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Abstract

Given a geometric statistic expressible as a sum of scores which depend on
local data, Blaszczyszyn, Yogeshwaran and Yukich [4] established central limit
theorems for centered and normalized versions of these statistics, subject to the
underlying point process having fast decay of correlations and also subject to a
variance growth condition. Building on this, Cong and Xia [10] derived rates of
normal approximation, as measured by the Wasserstein distance, for statistics of
point processes exhibiting fast decay of dependence. Here we go further and es-
tablish weak mixing conditions yielding rates of normal convergence for geometric
statistics of marked point processes. The mixing conditions, which are in terms of
verifiable geometric criteria, provide rates of normal approximation in the Wasser-
stein distance for statistics of a large class of point processes with dependent marks.
Examples include statistics of determinantal point processes, unevenly spaced time
series, continuum percolation, interacting diffusions on spatial random graphs, as
well as local U-statistics.
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1 Introduction and main results

Consider a random spatial model, possibly time-dependent, and driven by an under-
lying ground point process P in R?, which we always take to be stationary. The point
process P may have spatial dependencies and it may carry marks, which may depend
on each other and on the ground process; we shall write P to denote such marked point
processes. We are interested in the normal approximation of statistics of spatial random
models driven by P, including basic counting statistics for P, statistics of time series
driven by P, as well as local U-statistics and statistics of interacting diffusions on random
graphs defined on P.

In all cases we assume that the statistics take the form

Hy:i= Y &((z, M,),P,Ty),

xEPﬁFA

where T’y C R4, \ € (0, 0), are observation windows, the marks M, are random elements
in a mark space, and the score £((z, Mm),ﬁ,F,\) describes the interaction between a
marked point (z, M) € P and the process P itself, with possible additional dependence
on I'y. The scores &((z, Mx),ﬁ,f‘,\), x € P, are in general spatially dependent. The
statistics H), typically depend on the geometry of the point process P and the underlying
model and hence are called geometric statistics. If ¢ = 1 then H) reduces to the counting

statistic over the window I'y.

The study of geometric statistics has a long history and has roots in the works of
Beardwood, Halton and Hammersley [1] and Steele [41]. Bickel and Breiman [3] were
among the first to establish a central limit theorem for a geometric statistic, namely they
showed that the standardized and centered sum of edge lengths of the k-nearest neighbor
graph on an i.i.d. random sample converges to a normal random variable as the sample
size tends to infinity. In these seminal papers, as well as in the others that followed,
the central limit theory for (Hy)ie(o,00) focused on statistics consisting of sums of score
functions on Poisson or binomial input, possibly with independent marks, and such that
the score functions £ depended on local data in the sense that they satisfy stopping set
stabilization criteria. In this paper we do not restrict to Poisson or binomial input, nor
do we restrict to independent marks or to score functions with stopping sets.



When P has fast decay of correlations and when ¢ satisfies stopping set expo-
nential stabilization, then ((Hy — EH))/v/Var Hx)ac(0,) satisfies a qualitative central
limit theorem as in [4]. For P satisfying an exponential mixing condition in the to-
tal variation distance (known as EDD; see Section 1.4) then convergence rates for
((Hx — EH))/v/Var Hy)xe(0,00) to the standard normal under the Wasserstein distance
were obtained in [10]. The class of point processes was further enlarged in Blaszczyszyn,
Yogeshwaran and Yukich [5], allowing qualitative central limit theorems for ((H, —
EH))/v/Var Hy)e(0,00) With P replaced by a marked point process P in which points
and marks may be dependent and with & required to satisfy a localization condition
weaker than stabilization and allowing for long-range interactions, namely with & re-
quired to be distributionally close to a family of short-range scores. Short-range scores
are those depending only on data within a fixed deterministic radius.

The purpose of this paper is to establish quantitative central limit theorems in this
more general set-up, namely for statistics H, driven by a dependently marked point
process P, where P has fast decay of dependence, its ground process P is stationary,
and the score functions are closely approximated by a family of short-range scores. Our
approach extends Schreiber and Yukich [37], Xia and Yukich [45], and Hirsch, Otto
and Svane [20] in three ways: we do not restrict to input which is a rarefied Gibbsian
point process, we allow the input to have dependent marks, and we require that the
score function satisfy localization criteria which are weaker than the stabilization criteria
required in these papers. We extend Cong and Xia [11] by allowing for dependent marks
and by relaxing the stabilization conditions on the score function in that paper. Finally,
our work shows that some of the qualitative central limit theorems in [5] can be upgraded
to quantitative central limit theorems when the ground point process P is EDD. In the
EDD setting for P, we treat a broad class of score functions with fewer Palm requirements
than those considered in [5]. The moment conditions on scores are less stringent and
require neither the existence of high-order Palm distributions nor integrability of the score
with respect to these distributions. On the other hand, the score functions considered
here are required to satisfy stabilization criteria with respect to a local estimator, either
in a probabilistic sense (cf. Definition 1.10) or in an L sense (cf. Definition 1.13). We
refer to Section 1.4 for further remarks comparing our conditions with the existing ones
in the literature.

We illustrate the versatility of our approach by obtaining quantitative central limit
theorems for a range of functionals, some of which fall outside the scope of statistics
encountered in classical stochastic geometric models: (i) counting statistics of determi-
nantal point processes with kernels decaying exponentially fast, (ii) statistics of unevenly
spaced time series, (iii) statistics of continuum percolation , (iv) statistics of interacting
diffusions on spatial random graphs with EDD input, and (v) certain local U-statistics
of EDD marked point processes.

We deduce these quantitative central limit theorems from our main finding, which is
that when the sums H), satisfy a mixing condition on well-separated disjoint sets, then



one obtains rates of normal approximation for (Hy — EH,)/v/Var H,, where the rate
is with respect to the Wasserstein distance. The mixing condition stipulates that the
covariance of functions of sums of scores on disjoint sets decays rapidly with respect
to the distance between the sets, uniformly over a class of test functions and test sets.
Mixing is shown to hold whenever P satisfies EDD and whenever the score ¢ is well
enough approximated by a family of short-range scores, a geometric condition which is
fulfilled whenever ¢ satisfies the standard stopping set stabilization criterion or even a
weaker criterion whereby ¢ is well approximated by a family of short-range scores either
in the probabilistic or L? sense.

1.1 Terminology

We consider a ground point process P on R?, d > 1, and take it to be a simple
stationary point process with intensity p € (0,00). We let P = 3, cp d(z,0,) be a simple,
marked point process on R? x M, where M is a measurable space, J is the Dirac measure,
(x, M,) are random elements in R? x M, and for any x € R?, the set {2} x Ml contains at
most one element of P. Elements z € P are referred to as points, while M, and M are
the marks and the mark space, respectively. We do not require independence of marks.
The space M is general and, for example, could be the space of time-evolving functions,
which would be the case when each M,,x € P, is a stochastic process representing the
state of an interacting particle system or the sample path of an interacting dlffusmn
The projection of P on R? is the ground process P. The marked point process P is a
random element in the space Ngayy of locally finite subsets of R¢ x M endowed with
the evaluation o-algebra. Let I'y := [-0.5AY9 0.501/9]4 X € (0, 00), denote observation
windows.

A score is a measurable function £ : (R x M) X Npay X B(R?) — R where B(R?)
denotes the Borel o-algebra on R?. The value of &((z,m,), X, A), where X € Nyparu
and A € B(R?), is relevant only for (z,m,) € X N (A x M) and by convention we set it
to be 0 when (x,m,) & X N (A x M). We put

H,-EH,
O\ ’

H/\ = Z 5((1‘7M1)’757F)\)7 O'i = VarH,\, Z)\ =

zePNI'y

We wish to establish rates of convergence of (Zx)xe(0,00) to the normal. When &((x, my), X, A)
does not depend on A € B(R?), then the analysis of (H))xe(0,00) 18 easier because it is
unaffected by the position of z relative to the boundary of I'y. We include the third pa-
rameter because, in some applications, the region I'y may influence the value of the score
function as would be the case for statistics of the Voronoi tessellation [11, Section 3.2].
While many of our examples hold for the canonical choices of £ given by £((z, M), P.Ty)
and £((x, M), P) == &((x, M), P,R%), we shorten our presentation and typically state
results for only one of the two scores. When marks are not present, all statements remain



valid by viewing the ground process as a marked point process with degenerate marks.
In this case, we write the score as {(z, P, ")) and all other notation remains unchanged.

For any real-valued random variable X and p € [1,00) we put || X||, = (E(|X|?))/?.
For any full-dimensional B € B(R?), let Vol(B) denote its volume and for X € Nga, let
card(X') be its cardinality.

Definition 1.1. (p;-moment on the ground process) The ground point process P has a
pl—moment, D€ [].,OO), Zf

b = bi(pr) = eard(P N T, < oo. (L)

Remark 1.2. The moment condition (1.1) holds for all p; € [1,00) for homogeneous
Poisson point processes and for a—determinantal point processes whose kernel decays
exponentially fast, provided —1/a € N, as established in Section 2.2.2 and Section 2.1
(Remark (i) of [4]. For a Gibbs point process with Papangelou intensity bounded above
by a locally integrable function h : R? — R, iterating the GNZ equation gives the n-
th factorial moment E[(P(B))™] < ([ h(x)dx)™ for every bounded Borel set B; see,
e.g., Dereudre [13, Section 2], hence card(PNTI'1) has finite moments of all orders. This
includes many commonly used Gibbs point processes; for example, those whose interaction
range is smaller than the critical value of continuum percolation of an associated Poisson
point process [20, Section 4.1].

The ground point process P is of a general nature, and one may require conditions
on the higher-order Palm distributions of P when proving limit theorems. However, the
class of score functions satisfying conditions based on higher-order Palm distributions
is narrower than the class based on first-order Palm distributions (see the examples in
Remark 1.12 (iv) and Remark 3.12). While the first-order Palm distributions of ground
point processes P are often well-studied, their higher-order Palm distributions are less
well-known and typically cumbersome. Except for Poisson and related point processes,
obtaining closed forms or analyzing the properties of these distributions is often more
challenging than estimating higher-order moments of the score function £ with respect to
the first-order Palm distributions of P. Thus, we circumvent the use of higher-order Palm
distributions by instead assuming only higher moment conditions on the ground point
process P and on the score function £ with respect to the first-order Palm distributions;
see [10, Lemma 5.5].

For any fixed distinct x1,...,z, € R? we denote by P,,... 2, the Palm probability
given points x1, ..., z4; likewise K, .. and Ly, . . denote the Palm expectation and
Palm distribution, respectively.

q

Definition 1.3. (ps-moment on the score) The score £ has a py-moment, ps € [1,00), if

. 1/
by 1= by(p2) := sup sup (Ez|f(($7Mx>7P’FA)|p2) Y <o

AE(0,00) xel'y

(1.2)



Given A € B(R?), the sum of the score functions on the point set P N A is

Hyai= > &((x,M,),P,Ty), Hy:=Hr, (1.3)
zEPNA

and its centered version is
SA = S)\,A = H)\,A_EH)\,A' (14)

For A,B € B(R?), let diam(A) = sup{d(x,y) : x,y € A} be the diameter of A,
d(A,B) = inf{d(z,y) : = € Ay € B}, d(z,B) = d(B,z) := d({z}, B), where d is the
Euclidean distance on R%. Given p € (0,00) let B,(A) = {y : d(y,A) < p} be the
p-enlargement of A. Define the class of test functions

Fr:={9:R=R; [|gllc V [|¢'lloc := sup lg(2)| v sup lg'(z)| < 1}

The following assumption, similar to the exponential decay of dependence in [10,
(2.1)], specifies a weak mixing condition on the score sums {Sa}acpra), Which, together
with moment assumptions on the ground point process and the scores, yields proximity
bounds between (H) —EH,)/+/Var H) and the standard normal in terms of the Wasser-
stein distance. The mixing condition requires that the covariance of S4 and f(Sp), as
well as the covariance of S% and f(Sp), decays fast with respect to the distance between
A and B, uniformly for f in a class of test functions and uniformly for A, B belonging
to a class of test sets.

Definition 1.4. (mizing of score sums) Let Hy be the class of open hyperrectangles in
R? with sides at least unit length and with faces parallel to coordinate planes in R, and
let Hy be the class of unions of two incident hyperrectangles in Hi. Let F; denote the
test function class Fy, together with the identity g(x) = x and let Fo = F,. The score
sums satisfy exponential mizing if there exists \g € (0,00) and positive constants {~;}3_,
such that for X > X, j € {1,2} and all g € F;, A € H;, and all sets B € B(I'y) that
are the finite union of disjoint hyperrectangles in Hy satisfying the separation condition
d(A, B) > ~slog(diam(A) V diam(B)) V 1], we have

[E($49(S5)) — E(S4)E(g(Sp))| = |Cov(S%, 9(Sp))|
< 71 (diam(A)™ v 1)(diam(B)™ v 1)e 24AB) —. (~, A, B), (1.5)

where v = {v;}_,. The score sums satisfy polynomial mizing if (1.5) holds with
U(v, A, B) replaced by

U'(v, A, B) := v (diam(A)™ v 1)(diam(B) Vv 1)d(A, B) ™, (1.6)

where the parameters v in (1.5) and (1.6) are different in general.

In Section 1.3 we determine conditions on the ground point process P and on the
scores ¢ which imply the mixing bounds (1.5) and (1.6).
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Remark 1.5. (i) (the covariance conditions (1.5) and (1.6)) The mizing of score sums
implies covariance conditions of a more general form for a larger class of sets as in
Lemma 2.4, which plays an essential role in proving Theorem 1.6, our main result.
If either (1.5) or (1.6) hold for all pairs of disjoint sets A and B, then there is no
need to specify the parameter ~3 controlling the separation condition.

(ii) (comparison with mizing of score sums without centering) The mizing properties
(1.5) and (1.6) are equivalent, up to increasing the exponent v by an additive term
d, to the corresponding properties obtained by replacing S4 and Sp with Hy 4 and
H) g, respectively. See Lemma 2.5.

(7ii) (comparison with the (BL,1,0) dependence condition) The (BL,,0) dependence
condition is an assumption imposed on covariances involving a specified class of
test functions satisfying certain bounded Lipschitz conditions as introduced in the
context of random field theory; cf. Bulinski and Shashkin [8, p. 93-95] and the
references therein. This assumption is used to obtain a rate of convergence for the
normal approximation error of the partial sum of a centered (BL,,0)-dependent
random field under the Kolmogorov distance via Stein’s method, see [8, p. 182-188]
for details. Our framework requires verifying a mizing property for a smaller class
of test sets and a different class of test functions.

1.2 A general quantitative CLT under mixing of score sums

We use the Wasserstein distance to quantify the difference between two real-valued
random variables X; and X,, where

dw (X1, X2) == sup [Eh(X;) — ER(X>)],
hG.FLip

where Frip, = {f: R—=>R, |[f(zx)— f(y)| <|x—y|, forall z,y € R}. We quantify
the dy distance between (Hy, — EH,)//Var H) and the standard normal N(0,1), here
denoted by Z. The rates of normal approximation in the following general result as well
as in the corollaries and applications assume that Var Hy, = Q(A\") for some v > 2/3.
We regard the verification of this condition as a separate issue and do not systematically
address this.

Theorem 1.6. (mizing of score sums implies a quantitative CLT) Assume that the point
process P and score & respectively satisfy the moment assumptions (1.1) and (1.2) for p;

and po satisfying i
1P2
>3

prtpe—17 "
Assume that Var Hy = Q(X”) for some v > 2/3.



(a) If the score sums satisfy exponential mizing (1.5), then

o (Ha—EH,
Y\ Var By,

(b) If polynomial mizing (1.6) holds and

Z) = O ((log \)* A1) (1.7)

3(—vd + 2d + 27o) 6(—vd +d + 7o)
1.8
’}/2>H13X{ 3y — 9 ) 3y — 92 _'_70 ) ( )
or equivalently
3 (2vd+ 2’}/0 vd + 2’)/0 3
2 V; < —v—1 1.9
(Y0, 72) 2( 3d + 7 3d+ 12 — 70 2’/ ) (1.9)
then . _EH
41y — KA _ —L5v+14+7(v0,72) ) —
Z|1=0(A =o(1). 1.10
( WH;) ( ) = o) (1.10)

Remark 1.7. (i) (the optimality of rates under exponential mizing) It is not uncommon
that v =1, cf. [4]. In this case the O((log \)3>?A\=%5) bound (1.7) is nearly optimal,
save for the logarithmic factor. In general one cannot do better than establishing
a rate O(A\"°?) as seen in Section 2.3 of Schulte and Yukich [38], which treats
Poisson input.

(ii) (the rate of convergence under polynomial mizing) In the case of polynomial mizing,
i.e., under condition (1.6), as v — 0o, the bound (1.10) approaches O (A\~1-5+1)
which, in general, is unimprovable when v = 1.

(1ii) (moment conditions for the ground point process and for the scores) If the ground
point process, respectively the score, has a p = (3 + §)-moment for some positive
d, then the score, respectively ground point process, must have a 3(p — 1)/(p — 3)
moment. For the point processes discussed in Remark 1.2, one can take p, in
Definition 1.1 to be arbitrarily large. Consequently, it suffices that the score satisfies
(1.2) for some py > 3. Likewise, if a score has moments of all orders then P need
only have a moment of order py > 3. When compared with [10] this gives normal
approximation results holding under slightly more flexible moment assumptions on
the point process and the score.

(iv) (ground point process with infinite second moment) One may easily construct a
simple stationary point process P on R? such that ||card(P N Ty)||, = oo. For
exzample, start with a unit intensity Poisson point process W on R? representing
locations of parents. Next, independently of other parents, each parent produces n
children with distribution

4

P(n:i):m, i e N.
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Assuming the locations of the children of a parent at x are independent and identi-
cally distributed within the open ball centered at x with radius 1, and independently
of the children of other parents, then the point process P formed by the locations
of the children of ¥ is a simple stationary point process on R® with intensity 2 and
satisfies E(card(P NT1)?) = oo.

1.3 Corollaries

We give conditions on the marked point process P and on the score & which together
ensure mixing of score sums as in Definition 1.4. Our first condition is adapted from

[10].

Definition 1.8. (EDD marked point processes) The marked point process P ezhibits
exponential decay of dependence (EDD) if there exist constants 6y € [0,00), 6; € (0, 00)
for 1 < i < 3, such that for any A, B € B(RY) with d(A, B) > 0s[log(diam(A) Vv
diam(B)) V 1], we have

Bap = dry <£(75|AUB), L(P|aU 75|B)) < 0y (diam(A)% v 1)(diam(B)% v 1)e 2445
(1.11)

where P is an independent copy of P. A point process P is EDD if it satisfies (1.11)
with degenerate marks.

Remark 1.9. By definition, if a marked point process P is EDD, then so is the ground
process P. EDD point processes include Gibbs point processes whose interaction range is
smaller than the critical value of continuum percolation of an associated Poisson point
process as well as determinantal point processes whose kernel satisfies

K (z,y)| < Ce= @™ gy e RY (1.12)

for some positive constants Cy,Cy and Cs, see [20, Appendiz A] and [10, Section 3.2].
Disagreement-coupling methods related to those in [20] have recently been extended to
marked Fuclidean spaces and to certain repulsive pair-potential models in Hirsch, Otto
and Svane [21]. The strong spatial mizing theorem of Michelen and Perkins [29] also
provides a route to verifying EDD for finite-range repulsive pair-potential Gibbs processes
with activity below e/A,. On the determinantal side, if o satisfies —1/a € N and the
kernel K is Hermitian with 0 < K < —1/«, then a-determinantal point processes exist,
as shown in Shirai and Takahashi [39, Theorem 1.2 and the proof of Lemma 3.3/, and
can be interpreted as the superposition of —1/« i.i.d. determinantal point processes with
kernel —aK . If the kernel satisfies (1.12), the resulting a-determinantal point process is
still EDD, since it is a finite superposition of i.i.d. EDD point processes [10, Lemma 3.5].

If the score function is trivial, i.e., & = 1, and the EDD point process has a p;-
moment for some p; > 3, then H, is the counting statistic and fulfils the exponential

9



mixing condition (1.5) with

p1—3
Yo = Oy —", V3 = 03,

Yo = 3d + 90 b )
Y4 P1

and with 7, a finite constant depending only on the moment and EDD constants. This
follows by applying Lemmas 2.1 and 2.5 together with Holder’s inequality.

Next we consider conditions on general score functions. One possibility is to require
that ¢ satisfies exponential stopping set stabilization as in Lachieze-Rey, Schulte and
Yukich [24] and [38], but this condition is sometimes restrictive.

Instead, for each r € (0, 00) we construct a short-range score function f [l based solely
on the point pattern within radius r, and such that é "l approximates ¢ with sufficient
accuracy, and then use this approximation for quantifying the error in approximating
H) by the corresponding sum of short-range scores. Given a score £ and r € (0,0), a
short-range estimator

M- (R? x M) X Ngayr X B(RY) — R

is defined to be a measurable function of the marked point process that depends solely
on the input within an _open ball of radius r around the location of interest, i.e., for
almost all realizations X of the marked point process 73 for all locally finite sets y C
(RA\B(z,r)) x M, and for all (x,m,) € X the following holds:

élr] ((a:,mx) : [?2 N (B(x,r) x M)} U ji,F/\) = £l ((x,mx) , XN (B(z,r) x M) 71“)\) .
(1.13)

In other words é " has a stopping set which is an open ball of radius . The restricted
score

£lr) ((x,m),f,F,\) =¢ ((a:,m),/f’ N (B(x,r) x M) ,F)\) , 7 € (0,00), (1.14)

is a special case of the short-range estimator. We emphasize that while we could choose
f "l to be the restriction of ¢ to the radius r ball as in (1.14), it is advantageous to allow
for other choices of é " as when considering statistics of continuum percolation models
as in Lo and Xia [27] and statistics of Laguerre tessellations as in Trauthwein and Yukich
[43]. Short-range estimators £ are used in [5] where €I denotes the restricted score
and it plays a central role in establishing optimal rates of normal approximation on the
Poisson space in [43]. The benefits are also discussed in Section 3.4.

Definition 1.10. (probabilistic stabilization) The score £ satisfies exponential proba-
bilistic stabilization if there is a family of short-range scores (f[r])re(o,oo) and positive
constants Cy and Cy such that

cp(PT)(r) = sup sup P, ({((m, Mx),f?, Ty # é[rl((x, Mx),f?, F,\)>

A€(0,00) z€l')

10



< Crexp(—Cor), 1€ (0,00). (1.15)

If there exist positive constants C' and B3 such that 9" (r) < Or=8, r € (0,00), then ¢
1s said to satisfy polynomial probabilistic stabilization with order [3.

Probabilistic stabilization of scores is a localization criterion similar to, but weaker
than, the standard notion of stopping-set stabilization. It does not require the existence
of a stabilizing stopping set, nor does it require comparing the restricted version in (1.14)
with the original score function. Instead, it only requires the existence of an estimator
based on local information that is sufficiently close to the original score function; see
Section 1.4 (i).

As soon as the scores £((z, Mx),ﬁ,F,\) have enough short-range structure, in the
sense that they are close to a family of short-range scores £U((z, M,), P,T'y) as in Defi-

nition 1.10, uniformly over all x € T'y,r € (0, 00), then H, is well-approximated by the
normal, provided P is EDD.

Corollary 1.11. (rates of normal convergence for sums of scores satisfying probabilistic
stabilization) Assume that P satisfies the p;-moment condition (1.1) and that the marked
point process P satisfies exponential decay of dependence (1.11). Assume that the scores
satisfy the ps-moment condition (1.2) with

bip2
poi= ———— > 3.
S -1
Lastly, assume Var Hy = Q(\”) for some v > 2/3.

(a) If € satisfies exponential probabilistic stabilization (1.15) for the given family of
short-range scores (M),c(.00) then

d Hy, -EH,
W \/V&I‘HA ’

Z) -0 ((log A)Sd/\—lbl/—l-l) '

(b) If & satisfies polynomial probabilistic stabilization for the given family of short-range
scores (§[T])re(0,oo) then

\/V&I’H)\ 7

with v, = B(1 = 2(p1 + p2 — 1)/ (p1p2)) = B(L —2/po) =: Bp1, Y0 = d(2+ p1) and,

. _ 3 (2vd+2yg vd+2vp
as n (1'9>7 7(70772) -2 ( 3d+y2 3d+v2—v /"

i (HA—EH)\ Z) 0 ()\—1,51/-&-1—%-7'(70772)) :

Remark 1.12. (i) (on the rates) The assertions of parts (it) and (iii) of Remark 1.7
also apply to Corollary 1.11. If the score function has a finite dependence range,
then it satisfies exponential probabilistic stabilization: indeed, taking £ = & for

11



all v larger than the diameter of the dependence range gives ") (r) =0 for all
sufficiently large v, and hence the result in part (a) applies. Moreover, if o™ in
Definition 1.10 decays sub-exponentially, i.e., P (r) < Car=F for all positive j3
with some positive constant Cg, then dw ((Hy —EH))/\/Var Hy, Z) = O(A7?) for
allp <3v/2 —1.

(it) (on the moments) The trade-off between a p = (34 §)-moment on the ground point
process, respectively score, and a 3(p—1)/(p—3) moment on the score, respectively
ground point process, as described in Remark 1.7 (iii), applies here as well.

(1ii) (comparison with bounded-Lipschitz localization and the results based on it) Another
localization assumption, called bounded-Lipschitz localization (BL-localization),
is used in Sections 4-7 of [5] to establish a qualitative central limit theorem for
(Hx)e(0,00)- This condition requires for every r € (0,00), ¢ € N, that the g-tuples
of scores satisfy

dBL<LX((§((xi7Mﬂ?i)aﬁ’rkn;l )7£x<(é[T]<(Ii7Mmi)7757 FA)) )) < ¢Q(T>’

1=1,...,q 1=1,...,q
(1.16)
uniformly in A € (0,00) and over all distinct x1,...,x2, € I'x. Here, dgi, denotes
the bounded-Lipschitz metric, for each ¢ € N, Ly := L, . ., denotes the condi-
tional law given x4, ...,x, € P, and @, is a fast decreasing function, that is, one

which decays faster than any polynomial power. When q = 1, the assumption in
(1.16) is weaker than probabilistic stabilization, since dgr, is a weaker metric and
the condition only requires closeness in distribution between the score functions and
their estimators, rather than closeness in probability, which potentially offers ap-
plications to a wider class of scores. On the other hand, (1.16) is a more complex
requirement than (1.15), as it requires closeness of vectors of scores and their local-
ized versions with respect to higher-order Palm distributions (see Remark 1.12 (iv)
and Remark 3.12). By contrast, our localization condition only involves the case
q = 1, but with dgy replaced by the stronger probabilistic assumption. We also
require Var Hy = Q(X") for some v > 2/3, whereas [5] only requires v > 0.

(iv) (on the difference between conditions on higher-order and first-order Palm distribu-
tions) In general, when it comes to applications, one wishes to impose assumptions
involving Palm distributions of the lowest possible order. We illustrate this through
a simple example involving nearest neighbor distances. Though the example is based
on exponentially decaying functions (pq)qen in (1.16), it can be easily adapted to
the sub-exponential setting. Let P be a homogeneous Poisson point process in R?
with unit intensity. For each point x € P, define

E(z,P,T'y) =&(x,P) = card(P N B(x, [— Ind(z, P\{z})] V 1)).
Then one can easily verify (1.15) by setting

£z, P, 1)) = card(P N Bz, r A{[—Ind(z, P\{z})] Vv 1})),
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since, forr > 1,

]Px (f(l’, Pa F)\) 7& ém ($7 7)7 FA)) S ]P)x (_ In d(i[), P\{x}) > T)
=P, (d(x,P\{z}) <e") =P (card(P N B(0,e™")) > 1) =: (1),

and o(r) decays exponentially fast. However, for any given r, by taking x, and
xo sufficiently close to each other, the left-hand side of (1.16) with ¢ = 2 can
be made arbitrarily close to 1, since the dependence range of Ly, »,(&(z,P,T)))
becomes arbitrarily large as d(x1,x2) — 0. This example not only illustrates the
difference between assumptions based on first-order Palm distributions and those
based on higher-order Palm distributions, but can also be adapted to show that
each time assumptions are strengthened from the q-th to the (q+ 1)-th order Palm
distributions, some potential applications may be lost. This can be achieved by
replacing d(z, P\{x}) with the distance between the (q + 1)-th nearest neighbor of
x in P and the set consisting of x together with its first ¢ nearest neighbors.

In addition to probabilistic stabilization, it is useful to consider stabilization in the
L? sense.

Definition 1.13. (LP? stabilization) Given ps € (0,00), & satisfies exponential stabi-
lization in the LP> metric, abbreviated exponential LP*-stabilization, if there is a family
of short-range scores (£M),c(0.00) and positive constants Cy := Cy(p3) and Cy := Cy(p3)
such that

(L) (1) =

f((xv M:E)a 757 F)\) - ém((flf, Mx)a 757 Fx\)

o p3>1/p3

sup sup (Ex
A€(0,00) €l

< Crexp(—=Cyr), 1€ (0,00).

If there exist positive constants C := C(ps) and B = B(ps) such that @F™)(r) <
Cr=P,r € (0,00), then & is said to satisfy polynomial LP*-stabilization with order [3.

Since the moments of the short-range scores cannot, in general, be controlled by (1.2),
we impose a separate moment condition on the short-range scores themselves. The family
of short-range scores (£1"),¢(0.00) satisfies @ moment condition of order ply € [1,00) if

by := by(py) == sup sup sup (Ew‘é[r]((xaMm)aﬁar)\ﬂpé)l/pQ<OO' (1.17)

A€ (0,00) z€I'y re(0,00)

Under suitable moment assumptions (1.2) and (1.17) on score functions and their esti-
mators, the probabilistic stabilization implies L? stabilization with different parameters,
but in some applications (for example, in Section 1.4 (i)) it is more direct to verify prob-
abilistic stabilization instead of LP stabilization. Also, in some other applications, the
L? stabilization is useful for estimators that are not easily seen to satisfy probabilistic
stabilization; see Sections 3.4 and 3.5.
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Corollary 1.14. (rates of normal convergence for sums of scores satisfying LP3-stabilization)
Assume that P has a p1-moment as in (1.1) and that the marked point process P satisfies
exponential decay of dependence (1.11). Assume that the score £ has a py-moment as

in (1.2) and that there is a family of short-range scores (é[r])re(ﬁ,oo) which satisfy the
ph-moment condition (1.17) with

/
pl(ffg A p2) >3,
p1+ (ph Ap2) — 1

Lastly, assume Var Hy = Q(\) for some v > 2/3.

]_j:

(a) If € satisfies exponential LP3-stabilization for the given family of short-range scores
(€M) e(0,00), with p3 > p/(p —2), then

H), —EH, 3dy—1.50+1
d —————= 7| =0 ((log \)?*\™+°" .
w ( /—Var H)\ ’ ) (( 0og ) )

(b) If € satisfies polynomial LP3-stabilization for the given family of short-range scores
(g[r})TE(O,oo); with p3 > 1_7/(]_7 - 2), then

H, —-EH, 15
d 7l =0 (\ " v+1+47(2d,8)
( VVar Hy, ) ( )’

where 7(2d, f) = ¥ (2 v 2t1).

Remark 1.15. (i) If card(P N I'y) has finite moments of all orders, i.e., assump-
tion (1.1) holds for all p; € (0,00), then it suffices that py A ply > 3.

(ii) For statement (b), the displayed bound converges to 0 as A goes to infinity when-
ever ps € (0,00) (instead of p3 > p/(p — 2)) provided (3 is sufficiently large (see
Corollary 2.7 (b)).

(iii) As in (i1), if d and v are fized and polynomial LP3-stabilization holds for some ps €
(0,00), then the bound for dyw ((Hy—EH))/v/Var Hy, Z) approaches O(A~15F1) qs
B — oo. Furthermore, if o'“"*)(r) in Definition 1.13 decays sub-exponentially for
some p3 € (0,00), then dw ((Hx—EH,)/v/Var Hy, Z) = O(X\™") forallk < 1.5v—1.

(iv) LP3-stabilization is stronger than the bounded-Lipschitz localization condition (1.16)
when q = 1. However, unlike (1.16), it requires neither estimates for vectors of
scores nor estimates under higher-order Palm distributions, cf. Remark 1.12 (iii).

1.4 Comparison with the literature

(i) (Comparison with [10]) As seen below, standard exponential stopping set stabilization
for score functions implies exponential probabilistic stabilization and therefore the main
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results in [10] are a special case of part (a) of Theorem 1.6. Under exponential stopping
set stabilization, [10] obtains a rate of convergence with a factor of (log A\)> instead of
the factor (log\)*? given here. Polynomial stabilization of scores is not considered in
[10].

Definition 1.16. (stopping set stabilization) The score & is exponentially stabilizing
(resp. polynomially stabilizing with order B) with respect to L(P) if Jor all X € (0, 00),
x € T'y, and almost all realizations X = {(x, my)}sex of the law L,(P), where X is the

ground configuration of X, there exists a radius of stabilization
R := R®:= R((z,m,),X,T)) € (0,00),
such, that for all locally finite Y C (RA\B(z, R)) x M, we have

R((z,m.), X0 (B(z,R) x M)| UY,Ty) = R ((x,m.), X N (B(x, R) x M), T},
¢((x,ma), [ X0 (Blx, R) x M) UV, Ty) = & ((z,m,), &0 (B(x, R) x M), Ty),

and there exist constants Cy and Cy such that the tail probability

7(t) := sup sup P, (R((x,Mx),f),FA) > t)

A€(0,00) z€IL')

satisfies T(t) < C1e=2" (respectively T(t) < C1t=F) for all t € (0,00).

Next, take the short-range score é [l to be the restriction of € to the radius r ball, as in
(1.14). For this choice of é [l it follows that exponential stabilization implies exponential
probabilistic stabilization and polynomial stabilization implies polynomial probabilistic
stabilization with the same rate, since

Pac <f((l’, MI)’ 757 F)\) 7é é[r]((x’ Mac)7757 FA)) S Pm (R(("L‘a Ma:)7757 FA) Z T)

for all r € (0,00). Hence, if the score stabilizes at a given rate, then it satisfies proba-
bilistic stabilization at the same rate. Together with Corollary 1.11 (b), this establishes
a rate of normal convergence when the score function is polynomially stabilizing.

(ii) (Related quantitative CLTs) Given Gibbsian input whose potential satisfies a finite
range condition and given a large enough inverse temperature parameter, Theorem 2.3
of [37] establishes dx((Hy — EH)/v/Var Hy, Z) = O ((log \)*\~°?) provided that the
variance is of volume order, and where dx denotes the Kolmogorov distance. Later, this
bound was sharpened to O ((log /\)Zd)\*%) for a larger class of Gibbsian input in [20].
When the input P is a Poisson point process, one can improve the rates of convergence
in our main results and establish presumably optimal rates. Notably, if the scores satisfy
exponential probabilistic stabilization and a fifth moment condition, then the rates of
normal convergence for (H, —EH,)//Var Hy can be improved to O(A™"?) provided the

variance grows like 2(A). These Berry-Esseen rates of normal approximation hold in the
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Wasserstein and Kolmogorov distances, as shown in [43] and in fact hold under bounded
Lipschitz localization of scores, where the closeness of scores in the probabilistic sense in
Definition 1.10 is replaced by a closeness of scores in the bounded Lipschitz distance.

(iii) (Related qualitative CLT) It is shown in [5] that if the input has fast decay of
correlations, if the score has a (2+4)-moment, and if the score satisfies bounded Lipschitz
localization and Var Hy = Q(\”) for some v > 0 then one obtains a qualitative CLT for
(Hy —EH,)/+/Var Hy, but with no rate of normal convergence.

2 Auxiliary results and the proof of the main result

The proof of Theorem 1.6 is preceded by several lemmas.

Lemma 2.1. (easy moment bounds for P) If P satisfies the py-moment condition (1.1),
then for any B € B(R?) that can be covered by Lp unit cubes, we have

lcard(B A P)l,, < Libr,

where by is defined in (1.1). In particular, if B is the union of m hyperrectangles with
side lengths at least 1, then

|card(B N P)|lp, < 2%mb; Vol(B).
Furthermore, if these m hyperrectangles are disjoint, then
[card(B N P)||,, < 2%, Vol(B).
Also, if B € B(R?) is a ball with diameter at least 1, then
|card(B N P)||,, <49T(0.5d + 1)7~ %%, Vol(B)

where T'(s) denotes the gamma function [;°t*~te'dt for s € (0, 00).

Proof. The first inequality follows from the Minkowski inequality. If B is a hyperrectangle
with side lengths [; > 1, 1 < i < d, then it can be covered by Lp := 1%, [;] < 2411 ,1; =
2¢Vol(B) unit cubes. If B is the union of m such hyperrectangles, say B;, 1 < i < m,
then Ly < Y7, Lp, < 2¢m Vol(B). Furthermore, if these hyperrectangles are disjoint,
then the upper bound becomes Ly < Y7, L, < Y7, (24 Vol(B;)) = 2¢Vol(B), and
hence |[card(B N P)||,, < 2%, Vol(B). If B is a ball, we can cover it with a cube whose
side length equals the diameter of the ball, and the statement follows from the ratio
between the volumes of the cube and the ball. O

Recall the definition of H) 4 and Sy 4 in (1.3) and (1.4), respectively, and recall that
1 is the constant intensity of P.
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Lemma 2.2. (moment bounds for Hy g and Sy ) If P satisfies the py-moment condition
(1.1) and if € satisfies the po-moment condition (1.2), then there exists a constant C' :=
C(by,be, 1) independent of X such that for any set B € Ha,

HHA,BHP1P2/(P1+P2—1) < CVOI(B)v (2'1)
||S>\7B||p1p2/(p1+p271) < C'Vol(B).

Proof. For si, sy € [1,00), let t1, ty denote their respective conjugate indices, i.e.,
1/s1+1/t; =1 and 1/s9 + 1/ty = 1. Repeatedly applying Holder’s inequality, we have

s1 1/s1
||HA,B||51§{E[( 5 |§<<x,MI>,75,rA>|) ]}
xePNB

1/s1
< { l (r,M,),P,Ty)|" card(B mp)51/t1”
:EGPQB
- 1/s2 1/t 1/s1
: {E ( 2 [ ’Mx)7ﬁvFA)|SISQ> ( 2 Card(BﬂP)slm/tl) ]}
xePNB e PNB
[ 1/s2 U 1/s1
B {E ( 2 kel ’Mm)7ﬁ=FA>|“82> (card(B ) Hortain) /]}
xePNB
1/s2 . 1/s1
< { M:B)”]S’I‘)\stz] [E (card(BﬂP)”Sl@/tl)} /t2}
xEPﬂB
> 5182 1/(s182) 1 1/(s159)
= ( BE;E 1€((z, M,), P, Ty)| )udx) lcard(B NP1 g g (2.3)
Setting

P1D2 6 — p1+p—1
" NP A o
prt+p2—1 D1
and using the po-moment condition (1.2) and Lemma 2.1 in (2.3), we obtain

S1 —

17 1o/ r-492-1) < b2(p VOL(B)) Y72 [card (B N P) ||, /72 < 0.5C Vol(B),

where by is defined in (1.2). This implies (2.1). For (2.2), we apply the Minkowski
inequality followed by the Lyapunov inequality, which yields

||S>\,BHp1p2/(p1+p2—1) < HH)\,BHmm/(m-i-m—l) + HE<H)\J3)||p1p2/(p1+p2—1)
< 2HH)\7BHP1P2/(I71+}O2*1) < CVOI(B)- O

Using the same idea as in the proof of Lemma 2.2, we establish an upper bound for
the LP norm of

H)[:]B = Z [5(($?Mx)a7sar)\) - ém ((xaMx)af)aF)\)} y B € H2a

zePNB
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for a given family of short-range scores (& 7)€ (0,00) -
Lemma 2.3. (moment bounds for H)[\T]B) Assume P has a p;-moment as in (1.1).

(a) If € satisfies exponential LP3-stabilization for some p3 € (0,00) and if (ém)re(om)
is the associated family of short-range scores, then there exist constants C| =
C1(by, ) and C := C(by, p) independent of A such that for any B € Hy and all
r € (0,00)

< O Vol(B)e . (2.4)

p1p3/(p1+p3—1)

(b) If € satisfies polynomial LP3-stabilization for some ps € (0,00) and if (ém)re(o,oo)
is the associated family of short-range scores, then there ezists a constant C§ :=
C%(by, ) independent of X such that for any set B € Hy and all v € (0, 00)

|Hs < C4Vol(B)r~". (2.5)

pip3/(p1+p3—1) —

Proof. The inequalities folAlow from a step-by-step repetition of the proqf of Lemma 2.2,
replacing H)\m f((l’, Mz)a Pa F)\)a P2, and by with H)[\T;]7 f((l’, Mz)v P7 F)\)_g[r] ((CL’, MLE)? P? FA)?
ps, and ©“?) (1), respectively. This yields the bound

| < ) (1) (ol (B)) /7 |[card (B N P) |17 4/7),

p1p3/(p1+p3—1)

which establishes (2.4) and (2.5) under the respective assumptions of exponential and
polynomial LP3-stabilization. O

The proof of our main result relies on blocking arguments over big blocks and small
blocks, given respectively by the rectangles A; and A; in the next lemma, which we will
eventually take to have edge lengths proportional to log A and a constant, respectively.
The next lemma is designed to handle error terms arising in these blocking arguments.

Lemma 2.4. (consequence of mizing for the set-function class corresponding to j = 2)

(a) Assume the exponential mizing condition (1.5) holds for the set-function class cor-
responding to j = 2. For all hyperrectangles Ay, As in Hy with Ay C A, and
for all B € B(T'\) which are finite unions of disjoint hyperrectangles in Hy with
d(Ay, B) > ~slog(diam(As) V diam(B)) V 1], we have for g € Fy

|E (S4,54,9(SB)) — E(Sa,54,) E(g(SB))| < 1.5(2d + 1)U(7, A2, B).  (2.6)

(b) If the polynomial mizing condition (1.6) holds for the set-function class corre-
sponding to j = 2 then the right-hand side of (2.6) can be replaced by 1.5(2d +
DU'(v, Az, B).
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Proof. We will prove (a) only, as the proof of (b) is nearly a word-for-word repetition.
We write Asg = Ay, partition Ay \ A; into at most 2d hyperrectangles incident to Ay,
and write them as Ay;, 1 < i < C <2d. Since Sy, = ZiC:O Sa,;, We can rewrite the
left-hand side of (2.6) as

E (S4,54,9(5p)) — E (54,54,) E (9(Sg))

=3 {E(54,54,,9(55)) —E (S4,5a,,) E(g(S5))} - (2.7)

We write S4,54,, as a sum of squares so that we may apply mixing (1.5) for the set-
function class corresponding to j = 2. Writing Sa,Sa,, = 0.5{5%,04,, — S4, — 54,1}
1 <i<C, we have

E(S4,54,,9(SB)) — E(S4,54,,)E (9(SB))
= 0.5{[E (8%,04,,9(58)) — E(S3,04,,)E (9(S5))]
— [E(S%,9(S8)) —E (S3,) E(9(S5))]
— [E(52,,9(88)) —E(S3,.) E(9(Sp))]} - (2:8)

Applying (1.5) when j =2 for A = Ay, Ay; and A; U Ay, respectively, we have

[ (93,9(S8)) —E(S3,) E(9(S5)| < U
B (S2,.9(58)) —E(S%,,) E(9(S8))| < U(v, Az, B), (2.10)
‘E (SfxluAQ,ig(SB)) —E (SfxluAQ,i) E (Q(SB))‘ U

The diameters of Ay, Ag;, Ay U Ay;, 1 < i < C < 2d, are all bounded above by
diam(As), and their distances to B are all bounded below by d(Ay, B). Hence we can
combine (2.7)-(2.11) to obtain (2.6). O

Mixing properties of centered sums of scores are equivalent to those of the uncentered
sums, up to a change in the exponent vy by d.

Lemma 2.5. (mizing for centered and uncentered score sums) If po = pip2/(p1+p2—1) >
1, then the mizing properties (1.5) and (1.6) in Definition 1.4 are equivalent, up to
increasing the exponent vy by d, to the corresponding properties obtained by replacing Sa
and Sp with Hy o and H) g, respectively. More precisely, if the centered version holds
with parameter vector v = {7;}}_,, then the uncentered version holds with parameter
vector v = {7}, with vy = v +d and v, = ~; for i = 2,3. Conversely, if the
uncentered version holds with parameter vector ', then the centered version holds with
parameter vector 7y satisfying the same relations, i.e. vo = vy,+d and ~; =~ fori =2,3.

Proof. We only prove the assertion for exponential mixing (1.5); the proof for polynomial
mixing (1.6) is identical, with U replaced by U’. We first show that the centered mixing
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property follows from the corresponding uncentered one. The converse follows by the
same argument, and we omit the details.

Assume that the uncentered score sums satisfy (1.5) with parameter v = {~/}3_.
For j = 1 and g(x) = z, the statement holds trivially, since centering does not change
the covariance. For j = 1 and g € Fy, define gp(t) := g(t — EH, ), for all ¢t € R and

BeB (Rd). Then gp € F and gg(H) p) = g(Sp). Hence

[E(Sag(Ss)) —E(Sa)E(g(SB))| = ’COV(HA,A7QB(HA,B>>| < U(')/’,A,B).

For j =2 and g € F, from (2.1), we have

[E(S39(S5)) — E(S3)E(g(Sp))|

= ‘COV ((H,\,A —EHy )%, gB(H/\,B>>’

< |Cov(H3 4, g5(Hy p))| + 2IEH 4] |Cov(Hy 4, g5(H5))|
< U+, A, B)+ C(diam(A)? v 1)U (v, A, B)

< (C 4 1)(diam(A)? v 1)U(v, A, B),

for some positive constant C. Thus the centered score sums satisfy (1.5) with the same
Y2, 73, and with ~, replaced by 7(, + d. This completes the proof. O

Now we may prove Theorem 1.6.

Proof of Theorem 1.6. To facilitate the proof, we replace the Euclidean metric on R?
with the maximum distance metric

doo (v, y) = max |z; —y;|, z,y € RY,

so that balls defined in terms of d., are cubes. This change of metric is localized to this
proof and elsewhere we keep the Euclidean metric on R¢. For p € (0,00) and A € B(R?),
let Boo(A,p) ={y: dw(z,y) < p for some z € A}.

(a) Without loss, we assume Ay > 1 and oy, > 2 for all A > Ag. For A > )\, we
subdivide I'y into a maximal collection of disjoint, open, congruent cubes, each with
a volume greater than 1. The boundaries of such cubes have zero measure and do not
affect the distribution of the sums, so we ignore them throughout the blocking argument.
Let C := {Cy,...,Cy, } be an enumeration of these cubes, where C; are cubes with edge
length A\Y/4/|AY4| for all 1 < i < k. This partition ensures that the volume of each cube
in the partition is in [1,2%) for all admissible \. Then ky = Q()). For a given p € (0, 00),
let N;», = Boo(Ci,p) NIy and N; x2, = Bo(C;,2p) NI'y. We have N, , C Bo(C;, p)
and N; x2, C Boo(C;,2p), and hence the volumes of N, , and N; 2, are bounded by
O(p?), p large, for all 1 < i < ky. Let

Sia=85c;/oxn Sing =SNin,/Ox  Sinze = ONiys, /O
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We use Stein’s method for normal approximation and modify the argument in the
proof of [10, Theorem 2.1] to establish (1.7). To this end, recall the Stein equation for
normal approximation from Chen, Goldstein and Shao [9, p. 15]:

f'(w) —wf(w) = h(w) — Nh, (2.12)
where Nh := Eh(Z). The solution of (2.12) is

Fulw) = ev*/? / U e PR (h(t) — Nh)dt = —e*/? / T e R (h(t) — N,

and it satisfies the following properties [9, p. 16]:

[ fnlloo <2, [ fnllee < \f 1filloe < 2.

The Stein equation (2.12) transforms the estimate of dw (2, Z), with Z, = (H, —
EH,)/+/Var Hy, into the study of f'(Z)) — Z\f(Z)):

dw(Z2,2) = sup [E(h(Zy) — NB)| <swp|E(F(Z) — Zuf(Z)],  (213)

heFLip feF

where F = {f 1 R R, [|fllw <2, [1fllso < /2/7, 1]l < 2}

The first term in (2.13) satisfies

Ef'(Zy)
=E (Zi) Ef'(Z))
kx kx
=Y E(Si\Sinp) Ef (Z))+E (Zi = Si,)\Si,/\,p) Ef'(Zy)
i=1 i=1
kx
= ZE (Si,ASi,A,p) [Ef/(Z)\) - IE:f/(Z/\ - Si,/\,Zp) =+ Ef/(Z)\ - Si,)\,Qp)] + €1
i=1
kx kx
= Z (SiaSine E/ f'(Zy — z)dx + ZE ixSiag) Ef' (Zx — Sixgp) + €
i=1 i=1
kx
= E(SiaSianf (Zx — Sirgy)) + €1+ € + e, (2.14)
i=1

where, keeping in mind that 7, = Zfil Six, we have

kx kx
e =E (Zf - Si,ASi,A,p) Ef'(Zy) =Y E(Six (Zx = Siag)) Ef (Z));
=1 =1

k>‘ Si,)\,2p
€ :ZE (SiaSiag) E (/0 1"z — x)dx) :

=1
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kx

— > E[SinSin, (f'(Zx — Sinze) —Ef'(Zx — Sinz,))] -

=1

The terms €1, €5, €3 may be bounded by either using exponential mixing conditions
to control score sums on sets separated by p or by using moment bounds on score sums
over regions with diameter proportional to p. The first approach produces errors which
are decreasing with increasing p, whereas the second produces errors increasing with p.
A good balance is achieved by taking p to be proportional to log A\. The details go as
follows.

For €, using the bound || || < 1/2/7 and exponential mixing condition (1.5) with
j=1g9()=z 2€R, A=C;, B=T)\N;), 1 <i <k, we have

l&] < \/zkw;% ((2\/3)% V1) ((\/E/\l/d)% V1)e

=0 (o 2\0/ e ) = 0 (A1) (2.15)
for p > Clog A, where (] is a positive constant.

For ey, using || f”||co < 2, Lemma 2.2 and Lyapunov’s inequality, we have

kx
lea] <23 E([SinSin,) E (ISirzl)
=1
kx
<Y E (S5 +8%,) E(ISiazl)
=1

kx
<3 (I1Siall3 + 152113 [1Sin 2013
=1

—0 (O,(Skwgd) —0 ()\—1.5V+1p3d) . (2.16)

To bound €3, as ||f’||oo < /2/7m, we apply Lemma 2.4 (a) with g(x) = f'(z/0))
forz € R, A =C;, Ao =N, B=T3\\N;r2,, 1 <i <k, to obtain

€3] <Z|E (SiaSinp (f'(Zx = Singo) —Ef'(Zx = Sinzp)))l
<L5kyoy?n(2d+1) ((Vd (2+2p)) " v 1) ((Vax/") " v 1) e
=0 (o3 po N0/ 2r) = O (A7), (2.17)

when p > Cslog A for some positive constant Cy, since ||g(2)]|e < 1/2/7 < 1, [|¢/(2)]|c0 =
| f"(x/ox)]|eo/or < 2/0x <1, and so g € F, C Fi.
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For the second term in (2.13), we have
E (Z0f(Zy)) ZIE Sinf(Z))]
= ZE in( — f(Zx = Sinp))]
+ ZE [Sin (f(Zx = Sixg) —E(f(Zx = Sin,)))]
+ZE iNEf(Zy = Sing)

_ZE( z)\Sz)\p/ f z)\p)du>+€4+€5a

where

s =Y AE[Si0f (Z — Sonn)] ~ E(S) B (F(Z - Sia)) :

= i]E (Sia) E(f(Zx = Siap)) = 0.

(2.18)

(2.19)

To bound ey, since || ||« < 2, an application of exponential mixing (1.5) with g(z) =

0.5f(xz/oy) forz € R, j =1, A=C;, B=T)\\N;a,, 1 <i <k, yields

leal <2kro5 (V) v 1) (VA" v i) e
=0 (o '\ ) = 0 (A7),

for p > C3log A with a sufficiently large Cj3, since ||g(x)|e < 1,

19" (@) lloo = 0.5 (x/0x)lloc/ox < \/1/27[0x < 1,

so g € F, C Fi.

The remainder of the difference between (2.14) and (2.18) is

6| :=

A 2p7usz A,p
< i /\SZ AP/ / // Z)\ - S@,\’Qp + U)dudu)

<2 Z E [|SixSixel (1Six20] + [Sinpl)]

=1
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z)\Sz/\pf< - 1)\2p ZE( z)\Sz)\p/ .f Z)\_USZ)\p)du)

(2.20)




OJ\I\D

)\
Z (2 1Sial” +31Sia,l” + |Si,)\,2p|3) , (2.21)

where the penultimate inequality follows from the bound || f”||.c < 2 and the last in-
equality is from the inequality of arithmetic and geometric means, that is, ajasaz <
(a} + a3 + a3)/3 for nonnegative ai,as,as, applied to [S;\Six,Sir2,| and [S;,] Sﬁ/\,p
Applying Lemma 2.2 in (2.21), we have

les| = (k U}\3p3d) -0 ()\71.5u+1p3d) _ (2.22)

Combining (2.13) - (2.22), we obtain
dW(Z)\7 Z) _ O()\—l.5y+1p3d>
for p > Cylog A\, where Cy = max{C}, Cy, C3}, as claimed.

(b) Setting Nj,,, = BOO(Q, (73 V1)(1 + 2p)) N Ty, we still have the volume of N, ,,
bounded above by O(p?). By repeating the steps of the proof for part (a), with N; .,
replaced by N, ,,, we can see that

w(Z\, Z) < Ze“ (2.23)

for the same ¢;’s as in part (a). Let p > Cslog A\ with a sufficiently large C5. By
adjusting the bounds in (2.15), (2.17) and (2.20) - replacing the bounds in exponential
mixing condition (1.5) with those in (1.6) - along with (2.16), (2.19) and (2.22), we
obtain

)\’yo/dJrl v 7’72);

A 1.5v+1 Sd)

I

=0(
=0(

les| = ()\vo/d+1 v o= 72)'
o(

lea| = O ( \o/d+1- V/2 — );
€5 = Oa
’€6| _ ()\71.51/+1p3d> .

Combining the above bounds with (2.23) and by taking

u+'yo/dv0A5u+'yO/d
p:Q )\ 3d+tr2 " 3dtr2-0 ,

we obtain the bound

dw(Zy, Z) = O (A7HvH1m002)) = o(1),
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given the assumptions, where, as in (1.9),

( ) 3 (2vd+ 2y vd + 27
T == .
10:92 2\ 3d+ 3d+v2 —

This concludes the proof of Theorem 1.6. O

Proof of Corollary 1.11. We show that the conditions of Theorem 1.6 are fulfilled.
The moment condition on the ground point process as well as the moment condition on
the score are assumed; thus it remains to verify exponential mixing (1.5) of the score
sums for part (a) and polynomial mixing (1.6) for part (b). We first prove part (a).

Step (i). Coupling. Let A, B € B(R?) be disjoint sets, not necessarily hyperrectangles,
such that d(A, B) > Cjlog(diam(A) V diam(B) V () for some positive constants C}

and Cy. We put r = d(A, B)/3. Recall that P is an independent copy of P. The total
variation bound (1.11) characterizing EDD point processes implies that we can construct
a maximal coupling (U1, V) and (¥3, Uy) in terms of the total variation distance between

(PlB,(a); Pl.()) and (P|p,(a), P|5,())-

More precisely, the marked point processes (¥, Wsy) and (W3, ¥) are random elements
defined on the same probability space, taking values in N, (a)xm X N, (5)xm, equipped
with the o-algebra generated by the vague topology, such that

(U, Wy) £ (Plpca), Pl (),

(U5, ) £ (75|BT(A)775|BT(B))>

and by (1.11) we have
P(E)) :=P((Uy, Uy) # (U3, V) < Cs(diam(A)“ v 1)(diam(B) Vv 1)e B4AB) (2.24)

for some positive constants C3, Cs, and a non-negative constant Cy. From the coupling
(U3, ¥,), we can construct two independent marked point processes W5 and W, each
with the same distribution as P such that Us|g.(a) = Vs, ¥s|p,(B) = ¥u. Let U and Uy
denote their respective ground processes. Define

Hy yi= Y, &, Ms,), s, Ty), Sy=Hj 4 —E(H] ,),

x€¥5NA

H;\,B = Z E((2, Mo ), We, T'y), Sp = H/,\,B - E(Hj\,B)-

z€UNB

Step (ii). Approzimating score sums by sums of short-range scores. Recallr = d(A, B)/3.
We use this value of 7 to construct short-range versions of S’y and S given by

SUi= S ((x, M), W5, 1) — E(H3 ), (2.25)

z€¥5NA
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SE= S0 (2, Me), U, Ty) — E(H} ). (2.26)

zeVNB
By construction, we have
Si = Sa, Sp = Sp, Si! € 0(Us|p, ) = 0(Vs), S5 € 0 (|, () = o(Wa),
and
S’y AL Sy, S48
where 1l denotes independence.

Let Ey := {5 # SK]} and E5 := {S; # 5’][;]}. We compute

P(E2) SE | Lie(ts o) 000280 (@5,0).95).0)) Y5(42)

= /IEAP:):(f((‘r7M5,m)7\II57F/\) 4 &M ((x, M5 ), U5, T))pda
< up™ (r) Vol (A), (2.27)
and

P(E;) <E / 1[£(<w,M6,z),\1/6,FA)¢é[T1((w,Me,z),we,rA)]\IIG(dx)

zeB
— [ Bal€((a M) W, ) # €P((a, M) W, ) ud
< 1T (r) Vol(B). (2.28)

Step (iit). Using short-range score sums to show Sy = S’y on a high probability event.
Let £ = (Ey U Ey U E3)¢. On the coupling space, S4 and Sp are realized on 75, whose
restrictions to B,(A) and B,.(B) are Uy and W, respectively. Since the localized estima-
tors depend only on these restrictions, on EY, the localized sums from the two coupled
copies coincide. Combining (1.15), (2.24), (2.27) and (2.28), we find on the event E,

Sy=5, =38 s5=29, =350

Recalling that ¢()(-) decays exponentially fast and recalling r = d(A, B)/3, the prob-
ability of the complement satisfies

P(E°) < Cg(diam(A)°7 v 1)(diam(B)°7 v 1)e~ 4B

for some positive constants Cg, C7 and Cy. Here, SK] and S’g} are only needed to construct
a coupling between (S4, Sg) and (S5, Si).

Step (iv). Conclusion. Applying Hélder’s inequality and Lemma 2.2, we obtain for all
j€{1,2} and g € F;, A € H;, and all admissible B C I'y satisfying the separation
condition in Definition 1.4,

E($49(S5)) — E(SH)E (9(Sp))|
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= [E((84)V9(S5)) — E (4 9(Sp)1ee ) +E ($49(Sp) 1k ) — E ((S4)7) E (9(Sp))|
< [E(S4g(Sp)1ee)| + [E ((S4) 9(Sk)1e) (2.29)
<U(v,A4,B) (2.30)

for some =y, which confirms that exponential mixing (1.5) holds. Hence, the result follows
by direct application of Theorem 1.6 (a).

(b) This is a step-by-step repetition of the proof of (a), with the primary modification
being the bounds in (2.27) and (2.28), which, using o’ (r) < Cr~=?, now take the form

P(E,) < CoVol(A)d(A, B)™?, P(F3) < Co Vol(B)d(A, B)™? (2.31)

for some constant Cy € (0,00). Combining (2.24) and (2.31), and choosing a suitable
constant 73 for (1.6), we obtain

P(E®) < Cyo(Vol(A) v 1)(Vol(B) v 1)d(A, B)™*
for some constant Cy € (0,00). Recall that

2 2 —1
pl_l_izl_m.
Po P1pP2

Then, applying (2.29), Holder’s inequality, and Lemma 2.2, we obtain the following
bounds.

When j =1 and g € Fi, ie., g(z) =z or g € F,, we have
[E(Sag(Sp)) —E(Sa)E(9(SB))|
< [E (Sag(Sp)1ee)| + [E (S4g(SE)1se)

< 2||SA||p1p2/(p1+p2—1)Hg(SB)lem/(Pl-i-pQ I)P(Ec)
< Oy (diam(A) 20 v 1) (diam (B) ™20 v 1)d(A, B) =

p1

for some constant C; € (0,00).

When j =2 and g € F, we similarly obtain

‘E (SAQ SB ) ( ) (SB))‘
‘E (S31e)| + ‘IE( CARYS

< 2||SA||p1p2/ (p1+p2— 1)IP><EC)P1

< Cpp(diam(A)** 20 v 1) (diam(B) ) v 1)d(A, B) =

for some constant C5 € (0,00). Thus, polynomial mixing holds with parameters v, =
d(2 +p1), 72 = Bp1, and the proof is complete by applying Theorem 1.6 (b). O

Before going into the proof of Corollary 1.14, we state a simple lemma.
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Lemma 2.6. If X is a random variable such that || X ||,n, exists for some positive constant
me, then for all m; < ms < mg,

1 X [y < HXHml(mz—mg)/(ms(mz—ml))HX||m2(m3—m1)/(m3(m2—m1))
m3 — mi .

m2

Proof. For any mg € (mq, my), Holder’s inequality implies

E (| X|™) =E (‘X‘m2(m3*m1)/(m2*m1)‘X|m1(m2*m3)/(m2*m1))

< H |X|m2(m3—m1)/(m2—m1) ‘|X|m1(m2—m3)/(m2_ml)

(ma—m1)/(m3—m;) (m2—m1)/(m2—ms)

=K (‘lel)(mz—m:&)/(rm—mﬂ E (|X|m2>(m3—m1)/(m2_m1) ‘

The statement holds by taking ms-th roots on both sides. O

Corollary 2.7. Assume that & satisfies the po-moment condition (1.2) and é[r] satisfies
the ph-moment condition (1.17).

(a) If exponential LP stabilization holds for p = ps, then it also holds for all p <
p3V (P2 A py).
(b) If polynomial LP stabilization holds for p = ps with B = Cy for some positive constant

Cy, then it also holds for any p € (ps, p2 A ph) with 5 = Cops[(pa Aph) — p]/{p[(p2 A
Ph) — psl}-

Proof. (a) The statement holds trivially for all p < ps by Lyapunov’s inequality.
For any p € (ps,p2 A py), the statement holds by applying Lemma 2.6 with X ~

L, (ﬁ((x,Mx)JS,F,\) —é[’"}((x,]\/[m),ﬁf,\)), my = ps and mg = ps A pl, once we note
that || X||,n, is uniformly bounded by Minkowski’s inequality.

(b) Statement (b) holds by taking X ~ L, (f((l‘,MI),']S,F,\) —é[’”]((x,Mx),ﬁ,FAD,
my = p3 and my = ps A ply in Lemma 2.6. O
Proof of Corollary 1.14. The moment conditions on the ground point process and on the
score are already given; it remains to verify exponential mixing (1.5) for part (a) and
polynomial mixing (1.6) for part (b) and to apply Theorem 1.6. Recall the definitions of
the sums of short-range scores in (2.25) and (2.26) where we have taken r = d(A, B)/3.
The independence condition S’K] s 5*,[;] implies for any j € {1,2} and g € F;, A € H;,

E((5) o () ~E((5)') (s (SE)) =0
This yields the following bound for any j € {1,2} and g € F;, A € H,,
e(r) =|E ($49(S5)) — E (54) E (9(Sp))|
—|[E (sho(sm) ~ B (54) E(9(55))] — [E((S5) 9 (55))) ~E ((55))") B (4 (5))
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S‘El( 5, — (581 g(SB)>‘+_hE<(§KDj[g(SB)_‘g<§gb>]‘
+ | (54— (S5)") Elg(5a)| + B (S5))') E (5(5m) — 3 (55))|
=€+ €+ €3+ €4. (2.32)

By Lemma 2.2, with &, ps, and by replaced by &I, ph, and b), respectively, we obtain
15511z < 155 rat /ot -1) < Ca Vol(B) (2:33)

for some constant C € (0,00) and all » € (0, 00). To guarantee that both pyph/(p1 +ph —
1) > 3 and pip2/(p1+p2—1) > 3, it suffices to require p = py(p2ADh) / (p1+p2Aph—1) > 3.

Moreover, for any random variable X, any conjugate pair p,q > 1 satisfying 1/p +
1/q = 1, and for all functions g € Fj, namely for all g(z) = x or g(z) € F, Holder’s
inequality yields:

E{X [g(S8) = g (S|} < 11X, |9(S8) = 9 (SE)|| < 1Xullg' ool S5 = S
q
In particular, we obtain the following useful inequalities:

E{X [9(S8) — g (SE)]}] < 1X L IELS .
lg(X)]l, < I X1l v 1.

These inequalities will be used repeatedly in the proofs.

(a) The assumption p > 3 implies po A py > 3 > p/(p —2) > p/(p — 1). Then from
Corollary 2.7 (a), the exponential L stabilization also holds for p taking p/(p — 1) and
p/(p —2). When j = 1 and either g(x) = z or g(x) € F3, then by (2.33), Lemma 2.2,
Lemma 2.3, and Hoélder’s inequality, the four terms on the right-hand side of (2.32)
satisfy the bounds

er = |E (H{Lg(Sp))| < 1H4]1219(S5)]l2 = O ((Vol(A) v 1)(Vol(B) v 1)e™%") ,

& <[ SY|all HY g ll2 = O ((Vol(A) v 1)(Vol(B) v 1)e7),

es <[ H Ll l9(Sp)llk = O ((Vol(A) v 1)(Vol(B) v 1)e~“"),

s <ISTIIH 1 = O ((Vol(4) v 1)(Vol(B) v 1))

(2.34)
Therefore, each ¢;,1 < i < 4, is bounded above by O ((Vol(A) Vv 1)(Vol(B) v 1)e_C§’”)
for some constant C% € (0, 00).

Similarly, when j = 2 and g(z) € F, the four terms on the right-hand side of (2.32)
satisfy the following bounds:

er =[E((Sa—ST) (Sa+ST) 9(58))| < IH allpso-1y(ISally + 155 11,)
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=0 ((Vol(A)? v 1)(Vol(B) V 1)e") |
~Ir 2 ~|r T 2 T alr T
2 <[E((55)" lo(se) o (SN} < |(S5)’], 1¥lvio-or = NS
; ;
=0 (Vol(A)* v 1)(Vol(B) V 1)e ") ,

es <[E (H4 (Sa+S8))| < IH Al (ISall2 + 157 112)
=0 (Vol(A)* v 1)(Vol(B) v 1)e"%") ,

1\ 2 r T T
eo <[E((S5)7)] 180 < ISEIBIE s
=0 (Vol(A)* v 1)(Vol(B) v 1))e~%") .
Hence,

max & = O ((Vol(A)? v 1)(Vol(B) V 1)e~") (2.35)

for some constant C%) € (0,00). Combining the bounds in (2.34) and (2.35) with (2.32),
we conclude that
e(r) = O ((Vol(A)* v 1)(Vol(B) v 1)e~%").

This verifies the exponential mixing condition (1.5) with parameters vy = 2d, y2 = C%/3
and any 3 > 0. The conclusion follows by Theorem 1.6 (a).

(b) As in the proof of part (a), we obtain the following similar bounds. For j = 1
and either g(z) = x or g(z) € F;, the four terms on the right-hand side of (2.32) satisfy

er <IHLallg(S8)]l2 = O ((Vol(A) v 1)(Vol(B) v 1)r),

(
& <[ Sl H g2 = O ((Vol(A) v 1)(Vol(B) v 1)r~*) ,
. (2.36)
es <[ H\Ll1llg(Sp)ll = O ((Vol(A) v 1)(Vol(B) v 1)r~7),
e <|[SYILIH G = O (Vol(A) v 1)(Vol(B) v 1)r 7).
For j =2 and g(x) € Fp, we have
&1 <N H Mo/ (1Sall + 1551,) = O ((Vol(A)? v 1)(Vol(B) v 1)r~7),
& < HSA]H 1H 3 llp/p-2) = O (Vol(A)* v 1)(Vol(B) v 1)r~7)
(2.37)

es <[ H L2 (I1Sall2 + [185]]2) = O ((Vol(A)? v 1)(Vol(B) v 1)r~7) |
e <[[STIBIH G = O ((Vol(A)? v 1)(Vol(B) v 1)r~7) .
Combining the bounds in (2.36) and (2.37) with (2.32), we obtain
e(r) = O ((Vol(A)? v 1)(Vol(B) v 1)r 7).

This implies polynomial mixing of scores with parameters vy = 2d, 7» = 8 and any
73 > 0, and the conclusion follows by Theorem 1.6 (b). O
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3 Applications

This section provides examples illustrating the applicability of Theorem 1.6, Corol-
lary 1.11 and Corollary 1.14. The order of presentation parallels that of the main results
in Section 1.

3.1 Marked determinantal point processes

We show that determinantal point processes having an exponentially decaying kernel
and equipped with i.i.d. marks {M,},cp give rise to statistics Hy := Y, cpar, M, which
satisfy the conditions of Theorem 1.6. In the degenerate case M, = 1, the statistic
H) reduces to the counting statistic. We deduce that these counting statistics satisfy
a quantitative CLT with a nearly optimal rate. Local (and weaker) qualitative central
limit theorems for the point counts of unmarked determinantal point processes were es-
tablished in Soshnikov [40] and Forrester and Lebowitz [16]. However, for the counting
statistics and localized marked sums considered here under merely exponential decay of
the kernel, comparable nearly optimal Wasserstein bounds do not appear to be available.
Closely related results include the Wasserstein bound of Wiroonsri [44], which has a rate
slower than A\~ the quantitative CLT of [10], which assumes the super-ezponential
decay condition (1.12) and thereby excludes commonly used determinantal point pro-
cesses, including the Ginibre point process; and the Kolmogorov distance bound of Dinh
et al. [14] for linear statistics of unmarked determinantal point processes.

The key idea is that for these statistics, the mixing condition (1.5) can be upper
bounded by sums of expectations expressed with respect to first- and second-order Palm
distributions of P. By employing the couplings in Mgller and O'Reilly [30], we find
that the discrepancies between the distribution of P and its first- and second-order
Palm distributions are localized near the reference points of the Palm distributions.
More precisely, under the conditioning that one or two reference points lie in A, the
configuration in B changes only slightly, in the sense that under the relevant coupling,
the probability that the original and Palm distribution configurations differ by at least
one point decays exponentially fast as d(A, B) — oo, and the total discrepancy between
these configurations in the set B is bounded by two points. This, together with some
additional estimates, yields mixing of score sums.

We focus on a stationary determinantal point process P on R? with Lebesgue measure
as the reference measure and a Hermitian kernel K : R? x R? — C, namely K(z,y) :=
Ko(z —1y) = Ko(y — z). Let Ko(z) = fpa e 2™ Ky(t)dt be the Fourier transform of K,
where z-t is the dot product. We assume:

Condition 1. The function K is continuous and complex-valued on R?, K, # 0, and
|Ko(z)| = O(e7*1) as |z| — oco.
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Condition 2. 0 < [A(O < 1.

The determinantal point process P is simple with its distribution determined by

E |T] P(A; :/ det [Ko(u; — w))]"_, duy ... . duym,
|J:]:E ( )‘| A1 X Ao XX Am ¢ [ O(U uj)]%]il “ “
for all mutually disjoint bounded sets Ai,...,A,, € B(R?), m € N. The function
pm : (RY™ — [0,00) given by ppn(z1,...,2m) = det [Ko(x; — i)l \<ij<m 1S the m-th
order correlation function of P. -

Theorem 3.1. (normal approximation for sum of marks on a determinantal point pro-
cess) For the determinantal point process P with kernel satisfying Conditions 1 and
2, let P be a marked point process equipped with i.i.d. marks {M,}.ep. Assume that
0 < ||[Mollp, < 00 for some py > 3. Then with

H, —EH,
Hy = My, Zy:=—F—,
a:e%;ﬂ‘)\ \/V&I‘HA

we have

dw(Zx, Z) = O ((log \)**A~0?).

Remark 3.2. (comparison with related literature) The assumptions imply that P has
exponentially decaying correlations and thus by Theorem 5.2 in [5], (Z)) >1 converges to
the standard normal in distribution. Theorem 3.1 establishes a rate of convergence for
the case of i.i.d. marks, which also covers the unmarked case. This result also extends the
quantitative CLT in [10], since the determinantal point processes satisfying Conditions 1
and 2 are not currently known to be EDD. Furthermore, following the same idea as in the
proof, we can show that the statement still holds if the marks M, depend on the location
x, while remaining independent of one another and of all other points.

It is not known whether P is EDD. To prove Theorem 3.1, we verify directly that
the conditions of Theorem 1.6 are fulfilled.
Lemma 3.3. If Conditions 1 and 2 hold, then Ko(0) > [pa | Ko(z)[>dz := || Kol|3.

Proof. We prove the statement by contradiction. Assume that Ky(0) = [ga |Ko(z)|?dz.
The Fourier inversion theorem states that

Kolz) = / TR (1), (3.1)
R
Evaluating at x = 0, we get
Ko(0) = / Ko(t)dt > / (Ro(t))2dt = / | Ko(2)|dz. (3.2)
Rd Rd Rd



The inequality in (3.2) follows from Condition 2 whereas the last equality follows from
the Plancherel theorem. Since K((0) = fRd | Ko(z)|?dz, the inequality (3.2) is an equality
and Condition 2 ensures that {t € R?: Ky(t) € {0,1}} has Lebesgue measure 0.

On the other hand, Condition 1 ensures that K is both integrable and square inte-
grable with respect to the Lebesgue measure, which implies that KO must be continuous.
This leads to the conclusion that KO must be constant, either KO =0 or KO =1 1If
KO = 0, then Ky = 0, which contradicts Ky # 0. If KO = 1, then K is not square
integrable with respect to the Lebesgue measure, which contradicts Condition 1. Thus,
we have reached a contradiction, and the original assumption must be false. O

Proof of Theorem 3.1. For all z € P, A\ > 1, put &((«, Mx),ﬁ,f‘,\) = M,. To apply part
(a) of Theorem 1.6, it is enough to check conditions (1.1), (1.2), exponential mixing of
score sums as in Definition 1.4, and that 0% = VarH, = Q()\). From Section 2.2.2 and
Section 2.1, Remark (i) of [4], E (P(B)k) is finite for all bounded B € B(R?) and all
k € N, which ensures (1.1). This, together with the independence of marks, ||Mo||,, < oo
for some py > 3 and Remark 1.7 (iii), also ensures condition (1.2) in Theorem 1.6.
By combining Theorem 1.1.2 (ii) and Remark (iii) related to Theorem 1.1.3 of [4] and
Lemma 3.3, we conclude that o3 = Q(\). It remains to show exponential mixing of score
sums (1.4). This will necessitate coupling arguments and some additional background
material.

Let P. be the reduced Palm process of P at point z, that is, P, + 8, ~ L,(P).
Recall the assumptions required for the existence of a coupling of the determinantal
point process with kernel function K (u,v) and its reduced Palm distributions in [30]:

Assumption 1. The kernel K is Hermitian, that is, K (u,v) = K(v,u) for all u,v € R%

Assumption 2. For any compact set S C R%, [[q2 |K (u,v)|dudv < oo, which means
that K is locally square integrable.

Assumption 3. For any compact set S C RY, [¢|K (u,u)|du < oo, which means that
K is of local trace class.

Assumption 4. For any compact set S C R?, all eigenvalues of K on L?(S), the space
of square-integrable complex functions with respect to the Lebesgue measure re-
stricted to S, lie within the interval [0, 1].

It is stated in [30] that Assumption 4 is equivalent to the existence of the determi-
nantal point process given that Assumptions 1 — 3 are satisfied, and the determinantal
point process is unique, see, e.g., Hough et al. [22, Theorem 4.5.5 and Lemma 4.2.6].

For the determinantal point process P, K(u,v) = Ko(u —v). We claim that Con-
ditions 1 and 2 imply these four properties (i) Ko is Hermitian, (i) Ko(0) > || Ko|l5,
(iii) Ko(0) > |Ko(z)], for all & # 0, and (iv) all eigenvalues lie within [0,1]. Prop-
erty (i) can be directly verified from (3.1), and Property (ii) follows from (3.2). Prop-
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erty (iv) is a direct consequence of Condition 2 and Lavancier, Mgller and Rubak [26,
Proposition 3.1]. Therefore, it remains to prove Property (iii). To this end, write b; =
Ja cos?(2mz-t) Ko(t)dt and by = [ga sin®(2mz-t) Ko(t)dt. Since by + by = Ky(0) € (0, 00),
at least one of by and by is positive, so without loss, we assume that b; € (0,00). Then

[cos(2ma-t)| 1 ; (COS (2ma-t) I 1 > , (3.3)

Vi VK b1 Ko(0)

and

_ ), leos@rz-t)] 1 1 cos?(2ma-t) 1
N T )

has Lebesgue measure 0. Multiplying both sides of (3.3) by Ko(t) and integrating in
terms of ¢, we obtain

2mx-t
/d|cos( mx-t)| Pt < 1.
R

\/_F

which is equivalent to

/Rd | cos(27ra:-t)|f(o(t)dt < \/m. (3.4)

Now, applying (3.4) for the term with cos and the Cauchy-Schwarz inequality for the
term with sin below, we get

“ 2 “ 2
Ko(x)[? = < L. cos(zm-t)Ko(t)dt> + ( /. sin(27m:-t)K0(t)dt>
< blK()(O) + b2K[)(0) = K(](O)Q, (35)
hence Property (iii) follows.

Now, Properties (i)—(iv) show that K(u,v) satisfies Assumptions 1-4. According to
[30, Theorem 1], P! is also a determinantal point process with kernel
Ko(u — z)Ko(x — v)
Ko(0) ’

K*(u,v) = Ko(u —v) —
and there exists a coupling of P and P, such that, almost surely, P, C P and P> =

P\P. consists of at most one point, with

1Kol

= B(P>7 £0) = oot
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and conditional on P27 £ (), the point in P> has intensity decaying exponentially fast

with the distance to z: )
_ [ Ko(v — )|

2
Il Kol

Furthermore, one can verify that K%(u,v) also satisfies Assumptions 1-3. For distinct
21,2 € R, the second order intensity function at x; and xy is

plar, 2) = Ko(0)? — | Ko(w — 21)[* € (0, Ko(0)?] .

fz(v)

Since the reduced Palm process 73;,1 is also a determinantal point process, we can
apply the result from [30] to analyze the properties of the second-order reduced Palm
process P, . of P at the distinct points 21 and 5. This process is the same as the

reduced Palm distribution of P, , at point xo, provided that P | satisfies Assumptions 1-4.
We thank J. Mgller for pointing this out in a personal communication.

The Hermitian assumption can be directly verified using the Hermitian property of
Ky. Assumptions 2 and 3 follow from the compactness of the set S and the boundedness
of the kernel as shown in (3.5). Assumption 4 follows from the existence of the Palm
process.

Thus we have shown that Conditions 1 and 2 imply Assumptions 1-4. Now we can
finally establish the pertinent coupling. Applying [30, Theorem 1] again, there exists
a coupling of P’ and P;Cl such that, almost surely, P C P!, and PA=1T2 =

T1,T2 T1,T2 1’

77‘,531\779!017962 consists of at most one point. The probability of this event is given by
o0 1 (o, )l
Py = B(PET 20) = T )

and conditional on P2*1%2 £ (). the intensity of the point in P®1%2 is

Foraea(0) = [ K (2, 0) /| K (2, ) l5-

In summary, we can find a coupling of P, . . P, and P such that P, . C P, CP,
and PAo1r2 = PLAPL and P& = P\P, both contain at most one point and the
intensity f,, ., decays exponentially fast with respect to |z; — v| and |z — v|. Since the
marks are independent, we automatically obtain a coupling of the corresponding marked

point processes.

From Lemma 2.5, to show the exponential mixing (1.5), it is equivalent to show the
corresponding property for the sums of scores without centering. We start with j = 2.
Since Hj , = [f42 My, M,,P(dx1)P(dx,), using the second order Palm distribution and
the independence of the marks conditional on the ground point process, we have for any

disjoint A and B in B(R%)
E (3 40(Hy5)) — B (H3.4) E (9(Hy5))
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~[E( /], M. o (/ MPy) ~ g ([ 38,7 (y)) | PldzP(da) )|
WA plar, z2)E (Mo)’ { (/ M,P,, ,,(dy) ) —9 (/ M,P'(d ))} da1dy
+’/AKOO M) ([9</3My7’¢dy)—g(/BMyP dy)))dx,

where here and in the following, P’, M, denote independent copies of P and M,, re-
spectively. The assumption of independence between the marks and the ground process
enables us to couple P and its corresponding Palm process via P and its Palm process,
resulting in the clean explicit form in (3.6).

(3.6)

By condition 1, there are positive constants C; and C, such that |Ko(x)| < Cje 2l
for all z € RY. For any z € A we bound Ky(z —v) by Cre~“24AB)  We find, for z; # o,

P((P\Pi) (B) #0) =P (P27 UPS™) (B) £0)
</ (P far (V) + Dy o fy n (V) )0
(
(

7/ (‘Ko v—a)? I | K1 (2 Nz)dv
K 232,372)
K (1]2 — U)KQ(O) — K()(CL’Q — Il)Ko(.Tl — U>|2
_ K _ 24 | 0 d
/ Kg <| O v xl)’ K0(0)2 — |K0(.I’2 — I1)|2 v

2(0% Vi 1)6720211(14,3) ‘|
Ko(0)? — |Ko(z2 — z1)[?
2CH v 1)62026“‘4’3)1

p(z1, 22) '

< 2_—2C2d(A,B)
<%0 (0>v01(B) [Cle +

1
= Vol(B) | C%e2C2d(A.B) |
K, (0) (B) [ '

By independence and the bound ||Mpl|y < ||Mol|p, < 00, the first term on the right-
hand side of (3.6) is bounded above by

1
2KQ(O)QVOI(A)QVOI(B)E(MO)QW [Cile—QCzd(AB) + (Cil Vi 1)8—202(1(1473)}
0

—: Vol(A)*Vol(B)Cge~C4dAB), (3.7)

Similarly, for the second term on the right-hand side of (3.6), we have

! Ko(v — a1 2
P((P\P))(B) #0) = /B |(KO(0))’dv <% (0)

Vol(B)(?e~2C24(AB), (3.8)

which, together with the boundedness of g and the bound || Mo||2 < || Mo]|,, < 00, ensures
that the second term is bounded above by

2Vol( A)Vol( B)E(| My|)C2e~224AB) .= Vol( A)Vol(B)Cse~ “+dAB), (3.9)
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Combining (3.6), (3.7) and (3.9) gives

B (H3 A9(Hyp)) — E (H3 1) E (9(H5))| < (Vol(A)* v 1)Vol(B)(Cs + Cg)e” A5,

(3.10)
For j = 1 and g(x) = «, we have
[E(H)\aHy ) — E(Hy4)E(HyB)|
— B[] M 0Pn)Ps) - (B [ MP) (E [ M,P(a))]
_ ’ /,4 Ko(0)E(Mo)E ( /B M,P(dy) — /B MyP’(dy)) dz
< 2E(Mq)? Vol(A) Vol(B)(C?e~2C24AB), (3.11)

where the last inequality follows from (3.8). If g € F, instead, replacing M,, in (3.11)
by g(M,,) yields

[E(H) a9(HxpB)) — E(H) 4)E(9(HxB))|
— | [ Kol @BOM)E ( [ g, PLy) — [ 9T, (ay) ) do
< 2|E(My)| Vol(A) Vol (B)C?e~2C2dAB) (3.12)

Combining (3.11), (3.12), and the moment properties of My discussed above, we obtain:
IE (Hya9(Hy5)) —E (Hya)E (9(Hxp))| < Vol(A)Vol(B)Cge™ 4B,

Together with (3.10) and Lemma 2.5, this implies the exponential mixing of score sums
(1.5) for all disjoint A, B without requiring that they satisfy a separation condition. We
have vo = 7)+d = 2d+d = 3d, v = 74 = Cy, and any 3 > 0, since Vol(D) < (diam(D))?
for all D € B(R?). The proof now follows from Theorem 1.6 (a). 0

3.2 Unevenly spaced time series

Consider an unevenly spaced time series, namely a sequence of random events
{(T3,Us) Viez={....—2,-1,01 2,...}, where the time intervals between successive recording times
{T}}icz are not constant. A common approach to analyzing such data involves transform-
ing it into equally spaced observations through interpolation (see Tong [42], Brockwell
and Davis [7], and references therein). We take a different approach and work with the
untransformed data.

In this section, we use Theorem 1.6 (b) to establish a quantitative CLT for sums
of score functions driven by the sequence {(7},U;)}icz, where {T;}icz is an increasing
sequence forming a stationary renewal point process, with T} being the first renewal after
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time 0, and {U,;};cz a strictly stationary sequence of random variables independent of
{T;}icz. The process {(T;,U;) }iez is a marked point process, with the stationary renewal
point process as the underlying ground point process P = 7,5, 07, and with marks U;
associated with the points 7T} taking values in a given measurable mark space M. We do
not assume that P satisfies the EDD property.

The behavior of a renewal point process depends on the properties of its renewal
times. The renewal point process is called non-lattice if there do not exist constants
a € Rand b € (0,00) such that the support of the inter-arrival times is a subset of a+bN.
It is called spread-out if there exists a positive integer ¢ such that the i-th convolution
of the distribution function, GG, of the inter-arrival times has an absolutely continuous
component. That is, G* = ¢;G,+ G, holds for two constants ¢; € (0,00), co = 1—¢; >
0, where (G, is an absolutely continuous distribution and G is another distribution. If
a renewal point process is spread-out, then it is non-lattice. However, the reverse is not
true: if the inter-arrival distribution is discrete and takes all positive rational values with
positive probability, then the process is non-lattice but not spread-out.

The dependence structure of the marks is as follows. Fix ky € N. Each mark U;
depends on the values of the preceding ko marks, with additional dependence on R;,
where {R;}icz is a sequence of i.i.d. random variables taking values in some measurable
space (€,&). We assume

Ui = f({U;}i-ko<j<ir Ri), 1 € Z, (3.13)

where f : M* x & — M is measurable, and R; is independent of both {7}};cz and
{U;}j<i—1. This assumption includes the autoregressive process of order ko as a special
case and guarantees that {U;};cz is strictly stationary. Under this setting, the marked
point process P = Yiez O0(ry,u) on R x M reduces to a point-process representation of
an AR(ko) model when T; = ¢ for i € Z, that is, when the renewal point process is
lattice-based.

Define £ : (R x M) x Ngsxm — R by

5((TZ> Ul)> 7)) = floc ((Ea UZ)? P [Ti—jo/\(Ti*to)yTi+j0v(Ti+tO)]> (314)
for all i € Z, where jo € NU {0} and ty > 0 are constants, and where &,. : (R x
M) x Nrxm — R characterises the interaction between a renewal point (together with
its mark) and its surrounding window in time, as measured by ¢y and/or the number

of renewals jo. We define Hy = Ypcpar, £((T5,U;), P). Statistics H)y of interest are
generated by choosing ¢ as follows:

A

(i) £((T3,U;),P) = U, in which case Hy gives the total sum of a strictly stationary
sequence of random variables counted by the renewal process;

A

(ii) €(T3,U0;),P) = (U — EU;)(Ui—; — EU,_;), in which case H) becomes, up to a
multiplicative constant, the estimator of the j-th autocovariance in time series, cf.
Hamilton [17, Section 3.1];
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A

(iii) £((73,U;), P) = g(1; — T;—1) for some function g : R — R, when one studies the
renewal-reward process (cf. Ross [36, Section 7.4]); and

A

(iv) £(T;,U;), P) = h(U;) for some function h : M — R; when ky = 1 and {7} }iez
reduces to the lattice Z, one obtains the discrete version of the additive Markov
functionals, cf. Revuz [33].

Since the ground process and the marks arise from an iterative approach, we impose
a decay-of-dependence condition on the marks. This is achieved through the ¢-mizing
coefficient between two o-algebras ./ and 4, defined as

(A, B) = sup IP(E'|E) — P(E)].
Eed/ ,E'€B,P(E)>0

We define Hy = Yreprr, 5((Ti,U¢),7A7), 02 = Var Hy, and Z, = (H, — EH))/oy,
where I'y = [-0.5),0.5)\]. The main result of this section is as follows:

Theorem 3.4. (normal approximation for statistics of a spread-out renewal point pro-
cess) Given a marked stationary spread-out renewal point process, assume that the inter-
arrival times have a finite a-th moment for some a > 2, Eg <|5((0, Ug),f’)]”) < oo for
some constant p > py > 3, and

gb(a(Ul, Ug, BN Uko), U(Uno+17 Un0+2, ceey Un0+k0)) < (315)

DO —

for some ng € Nyng > ko. If VarHy = Q(\”) for some v > 2/3, and

(36 — 6v) Vv 28 _ a(po — 2)
3v—2 po

then

dyy (H)\ —EH), Z) —0 ()\—1.51/-&—1-1—7'(701"/2)) -0 (}\_1'5”+1+3p0(6pof2&t—2)\/2po+ﬁz§0—2)))

VVar Hy '
=o(1),
where Z ~ N(0,1), v0 =2, 72 = apo — 2)/(2po) and 7 is defined in (1.9).
Remark 3.5. When the ground process P is a homogeneous Poisson point process, we

can apply Theorem 1.6 (a) instead of (b) and use the same approach to derive a better
bound. We omit the details.

The outline of the proof is as follows. We apply Theorem 1.6 (b), where the main
challenge is to establish the polynomial decay property in Definition 1.4. Since d = 1,
A is an interval and B lies on both sides of A with d(A, B) = p. The estimate of
Cov(S4,g(Sp)) reduces to accounting for the cost of replacing Sp by independent copies
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of Sp, and Sp,, where B; C B is the interval to the left of A and By C B is the interval
to the right.

To carry out this replacement, we must also account for the number of renewals
between A and B; and also between A and Bs;. Lemma 3.6 shows that the number
of renewals is roughly linear in the length of the interval of interest, while Lemma 3.7
shows that the cost of replacing each piece in the ground process by an independent
copy can be controlled using the renewal point process property: given sufficient time,
the renewal point process returns to stationarity, allowing us to apply the same argument
one interval at a time. The cost of replacing the marks is also controllable by considering
the lifted mark process {U, };cz, where U; := (U;, Uiy 1, - . ., Uitgo—1), as a Markov process
and using the ¢-mixing property of the Markov process, as in Bradley [6], to control ¢-
mixing on o-algebras distant p from each other. The final step is to combine these two
lemmas; the complexity arises from the fact that each of A, B; and B, requires two-sided
neighborhoods to allow for the dependence of the marks.

Now we consider the asymptotic linearity of the number of renewals in an interval.

Lemma 3.6. (asymptotic linearity of the number of renewals) Given a stationary non-
lattice renewal point process {T;}, assume the inter-arrival times 7; :== T, 1 — T; satisfy
E(7) < oo for some a > 2. Then for any constant C' € (0, (2E7,)~"), there exist positive
constants C' and C" depending on C' such that the number of renewals N; in the time
interval [0,t] satisfies

P (N, < Ct) < C't2 fort > C".

Proof. Let G be the distribution of the inter-arrival times with mean pg = E(7), and let
N,++ 1 represent the number of renewals in the interval [0, ¢], conditioned on a renewal
at 0. Let Fr, be the distribution function of 7} and let n, = |C't]. Then

P (N, < Ct) = /O P (N, < n,|Ti = s)dFy, (s)
t/2 t
< ]P)(Noﬂg_s +1< nt) d.FT1 (8) + P (Tl > 2)
0
t
<P(Npyjp<ng—1)+P (T1 > 2) . (3.16)

Now, since E(T{™!) = E(1%)/(apug) < oo and (t/2)*7'P(T} > t/2) < o s* 1 dFr (s) —
0 as t — oo, we obtain

P <T1 > ;) — ot~ D), (3.17)

For the first term in (3.16), let Y; = 7, — pg, Sn == >0, 7, and ¢, == >ir; Y;. The
probability P(N, ;2 < n;—1) is related to the sum S, , which can be expressed as follows:

t t
P (No,t/Z <ng— 1) =P <Snt > 2) =P (Cm > 5 — ntﬂG) . (318)
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Next, we define wy = t/2 — nyug > 0, and apply Chebyshev’s inequality followed by a
Rosenthal inequality in Rosenthal [35, p. 279], which states that given a > 2, there exists
a positive constant C,, depending only on « such that for any sequence of independent
random variables Y; in the space L® with EY; =0, 1 <17 < n, we have

< C, max { (éE(li@l%)w, <§le (Yf))m} .

n

Y

=1

67

This gives

P(Gu, > w) < 0 < e mas fn B Vi), n 2 E(V2)72),

wy'

where ¢, := C3 is a positive constant and hence

a/2
PGy, > ) = O (”;a ) — 0", (319
t
Combining (3.16) - (3.19) completes the proof. O

Lemma 3.7. (the cost of replacing renewals on intervals by independent copies) Let {T;}
be a stationary, spread-out renewal point process, where the inter-arrival times have a

finite a-th moment for some o > 2. Let I; = |a;, b;] fori=1,...,m, where m > 2 and
—o0<a; <b <ay <by<-r < ay < by, < oo, with the convention (a, o] = (a,c0)
and [—00,b] = (—o00,b]. Let %; be the restriction of the renewal point process to the

interval I;, and let Z. be a copy of %, such that {%Z;: 1 <i < m} are independent of
each other. For any constant C € (0,00), if the minimum separation distance between
intervals satisfies ming<;<m—1(a;+1 — b;) > Ct, then we have as t — oo

dry (v, ., Ron), (R, Rry)) = o (71071
Proof. Without loss of generality, we assume that {%;} and {Z,} are defined on the

same probability space and are independent. Let R; = (,@1, s B K- ,e@,’n) for
1 <i < m with the convention R, = (%1, ...,%m). The triangle inequality gives

dTV ((‘@17 s 7%711)7 (‘@17 ce 7‘@;)1)) < ZdTV (R%Ri*l) )
=2

and hence it suffices to show that
drv (Ri, Ri—1) = o (t_(a_l))
forall 2 <i¢ < m.

To this end, let €2 denote all locally finite subsets of U, [, representing all possible

=17
configurations of the renewal point processes restricted to U7, [}, and let 2; represent
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all locally finite subsets of (U;”:l[j> \I;, representing all possible configurations of the

renewal point processes restricted to (U}“:ll j> \/;. Each configuration can be viewed as
a finite integer-valued measure, and we equip both 2 and €); with the weak topology. Let
F and F; be the g-algebras generated on §2 and 2;, respectively. For ease of notation,
let R, = (9?1, s B, K ,%;n) Without loss of generality, assume b;_; = 0, so
we can use the notation 77 to denote the first renewal time after b,_;. Then, we have

drv (Ri; Ri-1)

= Sup ‘IED (Rl € A) — ]P)(Ri,1 S A)|
AeF

< sup/ / P(Ri€ AlRi. =€, T =5) —P(Ri_y € A[R;_ = €, T} = 5)|
AeF
x P (R € d¢, T} € ds)

< / / drv (ﬁ(«@z|Rz_ = f,Tl = S), E(%z)) P (Rz_ € df, T € dS)

< / / dry (L(Z|Ri = €,T1 = 8), L(%)) P (Ri_ € d€, T € ds)
+P (T} > 0.5Ct). (3.20)

Conditional on T} = s, the distribution of %; does not depend on R;_, and hence the
bound (3.20) simplifies to

drv (Ri,Ri_1)
0.5Ct
< / drv (L(Z|T) = s), L(%,)) P(T; € ds) + P (T} > 0.5C%). (3.21)
0

Now, we use the coupling defined in Hernandez Ruiz [18, Section 11.2] to complete the
proof. Let {7,,;}, with T,y = 0, be the zero-delayed renewal point process where the
inter-renewal times have the same distribution as that of 7;. From the proof in [18,
p. 435-436|, we know that there exists a positive random variable 7 and a coupling

({7,3.AT7}) such that (i) £ ({T},}) = L({To:}) and LHT}}) = L{T3}), (ii) the
renewal times of {77} coincide with those of {T}} at and after .7, (iii) E[.7* '] < oo
[18, Lemma 3.1]. Using this coupling, we have for all s € [0, 0.5C%],

dpv (L(Z|T\ = s), L(%:))
<P{T,,} N[a; —s,bi — s| #{T}} N [a; — s,b; — s])
<P(T > a; —s). (3.22)

Thus, using the same proof as that for (3.17), from (3.21) and (3.22), we obtain as t — oo
drv (Ri,Riz1) SP(T > a; — 0.5Ct) + P (Ty > 0.5Ct) = o (t~*7V),

since E (7% 1) < oo and a; — 0.5Ct > 0.5Ct, where we have assumed that b;_; = 0.
This completes the proof. O

42



Proof of Theorem 3.4. We deduce this from Theorem 1.6 (b). The proof has multiple
steps.

Step (i). Showing moment assumptions on ground point process and on the score.

We begin by verifying the moment assumptions (1.1), (1.2). Denote by N, and
N, + 1 the numbers of renewals of the process {7;}icz and its 0-delayed counterpart
{T,}, respectively, in the time interval [0,¢]. From the construction, it follows that N,
is stochastically dominated by N, + 1 for all ¢.

To verify the moment condition on the ground process (1.1), it is sufficient to show
that N, has finite moments of arbitrary order. Since the inter-arrival times 7, = T}, —T;
are positive with a positive probability, there exists a positive o such that P(r, > zo) >
p’ for some constant p’ > 0. Therefore, NV, ; is stochastically dominated by a negative-
binomial random variable with parameters r = [1/x¢] + 1 and p = p/, which has finite
moments of arbitrary order. Thus, assumption (1.1) holds for all large p;.

The assumed p-th moment condition with p > 3 together with arbitrarily large p;
ensures the moment conditions in Theorem 1.6 (b) according to Remark 1.7 (iii).

Step (ii). Constructing a partition of I'y and a coupling on this partition.

We aim to verify polynomial mixing of score sums in (1.6) with A = [a,b] in (1.6)
and I'y = [-0.5X,0.5\]. Without loss, put B = I'y \ B,(A) for some positive p. If
B c I'\\B,(A), the argument works with the same coupling. Since d = 1, A is an interval
and B lies on both sides of A. As mentioned earlier, the estimate of Cov(Sy, g(Sg))
reduces to accounting for the cost of replacing Sp by independent copies of S, and Sg,,
where By is the subset of B to the left of A and Bs is the subset to the right. To do this,
we introduce a partition to help control dependencies of renewals and dependencies of
marks, which goes as follows.

Without loss of generality, we can assume that max{|a — p|,|b + p|} < 0.5\ and
p > 3ty, which, together with Remark 1.5 (i), also ensure that A and B satisfy the
condition in Definition 1.4 with v3 = 3ty. These conditions ensure that B = [-0.5\,a —
pl U b+ p,0.5\] =: By U By lies on both sides of A, and in the following construction,
the neighborhoods of intervals A, B; and B, all have length greater than or equal to
to. When p is sufficiently large, with high probability, the score functions evaluated at
renewals in A are determined by renewal points in the p/3-enlarged interval B,3(A)
given by

p p
Ae::{—,b }
=3 0ty

together with their marks, while the score functions with centers in B are determined
by the renewal points in an enlarged interval around B, namely

2 2
(—oo, a— Sp} U [b+ gp, oo) =: B1.UDBy,
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together with their marks. The gap between these two sets,
2p p p 2p
D := (a—, a—)U(b—l—, b+> =: D1 U D,
3 3 3 3 te
is used with high probability to break the dependence between the sums of score functions
with arrival times in sets A and B. Since t; also plays a role in the dependence range

of the score function and since it extends the dependence range even further, we further
define the following intervals:

2 2
Bl,re: <a_p7&_p:|7 B2,le: |:b+p7b+p_t0)a

3 3
P p
A = a—,a—t), Are:(b,b—i—}.

: 3 ‘ 3

The above intervals are illustrated in Figure 1.
) a— t() . b + pP— tO
o ] R —— o
w3 azp a=F e @ b bEg bxF bie 3
Bl [)l Alc A A're l)—) B2

A

Figure 1: Interval partition of I'y for polynomial mixing

The renewal points in the stationary renewal point process P on a given interval
I are simply the points of the process P that fall within the interval I, expressed as
P|;. From Lemma 3.7 (with ¢ and C' replaced by p/3 and 1, respectively) and extending
the probability space if necessary, we can construct, on the same probability space, a
copy {73/‘31,@7 Plle,e’ P’ Ae} of {P’Bl,e’ P|B2,e7 P Ae}? such that 7)/|B1,e7 P/‘Bz,ev P’
independent and

Ey = {(7)|B1,57P|BZ,5’7D|A5) = (,P,|BLS’,PI‘BZE’,PI|A6>}

A, are

satisfies
P(EY) <o (p*(o‘*l)) .

To fill the gap of P’ on D and to complete the definition of P’, we define P’|p = P|p. It is
important to note that the inter-arrival times of P’ are generally no longer independent
and identically distributed.

Step (iii). Breaking the direct dependence of the score function outside the neigh-
borhood and controlling the dependence between marks within the neighborhoods.

To break the direct dependence in the marks, we require a sufficient number of
renewal points in each of the three sub-intervals between B; and A and in each of the
three sub-intervals between A and B,; hence we set

By = {min{P (Bi,e) , P (Base) s P (Aie) , P (Are) . P (D1) , P (D2)} = Cip},
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where C := (4E1;)~! € (0, (2E7;)™!) as in Lemma 3.6, and let EY be the corresponding
event for P’. Lemma 3.6 ensures that

P(E) =P ((E))) = O (5.

Without loss of generality, we assume that p > (ko + jo)/C1 (in addition to p > 3to)
for ko and jy specified in (3.13) and (3.14). This condition ensures that we can rule out
any direct dependence of the score functions in A, By, and By on the marks U outside
their respective neighborhoods A., B, and By, on event EFy. The requirement on the
number of points in Dy and Dy also guarantees that the dependence of the marks within
these neighborhoods is controllable on event Es, which will be detailed later in (3.28).

Step (iv). Constructing the marked point process P’ .
A

with high probability, we reuse the

To equate ﬁ]pA with its marked counterpart P r
marks associated with P|r,, say {U;, U1, ...}, and assign them in the same order to
the points of P'|;. (for example, U; goes to the smallest point of P'|r,, U1 goes to the
is that the marks on the
intervals By .U By U A, are determined by the conﬁguratlon of renewals beyond these

intervals, as stated in (3.13). The advantage of P Ir, is that it permits us to use the
independent restrictions of P’|r, to eliminate the dependence of the marks. From this

next smallest, and so on). The reason for constructing 73’

construction, we observe that the corresponding S’ and S% of P satisfy the following
equalities:
SAlElﬂEQ = SA].ElmEé, SB]-ElﬂEQ = SlBlElﬂEé

Step (v). Showing that mixing of score sums S’;, S implies mixing of score sums
for the function-set class corresponding to 7 = 1 in Definition 1.4.

We aim to replace S4 and Sp with S’ and S on Ej3 := E; N E5 via the following
inequality:

[E(SaSg) — E(SA)E(SB)|
= [E(Sa(1g, + 155)S5) — E(Sa(1g, + 15;)E(Sp)|
< [E(Salk,Sp) — B(Salp,)E(Ss)| + [E(SalesSp)| + [E(Sale)E(Sp)| . (3.23)

Additionally, by Lemma 2.2, since p; in assumption (1.1) can be arbitrarily large, both
S4 and Sp have finite LP° norms for py in the statement of Theorem 3.4, which are
bounded above by CyVol(A) and CyVol(B), respectively, for some positive constant Cs.

Holder’s inequality yields
[E(S415555)| < ISallall Sl P(ES) %0200
= O (Vol(A)Vol(B)p~2(ro=2/r0)) (3.24)
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and

‘E(SA1E§)E(SB>’ < HSA”po||SB||poP(E§)(pO_2)/pO
= O (Vol(A)Vol(B)p o2/ @) (3.25)

Combining (3.23), (3.24) and (3.25), we obtain

[E(SaSB) — E(S4)E(SB)|
< |E(Salp,S5) — E(Salp,)E(S5)| + O (Vol(A)Vol(B)p=*wo=2/Cm)) - (3.26)

Each term involving FEf incurs a cost of at most O (Vol(A)Vol(B) p—a(po—2)/(2po)).
Therefore, we focus on the leading term that does not involve EY, and instead add the
error due to the manipulation required to transition from one form to the other. We use
the notation 3; < B, to denote that 8; < By + O (VOI(A)VOl(B)p*O‘(pO*Z)/(21”0)), With

this, we can obtain from (3.26) the following expression:

SASB) E(SL)E(SE)!, (3.27)

where E := FEy N By = E5. To see this, note that by construction, the coupled processes
P and P’ agree on Dy and D, and on the event E; they also agree on the relevant
neighborhoods of A and B and hence the events Ey and EY coincide on Ej.

Step (vi). Showing the mixing of score sums 5’;, S using classical ¢-mixing bounds.
When we lift the marks to higher-dimensional space by defining
U; = (Ui, Uist, -, Upgg—1) € M™,

then {U,};cz forms a strictly stationary ko-dimensional Markov process. For each i, the
mark U; is the first component of the lifted vector U;. Let </’ denote the o-algebra
generated by all the marked points in P’ with the lifted marks U;, where at least one
component is used in S’. From the construction, we have S’y € &' C o (73’ Ae), Sy €

o (7/3\’31,&32’6). From [6, Theorem 3.3 (2)], which states that when (3.15) holds, the
¢-mixing coefficient converges to 0 exponentially fast as ng goes to infinity, along with
the fact that {Pp ,Pp, , P} } are independent, the ¢-mixing coefficient satisfies

o(e',0(Sp)) = O (%), (3.28)
for some positive constant Cj.
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Moreover, by Davydov [12, Lemma 2.1 and its Corollary|, for any two o-fields 7 and
% with the a-coefficient (o7, B) = supge y ey |[P(ENE') — P(E)P(E')|, we have for
any p,q € (1,00] such that 1/p+1/¢ < 1 and random variables X € LP(«7),Y € L1(A),

| Cov(X,Y)| < 12a(e/, B) P11 X, ||Y |-
Together with the fact that o(o/, #) < ¢(/,AB) from the definition, this gives
| Cov(X, V)| < 126(e/, 2)' P9 X[ |- (3.29)

Although a bound with a sharper constant is available in Rio [34, (1.3)], we do not pursue
this refinement here, since our focus is on the rate of the approximation error. Since S’
is A’-measurable, applying the covariance inequality (3.29) with p = ¢ = 3 together with
(3.28) and the moment bounds [|.S’]|3 = O(Vol(A)) and [|S%||3 = O(Vol(B)) gives

B(S4S5) — E(S)E(SE)| = | Cov(Sh, Sp)| < 120(A', o (Sp)*[1S4llsl Sk s
= O (Vol(A) Vol(B)e /%) (3.30)

Combining (3.27) and (3.30), we obtain

[E(SaS5) — E(S4)E(Ss)| = O (Vol(A)Vol(B)p~@o-2/Cr)). (3.31)

To show mixing of score sums for the function-set class corresponding to j = 2 in
Definition 1.4, we use a similar approach. Abusing notation, let §; < [y signify that
B <P+ 0O ((Vol(A))Qp_“(pO_Q)/(QPO)). Specifically, we have:

& (S39(Sp)) — E(S3) E (9(Sh))|

< |E (S59(Sp)1E,) — E (S315,) E (9(Ss)1s,)
:‘E((SAPQ(SB)lEg)— (( A)QlEg) (9(53)115’;)’

< |E((S4)%9(Sp)) — E ((S1)?) E(9(Sk))| - (3.32)

Applying the covariance inequality (3.29) with p = 3/2 and ¢ = oo gives

[E((S4)29(S5)) — E((Sh)*)E(g(Sp))| =Cov ((S4)% 9(S5))
<126(A', 0 (S)) (1 (S40)l372/19( ) l|oo
=0 (VOI(A)Qe’C?’p/?’) ,

which, together with (3.32), guarantees
& (S39(S8)) — E(S3) E(9(S5))| = O (Vol(A)2(Vol(B) v 1)p~ePo=2/Cr)) = (3.33)
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Combining (3.31) and (3.33) implies that polynomial mixing of score sums (1.6) is
satisfied by taking 7o = 2, letting 7; be the constant implicit in the ‘O’ bound, and
setting v2 = a(po — 2)/(2po), noting that Vol(A) < diam(A) for all sets A when d = 1.
Recall 3 = 3ty. Therefore, condition (1.8) with d = 1 becomes

a(po—2) _ (36— 6v) V28

Qe =
Y2 Do 3y — 92 )

as assumed. Theorem 3.4 follows by applying Theorem 1.6 (b). O

3.3 Continuum percolation models

For a locally finite point set V in RY d > 2, and r > 1, by G(V,r) we mean the
graph with vertex set V and edge set E := {(u,v);||lu —v|| < r, u,v € V>7}, where
V37 = {(u,v);u # v, u,v € V}. When V is finite, we define C'(V, i) := C(V,i,1) and
L(V,i) .= |C(V,i)| as the i-th largest component of the graph G(V, 1) and its cardinality,
respectively. By convention, we set C(V,i) = () and L(V,i) = 0 if the number of
components in G(V,1) is less than ¢. Components with the same size are ordered by
the lexicographical order of the smallest vertices in each component.

Let P, be a homogeneous Poisson point process on R? with intensity . We have
G(P,,r) = r/iG(r=Y/4P, 1), where multiplying a graph by r'/¢ means scaling all vertex
coordinates by /% while keeping the edge structure unchanged, and equality means that
both sides have the same vertices and the same edges. Thus, without loss of generality,
we focus on G(V,r) with r = 1.

For a point process P on RY, G(P,r) is the random geometric graph generated by P
with radius r, a model for continuum percolation. We consider G(P N Ty, 1) for a point
process P and a positive constant A. The model can be cast in terms of urban agglom-
eration, and therefore we may refer to each component C(P NT'y,17) as a community.

For a fixed positive integer [y € N, the component/community C'(P NTy,4) is called
lo-isolated if its cardinality satisfies L(P NIy, i) < ly. We let Iy be the indices such that
i € Iy implies that C(P N Ty,4) is lp-isolated. Each component C'(P NT'y,7),i > 1, has
a range of influence given by f(L(P NT,,1)), where f : N — [0, 00) is a non-decreasing
function.

An ly-isolated community C'(P NTy,i),7 € I, is said to be remote if its distance to
every non-isolated community C(P N T, ), if such communities exist, is greater than
F(L(PNTy,j)). Welet IJ°™ C I be the indices of the remote components.

We service each remote community by connecting it to its nearest non-isolated com-
munity C(PNT'y, j),j ¢ Io. This ensures that all communities are serviced, as we assume
that non-remote communities are already serviced.
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This construction gives rise to the graph G**°(P, \) thus obtained by connecting each
remote community C(P NT'y,17), ¢ € Iy, to the collection of non-isolated communities
N™(PNTy) :={C(PNTy,i)}igr, by adding an edge between C(P NI, %), i € Iy, and
the nearest point in N™(P NT,). For a remote community C(P NTy,1), if there exist
multiple pairs of nearest points between it and N™(P NT)) at the same distance, one
pair is chosen uniformly at random. The existence of isolated communities depends on
the configuration of all points. The long-range dependence structure precludes letting
the short-range estimator é "l be a restricted score function, which is often the natural
choice for tackling problems such as this one, and which is customarily employed to
define stabilization, cf. [10] and references therein. Instead we will use a different choice
for the short-range estimator é "l As will be shown in the proof, our result does not
depend on the particular method used to connect points in remote communities to those
in non-isolated communities.

Given a graph G with vertex set V(G), the graph distance dg(z,y) between z,y €
V(@) is the minimum number of edges connecting = and y. By convention, dg(z,y) = 0o
if there is no path between z and y. The graph ball centered at vertex vy € V(G) and
with radius r € N is

B (v, ) = Gus da(van)<r}

where GGy denotes the subgraph G induced by the vertex set U. We now consider the
case where the score function

E(x, P, Ty) = h(BY P (z, 1))

is given by a function h defined on the graph ball in G*°(P, \) of graph radius 7. This
type of model can be used to represent transportation costs or urban influence and is
particularly relevant in the context of spatial growth and development. While traffic
congestion and the reliability of transportation networks are key factors, another critical
aspect of development is ensuring logistical connectivity between remote communities
and well-serviced urban centres.

Define
H)\ = Z g(l’,,P,F)\).
zePNI')
We note that the score function £ is typically not stabilizing, as its evaluation may require
information about the entire configuration P N Ty in order to determine the existence of
remote communities. This statistic can be used to analyze commonly studied problems
in the literature, including counting subgraphs that are isomorphic to a given graph or
counting components of size ry for some ry € N. With a simple adjustment, the same
idea can also be used to analyze these problems for random geometric graphs in the
continuum percolation model.

Let P denote P,U{0}, where 0 is the origin in R?. The probability ps (1) represents
the probability that the origin 0 is contained in an infinite component of G (773, 1), and
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is the percolation probability (or percolation function). The threshold intensity for the
phase transition giving the existence of an infinite component, known as the critical
intensity ., is defined by

pte == inf{p € (0,00); poo(p) > 0}.

A fundamental result in continuum percolation theory states that p, is finite when d > 2;
see Meester and Roy [28, Chapter 3]. Recall that a point process Q) stochastically
dominates Qs on the same space if there exists a coupling of them, (Q1, Qs), such that

o)) 4 91, Q, 4 Q,, and Q, C Q; almost surely.
With this setup, we have the following theorem.
Theorem 3.8. Let d > 2. We assume:
- the point process P satisfies the moment condition (1.1) for some positive constant py,

- P exhibits exponential decay of dependence as in (1.11), and stochastically dominates
Py for some pio > i

- the function f that determines the remote communities satisfies f(s) > Vds for all
s e N,

- the score function & is a function of the graph ball in G*°(P, \) with graph radius ro € N
and satisfies (1.2) for some positive constant ps such that p1pa/(p1 +p2 — 1) > 3,

- Var Hy, = Q(\) for some v > 2/3.

Then

g H, —EH,
v VVar Hy ’

Z) -0 ((log )\)3d)\—1.5u+1) ’

where Z ~ N(0,1).

Since the conditions of Theorem 3.8 are insufficient to imply that the Palm process
of P stochastically dominates a Poisson point process with a supercritical intensity, and
since there is no existing result establishing that every Palm process of P possesses a
giant component with probability converging to 1 as A grows, we cannot establish (1.15)
directly. Because (1.15) is formulated in terms of the Palm distribution, Corollary 1.11
therefore cannot be applied directly in this case.

Proof of Theorem 3.8. The existence of remote communities depends on the entire
configuration of P NT'y. It follows that ¢ is not stabilizing, hence the usual stabilization
methods based on restricted score functions do not work. However, we can construct an
estimate é "l of ¢ using the local information about the continuum percolation and then
deduce Theorem 3.8 from Theorem 1.6.
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The moment assumptions (1.1) and (1.2) are assumed. We thus only need to show
exponential mixing of the score sums in (1.4). For this purpose, we follow the same steps
as in the proof of Corollary 1.11 (a) to construct the corresponding point processes ¥,
for 1 < ¢ < 6, and to define the event £, as well as the random variables Sy, S, SZ]
and 5};’}, in the same manner as in the proof of Corollary 1.11 with

M (x, P, 1)) = grl(z, P, Ty) := (BT (2, 1)),

for A,B € B(R?) and r = d(A,B)/3 > ry. We will, however, need to modify the
definitions of the events Fs and Fj3 used in the proof of Corollary 1.11. To this end, we
adopt the terminology from Penrose and Pisztora [31], where a connected component
is said to be crossing if the union of balls of radius 1 centered at the vertices of the
component intersects all 2d faces of the boundary of I'y. We then define E, (resp. Ej3) as
the event that C'(W5 NIy, 1) (resp. C(WgNT'y, 1)) is not crossing. Since P stochastically
dominates P, it follows from [31, Proposition 2| with ¢, = 0.5\ that there is a constant
Cs := Cg(11p) such that
P(E») VP(E3) < exp(—CgA).

Whenever C(V5s NIy, 1) and C(¥s NI, 1) are crossing, there must be components
of size at least A'/¢ and this, together with the condition f(s) > v/ds ensures that on
ES N E% there are no remote communities in U5 N I'y and ¥ N I'y, and consequently
no edges are added between remote communities and isolated communities. Therefore,
G®°(P,)\) and G(P N Ty, 1) coincide and thus the graph ball of radius r in the first
graph is a subset of the Euclidean ball of radius r in the second graph. Under the event
E = (Ey U Ey U E3)¢, when d(A, B) > 3rg, we have Sy = 5’ = SX], Sp =S = S}g].
Hence, exponential mixing of the score sums in (1.4) follows from the same argument
for (2.30) in Step (iv) of the proof of Corollary 1.11. The desired statement then follows
directly by applying Theorem 1.6 (a). a

3.4 Interacting diffusions on spatial random graphs

In this section we obtain quantitative CLTs for statistics of interacting diffusion
models on spatial random graphs driven by EDD input. The results are quantitative
counterparts of the qualitative CLTs established in [5, Section 9] and complement the
Berry—Esseen rates of normal approximation for such statistics under Poisson input in

[43].

Before introducing the specific model, we describe the underlying spatial random
graphs. For ease of reading, this description is adapted from [5], where a more complete
treatment is provided and where, for example, the relevant measurability issues are
addressed.
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Given a locally finite point set X C I'y, let G(X,~) =: G(X) denote a graph with
vertex set X', where edges are determined by a deterministic rule ~ depending on the
entire configuration. That is, X — G(X,~) is a measurable mapping from the space
N, of locally finite subsets of 'y to the space of finite labelled graphs on Ty, equipped
with the discrete o-algebra.

A function Sy : Ty x Np, — [0,00), A € (0, 00], with the convention I'y, = R?, is
called an interaction range with respect to the graph operator G(-, ~) if it satisfies:
(i) for all X € Np, and x € X, the neighborhood of z is determined by X N
B(z,S\(z, X)), i.e., y ~x in G(X,~) iff y ~ z in G(X N B(z, Sy(z, X)), ~),
(ii) the ball B(z, S\(x, X)) is a stopping set, in the sense that
S)\(LU, X) = SA (l’, [‘X N B(,I‘, SA(Zﬂ, X))] U y)

for any Y € NRd\B(z,SA(a:,X))'

By construction, y ~ z in G(X, ~) only if |z — y| < min{S\(z, X), Sx(y, X)}.

The following stabilization property for the graph G is inspired by a similar, though
slightly stronger property in [5, Definition 8.1 and display (9.2)]; see Remark 3.12 for
the differences.

Definition 3.9. (stabilizing property of the graph operator G(-,~) with respect to P)
We say that G stabilizes with respect to the point process P if there exists a family of
interaction ranges (Sx)ae(o,00] Such that

sup sup P, (Sx(z,PNT,) >r) < p(r), r € (0,00),
AE(0,00] z€l')

for some fast decreasing function o, i.e., for @ satisfying

limsup r™p(r) = 0, Ym > 1.

T—00

We further assume that the graph operator is translation invariant, that is,
r~yin G, ~)ife+z~y+2zin GX +2,~), Vo,yeX, z€RL

Definition 3.10. (admissible graphs) The graph operator G is admissible on P if it is
translation invariant and stabilizes with respect to P as in Definition 3.9.

As shown in [5, Appendix A, Examples A.1-A.4], if P is a homogeneous Poisson
point process or a stationary determinantal point process with an exponentially decaying
kernel, then admissible graphs on P include the undirected k-nearest neighbors graph,
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the sphere of influence graph, and the Delaunay graph. Throughout this section, we
work with such point processes P that are also EDD, together with the corresponding
graph operators G(-, ~).

It is shown in [5, Section 9] that statistics of interacting diffusions on spatial random
graphs satisfy asymptotic normality, provided the underlying point process has fast decay
of correlations. The key to their results is that the relevant statistics could be expressed
as a sum of score functions which satisfy exponential stabilization in the L? distance.
That work made no attempt to find rates of normal convergence. Here we indicate
that our general results yield rates of normal convergence when the input is a class of
EDD point processes and when the initial diffusion displacements are independent and
uniformly bounded. We recall the set-up and refer to [5, Section 9] for full details.

Given a countable V C R% let G := G(V) be an admissible interaction graph on V.
Let N, be the neighborhood of v € V. Fix a time horizon ¢, € (1, 00). Consider a system
of interacting R?-valued diffusions M (v,t) := M%(v,t),v € V, t € [0,,], defined by

dM (v,t) = b(t, M (v, t), M(N,,t))dt + o(t, M(v, ), M(N,,t))dZ,(t), (3.34)

where Z,(-),v € V, are ii.d. standard Brownian motions in R d € N, and where
M(Ny,t) = {M ', t)}y/p, where v ~ v means that ¢’ is a neighbor of v. Denote by
M(v) := M(v,0) € RY v € V, the initial states, assumed to be almost surely uniformly
bounded, i.e., sup,cy |[M(v,0)] < L as. for a constant L € (0,00). These processes
take values in the space C(O(R?) of continuous paths in R? | with the functions b and o
being the drift and diffusion coefficients, respectively. Here b is R* -valued whereas the
diffusion matrix ¢ is RY x R?-valued; see [5, Definition 9.2] for full details. The particles
interact directly only with their (finite) graph neighbors, in contrast to the mean field
model, where particles interact with all other particles.

We further assume Lipschitz conditions on b and o, as spelled out in Lacker, Ramanan
and Wu [25] and [5, Definition 9.2]. When G is admissible, the Lipschitz assumption
implies the existence of a strong solution for the system of interacting diffusions; c.f. [25,
Theorem 3.1].

When the processes are defined on the entirety of the graph G, we denote them simply
as M := MY. The paths (trajectories) of the processes up to time ¢ are denoted by
M[v,t]. Let P := {(x, M (), Zy)}sep be a marked point process on R? x R x CO(R?),
with M (x),x € P, denoting the independent initial states.

To cast the statistics of interacting diffusions in the framework of our general results,
we consider, for fired t € (0,00), real-valued score functions of the trajectories

E((z, M(2), Z,), P) := h(M9P) [z, 1]) (3.35)

where h : CO(R?Y)(t) — R is a Lipschitz(1) function with respect to the sup-norm,
|- |lso, on CO(R¥)(t), the space of trajectories up to time t. The measurability of £ with
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respect to P|r, is established in the proof of Theorem 7.8 of [25] and also in Section 9
of [5]. Such scores give rise to the diffusion statistics

Hy:=H5:= Y &((z, M(2), Z,), P).

LBEPOF)\

Finally, for ¥ € N denote by G¥(X) the subgraph of G(X) induced by the graph ball
B9X) (2, k) centered at x € X with graph radius k. This gives rise to the corresponding
interacting diffusion processes {Mglg(x)(y,t)} for t € [0,t9] on y € BYY)(x, k), which
have the same coefficients (b, o), are driven by the same Brownian motions, and share
the same initial conditions M9 ) (y,0) = M(y,0) for y € BYY) (2, k). Let P, denote
the Palm process of P at x, that is, P, ~ L,(P).

Corollary 3.11. (rates of normal convergence for statistics of interacting diffusions on
EDD input) Let P = {(x, M(z), Z,)} be as above, with M(x),z € P, independent initial
states which are a.s. uniformly bounded, and G = G(-,~) an admissible graph on P.
Let M = M9P) be the system of interacting diffusions as in (3.34) on G with diffusion
coefficients b, o satisfying the Lipschitz assumption of [25]. Fix ty € (0,00) and assume
the score function & in (3.35) and the corresponding function h satisfy the following
moment conditions:

sup E[max(1, |h(M9P) [z, to])[")] < oo,
z€RY

(3.36)

sup [E |max (1, h(Mgg(Pz)[x,tg])Dpl} < 00,

x€R kEN

for some positive constants p, p' such that min{p,p’'} > 4. If Var Hy = Q(\") for some

v >2/3, then
Hy, —EH, .
dy | ——=—==,2 | =0 (X"
W(m) ()

for all k < 1.5v — 1.

Proof. The proof is adapted from that of [5, Theorem 9.3] to our setting, which imposes
fewer Palm requirements on the graph structure G. We take the short-range estimator
of the score function £ in (1.13) to be

(2, M(@), 2. P) = b (M P ) 1,

where E,, := {Sx(y,P) < |/r] forall y € PN B (x,r—|/r])}. By construction,
M ((x, M(x), Z,), P) is determined by 75|B(x7r). Moreover, by Remark 1.7 (iii) and the
moment assumptions, the power p; in (1.1) can be chosen arbitrarily large, while p, and
ph can be chosen as p and p’ in (3.36), respectively. Thus, by taking sufficiently large p;,
in Corollary 1.14 we take p := (p Ap')/2+2 > 4, and set p3 := p/(p — 2) < 2. It suffices
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to show that & satisfies polynomial LP3-stabilization in Definition 1.13 with arbitrarily
large 3, as discussed in Remark 1.15 (iii). Set

&0 (@, M (@), 22), P) = b (M Pl 1g] )

By the moment assumption in (3.36), we have ||£l") ((x, M(z), Z,), 7533) |l < oo uniformly

in 2 and r, where P, is the Palm process of P at z, i.e., P, ~ 61(75) By the Minkowski
inequality, Holder’s inequality, the Lipschitz(1) assumption of h and Lemmas 9.6 and 9.7
in [5], whose bounds are stated for second moments and hence are used below after taking
square roots, we have

e, M), 2),B2) = €, M2, 2), )|

< |l(@, M(2), Z2), Pa) = E((w, M (2), Z,), P) "
+’é[r]((x M(l‘) Zx)vﬁx) _gw((l‘vM<x)7Zx)775z) 3
< HMQPI @ tg] — M PO 4] +H1E (m( HM%L MRGOIN )
clvrl ¢ \1/p3 ¢ \(2-p3)/2p3 N1/2 clvr) v
< () o ()" e ) (<c>/ (S) )

(3.37)

where 0(-) denotes the zero process on the time interval [0,t], and C' and C” are the
positive constants appearing in Lemmas 9.7 and 9.6, respectively. Here, the second
inequality follows from the Lipschitz property of A, which gives

Y
o0

(Mo ] )| < )]+ M P ot

and the third inequality follows from Minkowski’s inequality, Holder’s inequality, and
the fact that

[l ke ],

NG
< |2, t] - 21 P
ooll2

)[x’to]HooH2'

The first term on the right-hand side of (3.37) decays faster than 7~ for every 3 € (0, 00)
as r goes to infinity. Furthermore,

PAEL) < [y gy By (S0 P) > [V iy

<u Vol (B (m,r — {\/;J)) Chr =7
<Chr? (3.38)
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for some positive constants Cj and Cj for all 3 € (0,00), where p is the intensity
of P and the last inequality follows from the stabilizing assumption in Definition 3.9.
Consequently, the second and third terms on the right-hand side of (3.37) also decay
faster than 77 for all 3 € (0, 00) by taking 3’ = 26ps/(2 — p3) + d in (3.38). Hence the
estimates above verify polynomial LP3-stabilization in Definition 1.13 with arbitrarily
large polynomial decay exponent. Together with the moment condition for the short-
range estimators verified above, Corollary 1.14 and Remark 1.15 (iii) yield the desired
statement. ad

Remark 3.12. (¢f. Remark 1.12 (iv)) In [5], the definition of a spatial random graph is
based on the supremum of conditional probabilities given that P contains x together with
any other finite set {x1,...,x,} C I\\{x}, for p € N, which is a potentially restrictive
condition as it is based on higher-order Palm distributions. Our results are instead based
on the first-order Palm distribution, leading to a slightly broader class of graphs for the
same underlying point process P. For example, for any configuration X € Nga, we define
the graph G(X,~) as follows: we connect each x € X to its nearest neighbor in X,

N, := N, (X) := argmind(x, y),

yeX\{z}

provided that d(z, N,) < 1/e and card(X N B(z, —Ind(z, N,))) is even. Then,

Sx(z, X) = sup (—Ind(y,Ny))| Nd(z,0T'y) +1/e

LG{ZGXQB(z,l/e) sNo=x}U{z}

defines an interaction range with respect to the graph G(-,~). Let P be a homogeneous
Poisson point process in R with unit intensity. One readily verifies that

sup sup P,.(Sx(z,PNTLy) >r)
)\E(OOO LEEFA

< sup sup P, (
AE(0,00] z€l'y yG{zGPﬂFAOB(x 1/e);N.=z}U{z}

< sup supP, ( (x, N,(PNTy)) < 71_7")

AE€(0,00] z€l')

< sup supP, (card (77 N (B (:c,ee_l’r))\{a:}) > 1)

)\G(0,00] el

=P (card (PN B (0,6 7)) > 1)

(—Ind(y, Ny(PNTy))) + i > 7“)

for all r > 1, where the last equality follows from the translation invariance of the homo-
geneous Poisson point process and the fact that its reduced Palm distribution coincides
with its original distribution. The right-hand side decays exponentially fast. However,

sup sup Py 2o (Sx(z, PNTy) >r)=1

AE€(0,00] x1,22€\ 21 #T2

for all r > 1, since when x5 is sufficiently close to x1 and d(x1,0Ty) > r, the dependence
range of whether xq is connected to its nearest neighbor is always greater than r, which
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shows that the decay condition for the tails of S\ as given by [5, Definition 8.1] does
not hold when p = 2. Graphs such as these, admittedly not common, illustrate that
when we only require assumptions based on one-point Palm distributions then the class
of admissible graphs may be broader than the class of graphs satisfying assumptions based
on all Palm distributions.

3.5 Local U-statistics

The limit theory for local U-statistics has attracted considerable attention over the
past decades, see, e.g., Eichelsbacher and Théle [15], Reitzner and Schulte [32] and
[4, 5] for statistics with Poisson and non-Poisson input. Given X € Nga, such statistics

have the form [ ycxrz ho(x)]/k!, where hg is a real symmetric measurable function on
(R,

Limit theorems for local U-statistics may be established under a locally dependent
setup as in [4, 5], meaning that ho(z1, ..., x)) vanishes whenever there exists a pair z;, z;
with ¢, j < k such that |z; —z;| > r. Related qualitative CLTs for certain U-statistics of
Gibbs particle processes whose dominating Boolean model is subcritical were obtained
in [2]. Alternatively, such limit theorems may be derived under the assumption that P
is a Poisson point process on a general metric space, see, e.g., [15, 32].

In this section, we deduce from Corollary 1.14 (a) and (b) rates for the normal approx-
imation error of local U-statistics of EDD marked point processes P. No independence
assumptions are imposed beyond the EDD condition in Definition 1.8. Instead, we let
the kernel h be a real symmetric measurable function on the space of the marked k-
tuples {((y1,m1), ., (Y mi)) s (Y1, -5 y%) € (ROEZ my ... my, € M}. We assume
that the conditional LP norm of h((x1, My, ), ..., (2, My, )) decays either exponentially
or polynomially in the diameter of the argument set, for a given positive py, where M,
denotes the mark of the point z € P. We denote by H) the U-statistic generated by
Plr,, namely

Hy = ;' S = Y &((x, M,),P,Ty), (3.39)
: &6(75|F>\)k,¢ z€PNL )
where ]
E((z,my), )E,FA) = ] Z h((x, m,),X). (3.40)

" RE(X|py\ (o)) F

Theorem 3.13. (quantitative CLT for local U-statistics) Let P be an EDD marked point
process such that the ground point process P is either (i) a stationary Gibbs point process
whose interaction range is smaller than the critical value of continuum percolation of an
associated Poisson point process, or (ii) an a-determinantal point process with kernel
K(z,y) := Ko(x—y) = Ko(y — ) satisfying condition (1.12), and o such that —1/a € N.
Let Hy be as in (3.39) and assume VarHy = Q(\") for some constant v > 2/3.
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(a) If the conditional LP° norm of h decays exponentially fast for some py > 3, i.e., if

for some positive constants Cy and Cy for all distinct x1, ...,z € RY, we have
dw | —=——=,7 | = O ((log \)* N~ 12+1) |
W( Var I, ) ((t0g ) )

where Z ~ N(0,1).

(b) If the conditional L norm of h decays polynomially fast for some py > 3, i.e., if

Euyoow (|0((21, Myy), .., (2, ka))\m)l/”“ < C5(1Vv diam({zy, ..., 2}))

for some positive constants Cy and Cy for all distinct x4, ..., x; € RY, with
Co>—1 (18— 3)v14) 4 dlk—1) + 1
J— V J—
YT 3r—2 ’
we have o En
AT A _ —1.50+1+7(2d,8)\ _
2 =0 (A =o0(1),
( v/ Var H) ) ( ) o(1)

for =Cy—d(k—1) —1 where Z ~ N(0,1) and where T is defined in (1.9).

Remark 3.14. (i) Theorem 3.13 can be easily extended to the case where the score is a
function of P instead of Plr, , i.e., for the case in which Hy = Y- ,cpnr, {((z,m2), P),
with minor adjustments.

(ii) With minor modifications, all results also apply to EDD marked point processes P
whose ground process satisfies the bound (3.41) below for sufficiently large ko. The
same conclusions remain valid if the above conditional LP° bounds are assumed to
hold uniformly in the essential supremum sense. For sake of brevity we omit the
details.

Before proceeding with the proof of the theorem, we state moment bounds for the
considered point processes.

Lemma 3.15. For each point process P in Theorem 3.13 and each ko € (0, 00), there ex-

ists a constant Dy, € (0,00), depending only on L(P) and ko, such that for all punctured
balls B°(x,r) := B(z,r)\{x},

sup Em(P(BO(x,r))ko)l/ko < Dy, (1Vr)E  re(0,00). (3.41)

zcRd
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Proof. When P is a Gibbs point process whose interaction range is smaller than the
critical value of continuum percolation of an associated Poisson point process, it follows
from [20, Section 4.1] that it is stochastically dominated by a homogeneous Poisson
process P, with a positive intensity 7. Let p be the intensity of P. Fix 0 < §; < 9o < 7,
and define the spherical shell B, 5, = B(z,7) \ B(x,d3). Then

E (P(Bm,62)k0P(B(x,51))> E (PT(B:E,62>kOPT(B(x’51))) - 0
EPBEL) S v By~ ak (Pr(Bas)”). (342

First taking the limit as 6; — 0, and then as d, — 0 in (3.42), the definition of the Palm
distribution in Kallenberg [23, (10.3)] gives

E, (P(B°(x,r)") < ;IE (P (B2 (1))

This implies inequality (3.41).

When P is a determinantal point process, condition (1.12) together with the Hermi-
tian property ensures that its kernel satisfies Assumptions 1-3, while Assumption 4 is
equivalent to the existence of the process given the first three assumptions (cf. the proof
of Theorem 3.1). According to [30, Theorem 1], for all z € R?, there exists a coupling
of P and its reduced Palm version P! such that P, C P almost surely. This property,
together with Remark 1.2 and Lemma 2.1, guarantees the desired conclusion. O

Proof of Theorem 3.13. We will deduce this from Corollary 1.14. The point process P
satisfies the EDD condition as shown in [10, Section 3]. By Remarks 1.2 and 1.15 (i), it
suffices to show that assumptions (1.2), (1.17) hold and that exponential LP3-stabilization
for part (a) and polynomial LP3-stabilization for part (b) hold for a family of short-range
score functions (£ Nre(o00), for p» = phy = py > 3 and p; = 3. Define € to be the

restriction of & to P|p( as in (1.14), that is,

Elam) XT) = X h((em.).%).

" XE(X| g, ronry kL7
Define for y = (y1,...,yn) € (Rd)nﬁé and r € R?

ds(z,y) = ds(x,{y1, ..., yn}) :=sup{d(x,y;) : 1 <j<n}.

Since dg(z,{y1,...,yn}) < diam({z,y1,...,y,}), the fast-decay assumptions on h in
parts (a) and (b) imply, respectively, that

1/p
Eogrgs (100G, Ma), (1, My,) - (e, My, )[P) 7 < Crem@dmmemiad) - and,

1/ —Cy
Ex7y1---7yk_1 (|h((9§" Mx)v (yla My1) ey (yk—la Myk—l))|p0) " S C’3 (]- V ds('xa {yh cee 7yk—1})) ¢
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We then set

UB(p) = Cie 22 for (a), UB(0) = C3(1V o)~ for (b).

For any marked configuration X with ground configuration X, and for (z,m,) € X,
we decompose the sum in (3.40) according to the spherical shell B(z,j) \ B(z,j — 1)
which contains among the ground coordinates of y € (/'\A’ )k=1.7 the point furthest from
x. Precisely, for j € N, we define

Sj (I,‘f) = Z h(($7m$)7y)

yE(X)—1L#, dy(z,y)eli—1,5)

= 2 h((w,ma)., 9),

YE(X|Bo(2,5)* " H7F\(X]go(s,j—1))F 17

where § = ((y1,my,)s -+, (Yn,my,)) for y = (y1,...,9y,) € X™. The number of ad-
missible (k — 1)-tuples contributing to the j-th shell term is bounded by the (k — 1)-st
power of the number of ground points in the corresponding shell. Thus, for any j € N
we obtain via Lemma 3.15

Eo (1S5 (2, Plr, ) )2 < Bal| S, Plr, )70) 7

~E, (B (]S (P[P0 (Blad) \ Blag - 1))
< UB(j — 1)*E, (P(B(x,j) \ B(x,j — 1) m)""
< Dty UB(G — 5", (3.43)

where the penultimate inequality follows from Minkowski’s inequality.

Rewrite £ and é "l via the additive representations

§((w, M), P, Ty) = o 535, Plr,) and £1((r, M), P, T) = o L3S, Plaener,)

JEN JEN

We first show that the moment assumptions (1.2) and (1.17) hold for ps = p}, = py >
3. The Minkowski inequality and (3.43) imply that in cases (a) and (b), we have

E.

[e.o]

pO) 1/1?0 Z (

]:

k—1 0
(k‘k DO ZUB]—l) d(k— 1)<OO,

((xqu);ﬁ,F)\) po>1/p0

S; (x, 7’|FA>

where, by assumption, Cy > d(k — 1) + 1. Moreover, the assumption (1.17) also holds
for pl, = po by replacing ¢ and S; (x, 75|F)\) with 5[7‘} and S; (x, 75|B(I7T)QFA), respectively.
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Next, we show that exponential LP3-stabilization, as in case (a), and polynomial
LP3-stabilization, as in case (b), hold for p3 = 3. For any given ry > 1, we have

f((l’, Mw): 757 F/\) - E[TO]«:E? M:E)a 757 F)\)

=2l Y S () + )3 h((e M) 9)| - (340

= (s k—1,#, [ k—1,7
g=frol+ ye(P‘Bo(x,froD) \(P|B°(ﬂcaf‘o))

As the first term on the right-hand side in (3.44) is the leading term, we can assume,
without loss of generality, that ry is an integer so that the second sum vanishes. Then,
applying the Minkowski inequality and using (3.43) again, we get

8

[ A 3\ 1/3
<u 2 (Bl Pk

. ~ . 3 1/3
5((I7M$)7,P7 FA) - 5[7"0]((1;7 MI>’P7F>\)‘ >

*j=ro+1
-1 . d(f—
< (k' )Po Z UB(] o 1)jd(k 1)
’ j=ro+1

implying cases (a) and (b) provided Cy > d(k — 1) + 1. Indeed, the right-hand side is
bounded above by Cse=¢6" for some positive constants Cs and Cs in case (a), and by
Cord®=DF1=C4 01 some positive constant C; in case (b). Hence, statements (a) and (b)

follow from Corollary 1.14 (a) and (b), respectively. O

3.5.1 Subgraph counting in the random connection model

We study the problem of counting subgraphs within a class of random connection
graphs inspired by the age-dependent random connection model (cf. Hirsch, Lachiéze-Rey
and Owada [19] and references therein), where vertices are equipped with 7.i.d. marks and
the existence of an edge between two vertices depends on both their Euclidean distance
d and their respective marks.

Assume that P is one of the point processes introduced in Theorem 3.13, and attach
to each x € P an independent mark M, ~ U|0, 1], with the marks being independent of
P. Given a function ¢ : (0,00) — [0, 1] and a symmetric function g : [0, 1] x[0, 1] — [0, 1],
we construct a random graph G(P) := G(P, g, ) with vertex set P by connecting points
x,y € P whenever g(M,, M,) < (d(x,y)).

For example, taking ¢ to be a constant p € [0, 1] leads to the connection rule that
we connect vertices x, y whenever their marks satisfy g(M,, M,) < p, that is, all pairs of
points are connected with the same probability; the probabilities are dependent when a
common vertex is involved and thus this model does not precisely coincide with the age-
dependent random connection model. On the other hand, if 1 (t) = 1<i<,) and g # 0,
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then we obtain a version of the random geometric graph with parameter r. Fixing p > 0,
taking g(s,t) = max{s,t} and ¢(r) = Cr=?,r € (0,00), gives rise to the graph defined
by the connection rule that we connect z,y whenever

IIlELX{Ux, Uy} < C(d(l’, y))—p’

which says that we connect points x,y as soon as the balls centered at x and y with
respective radii C’l/pUgl/p,Cl/pUzjl/p contain both x,y. When P is replaced by the
lattice Z¢, there is a regime of p-values such that the resulting graph is scale-free; see
Yukich [46].

Let G(P) denote the restriction of G(P) to the vertex set P NI'y. Let Hy := H,\(F)
denote the number of subgraphs of G,(P) that are isomorphic to a given connected simple
graph F' with k vertices, where connected means that there exists a path between each
pair of vertices in F', and simple means it is an unweighted, undirected graph containing
neither self-loops nor multiple edges.

Theorem 3.16. (quantitative CLT for the subgraph count in a type of age-dependent
random connection model) Assume that the point process P satisfies the assumptions in
Theorem 3.13, VarH, = Q(\") for some positive constant v > 2/3, and g : [0, 1] x[0, 1] —
0,1] is a symmetric function which satisfies g(s,t) > max{s,t}. Let Z ~ N(0,1).

(a) If b decays exponentially fast, i.e., there exist positive constants Cy and Cy such
that (r) < Cre™" for all v € (0,00), then

d H, —EH,
v VVar Hy ’

(b) If there exist constants C3 € (0,00) and

Z) -0 ((log )\)3d)\—1.5u+1) .

Oy >3 <3yd_2((18 —3u)V14) +d(k — 1)+ 1)

such that ¥(r) < Cs(1V r)=% for all v € (0,00), then

H, —EH, 15+l
d 7Z — 0\t v+1+47(2d,8)+e€ 7
v () ol )

for all € € (0,00), where f = Cy/3 —d(k — 1) — 1 and where T is defined in (1.9).

The above bound is o(1) when € is small enough.

Proof. Define h((xy1, My,), ..., (zx, M, )) to be the number of subgraphs of G(P) that are
isomorphic to F, with vertex set {z1, ..., 2} € P** and associated marks {M,,, ..., M, }.

Without loss of generality, assume that the vertex set of F' is {vq, ..., vx}, and write i K J
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to indicate that there exists an edge between v; and v; in F for i,j € {1,...,k}. Let
aut(F') denote the number of automorphisms of the graph F'. If we take

1
aut(F')

h((l’l, Mm1)7 ey (':L‘k" Ml‘k)) = Z H 19(MCE.,,(Z~)7MI,T(j))Sw(d(xﬂ'(i)’x‘"(j)))’

weP{1,...,k} iEj
where P{1,... k} denotes the set of all permutations of {1,...,k}, then H, can be
represented as a local U-statistic as in (3.39).

Next, we upper bound the L” norm of h, p € (0,00). From the construction, for any
m € P{1,... k}, the product

F

i~j

is the indicator of the event that an isomorphism of F', in which vertex v; is mapped
to Zx(y, 1 < i <k, forms a subgraph of G(P) given that {x1,...,2r} C P. Because F
is connected, any such isomorphism must contain a path of the form (z;,,...,x; ) for
some 2 < m < k, such that d(x;,x;,) = diam ({z1,...,2}), i.e., a path connecting
the most distant points among {x1,...,z;}. Therefore, for any w € P{1,... k} and
{21,...,7:} € P*7, and recalling g(s,t) > max{s,t}, we estimate the LP-norm of the
indicator function as follows:

m—1
1;[ 19(M“”"(i) ’Mz,,(j))Sw(d(x,,@),x,,(j))) < ]1;[1 1max{Mzij7MIij+1}§¢(d( ij ’xij+1))

i~ P

mt 1/p
< H P (Mxl] < ¢(d($ij7$ij+1))) :
j=1
In case (a), where ¢ decays exponentially fast, we have

k' — — iam({xq x
[h((z1, Mzy), - (@, May))|lp < m(cl V1) /e Cadianfzn /e (3.45)

When 1) decays polynomially fast as in case (b), we have

iam ({z1,..., 7 —Ca/p
Hh((xlnyl),...,($k7Mxk>>Hp < auf(!F)(Cg\/l)l/p (d ({k— 1 })> , (3.46)

noting that the existence of a path (z;,,,...,;,,,) for some 2 < m < k implies that
there is at least one edge in the path with length at least d(w;, ,, ;.. )/(k —1). Take
p = 3+ ¢ for some € € (0,00). Then (3.46) shows that

1P (1, M), (2 M) ll3eo < Cs (diam (.. })) 7/ (3.47)
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i.e., the L3™-norm of the kernel i decays polynomially fast with exponent Cy/(3 + ¢).
Since the marks are independent, the conditional LP-norm of h given {xy,..., zx} C P,
coincides with the ordinary LP-norm under Palm conditioning. The assertion in case (a)
follows from Theorem 3.13 and (3.45). For case (b), choose ¢y > 0 sufficiently small so

that
Cy d

>
34+¢€¢ 3dv—2
Then (3.47) implies the polynomial-decay condition of Theorem 3.13 (b) with decay
exponent Cy/(3 + €y), and hence the conclusion follows from Theorem 3.13 (b). |

(18 — 3v) V 14) + d(k — 1) + 1.
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