|X×M×[0,sx)

]
Q(dmy)

)2

Q(dmx)

)1/2

(ν ⊗ ds)(dy, dsy)

)2

(ν ⊗ ds)(dx, dsx)

)1/2

.

By Jensen’s inequality and the tower property, using that Q is a probability measure, we
have

E |G| ≤

(∫
X×[0,1]

(∫
X×[0,1]

(∫
M

∫
M

E
[(
D(x,mx,sx)h(η, (y,my, sy)

)2]
Q(dmy)Q(dmx)

)1/2

(ν ⊗ ds)(dy, dsy)

)2

(ν ⊗ ds)(dx, dsx)

)1/2

.

By [41, equations (8.25), (8.26)], we have

Dx̂h(η, ŷ) = D
(2)
x̂,ŷF ·E [DŷF |ηŷ]+1(sx < sy)DŷF ·E [D

(2)
x̂,ŷF |ηŷ]+1(sx < sy)D

(2)
x̂,ŷF ·E [D

(2)
x̂,ŷF |ηŷ].

It follows that(∫
M

∫
M

E
[(
D(x,mx,sx)h(η, (y,my, sy))

)2]
Q(dmy)Q(dmx)

)1/2

≤
(∫

M

∫
M

E
[(
|D(2)

(x,mx,sx),(y,my,sy)
F · E [D(y,my,sy)F |η(y,my,sy)]|

)2]
Q(dmy)Q(dmx)

)1/2

+

(∫
M

∫
M

E
[(
|D(y,my,sy)F̂

· E [D
(2)
(x,mx,sx),(y,my,sy)

F |η(y,my,sy)]|
)2]

Q(dmy)Q(dmx)

)1/2

+

(∫
M

∫
M

E
[(
|D(2)

(x,mx,sx),(y,my,sy)
F

· E [D
(2)
(x,mx,sx),(y,my,sy)

F |η(y,my,sy)]|
)2]

Q(dmy)Q(dmx)

)1/2

.

We can now apply the Cauchy-Schwarz inequality to the
∫

M

∫
M E integral and use the tower
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property to derive(∫
M

∫
M

E
[(
D(x,mx,sx)h(η, (y,my, sy))

)2]
Q(dmy)Q(dmx)

)1/2

≤
(∫

M

∫
M

E
[
(D

(2)
(x,mx,sx),(y,my,sy)

F )4
]
Q(dmy)Q(dmx)

)1/4

·
(∫

M

∫
M

E
[
(D(y,my,sy)F )

4
]
Q(dmy)Q(dmx)

)1/4

+

(∫
M

∫
M

E
[
(D(y,my,sy)F )

4
]
Q(dmy)Q(dmx)

)1/4

·
(∫

M

∫
M

E
[
(D

(2)
(x,mx,sx),(y,my,sy)

F )4
]
Q(dmy)Q(dmx)

)1/4

+

(∫
M

∫
M

E
[
(D

(2)
(x,mx,sx),(y,my,sy)

F )4
]
Q(dmy)Q(dmx)

)1/2

.

Note now that since F is a function of ΠX×M(η), we have

D(x,mx,sx)F (η) = D(x,mx)F (χ) P − a.s.

and similarly for the double derivatives. Moreover, we can replace the integrals over M by
the expectations with respect to the laws of the random variables Mx,My, simplifying the
expression further to(∫

M

∫
M

E
[(
D(x,mx,sx)h(η, (y,my, sy))

)2]
Q(dmy)Q(dmx)

)1/2

≤ 2E
[
(D

(2)
(x,Mx),(y,My)

F )4
]1/4 · E

[
(D(y,My)F )

4
]1/4

+ E
[
(D

(2)
(x,Mx),(y,My)

F )4
]1/2

.

This implies that

E |G| ≤

(∫
X

∫
[0,1]

(∫
X

∫
[0,1]

2E
[
(D

(2)
(x,Mx),(y,My)

F )4
]1/4 · E

[
(D(y,My)F )

4
]1/4

+ E
[
(D

(2)
(x,Mx),(y,My)

F )4
]1/2

dsyν(dy)
2dsxν(dx)

)1/2

=

(∫
X

(∫
X
2E
[
(D

(2)
(x,Mx),(y,My)

F )4
]1/4 · E

[
(D(y,My)F )

4
]1/4

+ E
[
(D

(2)
(x,Mx),(y,My)

F )4
])1/2

ν(dy)

)2

ν(dx)

)1/2

≤γ̂1 + γ̂2.

Step 2. We now show that the second term in (3.3) is bounded by γ̂3. Apply Hölder’s
inequality to deduce that

E
∫
Ŷ

|E [DŷF |ηŷ]| · |DŷF |2 (ν ⊗ Q ⊗ ds)(dŷ)

≤ E
∫
Ŷ

E
[
|E [DŷF |ηŷ]|3

]1/3 · E
[
|DŷF |3

]2/3
(ν ⊗ Q ⊗ ds)(dŷ).

Jensen’s inequality now yields the result.
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Step 3. In this step, we show that the second term in (3.4) is bounded by γ̂4 + γ̂5 + γ̂6. This
is one of our main innovations, as it shows that the term γ7 in [41] is superfluous in the case
p = 2.

We follow closely the proof of Step 2 of Theorem 3.4 in [41](with p = 2), but we replace
the use of Corollary 4.7 in that proof with the bound (3.2), which we recall has one fewer
term. In more detail, we define

g(η, ŷ) := DŷF ·
∣∣E [DŷF

∣∣ηŷ]∣∣
and

Zz := Ffz(F ) + 1(F > z).

Following the development in [41, Step 2, proof of Thm. 3.4], we find that g ∈ L1(N × Ŷ)
and |Zz| ≤ 2. Thus we may apply Proposition 3.2 and deduce that the second term in (3.4)
is bounded by

sup
z∈R

E
∫

Ŷ
g(η, ŷ)DŷZz(ν ⊗ Q ⊗ ds)(dŷ)

≤ 2

(
E
∫

Ŷ
g(η, ŷ)2(ν ⊗ Q ⊗ ds)(dŷ)

+ E
∫

Ŷ

∫
Ŷ
(Dx̂g(η, ŷ))

2(ν ⊗ Q ⊗ ds)(dŷ)(ν ⊗ Q ⊗ ds)(dx̂)

)1/2

=: I1 + I2.

This gives the terms I1 and I2 in [41, Step 2, proof of Thm. 3.4], but without the term I3,
and we proceed to treat the terms I1, I2 as in [41]. This results in the final bound having
one fewer term, that is to say γ7 in [41] is removed.

4 Proof of Berry-Esseen bounds for sums of BL-localizing scores

First we show that closeness in the dBL distance of four-tuples of random variables im-
plies closeness of their products, whence BL-localization in space-time implies that prod-
ucts of powers of scores are well approximated by products of short-range scores. This
establishes that first and second order difference operators on such products also lo-
calize. The Mecke formula yields that the first order difference operator D(x,tx,Mx) ap-
plied to the Poisson functional H has a finite fourth moment bounded by a multiple of
ψ(d(x,W ))1/50ϕ(tx)

1/50 uniformly in x ∈ X and it also implies that the second order differ-

ence operator D(2)
(x,tx,Mx),(y,ty,My)

applied to H has a fourth moment which decays like

ψ

(
d(x, y)

2

)1/60

ψ (d(x,W ))
1/60

ϕ(tx)
1/60ϕ(ty)

1/60

uniformly for all (x, tx), (y, ty) ∈ X × R, up to multiplication with terms independent of
(x, tx), (y, ty). The aforementioned bounds on the difference operators suffice to deduce
Theorem 2.7 from Theorem 2.1, namely they suffice to control the terms γ̂i, 1 ≤ i ≤ 6.

Lemma 4.1. (closeness in dBL implies closeness of mixed moments, bounded case) Let
X1, ...X4, X

′
1, ..., X

′
4 be random variables such that

dBL
(
(X1, ..., X4), (X

′
1, ..., X

′
4)
)
≤ α,

where α ≥ 0. Assume that there exists L ∈ [1,∞) such that |Xi|, |X ′
i| ≤ L for all i = 1, ...4.

Then for all non-negative integers p1, p2, p3, p4 with q = p1 + p2 + p3 + p4 > 0 it is the case
that

|EΠ4
i=1X

pi
i − EΠ4

i=1X
′pi
i | ≤ 2qLqα.
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Proof. If α = 0, the distribution of (X1, . . . , X4) coincides with that of (X ′
1, . . . , X

′
4) and the

bound holds trivially. We thus assume henceforth α > 0. The goal is to control |EΠ4
i=1X

pi
i −

EΠ4
i=1X

′pi
i | via a judicious choice of a Lipschitz function on R4.

To this end, define f : [−L,L]4 → R by f(s, t, u, v) = sp1tp2up3vp4 and observe that f
is continuous and hence Lipschitz on the bounded domain [−L,L]4. By the Kirszbraun
extension theorem we may extend f to a function f̃ on all of R4 in such a way that the
extension f̃ preserves the Lipschitz norm of f , which we assert is bounded by 2qLq−1.

Indeed, by the mean value theorem for multivariate functions, we have

|f(s)− f(t)| ≤ ∥∇f∥∞ · ∥s− t∥,

where s, t ∈ R4. The supremum of each partial derivative of f is at most qLq−1, hence
∥∇f∥∞ ≤ 2qLq−1, whence our assertion. Now note that |f | is bounded by Lq and define the
truncated function gLq by

gLq (x) :=


−Lq if x < −Lq

x if − Lq ≤ x ≤ Lq

Lq if x > Lq.

Then gLq is Lipschitz with Lipschitz constant 1. Define the function f̃Lq := gLq ◦ f̃ and note
that f̃Lq is Lipschitz with Lipschitz constant bounded by 2qLq−1, it is bounded by Lq and its
restriction to [−L,L]4 is identical to f . The function f̃Lq/max(2qLq−1, Lq) is thus in BL(R4)

and ∣∣EΠ4
i=1X

pi
i −Π4

i=1X
′pi
i

∣∣
=
∣∣E f̃L4

(
X1, ..., X4

)
− f̃L4

(
X ′

1, ..., X
′
4

)∣∣
≤ max(2qLq−1, Lq) · dBL

(
(X1, ..., X4), (X

′
1, ..., X

′
4)
)
.

The proof is complete upon bounding max(2qLq−1, Lq) by 2qLq.

We obtain a similar result for unbounded random variables having a (q + 1)-moment,
though the difference in products of moments is only with precision proportional to α1/(q+1),
which is a loss in accuracy as typically α ∈ (0, 1).

Lemma 4.2. (closeness in dBL implies closeness of mixed moments, unbounded case) Let
X1, ...X4, X

′
1, ..., X

′
4 be random variables such that

dBL
(
(X1, ..., X4), (X

′
1, ..., X

′
4)
)
≤ α,

with 0 ≤ α ≤ 2. Assume that there exists M > 0 and q ∈ N such that E |Xi|q+1,E |X ′
i|q+1 ≤M

for all i = 1, ..., 4. Then for all non-negative integers p1, p2, p3, p4 with p1 + p2 + p3 + p4 = q,
it is the case that

|EΠ4
i=1X

pi
i − EΠ4

i=1X
′pi
i | ≤ (36q + 16)max(1,Mq/(q+1))α1/(q+1).

Proof. The case α = 0 is trivial and we assume henceforth α > 0. We deduce this from
Lemma 4.1. For all L ≥ 1 and i = 1, ..., 4, define the truncated variable Xi,L := Xi · 1(|Xi| ≤
L), and similarly for X ′

i. The exact value of L will be chosen later.
We start by showing that

dBL
(
(X1,L, ..., X4,L), (X

′
1,L, ..., X

′
4,L)

)
≤ 16M

Lq+1
+ α.
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Let f be a bounded Lipschitz function with Lipschitz coefficient bounded by 1. Then we
have

|E f(X1, ..., X4)− E f(X1,L, ..., X4,L)|

≤ E

∣∣∣∣(f(X1, ..., X4)− f(X1,L, ...X4,L)
)
·
(
Π4
i=11(|Xi| ≤ L) + 1(

4⋃
i=1

{|Xi| > L})
)∣∣∣∣

≤ E

∣∣∣∣(f(X1, ..., X4)− f(X1,L, ...X4,L)
)
· 1(

4⋃
i=1

{|Xi| > L})
∣∣∣∣

≤ 2 ·
( 4∑
i=1

P(|Xi| ≥ L)
)
≤ 2

Lq+1
·

4∑
i=1

E |Xi|q+1 ≤ 8M

Lq+1
,

where the third to last inequality uses that |f | is bounded by 1. The same bound holds
for |E f(X ′

1, ..., X
′
4)− E f(X ′

1,L, ..., X
′
4,L)| and the bound on the dBL distance of the truncated

versions follows.
We now use Lemma 4.1 on the truncated versions Xi,L and X ′

i,L. This yields

|EΠ4
i=1X

pi
i,L − EΠ4

i=1X
′pi
i,L| ≤ 2qLq ·

(
16M

Lq+1
+ α

)
As a next step, we extend this bound to the untruncated variables. In particular, we

want to show that

|EΠ4
i=1X

pi
i − EΠ4

i=1X
′pi
i | ≤ 16M

L
+

32qM

L
+ 2qLqα.

Note that it suffices to show that

E |Π4
i=1X

pi
i −Π4

i=1X
pi
i,L| ≤

8M

L

and the same for X ′
i, X

′
i,L. We only prove the bound for Xi, as the one for X ′

i follows by
identical methods.

We have

E |Xp1
1 Xp2

2 Xp3
3 Xp4

4 −Xp1
1,LX

p2
2,LX

p3
3,LX

p4
4,L|

= E |Xp1
1 Xp2

2 Xp3
3 (Xp4

4 −Xp4
4,L) +Xp1

1 Xp2
2 (Xp3

3 −Xp3
3,L)X

p4
4,L

+Xp1
1 (Xp2

2 −Xp2
2,L)X

p3
3,LX

p4
4,L + (Xp1

1 −Xp1
1,L)X

p2
2,LX

p3
3,LX

p4
4,L|.

It thus suffices to show that

E |(Xp1
1 −Xp1

1,L)X
p2
2 Xp3

3 Xp4
4 | ≤ 2M

L
. (4.1)

This can be checked as follows. The Hölder and Markov inequalities imply that

E |(Xp1
1 −Xp1

1,L)X
p2
2 Xp3

3 Xp4
4 | ≤ 2E [|X1|p11(|X1| ≥ L) · |X2|p2 |X3|p3 |X4|p4 ]

≤ 2P(|X1| ≥ L)1/(q+1)Π4
i=1(E |Xi|q+1)pi/(q+1)

≤ 2(E |X1|q+1)1/(q+1) 1

L
·Mq/(q+1),

=
2M

L
.

where we use P(|X1| ≥ L) ≤ E |X1|q+1/Lq+1 and p1 + p2 + p3 + p4 = q. We thus deduced

|EΠ4
i=1X

pi
i − EΠ4

i=1X
′pi
i | ≤ 16M

L
+

32qM

L
+ 2qLqα.
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If M ≥ 1, we set L =
(
2M
α

)1/q+1
, else, we choose L =

(
2
α

)1/q+1
. In both cases, L ≥ 1 as

required. Bounding 2q/(q+1) by 2 and 2−1/(q+1) by 1, we get, if M ≥ 1,

|EΠ4
i=1X

pi
i − EΠ4

i=1X
′pi
i | ≤ (36q + 16)Mq/(q+1)α1/(q+1)

and if M ≤ 1,
|EΠ4

i=1X
pi
i − EΠ4

i=1X
′pi
i | ≤ (36q + 16)α1/(q+1).

This concludes the proof.

Lemma 4.3. (localization of mixed moments of scores) Assume the score ξ : (X × R×M)×
N → R satisfies BL(θ, θ′) space-time localization on (X, d, ν) × (R, µ) as in Def. 2.3 with
short-range scores (ξ[r])r>0, (ξ

(s))s∈R and functions ψ and ϕ.
Then for any Ai ⊆ {(z1, tz1), ..., (z4, tz4), (x, tx), (y, ty)} ∈ X × R, with i = 1, ..., 4, and any

non-negative integers p1, p2, p3, p4 such that p1 + p2 + p3 + p4 = p − 1 > 0, we have for any
r > 0

|EΠ4
i=1ξ((zi, tzi ,Mzi), P̂ ∪ Âi)

pi − EΠ4
i=1ξ

[r]((zi, tzi ,Mzi), P̂ ∪ Âi)
pi | ≤ Cpψ(r)

1/p (4.2)

and s ∈ R

|EΠ4
i=1ξ((zi, tzi ,Mzi), P̂ ∪ Âi)

pi − EΠ4
i=1ξ

(s)((zi, tzi ,Mzi), P̂ ∪ Âi)
pi | ≤ Cpϕ(s)

1/p, (4.3)

where Cp = (36p− 20)(M ξ
5,X)(p−1)/p.

Proof. Inequalities (4.2) and (4.3) follow immediately from Lemma 4.2 with q = p− 1 using
the assumptions on ξ and the short-range scores ξ[r] and ξ(s). When |ξ| ≤ M , we can apply
Lemma 4.1 directly. Indeed, by the argument in Remark (ii) in Section 2.7, we can assume
without loss of generality that ξ[r] and ξ(s) are also bounded in absolute value by M and so
Lemma 4.1 is applicable.

Lemma 4.4. (localization of mixed moments of first and second order difference operators)
Assume the score ξ : (X × R × M) × N → R satisfies BL(θ, θ′) space-time localization on
(X, d, ν) × (R, µ) as in Def. 2.3 with short-range scores (ξ[r])r>0, (ξ

(s))s∈R and functions ψ
and ϕ. Put Cp = (36p− 20)(M ξ

5,X)(p−1)/p for p ∈ N.
(i) For all non-negative integers p1, p2, p3, p4 satisfying p1 + p2 + p3 + p4 = p −
1 > 0, there is a constant c > 0 depending only on p such that for all
(z1, tz1), (z2, tz2), (z3, tz3), (z4, tz4), (x, tx) ∈ X × R and for all r > 0

sup
Ai⊂{(z1,tz1 ),...,(z4,tz4 )},

i=1,...,4

∣∣∣∣EΠ4
i=1

(
D(x,tx,Mx)ξ((zi, tzi ,Mzi), P̂ ∪ Âi))

)pi
− EΠ4

i=1

(
D(x,tx,Mx)ξ

[r]((zi, tzi ,Mzi), P̂ ∪ Âi))
)pi ∣∣∣∣ ≤ cCpψ(r)

1/p

and for all s ∈ R

sup
Ai⊂{(z1,tz1 ),...,(z4,tz4 )},

i=1,...,4

∣∣∣∣EΠ4
i=1

(
D(x,tx,Mx)ξ((zi, tzi ,Mzi), P̂ ∪ Âi))

)pi
− EΠ4

i=1

(
D(x,tx,Mx)ξ

(s)((zi, tzi ,Mzi), P̂ ∪ Âi))
)pi ∣∣∣∣ ≤ cCpϕ(s)

1/p.
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(ii) For all non-negative integers p1, p2, p3, p4 satisfying p1 + p2 + p3 + p4 = p − 1, there is
a constant c > 0 depending only on p such that for all (z1, tz1), (z2, tz2), (z3, tz3), (z4, tz4),
(x, tx), (y, ty) ∈ X × R and all r > 0

sup
Ai⊂{(z1,tz1 ),...,(z4,tz4 )},

i=1,...,4

∣∣∣∣EΠ4
i=1

(
D

(2)
(x,tx,Mx),(y,ty,My)

ξ((zi, tzi ,Mzi), P̂ ∪ Âi))
)pi

− EΠ4
i=1

(
D

(2)
(x,tx,Mx),(y,ty,My)

ξ[r]((zi, tzi ,Mzi), P̂ ∪ Âi))
)pi ∣∣∣∣ ≤ cCpψ(r)

1/p

and for all s ∈ R

sup
Ai⊂{(z1,tz1 ),...,(z4,tz4 )},

i=1,...,4

∣∣∣∣EΠ4
i=1

(
D

(2)
(x,tx,Mx),(y,ty,My)

ξ((zi, tzi ,Mzi), P̂ ∪ Âi))
)pi

− EΠ4
i=1

(
D

(2)
(x,tx,Mx),(y,ty,My)

ξ(s)((zi, tzi ,Mzi), P̂ ∪ Âi))
)pi ∣∣∣∣ ≤ cCpϕ(s)

1/p.

Proof. This follows from Lemma 4.3 upon writing out each difference operator and express-
ing the resulting products as sums of differences of the kind appearing in the statement of
Lemma 4.3 and then using the triangle inequality.

From here on, we use c > 0 to denote a scalar which does not depend on (x, tx), ξ, X,
W , or anything else chosen in the setup of Theorem 2.7. It may depend on the parameter
p, and nothing else. From this point onward, we choose p = 5.

Lemma 4.5. (fourth moment bounds for first order difference operators applied to H) Let
ξ : (X ×R×M)×N → R be a score function satisfying BL( 1

50 ,
1
50 )-space-time localization on

(X, d, ν)× (R, µ) as in Def. 2.3 with functions ψ, ϕ. Then there is a constant c > 0 such that
for all (x, tx) ∈ X × R,

E
[
(D(x,tx,Mx)H)4

]
≤ cC5Iψ,X( 1

50 )
4Iϕ(

1
50 )

4ψ(d(x,W ))1/50ϕ(tx)
1/50.

Proof of Lemma 4.5. To ease the notation, we prove the result for unmarked Poisson points
and then indicate the minor changes needed for the marked case. Recall that P is a Poisson
point process on X with intensity ν.

We start by noting that

D(x,tx)H = 1(x ∈W )ξ((x, tx),P) +
∑

(z,tz)∈P∩(W×R)

D(x,tx)ξ((z, tz),P).

For any x ∈ X, we have

E (D(x,tx)H)4 (4.4)

= E

(
1(x ∈W )ξ((x, tx),P) +

∑
(z,tz)∈P∩(W×R)

D(x,tx)ξ((z, tz),P)

)4

≤ 81(x ∈W )E ξ((x, tx),P)4 + 8E

( ∑
(z,tz)∈P∩(W×R)

D(x,tx)ξ((z, tz),P)

)4

. (4.5)

Step 1. We consider the first term in (4.5). Note that for s = tx, we have

ξ(s)((x, tx),P) = 0,
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by the properties of ξ(s). In particular, using Lemma 4.3 with s = tx, we deduce that∣∣E ξ((x, tx),P)4
∣∣ = ∣∣E ξ((x, tx),P)4 − E ξ(tx)((x, tx),P)4

∣∣
≤ C5ϕ(tx)

1/5.

Moreover, recalling ψ(0) = 2, we have

1(x ∈Wλ) ≤ ψ(d(x,W ))/ψ(0).

It follows that the first term in (4.5) is bounded by

cC5ϕ(tx)
1/5ψ(d(x,W )). (4.6)

Step 2. We expand the second term into the sum of five sums, depending on whether points
(z1, tz1), (z2, tz2), (z3, tz3), (z4, tz4) ∈ P coincide or not and then apply the Mecke formula to
each sum. We obtain

E

 ∑
(z,tz)∈P∩W×R

D(x,tx)ξ((z, tz),P)

4

(4.7)

= I1(4) + 4I2(3, 1) + 3I2(2, 2) + 6I3(2, 1, 1) + I4(1, 1, 1, 1),

where for any ℓ ∈ {1, ..., 4}, we let p1, . . . , pℓ be non-negative integers such that p1+. . .+pℓ =
4 and define

Iℓ(p1, ..., pℓ) :=

∫
(W×R)ℓ

E
[
Πℓi=1D(x,tx)ξ((zi, tzi),P ∪ {(z1, tz1), . . . , (zℓ, tzℓ)})pi

]
(ν ⊗ µ)(dz1, dtz1) . . . (ν ⊗ µ)(dzℓ, dtzℓ).

We need to show that Iℓ(p1, ..., pℓ) is bounded by a constant times

C5(Iψ(
1

50
))4(Iϕ(

1

50
))4ψ(d(x,W ))1/50ϕ(tx)

1/50

for ℓ, p1, ..., pℓ as above. We introduce the simplified notation

zℓ := {(z1, tz1), . . . , (zℓ, tzℓ)}

as well as
ξi := ξ

(
(zi, tzi),Pλ ∪ zℓ

)
,

and similarly for ξ[r]i .
We now specify a value of the short-range parameter r which ensures that the product

Πℓi=1D(x,tx)ξ
[r]
i vanishes. Defining

r := max(d(x, z1), . . . , d(x, zℓ)), (4.8)

which is strictly positive almost everywhere, we guarantee that Πℓi=1D(x,tx)ξ
[r]
i vanishes.

Indeed, say that the maximum is realized at the index imax, with r = d(x, zimax). Then

D(x,tx)ξ
[r]
imax

= D(x,tx)ξ
[r]
(
(zimax , tzimax

),
(
P ∪ zℓ

)
∩ (Br(zimax)× R)

)
= ξ[r]

(
(zimax , tzimax

),
(
P ∪ zℓ ∪ {(x, tx)}

)
∩ (Br(zimax)× R)

)
− ξ[r]

(
(zimax , tzimax

),
(
P ∪ zℓ

)
∩ (Br(zimax)× R)

)
= 0,
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since the ball Br(zimax) is open and thus both short-range scores are evaluated on exactly
the same point set. Hence we have∣∣EΠℓi=1

(
D(x,tx)ξi

)pi∣∣ = ∣∣EΠℓi=1

(
D(x,tx)ξi

)pi − EΠℓi=1

(
D(x,tx)ξ

[r]
i

)pi∣∣.
By Lemma 4.4 (i), we deduce that for all ℓ ∈ {1, ..., 4}∣∣EΠℓi=1

(
D(x,tx)ξi

)pi∣∣ ≤ cC5ψ(r)
1/5, (4.9)

with r := max(d(x, z1), . . . , d(x, zℓ)). Likewise we put

s = max(tz1 , ..., tzℓ , tx)

and note that the product Πℓi=1D(x,tx)ξ
(s)
i vanishes. Indeed, if the maximum is realized as

s = tzi , then

ξ(s)
(
(zi, tzi),P ∪ zℓ ∪ A

)
= 1(tzi < s)ξ(s)

(
(zi, tzi), (P ∪ zℓ ∪ A) ∩ (X × (−∞, s)

)
= 0,

where A ∈ {{(x, tx)}, ∅}. Hence D(x,tx)ξ
(s)
i = 0 and the product vanishes. If the maximum is

realized as s = tx, then for any i ∈ {1, . . . , ℓ}

ξ(tx)
(
(zi, tzi),P ∪ zℓ ∪ {(x, tx)}

)
= 1(tzi < tx)ξ

(tx)
(
(zi, tzi), (P ∪ zℓ ∪ {(x, tx)}) ∩ (X × (−∞, tx))

)
= 1(tzi < tx)ξ

(tx)
(
(zi, tzi), (P ∪ zℓ) ∩ (X × (−∞, tx))

)
= ξ(tx)

(
(zi, tzi),P ∪ zℓ

)
,

and hence D(x,tx)ξ
(s)
i = 0.

By Lemma 4.4 (i), we deduce that for all ℓ ∈ {1, ..., 4}∣∣EΠℓi=1

(
D(x,tx)ξi

)pi∣∣ ≤ cC5ϕ(s)
1/5, (4.10)

with s = max(tz1 , ..., tzℓ , tx). Hence (4.9) and (4.10) yield∣∣EΠℓi=1

(
D(x,tx)ξi

)pi∣∣ ≤ cC5 min(ψ(r)1/5, ϕ(s)1/5) ≤ cC5ψ(r)
1/10ϕ(s)1/10. (4.11)

Now note that
d(x,W ) ≤ r = max(d(x, z1), . . . , d(x, zℓ)).

Indeed, if x ∈ W , then d(x,W ) = 0 and the inequality holds trivially. If x /∈ W , then
d(x,W ) = infz∈W d(x, z) ≤ r. The non-increasing property of ψ and ϕ and the simple in-
equality ψ(max(a1, ..., ak)) = mini≤k ψ(ai) ≤ Πi≤k(ψ(ai))

1/k holding for any a1, a2, ..., ak > 0

and k ∈ N implies that for our specific choice of r > 0

ψ(r) ≤ ψ(d(x, z1))
1/(ℓ+1) · . . . · ψ(d(x, zℓ))1/(ℓ+1) · ψ(d(x,W ))1/(ℓ+1) (4.12)

and similarly for our choice of s > 0

ϕ(s) ≤ ϕ(tz1)
1/(ℓ+1) · . . . · ϕ(tzℓ)1/(ℓ+1) · ϕ(tx)1/(ℓ+1). (4.13)
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Thus

Iℓ(p1, . . . , pℓ)

=

∫
(W×R)ℓ

∣∣E (D(x,tx)ξ1
)p1 · . . . · (D(x,tx)ξℓ

)pℓ ∣∣(ν ⊗ µ)(dz1, dtz1) . . . (ν ⊗ µ)(dzℓ, dtzℓ)

≤ cC5ψ(d(x,W ))
1

10(ℓ+1)ϕ(tx)
1

10(ℓ+1)

∫
W ℓ

Πℓi=1ψ(d(x, zi))
1

10(ℓ+1) ν(dz1) . . . ν(dzℓ)∫
Rℓ

Πℓi=1ϕ(tzi)
1

10(ℓ+1)µ(dtz1) . . . µ(dtzℓ)

= cC5ψ(d(x,W ))
1

10(ℓ+1)ϕ(tx)
1

10(ℓ+1)

(∫
W

ψ(d(x, z1))
1

10(ℓ+1) ν(dz1)

)ℓ(∫
R
ϕ(tz1)

1
10(ℓ+1)µ(dtz1)

)ℓ
≤ cC5Iψ(

1
50 )

ℓIϕ(
1
50 )

ℓψ(d(x,W ))
1

10(ℓ+1)ϕ(tx)
1

10(ℓ+1) , (4.14)

where we recall the definitions of and Iψ and Iϕ, at (2.5) and (2.6), respectively. This
concludes the proof of the unmarked version.

The proof of the marked version necessitates the following changes. We attach random
marksMz1 ,Mz2 ,Mz3 ,Mz4 to the respective points z1, ..., z4 as well as marksMx,My to points
x and y. The expansion of E (D(x,tx,Mx)H)4 via the Mecke formula goes through, provided
all expectations here and subsequently are understood to denote expectations with respect
to these marks as well as the Poisson point process. The choice of the radius r is unchanged
and the proof goes through mutatis mutandis.

Lemma 4.6. (fourth moment bounds for second order difference operators applied to H)
Let ξ : (X×R×M)×N → R be a score function satisfying BL

(
1
60 ,

1
60

)
-space-time localization

on (X, d, ν) × (R, µ) as in Def. 2.3 with functions ψ, ϕ. Then there is a constant c > 0 such
that for all (x, tx), (y, ty) ∈ X × R,

E
[
(D

(2)
(x,tx,Mx),(y,ty,My)

H)4
]
≤ cC5Iψ,X

( 1

60

)4 · Iϕ( 1

60

)4
· ψ
(
d(x, y)

2

)1/60

ψ (d(x,W ))
1/60

ϕ(tx)
1/60ϕ(ty)

1/60.

Proof of Lemma 4.6. As in the proof of Lemma 4.5, we first prove the result for unmarked
Poisson points, as only minor changes are needed for the marked case. As in Lemma 5.2 of
[21], a computation shows that for all (x, tx), (y, ty) ∈ X × R

D
(2)
(x,tx),(y,ty)

H = 1(y ∈W )D(x,tx)ξ((y, ty),P) + 1(x ∈W )D(y,ty)ξ((x, tx),P)

+
∑

(z,tz)∈P∩W×R

D
(2)
(x,tx),(y,ty)

ξ((z, tz),P).

It follows that

E (D
(2)
(x,tx),(y,ty)

H)4 ≤ 33
[
1(y ∈W )E

(
D(x,tx)ξ((y, ty),P)

)4
+ 1(x ∈W )E

(
D(y,ty)ξ((x, tx),P)

)4
+ E

( ∑
(z,tz)∈P∩W×R

D
(2)
(x,tx),(y,ty)

ξ((z, tz),P)
)4]

. (4.15)

We now show that each term on the right-hand side is bounded by

cC5ψ

(
d(x, y)

2

)1/60

ψ (d(x,W ))
1/60

ϕ(tx)
1/60ϕ(ty)

1/60
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for some c large enough.
Step 1. For the first term in (4.15), note that by (4.9) with ℓ = 1 and p1 = 4 in the proof of
Lemma 4.5, we have

E
(
D(x,tx)ξ((y, ty),P)

)4
1(y ∈W ) ≤ cC5ψ(d(x, y))

1/51(y ∈W ).

Given y ∈ W , it holds that max{d(x,W ), 12d(x, y)} ≤ d(x, y), and hence the decreasing
property of ψ implies

ψ(d(x, y))1/5 ≤ ψ(d(x,W ))1/10 · ψ
(
d(x, y)

2

)1/10

.

We also have

E
(
D(x,tx)ξ((y, ty),P)

)4
1(y ∈W ) ≤ cC5ϕ(tx))

1/10ϕ(ty))
1/10,

which holds by (4.10) and (4.13) with ℓ = 1. Combining the last two displays and again
using the decreasing property of ϕ and ψ gives

E
(
D(x,tx)ξ((y, ty),P)

)4
1(y ∈W ) ≤ cC5ψ(d(x,W ))1/20ψ

(
d(x, y)

2

)1/20

− ϕ(tx))
1/20ϕ(ty))

1/20.

By boundedness of ψ and ϕ, we can respectively decrease the exponents to 1/60 at the
cost of introducing a multiplicative constant c. The second term in (4.15) can be treated in
the same way.
Step 2. To treat the last term in (4.15), we expand it and apply the Mecke formula to each
sum to obtain the analog of (4.7), namely

E
( ∑

(z,tz)∈P∩W×R

D
(2)
(x,tx),(y,ty)

ξ((z, tz),P)
)4

≤ J1(4) + 4J2(3, 1) + 3J2(2, 2) + 6J3(2, 1, 1) + J4(1, 1, 1, 1) (4.16)

where

Jℓ(p1, ..., pℓ) :=

∫
(W×R)ℓ

EΠℓi=1

(
D

(2)
(x,tx),(y,ty)

ξ((zi, tzi),P ∪ {(z1, tz1), ..., (zℓ, tzℓ)})
)pi

(ν ⊗ µ)(dz1, dtz1)...(ν ⊗ µ)(dzℓ, dtzℓ).

The sequence of simple identities

D(2)
u,vξ(w,χ) = ξ(w,χ ∪ {u, v})− ξ(w,χ ∪ {u})− ξ(w,χ ∪ {v})− ξ(w,χ) (4.17)

= Duξ(w,χ ∪ {v})−Duξ(z, χ)

= Dvξ(w,χ ∪ {u})−Dvξ(w,χ),

hold for any u, v, w ∈ X × R and any locally finite set χ ⊂ X × R, and hence

D
(2)
(x,tx),(y,ty)

ξ[r]((z, tz),P ∪ A) = 0

when we choose the radius r as

r := max(d(x, z), d(y, z)).

31



To show the bounds on the terms Jℓ(p1, ..., pℓ), we proceed as in the proof of Lemma 4.5
and take positive reals p1, . . . , pℓ such that p1 + . . .+ pℓ = 4 and ℓ ≤ 4. Recall the shorthand
ξi := ξ((zi, tzi),P ∪ {(z1, tz1), . . . , (zℓ, tzℓ)}). We want to show

Jℓ(p1, ..., pℓ) ≤ cC5 max
l≤4

(Iψ,X( 1
60 )

l · Iϕ( 1
60 )

l)

· ψ
(
d(x, y)

2

)1/60

ψ (d(x,W ))
1/60

ϕ(tx)
1/100ϕ(ty)

1/100. (4.18)

Define the radius r to be

r := max{d(x, z1), d(y, z1), . . . , d(x, zℓ), d(y, zℓ)} (4.19)

Note that
D

(2)
(x,tx),(y,ty)

ξ
[r]
1 · . . . ·D(2)

(x,tx),(y,ty)
ξ
[r]
ℓ = 0,

since at least one of the terms in the product will vanish. It follows that∣∣EΠℓi=1

(
D

(2)
(x,tx),(y,ty)

ξi
)pi∣∣ = ∣∣EΠℓi=1

(
D

(2)
(x,tx),(y,ty)

ξi
)pi − EΠℓi=1

(
D

(2)
(x,tx),(y,ty)

ξ
[r]
i

)pi∣∣
≤ cC5ψ(r)

1/5,

by Lemma 4.4 (ii). Note that by the triangle inequality

1

2
d(x, y) ≤ 1

2

(
d(x, z1) + d(y, z1)

)
≤ r,

and moreover
d(x,W ) ≤ d(x, z1) ≤ r,

since z1 ∈W . It follows that

ψ(r) ≤ cC5ψ

(
d(x, y)

2

)1/(ℓ+2)

ψ(d(x,W )1/(ℓ+2)Πℓi=1ψ(d(x, zi))
1/(ℓ+2)

and hence

∣∣EΠℓi=1

(
D

(2)
(x,tx),(y,ty)

ξi
)pi∣∣ ≤ cC5ψ

(
d(x, y)

2

)1/30

ψ(d(x,W )1/30Πℓi=1ψ(d(x, zi))
1/30. (4.20)

Next, we put
s := max(tz1 , ..., tzℓ , tx, ty).

Note that ξ(tzi )((zi, tzi), χ) = 0 for any locally finite point set χ ⊂ X × R and hence

D
(2)
(x,tx),(y,ty)

ξ
(tzi )

i = 0. Moreover,

D(x,tx)ξ
(ty)((z, tz), χ ∪ {(y, ty)}) = D(x,tx)ξ

(ty)((z, tz), χ)

for any set χ ⊂ X × R, therefore

D
(2)
(x,tx),(y,ty)

ξ
(ty)
i = 0,

and by the same reasoning D(2)
(x,tx),(y,ty)

ξ
(tx)
i = 0.

As in the proof of Lemma 4.5, using Lemma 4.4, we derive that for all ℓ ≤ 4∣∣EΠℓi=1

(
D

(2)
(x,tx),(y,ty)

ξi
)pi∣∣ ≤ cC5ϕ(s)

1/5

≤ cC5ϕ(tz1)
1/30 · . . . · ϕ(tzℓ)1/30 · ϕ(tx)1/30 · ϕ(ty)1/30. (4.21)
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We conclude that
∣∣EΠℓi=1

(
D

(2)
(x,tx),(y,ty)

ξi
)pi∣∣ is bounded by the minimum of the right-hand

sides of (4.20) and (4.21). As before, using that the minimum is bounded by the product of
the square roots, this gives∣∣EΠℓi=1

(
D

(2)
(x,tx),(y,ty)

ξi
)pi∣∣

≤ cC5ψ

(
d(x, y)

2

)1/60

ψ(d(x,W )1/60ϕ(tx)
1/60ϕ(ty)

1/60Πℓi=1ψ(d(x, zi))
1/60Πℓi=1ϕ(tzi)

1/60.

We conclude that for any ℓ ∈ {1, ..., 4}

Jℓ(p1, ..., pℓ) ≤ cC5ψ

(
d(x, y)

2

)1/60

ψ(d(x,W )1/60ϕ(tx)
1/60ϕ(ty)

1/60∫
(W×R)ℓ

Πℓi=1ψ(d(x, zi))
1/60Πℓi=1ϕ(tzi)

1/60(ν ⊗ µ)(dz1, dtz1)...(ν ⊗ µ)(dzℓ, dtzℓ)

≤ cC5(Iψ,X( 1
60 ))

4 · (Iϕ( 1
60 ))

4

ψ

(
d(x, y)

2

)1/60

ψ(d(x,W )1/60ϕ(tx)
1/60ϕ(ty)

1/60,

where the last inequality follows by Fubini’s theorem and by the quantities defined in (2.5)
and (2.6). This gives (4.18) and concludes the proof.

We are now ready to prove our main theorem.

Proof of Theorem 2.7. We first need to show that EH2 <∞ and that D(x,tx,Mx)H is square-
integrable. By Lemma 4.5, we have∫

X×R
E
[
(D(x,tx,Mx)H)2

]
(ν ⊗ µ)(dx, dtx)

≤ c(Mξ
5,X)1/2Iψ,X( 1

50 )
2Iϕ( 1

50 )
2∫

X

ψ(d(x,W ))1/100ν(dx)

∫
R
ϕ(tx)

1/100µ(dtx).

This is finite, since M ξ
5,X , Iψ,X( 1

240 ), Iϕ(
1

120 ) and G1/120 are all finite.
To show that EH2 < ∞, we use Remark 2.4, which establishes that E |H| < ∞, and the

Poincaré inequality (see e.g. Theorem 10 in [23]) by which we have

EH2 ≤ (E |H|)2 +
∫
X×R

E
[
(D(x,tx,Mx)H)2

]
(ν ⊗ µ)(dx, dtx) <∞.

We now proceed to bound the terms γ̂1, . . . , γ̂6 in Theorem 2.1, with X in that theorem
set to be X × R, equipped with the measure ν ⊗ µ, where µ accounts for the extra space
R. We use the version of Theorem 2.1 as detailed in Remark 2.2, which means in particular
that the term γ̂0 is zero. Put

A := cC5Iψ,X( 1
60 )

4 · Iϕ( 1
60 )

4.

Plugging the bounds from Lemmas 4.5 and 4.6 into the term γ̂1, we get

γ̂1 ≤ cA1/2

(∫
X×R

(∫
X×R

ψ

(
d(x, y)

2

)1/240

ψ(d(y,W ))1/200︸ ︷︷ ︸
≤2

ψ(d(x,W ))1/240

ϕ(ty)
11/1200ϕ(tx)

1/240(ν ⊗ µ)(dy, dty))

)2

(ν ⊗ µ)(dx, dtx)

)1/2

.
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We now use the definitions of Iψ,X(θ) and Iϕ(θ) at (2.5) and (2.6) to infer

γ̂1 ≤ cC
1/2
5 Iψ,X

(
1

240

)3 · Iϕ( 1
120

)7/2
G

1/2
1/120,

where

Gq :=

∫
X

ψ(d(x,W ))qν(dx).

The term γ̂2 satisfies

γ̂2 ≤ A1/2

(∫
X×R

(∫
X×R

ψ

(
d(x, y)

2

)1/120

ψ(d(x,W ))1/120

ϕ(ty)
1/120ϕ(tx)

1/120(ν ⊗ µ)(dy, dty)

)2

(ν ⊗ µ)(dx, dtx)

)1/2

,

and hence
γ̂2 ≤ cC

1/2
5 Iψ,X( 1

120 )
3 · Iϕ( 1

120 )
7/2G

1/2
1/60.

For the term γ̂3, we get

γ̂3 ≤ cC
3/4
5 Iψ,X( 1

50 )
3 · Iϕ( 3

200 )
4G3/200,

whereas
γ̂4 ≤ cC

1/2
5 Iψ,X( 1

50 )
2 · Iϕ( 1

50 )
5/2G

1/2
1/50,

For γ̂5, we find

γ̂5 ≤ cA1/2

(∫
(X×R)2

ψ

(
d(x, y)

2

)1/60

ψ(d(x,W ))1/60

ϕ(ty)
1/60ϕ(tx)

1/60(ν ⊗ µ)(dy, dty)(ν ⊗ µ)(dx, dtx)

)1/2

whence
γ̂5 ≤ cC

1/2
5 Iψ,X( 1

60 )
5/2 · Iϕ( 1

60 )
3G

1/2
1/60

and for γ̂6 we have
γ̂6 ≤ cC

1/2
5 Iψ,X( 1

120 )
5/2 · Iϕ( 1

120 )
3G

1/2
11/600.

Collecting terms and taking the variance prefactors into account, as in Remark 2.2, the

bound for dK

(
H−EH√
VarH

, N
)

is thus given by

dK

(
H − EH√

VarH
,N

)
≤ cC

1/2
5 Iψ,X( 1

240 )
3 · Iϕ( 1

120 )
7/2G

1/2
1/120

1

VarH

whereas for the Wasserstein distance we get

dW

(
H − EH√

VarH
,N

)
≤ cC

1/2
5 Iψ,X( 1

240 )
3 · Iϕ( 1

120 )
7/2G

1/2
1/60

1

VarH

+cC
3/4
5 Iψ,X( 1

50 )
3 · Iϕ( 3

200 )
4G3/200

1

VarH3/2
.

This concludes the proof of Theorem 2.7.
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5 BL-localizing statistics in space

BL-localized statistics appear in a wide range of stochastic spatial models. Here we deduce
from our main results quantitative CLT’s for local U -statistics in metric measure spaces,
as well as quantitative CLT’s for Poisson functionals expressible as a sum of stabilizing
scores in hyperbolic space. Statistics which do not satisfy stopping set stabilization may
nonetheless localize in space, putting them within the scope of our general results. This
includes statistics of interacting diffusions on random spatial graphs in Rd [9]. This section
discusses these examples in more detail.

5.1 Local U-statistics on the Poisson space

We establish rates of normal convergence for general local U -statistics of Poisson point pro-
cesses on general metric spaces. Local U -statistics with deterministic radii include, among
others, statistics of the random geometric graph, such as total (weighted) edge-lengths,
simplex counts, and number of isolated points. CLTs in previous works often involved con-
siderable effort or were limited in scope. Theorem 5.1, a simple consequence of our main
results, allows one to show proximity bounds to the normal almost effortlessly in general
metric spaces.

Theorem 5.1. (normal approximation of local U-statistics on metric measure spaces) Let
(X, d, ν) be a metric measure space with σ-finite measure ν and metric d. Fix δ > 0 and a
function fδ : Xk × M → R such that fδ((x1,mx1

), . . . , (xk,mxk
)) = 0 whenever max(d(xi, xj) :

i, j ∈ {1, . . . , k}) ≥ δ. Let W ⊂ X with ν(W ) <∞. We put

cδ := sup
x∈X

ν(B2δ(x)).

and assume that cδ < ∞. Let (M,Q) be a space of marks and P̂ a Poisson measure of
intensity ν ⊗ Q on X × M. For x ∈W and mx ∈ M, we define

ξ((x,Mx), P̂) :=
∑

(x1,...,xk−1)∈(P\{x})k−1
̸=

fδ((x,Mx), (x1,Mx1
), . . . , (xk−1,Mxk−1

)),

where (P \ {x})k−1
̸= denotes the set of (k − 1)-tuples of distinct points in P \ {x}. We define

the local U-statistic
H :=

∑
x∈P∩W

ξ((x,Mx), P̂),

where Mx is the independent mark associated to x ∈ P. Then H satisfies the bounds

dK

(
H − EH√

VarH
,N

)
≤ c(Mξ

5 )
2/5 max(1, cδ)

3 (ν(W ) + ν(Wδ))
1/2

VarH

and

dW

(
H − EH√

VarH
,N

)
≤ c(Mξ

5 )
2/5 max(1, cδ)

3 (ν(W ) + ν(Wδ))
1/2

VarH

+ c(M ξ
5 )

3/5 max(1, cδ)
3 ν(W ) + ν(Wδ)

(VarH)3/2
,

where Wδ = {x ∈ X \W : d(x,W ) < δ} and

Mξ
5 := max(1, sup

z∈X
A⊂X,|A|≤6

E |ξ((z,Mz), P̂ ∪ Â)|5).
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Remark. Proximity bounds to the normal have already been established in [33], in a com-
parable set-up, albeit only with respect to the Wasserstein distance. Here we obtain normal
approximation bounds in both the Wasserstein and Kolmogorov distance as a consequence
of the space version of Corollary 2.9. Our set-up is optimized to treat the case where δ does
not depend on W , and hence Mξ

5 and cδ are also independent of W , giving Berry-Esseen
bounds for H whenever VarH is of the order ν(W ).

Proof. We deduce this from Corollary 2.8. We show BL(θ)-space localization for any θ > 0.
We take the short-range score ξ[r] to be

ξ[r](x̂, χ̂) :=

{
0 if r < δ

ξ(x̂, χ ∩Br(x)× M) else.

The scores ξ((z,Mz), χ̂) and ξ[r]((z,Mz), χ̂) coincide if r ∈ [δ,∞) and hence the 5th moment
of ξ[r]((z,Mz), χ̂) is bounded by M5. Recalling that the dBL distance is bounded by 2, we
have

dBL
((
ξ((zi,Mzi), P̂λ ∪ Âi)

)
i=1,...,4

,
(
ξ[r]((zi,Mzi), P̂λ ∪ Âi)

)
i=1,...,4

)
≤ 21(r < δ).

Put ψ(r) := 21(r < δ). Then for any θ > 0

sup
x∈X

∫
X

ψ

(
d(x, z)

2

)θ
ν(dz) = 2θ sup

x∈X
ν(B2δ(x)) = 2θcδ <∞,

which yields CW , CK ≤ cmax(1, c3δ). As for Gq for some q > 0, we have

Gq = 2qν(W ) +

∫
X\W

2q1(d(x,W ) < δ)ν(dx) = 2q(ν(W ) + ν(Wδ)).

This concludes the proof.

5.2 Stabilization and localization in hyperbolic space

In this section we deduce from the space version of Corollary 2.9 good Poincaré bounds
for localizing functionals in hyperbolic space. Prior attempts to establish either quanti-
tative or qualitative CLTS for such functionals sometimes involved mapping the problem
to Euclidean space [15]. This involved considerable technical analysis. Here we bypass
the need for such mappings and directly obtain quantitative CLT’s via Corollary 2.9. In
works like [34], the Malliavin-Stein method is used to derive a CLT in hyperbolic space, but
it necessitates bounding add-one cost operators directly, which is usually more involved
than computing bounds for score functions. In our work, it is enough to show that score
functions stabilize or localize.

Theorem 5.2. (normal approximation for sums of localizing score functions in hyperbolic
space) Denote by Hd the d-dimensional hyperbolic space of curvature −1 and ν its standard
Riemannian measure. For any λ ≥ 1, let Wλ ⊆ Xλ ⊆ Hd with either Wλ = Xλ or Wλ =

B(p, λ) for a fixed point p ∈ Hd and arbitrary Xλ ⊆ Hd containing Wλ. Let Pλ be a Poisson
measure on Xλ of intensity ν and P̂λ its marked version. Let ξ : (Xλ × M)×NXλ×M → R be
a score function on the marked space domain Xλ × M and define

Hλ =
∑

z∈Pλ∩Wλ

ξ((z,Mz), P̂λ).

Assume that the score ξ satisfies BL( 1
240 )-localization in space uniformly over λ ≥ 1 such

that
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(i) the function ψ can be written as ψ(r) = min(2, exp(−τ(r))), where τ : R → R is such
that

lim inf
r→∞

τ(r)

240(d− 1)r
> 1. (5.1)

(ii) the moments Mξ
5,Xλ

satisfy

sup
λ≥1

Mξ
5,Xλ

<∞.

Then there is a constant C > 0 such that for any λ ≥ 1

dK

(
Hλ − EHλ√

VarHλ

, N

)
≤ C

ν(Wλ)
1/2

VarHλ
(5.2)

and

dW

(
Hλ − EHλ√

VarHλ

, N

)
≤ C

ν(Wλ)
1/2

VarHλ
+ C

ν(Wλ)

VarH
3/2
λ

. (5.3)

Remark. If ξ admits a radius of stabilization Rξ as defined in Remark (ii) of Subsec-
tion 2.5, then it suffices that Rξ satisfies the tails bounds (2.22) with ψ(r) = exp(−τ(r)) as
above and BL( 1

240 )-localization follows.
We now provide some background on hyperbolic space and then prove Theorem 5.2.

Recall that d-dimensional hyperbolic space Hd is the unique simply connected Riemannian
manifold of constant sectional curvature −1. Let dHd(., .) denote the corresponding Rie-
mannian metric and ν the Riemannian volume. We refer to [11, 32, 17] for further details.
Throughout this section, we fix p ∈ Hd as an arbitrarily chosen fixed point of Hd. For any
x ∈ Hd and any r > 0, the volume of the ball Br(x) centered at x and of radius r is

ν(Br(x)) = dκd

∫ r

0

sinhd−1(u)du,

where κd =
πd/2

Γ(1+d/2) , see e.g. [32, Eq. (3.26)]. There are constants γd,Γd > 0 such that

γde
r(d−1) ≤ ν(Br(x)) ≤ Γde

r(d−1), r ≥ 2 (5.4)

as shown e.g. in [27, Lemma 4].
Moreover by [13, pages 123-125], the following integration formula in polar coordinates

holds: ∫
Hd

f(x)ν(dx) = dκd

∫
Sd−1(p)

∫ ∞

0

sinhd−1(u)f(expp(uv))duσp(dv), (5.5)

where Sd−1(x) is the (d − 1)-dimensional unit sphere in the tangent space TxHd of Hd

at x and σx is the normalized spherical Lebesgue measure on Sd−1(x) ⊂ TxHd. The map
expx : TxHd → Hd from the tangent space to hyperbolic space denotes the exponential map.
By the nature of the construction, the point expx(uv) is the point in Hd which is reached
when traveling a distance u from x along a geodesic ray in the direction of v ∈ Sd−1(x).
Hence d(expx(uv), x) = u. See [13, pages 123–125] for further details.

Proof of Theorem 5.2. We use Corollary 2.8 and need to show that the terms Iψ,Xλ
( 1
240 ),

and thus CW and CK , are bounded by constants independent of λ and that Gq can be
bounded by a constant multiple of ν(Wλ). We start by giving a bound on Iψ,Xλ

(θ) with
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θ = 1
240 . Fix x ∈ Hd and introduce hyperbolic spherical coordinates as in (5.5):∫

Hd

ψ(d(x, z)/2)θν(dz) = dκd

∫
Sd−1(x)

∫ ∞

0

sinhd−1(u)ψ
(d(expx(uv), x)

2

)θ
duσx(dv)

= dκd

∫ ∞

0

sinhd−1(u) exp(−θ τ(u/2))du

≤ 2−d+1dκd

∫ ∞

0

exp(−θ τ(u/2) + (d− 1)u)du

= 2−d+2dκd

∫ ∞

0

exp(−θ τ(s) + 2(d− 1)s)ds

<∞

where the last line follows because of (5.1) together with θ = 1/240. The last line is inde-
pendent of the choice of x ∈ Hd, and hence Iψ,Xλ

(θ) is uniformly bounded. It remains to
show a bound on Gq with q = 1

120 or q = 3
200 . Recall that

Gq = 2qν(Wλ) +

∫
Xλ\Wλ

ψ(dHd(x,Wλ))
qν(dx).

If Wλ = Xλ, there is nothing to show. We will now deal with the case Wλ = B(p, λ).
Introducing hyperbolic coordinates centered at p (see (5.5)), we get∫

Hd\Wλ

ψ(dHd(x,Wλ))
qν(dx) =

∫
Hd\Wλ

ψ(dHd(x, p)− λ)qν(dx)

= dκd

∫
Sd−1(p)

∫ ∞

λ

sinhd−1(u)ψ(dHd(expp(uv), p)− λ)qduσp(dv)

= dκd

∫ ∞

λ

sinhd−1(u)ψ(u− λ)qdu,

where the first equality follows because Wλ = B(p, λ) and the second equality follows from
the fact that expp(uv) is exactly the point reached from p when traveling a distance u along
a geodesic ray in the direction of v. Now note that sinh(x) ≤ ex for x > 0 and we get∫

Hd\Wλ

ψ(dHd(x,Wλ))
qν(dx) ≤ dκd

∫ ∞

λ

e(d−1)ue−qτ(u−λ)du

= dκde
(d−1)λ

∫ ∞

0

e(d−1)u−qτ(u))du.

By condition (5.1), the integral is finite for both q = 1
120 and q = 3

200 . Moreover, since by
(5.4) it holds that ν(Wλ) ≥ γde

r(d−1), we have∫
Hd\Wλ

ψ(dHd(x,Wλ))
qν(dx) ≤ Cν(Wλ)

for some positive constant C > 0 independent of λ. This shows that Gq ≤ C1ν(Wλ) for a
constant C1 > 0 independent of λ and concludes the proof.

Corollary 5.3. (normal approximation for the sum of power weighted edge lengths of the
k-nearest neighbor graph in d-dimensional hyperbolic space) We work in the setup of Theo-
rem 5.2. Let Xλ =Wλ = B(p, λ) ⊂ Hd by a ball of radius λ ≥ 2 and p ∈ Hd a fixed point. Let
Pλ be a Poisson measure of intensity ν on Wλ and let kNN(Pλ) be the undirected k-nearest
neighbor graph on Pλ. For α > 0 we consider the sum of power weighted edge lengths

Hα
λ :=

∑
edges e∈kNN(Pλ)

length(e)α.

Then the functional Hα
λ satisfies (5.2) and (5.3) with ν(Wλ) ≤ Γde

(d−1)λ.

38



We make no attempt to find lower bounds for VarHλ and regard this as a separate
problem for which the strategies outlined in [36] could be useful.

Proof. Denote by Vk(x,Pλ) the set of k points closest to x in Pλ \ {x}, or all points (except
x) if Pλ contains k or fewer points (note that this definition is valid whether or not x is in
Pλ). In the undirected k-nearest neighbor graph, we connect points x and y by an edge if
x ∈ Vk(y,Pλ) or y ∈ Vk(x,Pλ). Define the score ξ as follows:

ξ(x,Pλ) :=
∑

y∈Vk(x,Pλ)

(
1
21(x ∈ Vk(y,Pλ)) + 1(x /∈ Vk(y,Pλ))

)
dHd(x, y)α,

where dHd is the intrinsic distance in Hd and α ≥ 0. Then

Hα
λ :=

∑
x∈Pλ

ξ(x,Pλ) =
∑

edges e∈kNN(Pλ)

length(e)α.

We will apply Theorem 5.2. We need to check that

• ξ has a radius of stabilization as (2.21) in Remark (ii) in Subsection 2.5, where Rξ

verifies (2.22) with a function ψ of the type given in (5.1);

• The scores (ξ[r])r∈(0,∞] (with ξ[r] as in (2.8)) satisfy M ξ
5,Hd <∞.

Define
R(x,Pλ) := 2dkNN (x,Pλ) := 2max{dHd(x, y) : y ∈ Vk(x,Pλ)}

and note that for any point sets χ, χ′ ∈ NHd
, we have

ξ(x, χ) = ξ(x, (χ ∩B(x,R(x, χ)) ∪ (χ′ ∩Bc(x,R(x, χ)).

Indeed, the set Vk(x, χ) is clearly included in B(x,R(x, χ)) and does not depend on points
outside of B(x,R(x, χ)), nor does it change when points are added, removed or resampled
outside of B(x,R(x, χ)). To compute ξ(x, χ), it remains to determine if, for y ∈ Vk(x, χ),
we have x ∈ Vk(y, χ ∩ {x}) or not. Note that x is in Vk(y, χ ∪ {x}) if and only if
(χ \ {y}) ∩ B(y, dHd(x, y)) contains fewer than k points. However, since y ∈ Vk(x, χ), one
has B(y, dHd(x, y)) ⊂ B(x,R(x, χ)), hence we conclude that the value of ξ(x, χ) is entirely
determined by points inside B(x,R(x, χ)).

Next, we give a bound for the tails of dkNN (x,Pλ) and hence for the tails of dkNN (x,Pλ∪
A), since dkNN (x, χ) can only decrease when points are added to χ. For all r > 0 we have

P(dkNN (x,Pλ) ≥ r) = P(|Pλ ∩B(x, r)| ≤ k − 1)

≤ k exp(−ν(Wλ ∩B(x, r)))max{1, ν(Wλ ∩B(x, r))k−1}
≤ ck exp(−ν(Wλ ∩B(x, r))/2).

Note that if r ≤ 4λ we have

ν(Wλ ∩B(x, r)) = ν(B(p, λ) ∩B(x, r)) ≥ ν(B(w, r/4)),

for some point w ∈ Hd. Indeed, choose a point w lying on the geodesic between x and p

such that dHd(x,w) = r/2. Then B(w, r/4) ⊂ B(x, r) and for any z ∈ B(w, r/4), one has
dHd(z, p) ≤ dHd(z, w) + dHd(w, p) ≤ r/4 + dHd(x, p)− dHd(x,w) ≤ λ− r/4, hence z ∈ B(p, λ)

and B(w, r/4) ⊂ B(p, λ). Note that if r > 4λ, then P(dkNN (x,Pλ) ≥ r) = 0 and there is
nothing to prove. As we are only interested in the tails of the above bound, we can assume
from here on that r ≥ 8. Then by (5.4), we have

ν(B(w, r/4)) ≥ γd exp(r(d− 1)/4)
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and hence
P(dkNN (x,Pλ) ≥ r) ≤ ck exp(−γder(d−1)/4). (5.6)

The function τ(r) := γde
r(d−1)/4 − log ck clearly satisfies (5.1), hence by Remark (ii) in Sec-

tion 2.5, the score ξ satisfies BL( 1
240 )-localization. To show the moment bounds on ξ[r], note

that for r ∈ (0,∞] and A ⊂ Hd, we have the sequence of upper bounds

ξ(x, (Pλ ∪ A) ∩Br(x)) ≤
∑

y∈Vk((Pλ∪A)∩Br(x))

dHd(x, y)α

≤
∑

y∈Vk(Pλ∪A)

dHd(x, y)α

≤ kdkNN (x,Pλ)α,

which follows from the following considerations:

• 1
21(x ∈ Vk(y,Pλ)) + 1(x /∈ Vk(y,Pλ)) is upper bounded by 1 in the first inequality;

• one always has Vk((Pλ ∪A)∩Br(x)) ⊂ Vk(Pλ ∪A), since either the set Pλ ∪A)∩Br(x)
already contains k points, in which case Vk((Pλ ∪A) ∩Br(x)) = Vk(Pλ ∪A), or the set
Pλ ∪ A) ∩ Br(x) contains less than k points and the inclusion of sets of neighbours is
strict;

• the last inequality follows because dkNN (x,Pλ ∩ A) ≤ dkNN (x,Pλ), which is clear
since the distance to the kth nearest neighbour can only decrease when more points
are added.

It follows that
E [ξ[r](x,Pλ ∪ A)5] ≤ k5E [dkNN (x,Pλ)5α],

which is clearly finite and bounded independently of λ by (5.6). This finishes the proof.

It is a simple matter to apply Theorem 5.2 to certain statistics of the random geometric
graph. We illustrate with the following example.

Corollary 5.4. (normal approximation of the number of isolated points in the random geo-
metric graph in d-dimensional hyperbolic space Hd) As above, let Xλ = Wλ = B(p, λ) ⊂ Hd

be a ball of radius λ ≥ 2 and p ∈ Hd a fixed point. Let Pλ be a Poisson measure of intensity
ν on Wλ. Fix ρ > 0. Consider the random geometric graph on Pλ with parameter ρ, that is
to say two points in Pλ are connected with an edge if they are at a distance at most ρ. A
point is isolated if it has degree zero. The number of isolated points, denoted Hλ, satisfies
(5.2) and (5.3) with ν(Wλ) ≤ Γde

(d−1)λ.

While rates of normal approximation in the dW distance could be deduced from [33],
the rate in the dK distance is new.

Proof. We may write Hλ as
Hλ =

∑
z∈Pλ

ξ(z,Pλ),

where ξ(z,Pλ) = 1 if z is isolated and zero otherwise. Put ξ[r](z,Pλ) = ξ(z,Pλ∩Br(z)), r > 0.

The radius of stabilization Rξ for ξ is equal to ρ, i.e., the function τ(r) in (5.1) vanishes for
r ≥ ρ, that is to say ξ satisfies BL( 1

240 )-localization in space and (5.1) holds. The fifth

moment for ξ[r] is bounded by 1 for all r ∈ (0,∞] and thus Mξ
5,Hd < ∞. It follows that Hλ

satisfies (5.2) and (5.3) with ν(Wλ) ≤ Γde
(d−1)λ.
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5.3 Upgrading qualitative CLTs to quantitative CLTs: Interacting diffusions

Functionals on the Poisson space often satisfy asymptotic normality, but lack good rates.
We recall one such functional and show that it falls within the scope of our general results.
We obtain via Theorem 2.7 presumably optimal rates of normal convergence for Poisson
functionals of interacting diffusions on random graphs, thus refining an existing qualitative
central limit theorem [8] in the case of Poisson input. The lack of good rates in the literature
is a consequence of the fact that the relevant score function is not stabilizing and hence the
quantitative CLTs in [21] [5] do not apply.

Interacting diffusions on graphs on Poisson input. By admissible graph on a locally
finite V ⊂ Rd, we mean either the geometric graph, the k-nearest neighbors graph, the
Voronoi tessellation, the Delaunay tessellation, or the sphere of influence graph, as defined
in Appendix A of [9]. Given a locally finite V ⊂ Rd, let G be an admissible graph on V . Let
Nv be the neighborhood of v ∈ V , i.e. set of the points in V which are connected to v in G.
Fix a time-horizon t0 ∈ (1,∞).

As in [9], consider the system of interacting Rd
′
-valued diffusionsM(v, t) :=MG(v, t), v ∈

V, t ∈ [0, t0] defined by

dM(v, t) = b(t,M(v, t),M(Nv, t))dt+ σ(t,M(v, t),M(Nv, t))dZv(t), (5.7)

where Zv(·), v ∈ V, are i.i.d. standard Brownian motions in Rd
′
, d′ ∈ N, and whereM(Nv, t) =

{M(v′, t)}v′∼v, where v′ ∼ v means that v is a neighbor of v′. Let M(v) :=M(v, 0) ∈ Rd
′
, v ∈

V, be the initial states. For paths up to time t0, these processes take values in the space
C(t0) := C([0, t0],Rd

′
), the path space of continuous functions on Rd

′
, equipped with the

topology of uniform convergence on compact sets. The functions b and σ are the drift and
diffusion coefficients, respectively. Both b and σ have domain R+ × C(t0) × N̂C(t0), where

N̂C(t0) denotes the finite subsets of C(t0) [9]. The range of b is Rd
′

whereas the range of the

matrix-valued σ is Rd
′ ×Rd

′
. The particles interact directly only with their (finite) neighbors

in the graph G.
We further assume Lipschitz conditions on b, σ as spelled out in Definition 9.2 of [9] and

in Lacker et al. [22]. When G is admissible, the Lipschitz assumption implies the existence
of a strong solution for the system of interacting diffusions, as established in [22, Theorem
3.1]. The works [22], [8] provide a rigorous discussion of such diffusions, they include
precise assumptions, and they also address measurability issues. When the processes are
defined on the entirety of the graph G, we denote them simply as M :=MG. The processes
up to time t are denoted by M [v, t].

Let P be a Poisson point process on Rd with intensity ν and consider the marked point
process P̂ := {(x,M(x), Zx)}x∈P on Rd ×Rd

′ ×C(t0) with M(x) ∈ Rd
′

the independent initial
states, assumed to be a.s. uniformly bounded. To cast statistics of interacting diffusions
in the framework of our general results, we consider for fixed t0 > 0 real-valued score
functions of the trajectories (paths)

ξ((x,M(x), Zx), P̂) := ξ(h,G(P))((x,M(x), Zx), P̂) := h(MG(P)[x, t0]) (5.8)

where h : C(t0) → R is a Lipschitz(1) function with respect to the sup-norm on C(t0). The
measurability of ξ with respect to P̂ is established in the proof of Theorem 7.8 of [22] and
also in Section 9 of [8], where dependence on t0 is suppressed. Fix a window W ⊂ Rd. Then
such scores give rise to the diffusion statistics

H :=
∑

x∈P∩W
ξ((x,M(x), Zx), P̂). (5.9)

41



Note that ξ does not satisfy stopping set stabilization. For all r > 0, define the short-range
score ξ[r] by

ξ[r]((x,M(x), Zx), P̂) = ξ(h,G(P∩Br(x))((x,M(x), Zx), P̂ ∩Br(x)).

Corollary 5.5. (normal approximation for statistics of interacting diffusions) Let P̂ =

{(x,M(x), Zx)} be as above, with M(x) independent initial states which are a.s. uniformly
bounded and Zx independent standard Brownian motions, and let G = G(·,∼) be an admis-
sible graph on P. Let M = MG(P) be the system of interacting diffusions as in (5.7) on
G with diffusion coefficients b, σ satisfying the Lipschitz assumption of [22]. If ξ satisfies
Mξ

5,Rd <∞, then H satisfies the bounds at (2.9) and (2.10).

Proof. We will deduce this from Corollary 2.8. Put X = Rd and let the space of marks
be M = Rd

′ × C(t0). Section 9 of [8] establishes that ξ is BL(θ)-localizing in space for all
θ > 0. This is a consequence of display (9.11) in [8], where, letting the point set in that
display be the Poisson measure P, it is shown that the scores on P, when augmented by
any finite number of points, satisfy L2 stabilization, as defined in part (iii) of Subsection 2.5.
L2 stabilization implies localization, as noted in Subsection 2.5. In fact [8] shows that ψ
satisfies the ‘fast-decreasing’ property, meaning that it decays faster than any power. All
assumptions of Corollary 2.8 are satisfied and thus Corollary 5.5 follows.

6 BL-localizing statistics in space-time

Functionals H of dynamic geometric models are expressed as sums of scores of space and
time variables in a natural way. When the time variable ranges over a bounded interval [a, b]
of R then one may apply the set-up of BL-localization in space (with a marked Poisson point
process P on X and with marks in [a, b]) and appeal to Corollary 2.8 to establish normal
approximation bounds for (H − EH)/

√
VarH.

However when the time variable ranges over all of R this set-up does not apply, as H
a priori is not necessarily finite as seen in Remark 2.4. Still, many functionals of interest
consist of sums of scores which localize in space and in time, as in Definition 2.3. Two prime
examples concern (i) the number of accepted particles in spatial birth-growth models with
random unbounded particle speeds in infinite time, and (ii) extreme points in Laguerre
tessellations, or equivalently, shocks in the zero-viscosity solution to the Burgers PDE with
random inital data. In the following we take the underlying space to be Rd, but the methods
could be extended to study growth processes on more general metric spaces.

6.1 Spatial birth-growth models

For λ ≥ 1, let Wλ := [− 1
2λ

1/d, 12λ
1/d]d and denote by Pλ a Poisson process on Wλ×R+ whose

intensity ν equals Lebesgue measure. Let the generic points of Pλ be denoted by (z, tz).
Fix a time horizon t0 ∈ (0,∞] and note that we allow t0 = ∞. Let P̂λ :=

{(z, tz, Rz)}(z,tz)∈Pλ
where tz represent times at which particles arrive on the substrate

Wλ at location z, and where the marks Rz, z ∈ Pλ, are i.i.d. random variables with val-
ues in M := (0,∞). Order the points in P̂λ according to the increasing order of their time
coordinates, with the first point being that with the smallest time coordinate. This gives
P̂λ := {(zi, tzi , Rzi)}(zi,tzi )∈Pλ

.

Let Ri := Rbirth-growth
zi denote the random speed at which the particle (seed) at zi grows

radially in all directions, provided the seed is accepted. The acceptance rule is as follows.
The seed having smallest time coordinate is accepted and subsequently arriving seeds are
accepted if they do not belong to the union of the (growing) balls of previously accepted
seeds. A statistic of interest is Hλ := Hbirth-growth

λ , the total number of seeds in P̂λ which
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are accepted up to time t0. When all seeds grow with the same constant speed, then one
obtains the model of crystal growth introduced by Kolmogorov and Johnson and Mehl in the
1930’s. We do not restrict to constant speeds, and to rule out trivialities arising from seeds
with degenerate growth, we assume that particle speeds are a.s. bounded below by some
small but positive constant ρbirth-growth.

Corollary 6.1. (normal approximation for the total number of particles accepted in birth-
growth models with unbounded random particle speeds) We assume exponential decay of
Rbirth-growth, namely there is a constant C > 0 such that

sup
z∈Rd

P(Rz ≥ r) ≤ exp(−Cr), r > 0. (6.1)

Fix t0 ∈ (0,∞]. Then Hλ satisfies the bounds

dK

(
Hλ − EHλ√

VarHλ

, N

)
≤ CK · λ1/2

VarHλ

and

dW

(
Hλ − EHλ√

VarHλ

, N

)
≤ CK

λ1/2

VarHλ
+ CW

λ

(VarHλ)3/2
,

where CK , CW are constants depending only on d and C > 0.

For spatial birth-growth models where particle growth speeds are governed by a deter-
ministic possibly non-linear function, the paper [35] used dependency graph methods to
establish a quantitative CLT for the number of accepted points; the rates of normal con-
vergence in [35] have extraneous logarithmic factors. The case of unbounded and random
particle growth speeds has received scant attention even for finite time horizons. This is
due to the difficulty of controlling long-range interactions, which, to quote the authors of
[6]:

‘create[s] a causal chain of influences that seems quite difficult to study with the
currently known methods of stabilization for Gaussian approximation’.

The authors of [6] circumvent this obstacle by restricting to finite-time horizon models and
by assuming that a rejected seed could still block seeds arriving in the future, which is
arguably less realistic.

Here we remove this assumption, putting us in the framework of the classic birth-growth
models. We allow for random unbounded speeds of particle growth, infinite time horizons,
and the rates of normal approximation contain no extraneous logarithmic factors.

Birth-growth models with unbounded, random growth speeds fit neither into the frame-
work of stabilization established in [21] nor into the set-up of [35]. This is because the
stabilization criteria in these papers require that adding or changing points outside the
stabilization ball has no effect on the score, whereas with unbounded growth speeds, it is
always possible that a far away point may arrive arbitrarily close to time t = 0 while simul-
taneously having a very large growth speed, so that it covers the point at which the score
is calculated, thus potentially affecting the score.

Proof of Corollary 6.1. We will deduce Corollary 6.1 from Corollary 2.9 withX =W =Wλ.

As in [9], we use a graphical construction which keeps track of the spatial dependencies and
which shows that the event that a particle falls within the interaction range of previously
arrived particles depends on the local data with high enough probability to yield the desired
BL-space-time localization of scores.
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Define the score ξbirth-growth as follows:

ξbirth-growth((z, tz, Rz), P̂λ) =

{
1 if the particle at z ∈Wλ at time tz is accepted

0 otherwise.

We often write ξ instead of ξbirth-growth. We use Corollary 2.9 to establish a quantitative
central limit theorem for

Hλ := Hλ(P̂λ) =
∑

(z,tz)∈P∩(Wλ×R+)

ξ((z, tz, Rz), P̂λ).

We choose ξ[r] and ξ(s) to be the restricted scores as at (2.8). All scores under consideration
are bounded by 1 and thus Mξ

5,Rd = 1. It remains to show BL( 1
240 ,

1
120 ) space-time localiza-

tion of scores. We will in fact show that ξ satisfies BL(θ, θ′) space-time localization for all
θ, θ′ > 0.

BL-localization of ξbirth-growth in time. Given any s > 0 and any marked set Â of cardinal-
ity at most six, in view of Remark (iii) in Subsection 2.5, it suffices that the L1 norm of the
difference between ξ((z, tz, Rz), P̂λ ∪ Â) and ξ(s)((z, tz, Rz), P̂λ ∪ Â) decreases exponentially
fast in s, uniformly in z and λ. First, note that the score ξ at (z, tz, Rz) is only influenced by
points having smaller time coordinate. Thus for any point set χ ⊂ Rd × R+ × R+ it follows
that

1(tz < s)ξ((z, tz, Rz), χ) = 1(tz < s)ξ((z, tz, Rz), χ ∩ (Rd × [0, s]× R+)) = ξ(s)((z, tz, Rz), χ),

where the last equality follows by definition of ξ(s). We have thus

E |ξ((z, tz, Rz), P̂λ ∪ Â)− ξ(s)((z, tz, Rz), P̂λ ∪ Â)|

= E |1(tz ≥ s)ξ((z, tz, Rz), P̂λ ∪ Â)|

≤ E |1(tz ≥ s)ξ((z, s, Rz), P̂λ ∪ Â)|

≤ P(ξ((z, s, Rz), P̂λ ∪ Â) ̸= 0),

where the penultimate inequality follows from stochastic domination, that is to say the
probability of acceptance is non-increasing with increasing time. Given s > 0, we show

sup
λ≥1

sup
z∈Wλ

sup
A⊂Wλ×R+

P(ξ((z, s, Rz), P̂λ ∪ Â) ̸= 0)

decays exponentially fast in s.
If ξbirth-growth((z, s,Rz), P̂λ ∪ Â) ̸= 0 then the seed at time s is accepted, but this implies

P puts no points in the right circular cone centered on the time-line with apex (z, s) and
base (Wλ ∩ Bsρ(z)) × {0}. If sρ < λ, there is constant c = c(d) such that a fraction c of the
ball Bsρ(z) is always inside Wλ and the volume of Wλ ∩Bsρ(z) is lower bounded by csdρd. If
sρ > λ, then a fraction c′ = c′(d) of Wλ is always inside Wλ ∩ Bsρ(z) and the volume of the
intersection is lower bounded by c′λ ≥ c′. There is a constant c′′ > 0 such that the volume of
the cone is thus lower bounded by the minimum of c′′sd+1ρd and c′′s. The probability of the
event that P does not put any points into the cone is hence upper bounded by C exp(−c′′s),
for some constants c′′, C > 0.

BL-localization of ξbirth-growth on space domains Wλ. Showing that ξbirth-growth satisfies
BL-space localization over the domains (Wλ)λ≥1 is more delicate and is facilitated via a
graphical construction as in [9].

Graphical construction. For any ρ > 0, z ∈ Rd, we let Cyl(z, ρ) ⊂ Rd × R+ be the right
circular cylinder Bρ(z)× R+.

44



Define the graph Gbirth-growth(P̂λ) in Rd × R+ × R+ by joining points (zi, tzi , Rzi) and
(zj , tzj , Rzj ), tzi < tzj , with a directed edge from (zi, tzi , Rzi) to (zj , tzj , Rzj ) if (zj , tzj ) ∈
Cyl(zi, (tzj − tzi)Rzi). This means that the point with smaller time coordinate potentially
influences the point with larger time coordinate. We extend the above definition in the
natural way to Gbirth-growth(P̂λ ∪ Â), where Â is a marked point set in Rd × R+ × R+ with
cardinality at most six.

Backward clusters. Given Gbirth-growth and Â a marked point set in Rd × R+ × R+, define

C(z, tz) := C(z, tz, Rz) := C((z, tz, Rz); P̂λ ∪ Â)

to be the backward (in time) cluster of (z, tz), i.e. (z′, tz′ , Rz′) ∈ C(z, tz, Rz) if there exists
a path in G(P̂λ ∪ Â) from (z′, tz′ , Rz′) to (z, tz, Rz). The cluster contains all marked points
which may potentially influence the status of a seed arriving at z. In general, the cluster
has an unbounded spatial diameter.

We first show for all (z1, tz1), ..., (z4, tz4), (x, tx), (y, ty) ∈Wλ× [0, t0) that ξbirth-growth evalu-
ated at (z1, tz1 , Rz1) satisfies BL(θ)-localization for all θ > 0 provided ξ[r] is chosen as the re-
stricted score as at (2.8). In view of (2.20) it suffices to show that there is a ψ : [0,∞) → [0, 2]

satisfying (2.5) for all θ > 0 and such that for any z1, ..., z4, x, y ∈ Wλ and tz1 , ..., tz4 , tx, ty ∈
R+ we have uniformly in λ ≥ 1 and uniformly in A ⊂ {(z1, tz1), ..., (z4, tz4), (x, tx), (y, ty)}

P(ξ((z1, tz1 , Rz1), P̂λ ∪ Â) ̸= ξ[r]((z1, tz1 , Rz1), P̂λ ∪ Â)) ≤ ψ(r), r > 0.

Let mr := rγ with γ ∈ (0, 1) a small constant to be chosen. We may assume that tz1 ≤ mr

since if tz1 ≥ mr then by time-localization, both ξ and ξ[r] vanish on an event with probability
exceeding 1− e−cmr . In other words

sup
λ≥1

sup
A⊂{(z1,tz1 ),...,(z4,tz4 ),(x,tx),(y,ty)}

P(ξ((z1, tz1 , Rz1), P̂λ ∪ Â)

̸= ξ[r]((z1, tz1 , Rz1), P̂λ ∪ Â)); tz1 ≥ mr) ≤ e−cmr . (6.2)

Therefore it is enough to show there is a ψ satisfying (2.5) for all θ > 0 and such that for
any z1, ..., z4, x, y ∈Wλ and tz1 , ..., tz4 , tx, ty ∈ R+ we have

sup
λ≥1

sup
A⊂{(z1,tz1 ),...,(z4,tz4 ),(x,tx),(y,ty)}

P(ξ((z1, tz1 , Rz1), P̂λ ∪ Â)

̸= ξ[r]((z1, tz1 , Rz1), P̂λ ∪ Â); tz1 ≤ mr) ≤ ψ(r). (6.3)

Diameter of the backward cluster. To show BL-localization in space, we control the
diameter of the backward (in time) clusters, extending and generalizing the approach taken
in [9]. The diameter of the backward clusters at ẑ1 = (z1, tz1 , Rz1) is given by

D(ẑ1, P̂λ ∪ Â) := max
(y,ty)∈C(z1,tz1 )

|y − z1|.

The score ξ((z1, tz1 , Rz1), P̂λ ∪ Â) is determined by the restriction of P̂λ ∪ Â to the ball
centered at z1 and with radius equal to D(ẑ1, P̂λ ∪ Â), as the points in P̂λ ∪ Â outside this
ball do not contribute to the score. Thus, given tz1 ∈ (0,mr], it suffices to show for any
A ⊆ {(z1, tz1), ..., (z4, tz4), (x, tx), (y, ty)} that

P(D(ẑ1, P̂λ ∪ Â) ≥ r) ≤ Cψ(r), r > 0, (6.4)

where ψ satisfies (2.5) for all θ > 0.
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The cylinder in Rd×[0,mr] centered at z1 with radiusD(ẑ1, P̂λ∪Â) contains the backward
(in time) cluster at ẑ1 and thus contains all marked points which may potentially determine
the score at ẑ1. We want to show that there is a high probability event such that conditional
on this event, the configurations of subsets of P̂λ ∪ Â which may potentially determine the
score at ẑ1 are contained within Br(z1)× [0,mr]×R+. An overview of the argument goes as
follows.

Recall mr := rγ with γ ∈ (0, 1) a small constant to be chosen. Recall also that we are
working in the regime tz1 ∈ (0,mr]. By (spatial) interaction range of a particle (z, tz, Rz)

we mean the extent of spatial growth of the particle in the time interval (tz,mr], which is
generously upper bounded by mrRz.

The exponential decay of R at (6.1) implies that there is a high probability event Eλ,r(z1)
guaranteeing that particles in P̂λ∪Â and belonging to Br(z1)× [0,mr]×R+ have interaction
range at most m2

r whereas particles in Bcr(z1)× [0,mr]× R+ have interaction ranges which
are small enough not to have a large influence on the inside of Br(z1). Conditional on this
event, we show that it is unlikely to have a large backward cluster exiting Br(z1), because
this would imply the existence of a chain of interactions containing at least r/(14m2

r) points
with decreasing time coordinates as counted from the center outwards. The details go as
follows.

Definition of the high probability event. Let Er(z1) := Eλ,r(z1), z1 ∈ Rd, be the intersec-
tion of the following three events, which effectively upper bounds interaction ranges and
allows us to control the size of the backward cluster on this event:

(i) (z, tz, Rz) ∈ {P̂λ ∩ (Br(z1)× [0,mr]× R+)} ⇒ Rz ≤ mr.

(ii) (z, tz, Rz) ∈ {P̂λ ∩ (Bcr(z1)× [0,mr]× R+)} ⇒ mrRz ≤ max
(
m2
r, d(z, ∂Br(z1))

)
.

(iii) (z, tz, Rz) ∈ Â ∪ {(z1, tz1 , Rz1)} ⇒ Rz ≤ mr.

On the event Er(z1), we are assured that any edges incident to points outside Br(z1) in
the backward cluster having an influence on points inside Br(z1) × [0,mr] do not reach
Br−m2

r
(z1)× [0,mr]. To influence the state of the particle at z1, there thus needs to be a long

chain of edges shorter than mr linking points outside Br(z1) to z1.
First we show that P(Er(z1)c) decays exponentially fast in r. Let the spatial coordinates

of the points in Â be denoted by w1, ..., w6. Applying the union bound and the Mecke formula
we have

P(Er(z1)
c) ≤

∫ mr

0

∫
Br(z1)

P(Rz ≥ mr)dzdt

+

∫ mr

0

∫
Bc

r(z1)

P(Rz ≥ max(mr, d(z, ∂Br(z1))/mr))dzdt

+

6∑
i=1

P(Rwi
≥ mr) + P(Rz1 ≥ mr).

The exponential decay of R. at (6.1) implies that all four terms decay exponentially fast in
r. The first integral is O(mrr

d exp(−Cmr)), which decays exponentially fast. The sum of the
last two terms decays as O(exp(−Cmr)). To show the decay of the second integral, we may
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assume without loss of generality that z1 = 0 and abbreviating Br(z1) by Br we have∫
Bc

r

P (Rz ≥ max(mr, d(z, ∂Br)/mr)) dz

=

∫
Bc

r

1(d(z, ∂Br) ≤ m2
r) exp(−Cmr)dz

+

∫
Bc

r

1(d(z, ∂Br) > m2
r) exp(−Cd(z, ∂Br)/mr)dz.

The first integral is O(m2
rr
d−1 exp(−Cmr)), which decays exponentially fast, since mr =

rγ . Let κd be the volume of the unit ball in Rd. Evaluating the second integral in polar
coordinates gives∫

Bc
r

1(d(z, ∂Br) > m2
r) exp(−Cd(z, ∂Br)/mr)dz

=

∫ ∞

r

∫
Sd−1

1(d(sw, ∂Br) ≥ m2
r) exp(−C(s− r)/mr)s

d−1dwds

=

∫ ∞

r+m2
r

∫
Sd−1

exp(−C(s− r)/mr)s
d−1dwds

= dκd

∫ ∞

r+m2
r

exp(−C(s− r)/mr)s
d−1ds

= dκdmr

∫ ∞

mr

exp(−Cu)(mru+ r)d−1du

= O(md
rr
d−1 exp(−Cmr)).

Thus P(Er(z1)c) = O(max(md
r ,m

2
r)r

d exp(−Cmr)). This estimate holds uniformly over any
Â.

Controlling the size of the backwards cluster on the high probability event Er(z1).
Conditioning on Er(z1) and its complement Ecr(z1) yields

P(D(ẑ1, P̂λ ∪ Â) ≥ r) ≤ P({D(ẑ1, P̂λ ∪ Â) ≥ r} ∩ Er(z1)) + P(Ecr(z1)). (6.5)

We show that the first term on the right-hand side of (6.5) is also decreasing exponen-
tially fast in r. Let A′ ⊂ A be the (possibly empty) subset of points in A belonging to
Br(z1). When all edges of G(P̂λ ∪ Â′) incident to points in Br(z1) have spatial length (in-
teraction range) less than m2

r, then one needs at least ℓ′r := ⌊(r −m2
r)/(2m

2
r)⌋ distinct sites

{y′i : i = 1, . . . , ℓ′r} in P̂λ∪Â′ to cover the distance from z1 to Bcr−m2
r
(z1) onG(P̂λ∪Â′). Among

these sites {y′i} there might be the fixed atoms w1, . . . , w6, with each atom contributing at
most 2m2

r to the length of the chain; after removing them, and now putting

ℓr := ⌊(r −m2
r)/(14m

2
r)⌋, r ∈ R+,

one finds that there there exist distinct sites y1, . . . , yℓr ∈ Pλ ∩ Br(z1), different from
w1, . . . , w6, and such that |yi − yi−1| < 14m2

r, i = 1, . . . , ℓr, where we set y0 := z1.
Looking backwards in time from time t = t0, and enumerating the arrival times of the

particles at yi in reverse chronological order we note t0 ≥ T1 > T2 > . . . > Tℓr > Tℓr+1 = 0.
Considering the path {yi : i = 1, . . . , ℓr}, using the Markov inequality and the Mecke
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formula one bounds the considered probability by

P({D(ẑ1, P̂λ ∪ Â) ≥ r} ∩ Er(z1))

≤ E

[ ∑
(y1,...,yℓr )∈Pℓr

λ

ℓr∏
i=1

1(|yi − yi−1| < 14m2
r)1(Ti > Ti+1)

]

≤
∫
(Rd)ℓr

ℓr∏
i=1

1(|yi − yi−1| < 14m2
r)dy1...dyℓr × E

[ ℓr∏
i=1

1(Ti > Ti+1)]
]

where we use the independence of the spatial locations of seeds and their arrival times.
Note

E
[ lr∏
i=1

1(Ti > Ti+1)
]
≤
∫ mr

0

dslr

∫ mr

slr

dslr−1· · ·
∫ mr

s3

ds2

∫ mr

s2

ds1 =
mlr
r

lr!
.

It follows that uniformly in Â one obtains

P
(
{D(ẑ1, P̂λ ∪ Â) ≥ r} ∩ Er(z1)

)
≤
(
κd(14m

2
r)
d
)ℓr mℓr

r

ℓr!
≤ Ce−cr

1−2γ(1−2dγ−3γ) (6.6)

Put γ ∈ (0, 1/(3 + 2d)). The choice of γ and hence mr implies that the right-hand side of
(6.6) is at most c1 exp(−c2rb) for some c1, c2, b > 0. Thus the backwards cluster at z1 extends
outside the ball Br(z1) with an exponentially small (in r) probability. This establishes (6.4),
completing the proof of Corollary 6.1.

Remark. The above proof readily shows that one may refine the normal approximation
results for the number of accepted seeds in the spatial birth-growth models in [35]. The
(non-random) speed of particle growth in these models is regulated by a deterministic func-
tion of power type and the number of particles accepted satisfies a quantitative CLT with a
rate of convergence in the dK distance containing logarithmic terms as in display (3.25) of
[35]. These logarithmic terms can be easily removed by combining the results of [35] with
Corollary 2.9. This goes as follows. Let ξ be the score which keeps track of accepted seeds.
Then BL-localization of ξ follows from Lemma 3.1 in [35], which shows that there exists a
family of short-range scores (ξ[r])r>0 such that ξ satisfies BL-localization in space for any
θ > 0, and in fact ψ can be set to the exponential function. It is also shown that ξ satisfies
BL localization in time, as Lemma 3.2 in [35] shows that

sup
λ≥1

sup
z∈Wλ

sup
A⊂Wλ×R+

P(ξ((z, s, Rz), P̂λ ∪ Â) ̸= 0)

decays exponentially fast in s. Corollary 2.9 immediately applies and establishes Berry-
Esseen bounds for the total number of accepted particles.

6.2 Laguerre tessellations and the stochastic Burgers PDE

In this section, we study a counting statistic Nλ relevant in the context of Laguerre tessel-
lations and the stochastic Burgers PDE. It is defined as follows. Let P be a Poisson process
on Rd × R of intensity measure dx ⊗ µ(dh), where µ is a measure on R. Fix t > 0. Given a
point (x, h) ∈ Rd × R, we define the upward and downward paraboloids at (x, h):

Π↑[(x, h)] :=

{
(z, hz) ∈ Rd × R : hz ≥ h+

|x− z|2

2t

}
Π↓[(x, h)] :=

{
(z, hz) ∈ Rd × R : hz ≤ h− |x− z|2

2t

}
.
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We construct a thinning P thin of P by including a point (x, h) ∈ P in P thin if and only if the
boundary of the upwards paraboloid Π↑[(x, h)] is not included in the union of all upwards
paraboloids centered at points of P \ {(x, h)}, i.e. for any (x, h) ∈ P,

(x, h) ∈ P thin ⇔ ∂Π↑[(x, h)] ̸⊆
⋃

(z,hz)∈P\{(x,h)}

Π↑[(z, hz)].

This condition is equivalent to requiring that the entire paraboloid Π↑[(x, h)] is not covered
by the union of all other paraboloids. For any λ ≥ 1, we define observation windows as

Wλ :=
[
− 1

2λ
1/d, 12λ

1/d
]d

. The statistic Nλ is now given by Nλ := P thin∩ (Wλ×R), the number
of points of the thinned process P thin inside the observation window Wλ. Nλ depends on t

but we will usually suppress this dependence for notational convenience. Abusing notation
we represent points in Pλ by (z, hz) instead of (z, tz) so as to avoid a notation clash with the
time parameter t.

Laguerre tessellations. The union of the paraboloids which are not entirely covered has
a lower boundary, termed the paraboloid process, given by the variational formula

F (t, w) = inf
(z,hz)∈P

(
hz +

|z − w|2

2t

)
where the inf runs over all points of P, the Poisson point process on Rd × R. The union of
all the points w ∈ Rd for which the infimum is realized in (z, hz) gives rise to the Laguerre
cell generated by (z, hz), namely

C((z, hz),P) :=

{
w ∈ Rd :

|z − w|2

2t
+ hz ≤

|z′ − w|2

2t
+ hz′ for all (z

′, hz′) ∈ P
}
.

Note that this cell is not necessarily non-empty. It is also a curious geometric observation
that a cell center need not belong to the cell which it generates. The collection of non-empty
cells thus generated is a stationary random tessellation known as the Laguerre tessellation
of Rd induced by P. Note that (x, h) ∈ P thin if and only if x is a cell center of a non-trivial cell.
Hence the statistic Nλ counts the number of points (z, hz) ∈ P ∩ (Wλ × R) which generate
non-trivial cells; note that while the cell center must lie in Wλ the same need not be true
for the cell itself.

When the measure P has density growing like hβ in the height parameter h with
β ∈ (−1,∞), (respectively (−h)−β with β ∈ ((d + 1)/2,∞); respectively eh/2) on Rd × [0,∞)

(respectively on Rd × (−∞, 0]; respectively on Rd × R), then the dual to the Laguerre tes-
sellation is known as the β-Delaunay tessellation (respectively β′-Delaunay tessellation;
respectively Gaussian tessellation). The dual tessellations were introduced and studied in
[16].

When the weights hz, z ∈ P, are a.s. bounded, then the geometry of the Laguerre tessel-
lations is locally determined [14]. However if the weights are not bounded, as in the three
afore-mentioned tessellations, then the geometry is not in general locally determined. On
the other hand, as shown in Lemma 4 of [16], the β, β′ and Gaussian-Delaunay tessellations
have a geometry which localizes in space in the sense that with high probability its struc-
ture on a cylinder Cyl(0, r) := Bd(0, r)× R ⊂ Rd × R of fixed radius is not affected by points
in P lying far enough away from the cylinder. This high probability localization is enough
to show that geometric characteristics of the Laguerre tessellation, such as the number
count Nλ of cell centers in Wλ, satisfies mixing conditions (called absolute regularity in
[16]) ensuring a qualitative central limit theorem.

Stochastic Burgers PDE. The statistics Nλ, λ ≥ 1, also arise when considering statistical
properties of the zero-viscosity solution to the Burgers PDE, which in general dimension d
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is given by
vt + v∇v = ϵλ∇2v, (6.7)

with viscosity ϵλ → 0, and initial data v(0, w) = −2ϵλ∇h, with h(w) standing for the random
initial potential at w.

Equation (6.7) models turbulence and a standard simplifying assumption (see [1]) is to
let the initial potential be zero-range Poissonian shot noise, i.e. ev(0,w) =

∑
(z,hz)∈P e

hzδ(w−
z), where P is a Poisson point process on Rd × R. This corresponds to the case where there
is no interaction between potentials at distinct points of the ensemble P, see Albeverio et
al. [1].

The Burgers festoon Φ(P) is the hypersurface in Rd × R which is the boundary of the
union U ⊂ Rd × R of translates of the down paraboloid {(z, hz) ∈ Rd × R : hz < −|z|2/2t},
and having the property that U contains no points of P and U is maximal in the sense that
it is not contained in any other such union. The graph of the hypersurface Φ(P) is given by
the variational formula

H(t, w) = sup
(z,hz)∈Rd×R

(
hz −

|z − w|2

2t

)
where the sup runs over all (z, hz) such that Π↓[(z, hz)] ∩ P = ∅. H(t, w) is known as the
‘hull process’ [28], it is a concatenation of faces of downwards parabolas, and it plays an
important role in the construction of the geometric solution to (6.7) as well in establishing
variance asymptotics for the number of vertices of convex hulls of i.i.d. samples [28]. The
solution v(t, w) to (6.7) is the space derivative ∂H

∂w (t, w) when the ensemble P can be realized
as a marked point set {(zi,Mi)} with the random variables Mi satisfying distribution and
integrability conditions [1]. When d = 1, the velocity is the saw-tooth curve

v(t, w) ∼ w − z∗i
t

,

where given (t, z), z∗i := z∗i (t, z) ∈ {zi} is the point where the collection {hz− |z−w|2
2t ; (z, hz) ∈

Φ(P)} attains its maximum.
More generally, if the random initial potential is rapidly oscillating then only its local

maxima determine v(t, w), as seen in Burgers [10]; when the location of these maxima
are well approximated by the maxima of Poissonian shot noise, the zero viscosity solution
converges to the space derivative Hw(t, w); see [3, 25].

Of special importance is the duality between the hull process and the paraboloid pro-
cess F (t, w). The vertices of the hull process are the points of the Poisson point process
belonging to H(t, w). As seen in the discussion in Section 3 of [28] and especially the iden-
tity (3.17) ibid, the duality relation between the hull and paraboloid processes yields that
the vertices of the hull process coincide with the thinned points P thin. Thus Nλ also counts
the number of vertices of the hull process in Wλ.

When d = 2, Nλ is the number of shocks to the zero viscosity solution ∂H/∂w which be-
long to Wλ, whereas in d = 3, one may interpret Nλ as modeling the number of cosmic voids
in the window Wλ in the turbulence model of the evolution of the universe [3], whenever
the location of the maxima of the initial potential are well approximated by the maxima of
shot noise.

Corollary 6.2. (normal approximation of the count statistics (Nλ)λ≥1) Let the intensity
density of P be dxdµ(h) = dxhβ1(h > 0)dh for some β > −1. Then for each t > 0, the count
statistic (Nλ)λ≥1 satisfies the normal approximation bounds

dK

(
Nλ − ENλ√

VarNλ
, N

)
≤ CK · λ1/2

VarNλ

50



and

dW

(
Nλ − ENλ√

VarNλ
, N

)
≤ CK

λ1/2

VarNλ
+ CW

λ

(VarNλ)3/2
,

where CK , CW are constants depending only on d, β and t.

This corollary establishes proximity bounds to the normal, adding to the the qualitative
central limit theorem of Theorem 7 of [16], which does not attempt to find rates, and it also
improves upon the rates in Theorem 2.1 of [35] (the case α = 2), which contains extraneous
logarithmic factors and which assumes β ≥ 0. During the course of writing this paper we
learned of the preprint of Bhattacharjee and Gusakova [4] which establishes Corollary 6.2;
it employs the theory of region-stabilizing scores and hence the approach does not overlap
ours.

Proof of Corollary 6.2. We express Nλ as a sum of score functions defined on the point
process P and apply Corollary 2.9 with X = W = Wλ in conjunction with Remark (iii) in
Subsection 2.4. In what follows, we set t = 1/2 for ease of presentation, though when
t ̸= 1/2, the only change amounts to all constants henceforth depending on t.

We put ξ((z, hz),P) = 1 if (z, hz) belongs to the festoon Φ(P), i.e. if it is retained in the
thinning P thin, otherwise the score is zero. More precisely, we define ξ as

ξ((z, hz),P) :=

{
1 ∃ (w, hw) ∈ ∂Π↑[(z, hz)], s.t. Π↓[(w, hw)] ∩ (P \ {(z, hz)}) = ∅
0 otherwise.

Note the duality relation (w, hw) ∈ Π↑[(z, hz)] ⇔ (z, hz) ∈ Π↓[(w, hw)]. It follows that a point
(z, hz) ∈ P is such that ∂Π↑[(z, hz)] is not covered by

⋃
(x,hx)∈P\{(z,hz)} Π

↑[(x, hx)] if and only

if there is a point (w, hw) ∈ ∂Π↑[(z, hz)] such that Π↓[(w, hw)]∩P \ {(z, hz)} is empty. Now it
holds that

Nλ =
∑

(z,hz)∈Pλ

ξ((z, hz),P).

In what follows we do not put ξ[r] to be the space-restricted score as at (2.8) but instead
use a slight modification as follows. With B(y, r) denoting the d-dimensional ball centered
at y ∈ Rd with radius r ∈ (0,∞), we denote by Cyl(y, r) the cylinder B(y, r) × R. Define
space-localized scores short-range scores

ξ[r]((z, hz),P) :=


1 ∃ (w, hw) ∈ ∂Π↑[(z, hz)] ∩ Cyl(z, r),

s.t. Π↓[(w, hw)] ∩ Cyl(z, r) ∩ (P \ {(z, hz)}) = ∅
0 otherwise.

The difference between this definition of ξ[r] and the one given in (2.8) is that the former
only considers whether the intersection of paraboloids and a radius r cylinder is covered,
whereas the latter requires that entire paraboloids are covered. For the time-restricted
score, we use ξ(s) as in (2.8).

The scores and their short-range counterparts are all bounded by 1 and thus M ξ
5,Rd = 1.

It remains to show BL( 1
240 ,

1
120 ) space-time localization of scores. We will in fact show that

ξ satisfies BL(θ, θ′) space-time localization for all θ, θ′ > 0.

BL-localization of ξ in time. We show that the scores satisfy BL(θ′) time-localization for
all θ′ > 0, and in fact

P

(
ξ((z, hz),P ∪ A) ̸= ξ(s)((z, hz),P ∪ A)

)
≤ ϕ(s), s ≥ 0, (6.8)
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where ϕ decays exponentially fast uniformly over point sets A of cardinality six. Without
loss of generality we may assume s ≥ 4, as we may take ϕ(s) = 2 for 0 ≤ s ≤ 4. By
stationarity we may take (z, hz) = (0, h0).

Suppose h0 ≥ s. Then ξ(s)((0, h0),P ∪ A) = 0 and we prove that P(ξ((0, h0),P ∪ A) ̸= 0)

decreases exponentially fast in h0 and hence also in s. Assume ξ((0, h0),P ∪ A) ̸= 0. Then
there is a point (w, hw) ∈ ∂Π↑[(0, h0)] such that Π↓[(w, hw)] ∩ (P ∪ A) \ {(0, h0)} = ∅.
Note that for any point (w, hw) ∈ Π↑[(0, h0)], at least half of Π↓[(0, h0)] is included in-
side Π↓[(w, hw)], hence half of Π↓[(0, h0)] does not contain any points of P. The inclu-
sion can be seen e.g. assuming without loss of generality that w = (a, 0, ..., 0) with
0 ≤ a ≤

√
2(hw − h0) and checking analytically that any point (x, hx) ∈ Π↓[(0, h0)] with

x1 ≥ 0 also belongs to Π↓[(w, hw)]. The volume of Π↓[(0, h0)] is given by cΠ↓h
β+1+ d

2
0 ≥ cΠ↓h

d
2
0 ,

where cΠ↓ = dκd

√
2
d−2

β+1 B(d2 , β + 2) and where B is the Beta function. It follows that

P(ξ((0, h0),P ∪ A) ̸= 0) ≤ exp(− 1
2cΠ↓h

d/2
0 ) ≤ exp(−1

2cΠ↓sd/2).
Next, suppose 0 ≤ h0 ≤ s. If ξ((0, h0), (P ∪ A) ∩ (Rd × [0, s))) vanishes then so must

ξ((0, h0),P ∪ A). On the other hand, suppose ξ((0, h0), (P ∪ A) ∩ (Rd × [0, s))) ̸= 0, but
ξ((0, h0),P∪A) = 0. In this case, there is a point (w, hw) ∈ ∂Π↑[(0, h0)] such that Π↓[(w, hw)]

does not contain any point of (P ∪A) ∩ (Rd × [0, s)) other than (0, h0), but it must contain a
point of (P ∪ A) ∩ (Rd × [s,∞)). This implies in particular that hw ≥ s. Partition Rd × [s,∞)

into unit volume cubes and let q1, q2, ... be an enumeration of those cubes having non-empty
intersection with ∂Π↑[(0, h0)] × [s,∞). If there is a point (w, hw) ∈ qi such that Π↓[(w, hw)]

does not contain any point of P \ {(0, h0)} ∩ (Rd × [0, s)), then a constant proportion of
Π↓[(wqi , hqi)] also does not contain any point of P \ {(0, h0)} ∩ (Rd × [0, s)), where (wqi , hqi)

is the centre of the cube qi. The number of cubes qi at height h is at most of order hd/2.
Define

pi := P(∃(w, hw) ∈ qi : Π
↓[(w, hw)] ∩ P \ {(0, h0)} ∩ (Rd × [0, s)) = ∅).

Then we have

P(ξ((0, h0),P ∪ A) ̸= 0) ≤
∑
i

pi

≤ c

∫ ∞

s

hd/2 exp

(
−
∫

Rd

∫ s

0

1((x, hx) ∈ Π↓[(0, h)])hβxdhxdx

)
dh.

When s ≤ h ≤ 2s, then Π↓[(0, h)] contains Π↓[(0, s)] and the integral
∫

Rd

∫ s
0
1((x, hx) ∈

Π↓[(0, h)])hβxdhxdx has a lower bound of order sd/2.
When h ≥ 2s, then h− s ≥ 1

2h and∫
Rd

∫ s

0

1((x, hx) ∈ Π↓[(0, h)])hβxdhxdx = κd2
d/2

∫ s

0

(h− hx)
d/2hβxdhx

≥ κdh
d/2

∫ s

0

hβxdhx

=
κd
β + 1

hd/2sβ+1 ≥ κd
β + 1

hd/2.

It follows that

P(ξ((0, h0),P ∪ A) ̸= 0) ≤ c

∫ 2s

s

hd/2 exp(−csd/2)dh+ c

∫ ∞

2s

hd/2 exp(−chd/2)dh

≤ c exp(−csd/2).

Hence time localization (2.4) follows, as asserted.
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BL-localization of ξ in space. To show BL localization in space we follow the proof ideas
from [35]. It suffices to show

P

(
ξ((z, hz),P ∪ A) ̸= ξ[r]((z, hz),P ∪ A)

)
≤ ψ(r), r ≥ 0, (6.9)

with ψ the exponential function. Since the proof relies on probability bounds for certain
regions being devoid of points of P, we assume without loss of generality that A = ∅.

Fix r0 ≥ 4 and h0 ≥ 0. For any r ≥ r0 consider the event

Er :=
{
ξ((0, h0),P) ̸= ξ[r]((0, h0),P)

}
.

By stationarity it suffices to show P(Er) decays exponentially fast in r. We rewrite Er =

Er,1 ∪ Er,2 where

Er,1 =
{
ξ[r]((0, h0),P) = 1 and ξ((0, h0),P) = 0

}
=
{
∃(z, hz) ∈ ∂Π↑[(0, h0)] ∩ Cyl(0, r) : Π↓[(z, hz)] ∩ (P \ {(0, h0)}) ∩ Cyl(0, r) = ∅

and Π↓[(z, hz)] ∩ P ∩ Cylc(0, r) ̸= ∅
}

and

Er,2 =
{
ξ[r]((0, h0),P) = 0 and ξ((0, h0),P) = 1

}
=
{
∀(w, hw) ∈ ∂Π↑[(0, h0)] ∩ Cyl(0, r), Π↓[(w, hw)] ∩ P \ {(0, h0)} ∩ Cyl(0, r) ̸= ∅,

and ∃(z, hz) ∈ ∂Π↑[(0, h0)] ∩ Cylc(0, r) : Π↓[(z, hz)] ∩ P \ {(0, h0)} = ∅.

On event Er,1 we have |z| ≤ r and

hz ≥
r2

8
≥ 2. (6.10)

This follows by considering the two cases |z| ≥ r/2 or d(z, ∂Bd(0, r)) ≥ r/2, as in both
cases (z, hz) belongs to an up paraboloid Π↑[(w, hw)] where the point (w, hw) is such that

|w−z| ≥ r/2. As before, partition B(0, r)∩ [ r
2

8 ,∞) into cubes qi of unit volume and it follows
that if (z, hz) ∈ qi, then a proportion of Π↓[(wqi , hqi)] ∩ Cyl(0, r) must be devoid of points of
P \ {(0, h0)}. Note that the volume of Π↓[(wqi , hqi)] ∩ Cyl(0, r) is lower bounded by chβ+1

qi rd

for some constant c > 0. Indeed, the intersection of Π↓[(wqi , hqi)]∩Cyl(0, r) with Rd×{0} is
the set B(0, r)∩B(wqi ,

√
2hqi). Since hqi ≥ r2/8 and wqi ∈ B(0, r), this intersection contains

a ball of radius r/4. It follows that Π↓[(wqi , hqi)] ∩ Cyl(0, r) contains a cone with base a ball
of radius r/4 and height hqi , the volume of which is of the order rdhβ+1

qi .
It follows that

P(Er1) ≤
∑
i

P
(
∃(z, hz) ∈ qi : Π

↓[(z, hz)] ∩ (P \ {(0, h0)}) ∩ Cyl(0, r) = ∅
)

≤ c

∫ ∞

r2

8

hd/2 exp(−crdhβ+1)dh

≤ c exp(−crd)

To estimate P(Er,2), note that for (z, hz) ∈ ∂(Π↑[(0, h0)]) ∩ Cylc(0, r) we must have

hz ≥ h0 +
r2

2
≥ r2

2
. (6.11)
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Partition B(0, r)c×[ r
2

2 ,∞) into cubes qi of unit volume as before, and note that if (z, hz) ∈ qi,
then a proportion of Π↓[(wqi , hqi)] is also devoid of points of P \ {(0, h0)}. This event has

probability bounded by c exp(−chd/2+β+1
qi ), as explained in the proof of time-localization.

The number of cubes at height h is again at most of order hd/2 and it follows that

P(Er,2) ≤ c

∫ ∞

r2

2

hd/2 exp(−chd/2)dh ≤ c exp(−crd).

Since P(Er) ≤ P(Er,1) + P(Er,1) where both P(Er,1) and P(Er,2) decay exponentially fast in
r, this shows BL-localization in space.

Corollary 2.9 thus establishes the asserted proximity bounds to the normal.
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