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Abstract

Given a geometric statistic expressible as a sum of scores which depend on
local data, Błaszczyszyn, Yogeshwaran and Yukich [4] established central limit
theorems for centered and normalized versions of these statistics, subject to the
underlying point process having fast decay of correlations and also subject to a
variance growth condition. Building on this, Cong and Xia [10] derived rates of
normal approximation, as measured by the Wasserstein distance, for statistics of
point processes exhibiting fast decay of dependence. Here we go further and es-
tablish weak mixing conditions yielding rates of normal convergence for geometric
statistics of marked point processes. The mixing conditions, which are in terms of
verifiable geometric criteria, provide rates of normal approximation in the Wasser-
stein distance for statistics of a large class of point processes with dependent marks.
Examples include statistics of determinantal point processes, unevenly spaced time
series, continuum percolation, interacting diffusions on spatial random graphs, as
well as local U -statistics.
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1 Introduction and main results

Consider a random spatial model, possibly time-dependent, and driven by an under-
lying ground point process P in Rd, which we always take to be stationary. The point
process P may have spatial dependencies and it may carry marks, which may depend
on each other and on the ground process; we shall write P̂ to denote such marked point
processes. We are interested in the normal approximation of statistics of spatial random
models driven by P̂ , including basic counting statistics for P̂ , statistics of time series
driven by P̂ , as well as local U -statistics and statistics of interacting diffusions on random
graphs defined on P̂ .

In all cases we assume that the statistics take the form

Hλ :=
∑

x∈P∩Γλ

ξ((x,Mx), P̂ ,Γλ),

where Γλ ⊂ Rd, λ ∈ (0,∞), are observation windows, the marks Mx are random elements
in a mark space, and the score ξ((x,Mx), P̂ ,Γλ) describes the interaction between a
marked point (x,Mx) ∈ P̂ and the process P̂ itself, with possible additional dependence
on Γλ. The scores ξ((x,Mx), P̂ ,Γλ), x ∈ P , are in general spatially dependent. The
statistics Hλ typically depend on the geometry of the point process P and the underlying
model and hence are called geometric statistics. If ξ ≡ 1 then Hλ reduces to the counting
statistic over the window Γλ.

The study of geometric statistics has a long history and has roots in the works of
Beardwood, Halton and Hammersley [1] and Steele [41]. Bickel and Breiman [3] were
among the first to establish a central limit theorem for a geometric statistic, namely they
showed that the standardized and centered sum of edge lengths of the k-nearest neighbor
graph on an i.i.d. random sample converges to a normal random variable as the sample
size tends to infinity. In these seminal papers, as well as in the others that followed,
the central limit theory for (Hλ)λ∈(0,∞) focused on statistics consisting of sums of score
functions on Poisson or binomial input, possibly with independent marks, and such that
the score functions ξ depended on local data in the sense that they satisfy stopping set
stabilization criteria. In this paper we do not restrict to Poisson or binomial input, nor
do we restrict to independent marks or to score functions with stopping sets.
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When P has fast decay of correlations and when ξ satisfies stopping set expo-
nential stabilization, then ((Hλ − EHλ)/

√
VarHλ)λ∈(0,∞) satisfies a qualitative central

limit theorem as in [4]. For P satisfying an exponential mixing condition in the to-
tal variation distance (known as EDD; see Section 1.4) then convergence rates for
((Hλ − EHλ)/

√
VarHλ)λ∈(0,∞) to the standard normal under the Wasserstein distance

were obtained in [10]. The class of point processes was further enlarged in Błaszczyszyn,
Yogeshwaran and Yukich [5], allowing qualitative central limit theorems for ((Hλ −
EHλ)/

√
VarHλ)λ∈(0,∞) with P replaced by a marked point process P̂ in which points

and marks may be dependent, and with ξ required to satisfy a localization condition
weaker than stabilization and allowing for long-range interactions, namely with ξ re-
quired to be distributionally close to a family of short-range scores. Short-range scores
are those depending only on data within a fixed deterministic radius.

The purpose of this paper is to establish quantitative central limit theorems in this
more general set-up, namely for statistics Hλ driven by a dependently marked point
process P̂ , where P̂ has fast decay of dependence, its ground process P is stationary,
and the score functions are closely approximated by a family of short-range scores. Our
approach extends Schreiber and Yukich [37], Xia and Yukich [45], and Hirsch, Otto
and Svane [20] in three ways: we do not restrict to input which is a rarefied Gibbsian
point process, we allow the input to have dependent marks, and we require that the
score function satisfy localization criteria which are weaker than the stabilization criteria
required in these papers. We extend Cong and Xia [11] by allowing for dependent marks
and by relaxing the stabilization conditions on the score function in that paper. Finally,
our work shows that some of the qualitative central limit theorems in [5] can be upgraded
to quantitative central limit theorems when the ground point process P is EDD. In the
EDD setting for P , we treat a broad class of score functions with fewer Palm requirements
than those considered in [5]. The moment conditions on scores are less stringent and
require neither the existence of high-order Palm distributions nor integrability of the score
with respect to these distributions. On the other hand, the score functions considered
here are required to satisfy stabilization criteria with respect to a local estimator, either
in a probabilistic sense (cf. Definition 1.10) or in an Lp sense (cf. Definition 1.13). We
refer to Section 1.4 for further remarks comparing our conditions with the existing ones
in the literature.

We illustrate the versatility of our approach by obtaining quantitative central limit
theorems for a range of functionals, some of which fall outside the scope of statistics
encountered in classical stochastic geometric models: (i) counting statistics of determi-
nantal point processes with kernels decaying exponentially fast, (ii) statistics of unevenly
spaced time series, (iii) statistics of continuum percolation , (iv) statistics of interacting
diffusions on spatial random graphs with EDD input, and (v) certain local U-statistics
of EDD marked point processes.

We deduce these quantitative central limit theorems from our main finding, which is
that when the sums Hλ satisfy a mixing condition on well-separated disjoint sets, then
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one obtains rates of normal approximation for (Hλ − EHλ)/
√

VarHλ, where the rate
is with respect to the Wasserstein distance. The mixing condition stipulates that the
covariance of functions of sums of scores on disjoint sets decays rapidly with respect
to the distance between the sets, uniformly over a class of test functions and test sets.
Mixing is shown to hold whenever P satisfies EDD and whenever the score ξ is well
enough approximated by a family of short-range scores, a geometric condition which is
fulfilled whenever ξ satisfies the standard stopping set stabilization criterion or even a
weaker criterion whereby ξ is well approximated by a family of short-range scores either
in the probabilistic or Lp sense.

1.1 Terminology

We consider a ground point process P on Rd, d ≥ 1, and take it to be a simple
stationary point process with intensity µ ∈ (0,∞). We let P̂ = ∑

x∈P δ(x,Mx) be a simple,
marked point process on Rd×M, where M is a measurable space, δ is the Dirac measure,
(x,Mx) are random elements in Rd×M, and for any x ∈ Rd, the set {x}×M contains at
most one element of P̂ . Elements x ∈ P are referred to as points, while Mx and M are
the marks and the mark space, respectively. We do not require independence of marks.
The space M is general and, for example, could be the space of time-evolving functions,
which would be the case when each Mx, x ∈ P , is a stochastic process representing the
state of an interacting particle system or the sample path of an interacting diffusion.
The projection of P̂ on Rd is the ground process P . The marked point process P̂ is a
random element in the space NRd×M of locally finite subsets of Rd × M endowed with
the evaluation σ-algebra. Let Γλ := [−0.5λ1/d, 0.5λ1/d]d, λ ∈ (0,∞), denote observation
windows.

A score is a measurable function ξ : (Rd × M) × NRd×M × B(Rd) → R where B(Rd)
denotes the Borel σ-algebra on Rd. The value of ξ((x,mx), X̂ , A), where X̂ ∈ NRd×M
and A ∈ B(Rd), is relevant only for (x,mx) ∈ X̂ ∩ (A× M) and by convention we set it
to be 0 when (x,mx) ̸∈ X̂ ∩ (A× M). We put

Hλ :=
∑

x∈P∩Γλ

ξ((x,Mx), P̂ ,Γλ), σ2
λ := VarHλ, Zλ := Hλ − EHλ

σλ
.

We wish to establish rates of convergence of (Zλ)λ∈(0,∞) to the normal. When ξ((x,mx), X̂ , A)
does not depend on A ∈ B(Rd), then the analysis of (Hλ)λ∈(0,∞) is easier because it is
unaffected by the position of x relative to the boundary of Γλ. We include the third pa-
rameter because, in some applications, the region Γλ may influence the value of the score
function as would be the case for statistics of the Voronoi tessellation [11, Section 3.2].
While many of our examples hold for the canonical choices of ξ given by ξ((x,Mx), P̂ ,Γλ)
and ξ((x,Mx), P̂) := ξ((x,Mx), P̂ ,Rd), we shorten our presentation and typically state
results for only one of the two scores. When marks are not present, all statements remain
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valid by viewing the ground process as a marked point process with degenerate marks.
In this case, we write the score as ξ(x,P ,Γλ) and all other notation remains unchanged.

For any real-valued random variable X and p ∈ [1,∞) we put ∥X∥p = (E(|X|p))1/p.
For any full-dimensional B ∈ B(Rd), let Vol(B) denote its volume and for X ∈ NRd , let
card(X ) be its cardinality.

Definition 1.1. (p1-moment on the ground process) The ground point process P has a
p1-moment, p1 ∈ [1,∞), if

b1 := b1(p1) := ∥card(P ∩ Γ1)∥p1 < ∞. (1.1)

Remark 1.2. The moment condition (1.1) holds for all p1 ∈ [1,∞) for homogeneous
Poisson point processes and for α−determinantal point processes whose kernel decays
exponentially fast, provided −1/α ∈ N, as established in Section 2.2.2 and Section 2.1
(Remark (i)) of [4]. For a Gibbs point process with Papangelou intensity bounded above
by a locally integrable function h : Rd → R, iterating the GNZ equation gives the n-
th factorial moment E[(P(B))(n)] ≤ (

∫
B h(x) dx)n for every bounded Borel set B; see,

e.g., Dereudre [13, Section 2], hence card(P ∩ Γ1) has finite moments of all orders. This
includes many commonly used Gibbs point processes; for example, those whose interaction
range is smaller than the critical value of continuum percolation of an associated Poisson
point process [20, Section 4.1].

The ground point process P is of a general nature, and one may require conditions
on the higher-order Palm distributions of P when proving limit theorems. However, the
class of score functions satisfying conditions based on higher-order Palm distributions
is narrower than the class based on first-order Palm distributions (see the examples in
Remark 1.12 (iv) and Remark 3.12). While the first-order Palm distributions of ground
point processes P are often well-studied, their higher-order Palm distributions are less
well-known and typically cumbersome. Except for Poisson and related point processes,
obtaining closed forms or analyzing the properties of these distributions is often more
challenging than estimating higher-order moments of the score function ξ with respect to
the first-order Palm distributions of P . Thus, we circumvent the use of higher-order Palm
distributions by instead assuming only higher moment conditions on the ground point
process P and on the score function ξ with respect to the first-order Palm distributions;
see [10, Lemma 5.5].

For any fixed distinct x1, ..., xq ∈ Rd, we denote by Px1,...,xq the Palm probability
given points x1, ..., xq; likewise Ex1,...,xq and Lx1,...,xq denote the Palm expectation and
Palm distribution, respectively.

Definition 1.3. (p2-moment on the score) The score ξ has a p2-moment, p2 ∈ [1,∞), if

b2 := b2(p2) := sup
λ∈(0,∞)

sup
x∈Γλ

(
Ex|ξ((x,Mx), P̂ ,Γλ)|p2

)1/p2
< ∞. (1.2)
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Given A ∈ B(Rd), the sum of the score functions on the point set P ∩ A is

Hλ,A :=
∑

x∈P∩A
ξ((x,Mx), P̂ ,Γλ), Hλ := Hλ,Γλ

(1.3)

and its centered version is

SA := Sλ,A := Hλ,A − EHλ,A. (1.4)

For A,B ∈ B(Rd), let diam(A) = sup{d(x, y) : x, y ∈ A} be the diameter of A,
d(A,B) = inf{d(x, y) : x ∈ A, y ∈ B}, d(x,B) = d(B, x) := d({x}, B), where d is the
Euclidean distance on Rd. Given ρ ∈ (0,∞) let Bρ(A) = {y : d(y, A) < ρ} be the
ρ-enlargement of A. Define the class of test functions

Fb := {g : R → R; ∥g∥∞ ∨ ∥g′∥∞ := sup
x∈R

|g(x)| ∨ sup
x∈R

|g′(x)| ≤ 1}.

The following assumption, similar to the exponential decay of dependence in [10,
(2.1)], specifies a weak mixing condition on the score sums {SA}A∈B(Rd), which, together
with moment assumptions on the ground point process and the scores, yields proximity
bounds between (Hλ −EHλ)/

√
VarHλ and the standard normal in terms of the Wasser-

stein distance. The mixing condition requires that the covariance of SA and f(SB), as
well as the covariance of S2

A and f(SB), decays fast with respect to the distance between
A and B, uniformly for f in a class of test functions and uniformly for A,B belonging
to a class of test sets.

Definition 1.4. (mixing of score sums) Let H1 be the class of open hyperrectangles in
Rd with sides at least unit length and with faces parallel to coordinate planes in Rd, and
let H2 be the class of unions of two incident hyperrectangles in H1. Let F1 denote the
test function class Fb together with the identity g(x) = x and let F2 = Fb. The score
sums satisfy exponential mixing if there exists λ0 ∈ (0,∞) and positive constants {γi}3

i=0
such that for λ ≥ λ0, j ∈ {1, 2} and all g ∈ Fj, A ∈ Hj, and all sets B ∈ B(Γλ) that
are the finite union of disjoint hyperrectangles in H1 satisfying the separation condition
d(A,B) ≥ γ3[log(diam(A) ∨ diam(B)) ∨ 1], we have∣∣∣E(SjAg(SB)) − E(SjA)E(g(SB))

∣∣∣ =
∣∣∣Cov(SjA, g(SB))

∣∣∣
≤ γ1(diam(A)γ0 ∨ 1)(diam(B)γ0 ∨ 1)e−γ2d(A,B) =: U(γ, A,B), (1.5)

where γ := {γi}3
i=0. The score sums satisfy polynomial mixing if (1.5) holds with

U(γ, A,B) replaced by

U ′(γ, A,B) := γ1(diam(A)γ0 ∨ 1)(diam(B)γ0 ∨ 1)d(A,B)−γ2 , (1.6)

where the parameters γ in (1.5) and (1.6) are different in general.

In Section 1.3 we determine conditions on the ground point process P and on the
scores ξ which imply the mixing bounds (1.5) and (1.6).
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Remark 1.5. (i) (the covariance conditions (1.5) and (1.6)) The mixing of score sums
implies covariance conditions of a more general form for a larger class of sets as in
Lemma 2.4, which plays an essential role in proving Theorem 1.6, our main result.
If either (1.5) or (1.6) hold for all pairs of disjoint sets A and B, then there is no
need to specify the parameter γ3 controlling the separation condition.

(ii) (comparison with mixing of score sums without centering) The mixing properties
(1.5) and (1.6) are equivalent, up to increasing the exponent γ0 by an additive term
d, to the corresponding properties obtained by replacing SA and SB with Hλ,A and
Hλ,B, respectively. See Lemma 2.5.

(iii) (comparison with the (BL,ψ, θ) dependence condition) The (BL,ψ, θ) dependence
condition is an assumption imposed on covariances involving a specified class of
test functions satisfying certain bounded Lipschitz conditions as introduced in the
context of random field theory; cf. Bulinski and Shashkin [8, p. 93–95] and the
references therein. This assumption is used to obtain a rate of convergence for the
normal approximation error of the partial sum of a centered (BL,ψ, θ)-dependent
random field under the Kolmogorov distance via Stein’s method, see [8, p. 182–188]
for details. Our framework requires verifying a mixing property for a smaller class
of test sets and a different class of test functions.

1.2 A general quantitative CLT under mixing of score sums

We use the Wasserstein distance to quantify the difference between two real-valued
random variables X1 and X2, where

dW (X1, X2) := sup
h∈FLip

|Eh(X1) − Eh(X2)|,

where FLip := {f : R → R, |f(x) − f(y)| ≤ |x− y|, for all x, y ∈ R}. We quantify
the dW distance between (Hλ − EHλ)/

√
VarHλ and the standard normal N(0, 1), here

denoted by Z. The rates of normal approximation in the following general result as well
as in the corollaries and applications assume that VarHλ = Ω(λν) for some ν > 2/3.
We regard the verification of this condition as a separate issue and do not systematically
address this.

Theorem 1.6. (mixing of score sums implies a quantitative CLT) Assume that the point
process P and score ξ respectively satisfy the moment assumptions (1.1) and (1.2) for p1
and p2 satisfying

p1p2

p1 + p2 − 1 ≥ 3.

Assume that VarHλ = Ω(λν) for some ν > 2/3.
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(a) If the score sums satisfy exponential mixing (1.5), then

dW

(
Hλ − EHλ√

VarHλ

, Z

)
= O

(
(log λ)3dλ−1.5ν+1

)
. (1.7)

(b) If polynomial mixing (1.6) holds and

γ2 > max
{

3(−νd+ 2d+ 2γ0)
3ν − 2 ,

6(−νd+ d+ γ0)
3ν − 2 + γ0

}
, (1.8)

or equivalently

τ(γ0, γ2) := 3
2

(
2νd+ 2γ0

3d+ γ2
∨ νd+ 2γ0

3d+ γ2 − γ0

)
<

3
2ν − 1, (1.9)

then
dW

(
Hλ − EHλ√

VarHλ

, Z

)
= O

(
λ−1.5ν+1+τ(γ0,γ2)

)
= o(1). (1.10)

Remark 1.7. (i) (the optimality of rates under exponential mixing) It is not uncommon
that ν = 1, cf. [4]. In this case the O((log λ)3dλ−0.5) bound (1.7) is nearly optimal,
save for the logarithmic factor. In general one cannot do better than establishing
a rate O(λ−0.5) as seen in Section 2.3 of Schulte and Yukich [38], which treats
Poisson input.

(ii) (the rate of convergence under polynomial mixing) In the case of polynomial mixing,
i.e., under condition (1.6), as γ2 → ∞, the bound (1.10) approaches O (λ−1.5ν+1),
which, in general, is unimprovable when ν = 1.

(iii) (moment conditions for the ground point process and for the scores) If the ground
point process, respectively the score, has a p = (3 + δ)-moment for some positive
δ, then the score, respectively ground point process, must have a 3(p − 1)/(p − 3)
moment. For the point processes discussed in Remark 1.2, one can take p1 in
Definition 1.1 to be arbitrarily large. Consequently, it suffices that the score satisfies
(1.2) for some p2 > 3. Likewise, if a score has moments of all orders then P need
only have a moment of order p1 > 3. When compared with [10] this gives normal
approximation results holding under slightly more flexible moment assumptions on
the point process and the score.

(iv) (ground point process with infinite second moment) One may easily construct a
simple stationary point process P on Rd such that ∥card(P ∩ Γ1)∥2 = ∞. For
example, start with a unit intensity Poisson point process Ψ on Rd representing
locations of parents. Next, independently of other parents, each parent produces η
children with distribution

P(η = i) = 4
i(i+ 1)(i+ 2) , i ∈ N.
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Assuming the locations of the children of a parent at x are independent and identi-
cally distributed within the open ball centered at x with radius 1, and independently
of the children of other parents, then the point process P formed by the locations
of the children of Ψ is a simple stationary point process on Rd with intensity 2 and
satisfies E(card(P ∩ Γ1)2) = ∞.

1.3 Corollaries

We give conditions on the marked point process P̂ and on the score ξ which together
ensure mixing of score sums as in Definition 1.4. Our first condition is adapted from
[10].

Definition 1.8. (EDD marked point processes) The marked point process P̂ exhibits
exponential decay of dependence (EDD) if there exist constants θ0 ∈ [0,∞), θi ∈ (0,∞)
for 1 ≤ i ≤ 3, such that for any A, B ∈ B(Rd) with d(A,B) ≥ θ3[log(diam(A) ∨
diam(B)) ∨ 1], we have

βA,B := dTV

(
L(P̂|A∪B),L(P̂|A ∪ ˜̂P|B)

)
≤ θ1(diam(A)θ0 ∨ 1)(diam(B)θ0 ∨ 1)e−θ2d(A,B),

(1.11)
where ˜̂P is an independent copy of P̂. A point process P is EDD if it satisfies (1.11)
with degenerate marks.

Remark 1.9. By definition, if a marked point process P̂ is EDD, then so is the ground
process P. EDD point processes include Gibbs point processes whose interaction range is
smaller than the critical value of continuum percolation of an associated Poisson point
process as well as determinantal point processes whose kernel satisfies

|K(x, y)| ≤ C1e−C2eC3|x−y|
, x, y ∈ Rd, (1.12)

for some positive constants C1, C2 and C3, see [20, Appendix A] and [10, Section 3.2].
Disagreement-coupling methods related to those in [20] have recently been extended to
marked Euclidean spaces and to certain repulsive pair-potential models in Hirsch, Otto
and Svane [21]. The strong spatial mixing theorem of Michelen and Perkins [29] also
provides a route to verifying EDD for finite-range repulsive pair-potential Gibbs processes
with activity below e/∆ϕ. On the determinantal side, if α satisfies −1/α ∈ N and the
kernel K is Hermitian with 0 ≤ K ≤ −1/α, then α-determinantal point processes exist,
as shown in Shirai and Takahashi [39, Theorem 1.2 and the proof of Lemma 3.3], and
can be interpreted as the superposition of −1/α i.i.d. determinantal point processes with
kernel −αK. If the kernel satisfies (1.12), the resulting α-determinantal point process is
still EDD, since it is a finite superposition of i.i.d. EDD point processes [10, Lemma 3.5].

If the score function is trivial, i.e., ξ ≡ 1, and the EDD point process has a p1-
moment for some p1 > 3, then Hλ is the counting statistic and fulfils the exponential
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mixing condition (1.5) with

γ0 = 3d+ θ0
p1 − 3
p1

, γ2 = θ2
p1 − 3
p1

, γ3 = θ3,

and with γ1 a finite constant depending only on the moment and EDD constants. This
follows by applying Lemmas 2.1 and 2.5 together with Hölder’s inequality.

Next we consider conditions on general score functions. One possibility is to require
that ξ satisfies exponential stopping set stabilization as in Lachièze-Rey, Schulte and
Yukich [24] and [38], but this condition is sometimes restrictive.

Instead, for each r ∈ (0,∞) we construct a short-range score function ξ̂[r] based solely
on the point pattern within radius r, and such that ξ̂[r] approximates ξ with sufficient
accuracy, and then use this approximation for quantifying the error in approximating
Hλ by the corresponding sum of short-range scores. Given a score ξ and r ∈ (0,∞), a
short-range estimator

ξ̂[r] : (Rd × M) × NRd×M × B(Rd) → R

is defined to be a measurable function of the marked point process that depends solely
on the input within an open ball of radius r around the location of interest, i.e., for
almost all realizations X̂ of the marked point process P̂ , for all locally finite sets Ŷ ⊂
(Rd\B(x, r)) × M, and for all (x,mx) ∈ X̂ the following holds:

ξ̂[r]
(
(x,mx) ,

[
X̂ ∩ (B(x, r) × M)

]
∪ Ŷ ,Γλ

)
= ξ̂[r]

(
(x,mx) , X̂ ∩ (B(x, r) × M) ,Γλ

)
.

(1.13)

In other words ξ̂[r] has a stopping set which is an open ball of radius r. The restricted
score

ξ̂[r]
(
(x,m), X̂ ,Γλ

)
:= ξ

(
(x,m), X̂ ∩ (B(x, r) × M) ,Γλ

)
, r ∈ (0,∞), (1.14)

is a special case of the short-range estimator. We emphasize that while we could choose
ξ̂[r] to be the restriction of ξ to the radius r ball as in (1.14), it is advantageous to allow
for other choices of ξ̂[r], as when considering statistics of continuum percolation models
as in Lo and Xia [27] and statistics of Laguerre tessellations as in Trauthwein and Yukich
[43]. Short-range estimators ξ̂[r] are used in [5] where ξ̂[r] denotes the restricted score
and it plays a central role in establishing optimal rates of normal approximation on the
Poisson space in [43]. The benefits are also discussed in Section 3.4.

Definition 1.10. (probabilistic stabilization) The score ξ satisfies exponential proba-
bilistic stabilization if there is a family of short-range scores (ξ̂[r])r∈(0,∞) and positive
constants C1 and C2 such that

φ(Pr)(r) := sup
λ∈(0,∞)

sup
x∈Γλ

Px
(
ξ((x,Mx), P̂ ,Γλ) ̸= ξ̂[r]((x,Mx), P̂ ,Γλ)

)

10



≤ C1 exp(−C2r), r ∈ (0,∞). (1.15)

If there exist positive constants C and β such that φ(Pr)(r) ≤ Cr−β, r ∈ (0,∞), then ξ
is said to satisfy polynomial probabilistic stabilization with order β.

Probabilistic stabilization of scores is a localization criterion similar to, but weaker
than, the standard notion of stopping-set stabilization. It does not require the existence
of a stabilizing stopping set, nor does it require comparing the restricted version in (1.14)
with the original score function. Instead, it only requires the existence of an estimator
based on local information that is sufficiently close to the original score function; see
Section 1.4 (i).

As soon as the scores ξ((x,Mx), P̂ ,Γλ) have enough short-range structure, in the
sense that they are close to a family of short-range scores ξ̂[r]((x,Mx), P̂ ,Γλ) as in Defi-
nition 1.10, uniformly over all x ∈ Γλ, r ∈ (0,∞), then Hλ is well-approximated by the
normal, provided P̂ is EDD.

Corollary 1.11. (rates of normal convergence for sums of scores satisfying probabilistic
stabilization) Assume that P satisfies the p1-moment condition (1.1) and that the marked
point process P̂ satisfies exponential decay of dependence (1.11). Assume that the scores
satisfy the p2-moment condition (1.2) with

¯
p0 := p1p2

p1 + p2 − 1 ≥ 3.

Lastly, assume VarHλ = Ω(λν) for some ν > 2/3.

(a) If ξ satisfies exponential probabilistic stabilization (1.15) for the given family of
short-range scores (ξ̂[r])r∈(0,∞) then

dW

(
Hλ − EHλ√

VarHλ

, Z

)
= O

(
(log λ)3dλ−1.5ν+1

)
.

(b) If ξ satisfies polynomial probabilistic stabilization for the given family of short-range
scores (ξ̂[r])r∈(0,∞) then

dW

(
Hλ − EHλ√

VarHλ

, Z

)
= O

(
λ−1.5ν+1+τ(γ0,γ2)

)
,

with γ2 = β(1 − 2(p1 + p2 − 1)/(p1p2)) = β(1 − 2/
¯
p0) =: β

¯
p1, γ0 = d(2 +

¯
p1) and,

as in (1.9), τ(γ0, γ2) = 3
2

(
2νd+2γ0
3d+γ2

∨ νd+2γ0
3d+γ2−γ0

)
.

Remark 1.12. (i) (on the rates) The assertions of parts (ii) and (iii) of Remark 1.7
also apply to Corollary 1.11. If the score function has a finite dependence range,
then it satisfies exponential probabilistic stabilization: indeed, taking ξ̂[r] = ξ for
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all r larger than the diameter of the dependence range gives φ(Pr)(r) = 0 for all
sufficiently large r, and hence the result in part (a) applies. Moreover, if φ(Pr) in
Definition 1.10 decays sub-exponentially, i.e., φ(Pr)(r) ≤ Cβr

−β for all positive β
with some positive constant Cβ, then dW ((Hλ − EHλ)/

√
VarHλ, Z) = O(λ−p) for

all p < 3ν/2 − 1.

(ii) (on the moments) The trade-off between a p = (3 + δ)-moment on the ground point
process, respectively score, and a 3(p−1)/(p−3) moment on the score, respectively
ground point process, as described in Remark 1.7 (iii), applies here as well.

(iii) (comparison with bounded-Lipschitz localization and the results based on it) Another
localization assumption, called bounded-Lipschitz localization (BL-localization),
is used in Sections 4-7 of [5] to establish a qualitative central limit theorem for
(Hλ)λ∈(0,∞).This condition requires for every r ∈ (0,∞), q ∈ N, that the q-tuples
of scores satisfy

dBL
(
Lx
((
ξ((xi,Mxi

), P̂ ,Γλ)
)
i=1,...,q

)
,Lx

((
ξ̂[r]((xi,Mxi

), P̂ ,Γλ)
)
i=1,...,q

))
≤ φq(r),

(1.16)
uniformly in λ ∈ (0,∞) and over all distinct x1, . . . , xq ∈ Γλ. Here, dBL denotes
the bounded-Lipschitz metric, for each q ∈ N, Lx := Lx1,...,xq denotes the condi-
tional law given x1, . . . , xq ∈ P, and φq is a fast decreasing function, that is, one
which decays faster than any polynomial power. When q = 1, the assumption in
(1.16) is weaker than probabilistic stabilization, since dBL is a weaker metric and
the condition only requires closeness in distribution between the score functions and
their estimators, rather than closeness in probability, which potentially offers ap-
plications to a wider class of scores. On the other hand, (1.16) is a more complex
requirement than (1.15), as it requires closeness of vectors of scores and their local-
ized versions with respect to higher-order Palm distributions (see Remark 1.12 (iv)
and Remark 3.12). By contrast, our localization condition only involves the case
q = 1, but with dBL replaced by the stronger probabilistic assumption. We also
require VarHλ = Ω(λν) for some ν > 2/3, whereas [5] only requires ν > 0.

(iv) (on the difference between conditions on higher-order and first-order Palm distribu-
tions) In general, when it comes to applications, one wishes to impose assumptions
involving Palm distributions of the lowest possible order. We illustrate this through
a simple example involving nearest neighbor distances. Though the example is based
on exponentially decaying functions (φq)q∈N in (1.16), it can be easily adapted to
the sub-exponential setting. Let P be a homogeneous Poisson point process in Rd

with unit intensity. For each point x ∈ P, define

ξ(x,P ,Γλ) = ξ(x,P) = card(P ∩B(x, [− ln d(x,P\{x})] ∨ 1)).

Then one can easily verify (1.15) by setting

ξ̂[r](x,P ,Γλ) = card(P ∩B(x, r ∧ {[− ln d(x,P\{x})] ∨ 1})),

12



since, for r > 1,

Px
(
ξ(x,P ,Γλ) ̸= ξ̂[r](x,P ,Γλ)

)
≤ Px (− ln d(x,P\{x}) > r)

= Px
(
d(x,P\{x}) < e−r

)
= P

(
card(P ∩B(0, e−r)) ≥ 1

)
=: φ(r),

and φ(r) decays exponentially fast. However, for any given r, by taking x1 and
x2 sufficiently close to each other, the left-hand side of (1.16) with q = 2 can
be made arbitrarily close to 1, since the dependence range of Lx1,x2(ξ(x,P ,Γλ))
becomes arbitrarily large as d(x1, x2) → 0. This example not only illustrates the
difference between assumptions based on first-order Palm distributions and those
based on higher-order Palm distributions, but can also be adapted to show that
each time assumptions are strengthened from the q-th to the (q + 1)-th order Palm
distributions, some potential applications may be lost. This can be achieved by
replacing d(x,P\{x}) with the distance between the (q + 1)-th nearest neighbor of
x in P and the set consisting of x together with its first q nearest neighbors.

In addition to probabilistic stabilization, it is useful to consider stabilization in the
Lp sense.

Definition 1.13. (Lp3 stabilization) Given p3 ∈ (0,∞), ξ satisfies exponential stabi-
lization in the Lp3 metric, abbreviated exponential Lp3-stabilization, if there is a family
of short-range scores (ξ̂[r])r∈(0,∞) and positive constants C1 := C1(p3) and C2 := C2(p3)
such that

φ(Lp3 )(r) := sup
λ∈(0,∞)

sup
x∈Γλ

(
Ex
∣∣∣ξ((x,Mx), P̂ ,Γλ) − ξ̂[r]((x,Mx), P̂ ,Γλ)

∣∣∣p3)1/p3

≤ C1 exp(−C2r), r ∈ (0,∞).

If there exist positive constants C := C(p3) and β := β(p3) such that φ(Lp3 )(r) ≤
Cr−β, r ∈ (0,∞), then ξ is said to satisfy polynomial Lp3-stabilization with order β.

Since the moments of the short-range scores cannot, in general, be controlled by (1.2),
we impose a separate moment condition on the short-range scores themselves. The family
of short-range scores (ξ̂[r])r∈(0,∞) satisfies a moment condition of order p′

2 ∈ [1,∞) if

b′
2 := b′

2(p′
2) := sup

λ∈(0,∞)
sup
x∈Γλ

sup
r∈(0,∞)

(
Ex|ξ̂[r]((x,Mx), P̂ ,Γλ)|p

′
2
)1/p′

2
< ∞. (1.17)

Under suitable moment assumptions (1.2) and (1.17) on score functions and their esti-
mators, the probabilistic stabilization implies Lp stabilization with different parameters,
but in some applications (for example, in Section 1.4 (i)) it is more direct to verify prob-
abilistic stabilization instead of Lp stabilization. Also, in some other applications, the
Lp stabilization is useful for estimators that are not easily seen to satisfy probabilistic
stabilization; see Sections 3.4 and 3.5.
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Corollary 1.14. (rates of normal convergence for sums of scores satisfying Lp3-stabilization)
Assume that P has a p1-moment as in (1.1) and that the marked point process P̂ satisfies
exponential decay of dependence (1.11). Assume that the score ξ has a p2-moment as
in (1.2) and that there is a family of short-range scores (ξ̂[r])r∈(0,∞) which satisfy the
p′

2-moment condition (1.17) with

¯
p = p1(p′

2 ∧ p2)
p1 + (p′

2 ∧ p2) − 1 ≥ 3.

Lastly, assume VarHλ = Ω(λν) for some ν > 2/3.

(a) If ξ satisfies exponential Lp3-stabilization for the given family of short-range scores
(ξ̂[r])r∈(0,∞), with p3 ≥

¯
p/(

¯
p− 2), then

dW

(
Hλ − EHλ√

VarHλ

, Z

)
= O

(
(log λ)3dλ−1.5ν+1

)
.

(b) If ξ satisfies polynomial Lp3-stabilization for the given family of short-range scores
(ξ̂[r])r∈(0,∞), with p3 ≥

¯
p/(

¯
p− 2), then

dW

(
Hλ − EHλ√

VarHλ

, Z

)
= O

(
λ−1.5ν+1+τ(2d,β)

)
,

where τ(2d, β) := 3d
2

(
2ν+4
3d+β ∨ ν+4

d+β

)
.

Remark 1.15. (i) If card(P ∩ Γ1) has finite moments of all orders, i.e., assump-
tion (1.1) holds for all p1 ∈ (0,∞), then it suffices that p2 ∧ p′

2 > 3.

(ii) For statement (b), the displayed bound converges to 0 as λ goes to infinity when-
ever p3 ∈ (0,∞) (instead of p3 ≥

¯
p/(

¯
p − 2)) provided β is sufficiently large (see

Corollary 2.7 (b)).

(iii) As in (ii), if d and ν are fixed and polynomial Lp3-stabilization holds for some p3 ∈
(0,∞), then the bound for dW ((Hλ−EHλ)/

√
VarHλ, Z) approaches O(λ−1.5ν+1) as

β → ∞. Furthermore, if φ(Lp3 )(r) in Definition 1.13 decays sub-exponentially for
some p3 ∈ (0,∞), then dW ((Hλ−EHλ)/

√
VarHλ, Z) = O(λ−κ) for all κ < 1.5ν−1.

(iv) Lp3-stabilization is stronger than the bounded-Lipschitz localization condition (1.16)
when q = 1. However, unlike (1.16), it requires neither estimates for vectors of
scores nor estimates under higher-order Palm distributions, cf. Remark 1.12 (iii).

1.4 Comparison with the literature

(i) (Comparison with [10]) As seen below, standard exponential stopping set stabilization
for score functions implies exponential probabilistic stabilization and therefore the main
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results in [10] are a special case of part (a) of Theorem 1.6. Under exponential stopping
set stabilization, [10] obtains a rate of convergence with a factor of (log λ)5d instead of
the factor (log λ)3d given here. Polynomial stabilization of scores is not considered in
[10].

Definition 1.16. (stopping set stabilization) The score ξ is exponentially stabilizing
(resp. polynomially stabilizing with order β) with respect to L(P̂) if for all λ ∈ (0,∞),
x ∈ Γλ, and almost all realizations X̂ := {(x,mx)}x∈X of the law Lx(P̂), where X is the
ground configuration of X̂ , there exists a radius of stabilization

R := Rξ := R((x,mx), X̂ ,Γλ) ∈ (0,∞),

such that for all locally finite Ŷ ⊂ (Rd\B(x,R)) × M, we have

R
(
(x,mx) ,

[
X̂ ∩ (B(x,R) × M)

]
∪ Ŷ ,Γλ

)
= R

(
(x,mx) , X̂ ∩ (B(x,R) × M) ,Γλ

)
,

ξ
(
(x,mx) ,

[
X̂ ∩ (B(x,R) × M)

]
∪ Ŷ ,Γλ

)
= ξ

(
(x,mx) , X̂ ∩ (B(x,R) × M) ,Γλ

)
,

and there exist constants C1 and C2 such that the tail probability

τ(t) := sup
λ∈(0,∞)

sup
x∈Γλ

Px
(
R((x,Mx), P̂ ,Γλ) ≥ t

)

satisfies τ(t) ≤ C1e−C2t (respectively τ(t) ≤ C1t
−β) for all t ∈ (0,∞).

Next, take the short-range score ξ̂[r] to be the restriction of ξ to the radius r ball, as in
(1.14). For this choice of ξ̂[r] it follows that exponential stabilization implies exponential
probabilistic stabilization and polynomial stabilization implies polynomial probabilistic
stabilization with the same rate, since

Px
(
ξ((x,Mx), P̂ ,Γλ) ̸= ξ̂[r]((x,Mx), P̂ ,Γλ)

)
≤ Px

(
R((x,Mx), P̂ ,Γλ) ≥ r

)
for all r ∈ (0,∞). Hence, if the score stabilizes at a given rate, then it satisfies proba-
bilistic stabilization at the same rate. Together with Corollary 1.11 (b), this establishes
a rate of normal convergence when the score function is polynomially stabilizing.

(ii) (Related quantitative CLTs) Given Gibbsian input whose potential satisfies a finite
range condition and given a large enough inverse temperature parameter, Theorem 2.3
of [37] establishes dK((Hλ − EHλ)/

√
VarHλ, Z) = O

(
(log λ)3dλ−0.5

)
provided that the

variance is of volume order, and where dK denotes the Kolmogorov distance. Later, this
bound was sharpened to O

(
(log λ)2dλ−0.5

)
for a larger class of Gibbsian input in [20].

When the input P is a Poisson point process, one can improve the rates of convergence
in our main results and establish presumably optimal rates. Notably, if the scores satisfy
exponential probabilistic stabilization and a fifth moment condition, then the rates of
normal convergence for (Hλ −EHλ)/

√
VarHλ can be improved to O(λ−0.5) provided the

variance grows like Ω(λ). These Berry-Esseen rates of normal approximation hold in the
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Wasserstein and Kolmogorov distances, as shown in [43] and in fact hold under bounded
Lipschitz localization of scores, where the closeness of scores in the probabilistic sense in
Definition 1.10 is replaced by a closeness of scores in the bounded Lipschitz distance.

(iii) (Related qualitative CLT) It is shown in [5] that if the input has fast decay of
correlations, if the score has a (2+δ)-moment, and if the score satisfies bounded Lipschitz
localization and VarHλ = Ω(λν) for some ν > 0 then one obtains a qualitative CLT for
(Hλ − EHλ)/

√
VarHλ, but with no rate of normal convergence.

2 Auxiliary results and the proof of the main result

The proof of Theorem 1.6 is preceded by several lemmas.

Lemma 2.1. (easy moment bounds for P) If P satisfies the p1-moment condition (1.1),
then for any B ∈ B(Rd) that can be covered by LB unit cubes, we have

∥card(B ∩ P)∥p1 ≤ LBb1,

where b1 is defined in (1.1). In particular, if B is the union of m hyperrectangles with
side lengths at least 1, then

∥card(B ∩ P)∥p1 ≤ 2dmb1 Vol(B).

Furthermore, if these m hyperrectangles are disjoint, then

∥card(B ∩ P)∥p1 ≤ 2db1 Vol(B).

Also, if B ∈ B(Rd) is a ball with diameter at least 1, then

∥card(B ∩ P)∥p1 ≤ 4dΓ(0.5d+ 1)π−0.5db1 Vol(B)

where Γ(s) denotes the gamma function
∫∞

0 ts−1e−tdt for s ∈ (0,∞).

Proof. The first inequality follows from the Minkowski inequality. IfB is a hyperrectangle
with side lengths li ≥ 1, 1 ≤ i ≤ d, then it can be covered by LB := Πd

i=1⌈li⌉ ≤ 2dΠd
i=1li =

2d Vol(B) unit cubes. If B is the union of m such hyperrectangles, say Bi, 1 ≤ i ≤ m,
then LB ≤ ∑m

i=1 LBi
≤ 2dmVol(B). Furthermore, if these hyperrectangles are disjoint,

then the upper bound becomes LB ≤ ∑m
i=1 LBi

≤ ∑m
i=1(2d Vol(Bi)) = 2d Vol(B), and

hence ∥card(B ∩ P)∥p1 ≤ 2db1 Vol(B). If B is a ball, we can cover it with a cube whose
side length equals the diameter of the ball, and the statement follows from the ratio
between the volumes of the cube and the ball.

Recall the definition of Hλ,A and Sλ,A in (1.3) and (1.4), respectively, and recall that
µ is the constant intensity of P .
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Lemma 2.2. (moment bounds for Hλ,B and Sλ,B) If P satisfies the p1-moment condition
(1.1) and if ξ satisfies the p2-moment condition (1.2), then there exists a constant C :=
C(b1, b2, µ) independent of λ such that for any set B ∈ H2,

∥Hλ,B∥p1p2/(p1+p2−1) ≤ C Vol(B), (2.1)
∥Sλ,B∥p1p2/(p1+p2−1) ≤ C Vol(B). (2.2)

Proof. For s1, s2 ∈ [1,∞), let t1, t2 denote their respective conjugate indices, i.e.,
1/s1 + 1/t1 = 1 and 1/s2 + 1/t2 = 1. Repeatedly applying Hölder’s inequality, we have

∥Hλ,B∥s1 ≤
{
E
[( ∑

x∈P∩B
|ξ((x,Mx), P̂ ,Γλ)|

)s1]}1/s1

≤
{
E
[ ∑
x∈P∩B

|ξ((x,Mx), P̂ ,Γλ)|s1card(B ∩ P)s1/t1

]}1/s1

≤

E
( ∑

x∈P∩B
|ξ((x,Mx), P̂ ,Γλ)|s1s2

)1/s2 ( ∑
x∈P∩B

card(B ∩ P)s1t2/t1

)1/t2


1/s1

=

E
( ∑

x∈P∩B
|ξ((x,Mx), P̂ ,Γλ)|s1s2

)1/s2 (
card(B ∩ P)1+s1t2/t1

)1/t2


1/s1

≤


[
E

∑
x∈P∩B

|ξ((x,Mx), P̂ ,Γλ)|s1s2

]1/s2 [
E
(
card(B ∩ P)1+s1t2/t1

)]1/t2
1/s1

=
(∫

B
Ex(|ξ((x,Mx), P̂ ,Γλ)|s1s2)µdx

)1/(s1s2)
∥card(B ∩ P)∥1−1/(s1s2)

1+s1t2/t1
. (2.3)

Setting
s1 = p1p2

p1 + p2 − 1 , s2 = p1 + p2 − 1
p1

and using the p2-moment condition (1.2) and Lemma 2.1 in (2.3), we obtain

∥Hλ,B∥p1p2/(p1+p2−1) ≤ b2(µVol(B))1/p2∥card(B ∩ P)∥1−1/p2
p1 ≤ 0.5C Vol(B),

where b2 is defined in (1.2). This implies (2.1). For (2.2), we apply the Minkowski
inequality followed by the Lyapunov inequality, which yields

∥Sλ,B∥p1p2/(p1+p2−1) ≤ ∥Hλ,B∥p1p2/(p1+p2−1) + ∥E(Hλ,B)∥p1p2/(p1+p2−1)

≤ 2∥Hλ,B∥p1p2/(p1+p2−1) ≤ C Vol(B).

Using the same idea as in the proof of Lemma 2.2, we establish an upper bound for
the Lp norm of

H
[r]
λ,B =

∑
x∈P∩B

[
ξ((x,Mx), P̂ ,Γλ) − ξ̂[r]

(
(x,Mx), P̂ ,Γλ

)]
, B ∈ H2,
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for a given family of short-range scores (ξ̂[r])r∈(0,∞).

Lemma 2.3. (moment bounds for H [r]
λ,B) Assume P has a p1-moment as in (1.1).

(a) If ξ satisfies exponential Lp3-stabilization for some p3 ∈ (0,∞) and if (ξ̂[r])r∈(0,∞)
is the associated family of short-range scores, then there exist constants C ′

1 :=
C ′

1(b1, µ) and C ′
2 := C ′

2(b1, µ) independent of λ such that for any B ∈ H2 and all
r ∈ (0,∞) ∥∥∥H [r]

λ,B

∥∥∥
p1p3/(p1+p3−1)

≤ C ′
1 Vol(B)e−C′

2r. (2.4)

(b) If ξ satisfies polynomial Lp3-stabilization for some p3 ∈ (0,∞) and if (ξ̂[r])r∈(0,∞)
is the associated family of short-range scores, then there exists a constant C ′

3 :=
C ′

3(b1, µ) independent of λ such that for any set B ∈ H2 and all r ∈ (0,∞)∥∥∥H [r]
λ,B

∥∥∥
p1p3/(p1+p3−1)

≤ C ′
3 Vol(B)r−β. (2.5)

Proof. The inequalities follow from a step-by-step repetition of the proof of Lemma 2.2,
replacingHλ,·, ξ((x,Mx), P̂ ,Γλ), p2, and b2 withH [r]

λ,·, ξ((x,Mx), P̂ ,Γλ)−ξ̂[r]((x,Mx), P̂ ,Γλ),
p3, and φ(Lp3 )(r), respectively. This yields the bound∥∥∥H [r]

λ,B

∥∥∥
p1p3/(p1+p3−1)

≤ φ(Lp3 )(r)(µVol(B))1/p3∥card(B ∩ P)∥1−(1/p3)
p1 ,

which establishes (2.4) and (2.5) under the respective assumptions of exponential and
polynomial Lp3-stabilization.

The proof of our main result relies on blocking arguments over big blocks and small
blocks, given respectively by the rectangles A2 and A1 in the next lemma, which we will
eventually take to have edge lengths proportional to log λ and a constant, respectively.
The next lemma is designed to handle error terms arising in these blocking arguments.

Lemma 2.4. (consequence of mixing for the set-function class corresponding to j = 2)

(a) Assume the exponential mixing condition (1.5) holds for the set-function class cor-
responding to j = 2. For all hyperrectangles A1, A2 in H1 with A1 ⊆ A2, and
for all B ∈ B(Γλ) which are finite unions of disjoint hyperrectangles in H1 with
d(A2, B) ≥ γ3[log(diam(A2) ∨ diam(B)) ∨ 1], we have for g ∈ F2

|E (SA1SA2g(SB)) − E (SA1SA2)E (g(SB))| ≤ 1.5(2d+ 1)U(γ, A2, B). (2.6)

(b) If the polynomial mixing condition (1.6) holds for the set-function class corre-
sponding to j = 2 then the right-hand side of (2.6) can be replaced by 1.5(2d +
1)U ′(γ, A2, B).

18



Proof. We will prove (a) only, as the proof of (b) is nearly a word-for-word repetition.
We write A2,0 = A1, partition A2 \ A1 into at most 2d hyperrectangles incident to A1,
and write them as A2,i, 1 ≤ i ≤ C ≤2d. Since SA2 = ∑C

i=0 SA2,i
, we can rewrite the

left-hand side of (2.6) as

E (SA1SA2g(SB)) − E (SA1SA2)E (g(SB))

=
C∑
i=0

{
E
(
SA1SA2,i

g(SB)
)

− E
(
SA1SA2,i

)
E (g(SB))

}
. (2.7)

We write SA1SA2,i
as a sum of squares so that we may apply mixing (1.5) for the set-

function class corresponding to j = 2. Writing SA1SA2,i
= 0.5{S2

A1∪A2,i
− S2

A1 − S2
A2,i

},
1 ≤ i ≤ C, we have

E(SA1SA2,i
g(SB)) − E(SA1SA2,i

)E (g(SB))
= 0.5

{[
E
(
S2
A1∪A2,i

g(SB)
)

− E(S2
A1∪A2,i

)E (g(SB))
]

−
[
E
(
S2
A1g(SB)

)
− E

(
S2
A1

)
E (g(SB))

]
−
[
E
(
S2
A2,i

g(SB)
)

− E
(
S2
A2,i

)
E (g(SB))

]}
. (2.8)

Applying (1.5) when j = 2 for A = A1, A2,i and A1 ∪ A2,i respectively, we have∣∣∣E (S2
A1g(SB)

)
− E

(
S2
A1

)
E (g(SB))

∣∣∣ ≤ U(γ, A1, B), (2.9)∣∣∣E (S2
A2,i

g(SB)
)

− E
(
S2
A2,i

)
E (g(SB))

∣∣∣ ≤ U(γ, A2,i, B), (2.10)∣∣∣E (S2
A1∪A2,i

g(SB)
)

− E
(
S2
A1∪A2,i

)
E (g(SB))

∣∣∣ ≤ U(γ, A1 ∪ A2,i, B). (2.11)

The diameters of A1, A2,i, A1 ∪ A2,i, 1 ≤ i ≤ C ≤ 2d, are all bounded above by
diam(A2), and their distances to B are all bounded below by d(A2, B). Hence we can
combine (2.7)-(2.11) to obtain (2.6).

Mixing properties of centered sums of scores are equivalent to those of the uncentered
sums, up to a change in the exponent γ0 by d.

Lemma 2.5. (mixing for centered and uncentered score sums) If
¯
p0 = p1p2/(p1+p2−1) ≥

1, then the mixing properties (1.5) and (1.6) in Definition 1.4 are equivalent, up to
increasing the exponent γ0 by d, to the corresponding properties obtained by replacing SA
and SB with Hλ,A and Hλ,B, respectively. More precisely, if the centered version holds
with parameter vector γ = {γi}3

i=0, then the uncentered version holds with parameter
vector γ ′ = {γ′

i}3
i=0 with γ′

0 = γ0 + d and γ′
i = γi for i = 2, 3. Conversely, if the

uncentered version holds with parameter vector γ ′, then the centered version holds with
parameter vector γ satisfying the same relations, i.e. γ0 = γ′

0 +d and γi = γ′
i for i = 2, 3.

Proof. We only prove the assertion for exponential mixing (1.5); the proof for polynomial
mixing (1.6) is identical, with U replaced by U ′. We first show that the centered mixing
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property follows from the corresponding uncentered one. The converse follows by the
same argument, and we omit the details.

Assume that the uncentered score sums satisfy (1.5) with parameter γ ′ = {γ′
i}3
i=0.

For j = 1 and g(x) = x, the statement holds trivially, since centering does not change
the covariance. For j = 1 and g ∈ Fb, define gB(t) := g(t − EHλ,B), for all t ∈ R and
B ∈ B

(
Rd
)
. Then gB ∈ Fb and gB(Hλ,B) = g(SB). Hence

|E(SAg(SB)) − E(SA)E(g(SB))| = |Cov(Hλ,A, gB(Hλ,B))| ≤ U(γ ′, A,B).

For j = 2 and g ∈ Fb, from (2.1), we have∣∣∣E(S2
Ag(SB)) − E(S2

A)E(g(SB))
∣∣∣

=
∣∣∣Cov

(
(Hλ,A − EHλ,A)2, gB(Hλ,B)

)∣∣∣
≤
∣∣∣Cov(H2

λ,A, gB(Hλ,B))
∣∣∣+ 2|EHλ,A| |Cov(Hλ,A, gB(Hλ,B))|

≤ U(γ ′, A,B) + C(diam(A)d ∨ 1)U(γ ′, A,B)
≤ (C + 1)(diam(A)d ∨ 1)U(γ ′, A,B),

for some positive constant C. Thus the centered score sums satisfy (1.5) with the same
γ2, γ3, and with γ0 replaced by γ′

0 + d. This completes the proof.

Now we may prove Theorem 1.6.

Proof of Theorem 1.6. To facilitate the proof, we replace the Euclidean metric on Rd

with the maximum distance metric

d∞(x, y) = max
1≤i≤d

|xi − yi|, x, y ∈ Rd,

so that balls defined in terms of d∞ are cubes. This change of metric is localized to this
proof and elsewhere we keep the Euclidean metric on Rd. For ρ ∈ (0,∞) and A ∈ B(Rd),
let B∞(A, ρ) = {y : d∞(x, y) < ρ for some x ∈ A}.

(a) Without loss, we assume λ0 ≥ 1 and σλ ≥ 2 for all λ > λ0. For λ > λ0, we
subdivide Γλ into a maximal collection of disjoint, open, congruent cubes, each with
a volume greater than 1. The boundaries of such cubes have zero measure and do not
affect the distribution of the sums, so we ignore them throughout the blocking argument.
Let C := {C1, . . . ,Ckλ

} be an enumeration of these cubes, where Ci are cubes with edge
length λ1/d/⌊λ1/d⌋ for all 1 ≤ i ≤ kλ. This partition ensures that the volume of each cube
in the partition is in [1, 2d) for all admissible λ. Then kλ = Ω(λ). For a given ρ ∈ (0,∞),
let Ni,λ,ρ = B∞(Ci, ρ) ∩ Γλ and Ni,λ,2ρ = B∞(Ci, 2ρ) ∩ Γλ. We have Ni,λ,ρ ⊂ B∞(Ci, ρ)
and Ni,λ,2ρ ⊂ B∞(Ci, 2ρ), and hence the volumes of Ni,λ,ρ and Ni,λ,2ρ are bounded by
O(ρd), ρ large, for all 1 ≤ i ≤ kλ. Let

Si,λ = SCi
/σλ, Si,λ,ρ = SNi,λ,ρ

/σλ, Si,λ,2ρ = SNi,λ,2ρ
/σλ.
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We use Stein’s method for normal approximation and modify the argument in the
proof of [10, Theorem 2.1] to establish (1.7). To this end, recall the Stein equation for
normal approximation from Chen, Goldstein and Shao [9, p. 15]:

f ′(w) − wf(w) = h(w) −Nh, (2.12)

where Nh := Eh(Z). The solution of (2.12) is

fh(w) = ew2/2
∫ w

−∞
e−t2/2(h(t) −Nh)dt = −ew2/2

∫ ∞

w
e−t2/2(h(t) −Nh)dt,

and it satisfies the following properties [9, p. 16]:

∥fh∥∞ ≤ 2, ∥f ′
h∥∞ ≤

√
2
π
, ∥f ′′

h∥∞ ≤ 2.

The Stein equation (2.12) transforms the estimate of dW (Zλ, Z), with Zλ = (Hλ −
EHλ)/

√
VarHλ, into the study of f ′(Zλ) − Zλf(Zλ):

dW (Zλ, Z) = sup
h∈FLip

|E(h(Zλ) −Nh)| ≤ sup
f∈F

|E (f ′(Zλ) − Zλf(Zλ))| , (2.13)

where F :=
{
f : R → R, ∥f∥∞ ≤ 2, ∥f ′∥∞ ≤

√
2/π, ∥f ′′∥∞ ≤ 2

}
.

The first term in (2.13) satisfies

Ef ′(Zλ)
= E

(
Z2
λ

)
Ef ′ (Zλ)

=
kλ∑
i=1

E (Si,λSi,λ,ρ)Ef ′ (Zλ) + E

Z2
λ −

kλ∑
i=1

Si,λSi,λ,ρ

Ef ′(Zλ)

=
kλ∑
i=1

E (Si,λSi,λ,ρ) [Ef ′(Zλ) − Ef ′(Zλ − Si,λ,2ρ) + Ef ′(Zλ − Si,λ,2ρ)] + ϵ1

=
kλ∑
i=1

E (Si,λSi,λ,ρ)E
∫ Si,λ,2ρ

0
f ′′(Zλ − x)dx+

kλ∑
i=1

E (Si,λSi,λ,ρ)Ef ′ (Zλ − Si,λ,2ρ) + ϵ1

=
kλ∑
i=1

E (Si,λSi,λ,ρf ′(Zλ − Si,λ,2ρ)) + ϵ1 + ϵ2 + ϵ3, (2.14)

where, keeping in mind that Zλ = ∑kλ
i=1 Si,λ, we have

ϵ1 =E

Z2
λ −

kλ∑
i=1

Si,λSi,λ,ρ

Ef ′(Zλ) =
kλ∑
i=1

E (Si,λ (Zλ − Si,λ,ρ))Ef ′(Zλ);

ϵ2 =
kλ∑
i=1

E (Si,λSi,λ,ρ)E
(∫ Si,λ,2ρ

0
f ′′(Zλ − x)dx

)
;
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ϵ3 = −
kλ∑
i=1

E [Si,λSi,λ,ρ (f ′(Zλ − Si,λ,2ρ) − Ef ′(Zλ − Si,λ,2ρ))] .

The terms ϵ1, ϵ2, ϵ3 may be bounded by either using exponential mixing conditions
to control score sums on sets separated by ρ or by using moment bounds on score sums
over regions with diameter proportional to ρ. The first approach produces errors which
are decreasing with increasing ρ, whereas the second produces errors increasing with ρ.
A good balance is achieved by taking ρ to be proportional to log λ. The details go as
follows.

For ϵ1, using the bound ∥f ′∥∞ ≤
√

2/π and exponential mixing condition (1.5) with
j = 1, g(x) = x, x ∈ R, A = Ci, B = Γλ\Ni,λ,ρ, 1 ≤ i ≤ kλ, we have

|ϵ1| ≤
√

2
π
kλσ

−2
λ γ1

((
2
√
d
)γ0 ∨ 1

) ((√
dλ1/d

)γ0 ∨ 1
)

e−γ2ρ

= O
(
σ−2
λ λγ0/d+1e−γ2ρ

)
= O

(
λ−1

)
(2.15)

for ρ > C1 log λ, where C1 is a positive constant.

For ϵ2, using ∥f ′′∥∞ ≤ 2, Lemma 2.2 and Lyapunov’s inequality, we have

|ϵ2| ≤2
kλ∑
i=1

E (|Si,λSi,λ,ρ|)E (|Si,λ,2ρ|)

≤
kλ∑
i=1

E
(
S2
i,λ + S2

i,λ,ρ

)
E (|Si,λ,2ρ|)

≤
kλ∑
i=1

(
∥Si,λ∥2

3 + ∥Si,λ,ρ∥2
3

)
∥Si,λ,2ρ∥3

=O
(
σ−3
λ kλρ

3d
)

= O
(
λ−1.5ν+1ρ3d

)
. (2.16)

To bound ϵ3, as ∥f ′∥∞ ≤
√

2/π, we apply Lemma 2.4 (a) with g(x) = f ′(x/σλ)
for x ∈ R, A1 = Ci, A2 = Ni,λ,ρ, B = Γλ\Ni,λ,2ρ, 1 ≤ i ≤ kλ, to obtain

|ϵ3| ≤
kλ∑
i=1

|E (Si,λSi,λ,ρ (f ′(Zλ − Si,λ,2ρ) − Ef ′(Zλ − Si,λ,2ρ)))|

≤1.5kλσ−2
λ γ1(2d+ 1)

((√
d (2 + 2ρ)

)γ0 ∨ 1
) ((√

dλ1/d
)γ0 ∨ 1

)
e−γ2ρ

=O
(
σ−2
λ ργ0λγ0/d+1e−γ2ρ

)
= O

(
λ−1

)
, (2.17)

when ρ ≥ C2 log λ for some positive constant C2, since ∥g(x)∥∞ ≤
√

2/π ≤ 1, ∥g′(x)∥∞ =
∥f ′′(x/σλ)∥∞/σλ ≤ 2/σλ ≤ 1, and so g ∈ Fb ⊂ F1.
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For the second term in (2.13), we have

E (Zλf(Zλ)) =
kλ∑
i=1

E [Si,λf(Zλ)]

=
kλ∑
i=1

E [Si,λ (f(Zλ) − f(Zλ − Si,λ,ρ))]

+
kλ∑
i=1

E [Si,λ (f(Zλ − Si,λ,ρ) − E (f(Zλ − Si,λ,ρ)))]

+
kλ∑
i=1

E (Si,λ)Ef (Zλ − Si,λ,ρ)

=
kλ∑
i=1

E
(
Si,λSi,λ,ρ

∫ 1

0
f ′(Zλ − uSi,λ,ρ)du

)
+ ϵ4 + ϵ5, (2.18)

where

ϵ4 =
kλ∑
i=1

{E [Si,λf(Zλ − Si,λ,ρ)] − E (Si,λ)E (f(Zλ − Si,λ,ρ))} ;

ϵ5 =
kλ∑
i=1

E (Si,λ)E (f(Zλ − Si,λ,ρ)) = 0. (2.19)

To bound ϵ4, since ∥f∥∞ ≤ 2, an application of exponential mixing (1.5) with g(x) =
0.5f(x/σλ) for x ∈ R, j = 1, A = Ci, B = Γλ\Ni,λ,ρ, 1 ≤ i ≤ kλ, yields

|ϵ4| ≤2kλσ−1
λ γ1

(
(2

√
d)γ0 ∨ 1

) ((√
dλ1/d

)γ0 ∨ 1
)

e−γ2ρ

=O
(
σ−1
λ λγ0/d+1e−γ2ρ

)
= O

(
λ−1

)
, (2.20)

for ρ > C3 log λ with a sufficiently large C3, since ∥g(x)∥∞ ≤ 1,

∥g′(x)∥∞ = ∥0.5f ′(x/σλ)∥∞/σλ ≤
√

1/2π/σλ ≤ 1,

so g ∈ Fb ⊂ F1.

The remainder of the difference between (2.14) and (2.18) is

|ϵ6| :=

∣∣∣∣∣∣
kλ∑
i=1

E (Si,λSi,λ,ρf ′(Zλ − Si,λ,2ρ)) −
kλ∑
i=1

E
(
Si,λSi,λ,ρ

∫ 1

0
f ′(Zλ − uSi,λ,ρ)du

)∣∣∣∣∣∣
=

kλ∑
i=1

∣∣∣∣∣E
(
Si,λSi,λ,ρ

∫ 1

0

∫ Si,λ,2ρ−uSi,λ,ρ

0
f ′′(Zλ − Si,λ,2ρ + v)dvdu

)∣∣∣∣∣
≤2

kλ∑
i=1

E [|Si,λSi,λ,ρ| (|Si,λ,2ρ| + |Si,λ,ρ|)]
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≤2
3

kλ∑
i=1

E
(
2 |Si,λ|3 + 3 |Si,λ,ρ|3 + |Si,λ,2ρ|3

)
, (2.21)

where the penultimate inequality follows from the bound ∥f ′′∥∞ ≤ 2 and the last in-
equality is from the inequality of arithmetic and geometric means, that is, a1a2a3 ≤
(a3

1 + a3
2 + a3

3)/3 for nonnegative a1, a2, a3, applied to |Si,λSi,λ,ρSi,λ,2ρ| and |Si,λ|S2
i,λ,ρ.

Applying Lemma 2.2 in (2.21), we have

|ϵ6| = O
(
kλσ

−3
λ ρ3d

)
= O

(
λ−1.5ν+1ρ3d

)
. (2.22)

Combining (2.13) - (2.22), we obtain

dW (Zλ, Z) = O(λ−1.5ν+1ρ3d)

for ρ > C4 log λ, where C4 = max{C1, C2, C3}, as claimed.

(b) Setting N ′
i,λ,2ρ = B∞(Ci, (γ3 ∨ 1)(1 + 2ρ)) ∩ Γλ, we still have the volume of N ′

i,λ,2ρ
bounded above by O(ρd). By repeating the steps of the proof for part (a), with Ni,λ,2ρ
replaced by N ′

i,λ,2ρ, we can see that

dW (Zλ, Z) ≤
6∑
i=1

ϵi, (2.23)

for the same ϵi’s as in part (a). Let ρ ≥ C5 log λ with a sufficiently large C5. By
adjusting the bounds in (2.15), (2.17) and (2.20) - replacing the bounds in exponential
mixing condition (1.5) with those in (1.6) - along with (2.16), (2.19) and (2.22), we
obtain

|ϵ1| = O
(
λγ0/d+1−νρ−γ2

)
;

|ϵ2| = O
(
λ−1.5ν+1ρ3d

)
;

|ϵ3| = O
(
λγ0/d+1−νργ0−γ2

)
;

|ϵ4| = O
(
λγ0/d+1−ν/2ρ−γ2

)
;

ϵ5 = 0;
|ϵ6| = O

(
λ−1.5ν+1ρ3d

)
.

Combining the above bounds with (2.23) and by taking

ρ = Ω
(
λ

ν+γ0/d

3d+γ2
∨ 0.5ν+γ0/d

3d+γ2−γ0

)
,

we obtain the bound

dW (Zλ, Z) = O
(
λ−1.5ν+1+τ(γ0,γ2)

)
= o(1),

24



given the assumptions, where, as in (1.9),

τ(γ0, γ2) = 3
2

(
2νd+ 2γ0

3d+ γ2
∨ νd+ 2γ0

3d+ γ2 − γ0

)
.

This concludes the proof of Theorem 1.6.

Proof of Corollary 1.11. We show that the conditions of Theorem 1.6 are fulfilled.
The moment condition on the ground point process as well as the moment condition on
the score are assumed; thus it remains to verify exponential mixing (1.5) of the score
sums for part (a) and polynomial mixing (1.6) for part (b). We first prove part (a).

Step (i). Coupling. Let A,B ∈ B(Rd) be disjoint sets, not necessarily hyperrectangles,
such that d(A,B) ≥ C1 log(diam(A) ∨ diam(B) ∨ C2) for some positive constants C1

and C2. We put r = d(A,B)/3. Recall that ˜̂P is an independent copy of P̂ . The total
variation bound (1.11) characterizing EDD point processes implies that we can construct
a maximal coupling (Ψ1,Ψ2) and (Ψ3,Ψ4) in terms of the total variation distance between

(P̂|Br(A), P̂|Br(B)) and (P̂|Br(A),
˜̂P|Br(B)).

More precisely, the marked point processes (Ψ1,Ψ2) and (Ψ3,Ψ4) are random elements
defined on the same probability space, taking values in NBr(A)×M × NBr(B)×M, equipped
with the σ-algebra generated by the vague topology, such that

(Ψ1,Ψ2) d= (P̂|Br(A), P̂|Br(B)),

(Ψ3,Ψ4) d= (P̂|Br(A),
˜̂P|Br(B)),

and by (1.11) we have

P(E1) := P ((Ψ1,Ψ2) ̸= (Ψ3,Ψ4)) ≤ C3(diam(A)C4 ∨1)(diam(B)C4 ∨1)e−C5d(A,B) (2.24)

for some positive constants C3, C5, and a non-negative constant C4. From the coupling
(Ψ3,Ψ4), we can construct two independent marked point processes Ψ5 and Ψ6, each
with the same distribution as P̂ such that Ψ5|Br(A) = Ψ3, Ψ6|Br(B) = Ψ4. Let Ψ̄5 and Ψ̄6
denote their respective ground processes. Define

H ′
λ,A :=

∑
x∈Ψ̄5∩A

ξ((x,M5,x),Ψ5,Γλ), S ′
A := H ′

λ,A − E(H ′
λ,A),

H ′
λ,B :=

∑
x∈Ψ̄6∩B

ξ((x,M6,x),Ψ6,Γλ), S ′
B := H ′

λ,B − E(H ′
λ,B).

Step (ii). Approximating score sums by sums of short-range scores. Recall r = d(A,B)/3.
We use this value of r to construct short-range versions of S̄ ′

A and S̄ ′
B given by

S̄
[r]
A :=

∑
x∈Ψ̄5∩A

ξ̂[r]((x,M5,x),Ψ5,Γλ) − E(H ′
λ,A), (2.25)
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S̄
[r]
B :=

∑
x∈Ψ̄6∩B

ξ̂[r]((x,M6,x),Ψ6,Γλ) − E(H ′
λ,B). (2.26)

By construction, we have

S ′
A

d= SA, S
′
B

d= SB, S̄
[r]
A ∈ σ(Ψ5|Br(A)) = σ(Ψ3), S̄[r]

B ∈ σ(Ψ6|Br(B)) = σ(Ψ4),

and
S ′
A ⊥⊥ S ′

B, S̄
[r]
A ⊥⊥ S̄

[r]
B ,

where ⊥⊥ denotes independence.

Let E2 := {S ′
A ̸= S̄

[r]
A } and E3 := {S ′

B ̸= S̄
[r]
B }. We compute

P(E2) ≤ E
∫
x∈A

1[ξ((x,M5,x),Ψ5,Γλ)̸=ξ̂[r]((x,M5,x),Ψ5),Γλ)]Ψ̄5(dx)

=
∫
x∈A

Px(ξ((x,M5,x),Ψ5,Γλ) ̸= ξ̂[r]((x,M5,x),Ψ5,Γλ))µdx

≤ µφ(Pr)(r) Vol(A), (2.27)

and

P(E3) ≤ E
∫
x∈B

1[ξ((x,M6,x),Ψ6,Γλ)̸=ξ̂[r]((x,M6,x),Ψ6,Γλ)]Ψ̄6(dx)

=
∫
x∈B

Px(ξ((x,M6,x),Ψ6,Γλ) ̸= ξ̂[r]((x,M6,x),Ψ6,Γλ))µdx

≤ µφ(Pr)(r) Vol(B). (2.28)

Step (iii). Using short-range score sums to show SA = S ′
A on a high probability event.

Let E = (E1 ∪ E2 ∪ E3)c. On the coupling space, SA and SB are realized on P̂ , whose
restrictions to Br(A) and Br(B) are Ψ1 and Ψ2, respectively. Since the localized estima-
tors depend only on these restrictions, on Ec

1, the localized sums from the two coupled
copies coincide. Combining (1.15), (2.24), (2.27) and (2.28), we find on the event E,

SA = S ′
A = S̄

[r]
A , SB = S ′

B = S̄
[r]
B .

Recalling that φ(Pr)(·) decays exponentially fast and recalling r = d(A,B)/3, the prob-
ability of the complement satisfies

P(Ec) ≤ C6(diam(A)C7 ∨ 1)(diam(B)C7 ∨ 1)e−C8d(A,B)

for some positive constants C6, C7 and C8. Here, S̄[r]
A and S̄[r]

B are only needed to construct
a coupling between (SA, SB) and (S ′

A, S
′
B).

Step (iv). Conclusion. Applying Hölder’s inequality and Lemma 2.2, we obtain for all
j ∈ {1, 2} and g ∈ Fj, A ∈ Hj, and all admissible B ⊂ Γλ satisfying the separation
condition in Definition 1.4,∣∣∣E(SjAg(SB)) − E(SjA)E (g(SB))

∣∣∣
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=
∣∣∣E ((S ′

A)jg(S ′
B)
)

− E
(
(S ′

A)jg(S ′
B)1Ec

)
+ E

(
SjAg(SB)1Ec

)
− E

(
(S ′

A)j
)
E (g(S ′

B))
∣∣∣

≤
∣∣∣E (SjAg(SB)1Ec

)∣∣∣+ ∣∣∣E ((S ′
A)jg(S ′

B)1Ec

)∣∣∣ (2.29)
≤ U(γ, A,B) (2.30)

for some γ, which confirms that exponential mixing (1.5) holds. Hence, the result follows
by direct application of Theorem 1.6 (a).

(b) This is a step-by-step repetition of the proof of (a), with the primary modification
being the bounds in (2.27) and (2.28), which, using φ(Pr)(r) ≤ Cr−β, now take the form

P(E2) ≤ C9 Vol(A)d(A,B)−β, P(E3) ≤ C9 Vol(B)d(A,B)−β (2.31)

for some constant C9 ∈ (0,∞). Combining (2.24) and (2.31), and choosing a suitable
constant γ3 for (1.6), we obtain

P(Ec) ≤ C10(Vol(A) ∨ 1)(Vol(B) ∨ 1)d(A,B)−β

for some constant C10 ∈ (0,∞). Recall that

¯
p1 = 1 − 2

¯
p0

= 1 − 2(p1 + p2 − 1)
p1p2

.

Then, applying (2.29), Hölder’s inequality, and Lemma 2.2, we obtain the following
bounds.

When j = 1 and g ∈ F1, i.e., g(x) = x or g ∈ Fb, we have

|E (SAg(SB)) − E (SA)E (g(SB))|
≤ |E (SAg(SB)1Ec)| + |E (S ′

Ag(S ′
B)1Ec)|

≤ 2∥SA∥p1p2/(p1+p2−1)∥g(SB)∥p1p2/(p1+p2−1)P(Ec)¯
p1

≤ C11(diam(A)d(1+
¯
p1) ∨ 1)(diam(B)d(1+

¯
p1) ∨ 1)d(A,B)−β

¯
p1

for some constant C11 ∈ (0,∞).

When j = 2 and g ∈ Fb, we similarly obtain∣∣∣E (S2
Ag(SB)

)
− E

(
S2
A

)
E (g(SB))

∣∣∣
≤
∣∣∣E (S2

A1Ec

)∣∣∣+ ∣∣∣E ((S ′
A)21Ec

)∣∣∣
≤ 2∥SA∥2

p1p2/(p1+p2−1)P(Ec)¯
p1

≤ C12(diam(A)d(2+
¯
p1) ∨ 1)(diam(B)d(2+

¯
p1) ∨ 1)d(A,B)−β

¯
p1

for some constant C12 ∈ (0,∞). Thus, polynomial mixing holds with parameters γ0 =
d(2 +

¯
p1), γ2 = β

¯
p1, and the proof is complete by applying Theorem 1.6 (b).

Before going into the proof of Corollary 1.14, we state a simple lemma.
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Lemma 2.6. If X is a random variable such that ∥X∥m2 exists for some positive constant
m2, then for all m1 < m3 < m2,

∥X∥m3 ≤ ∥X∥m1(m2−m3)/(m3(m2−m1))
m1 ∥X∥m2(m3−m1)/(m3(m2−m1))

m2 .

Proof. For any m3 ∈ (m1,m2), Hölder’s inequality implies

E (|X|m3) =E
(
|X|m2(m3−m1)/(m2−m1)|X|m1(m2−m3)/(m2−m1)

)
≤
∥∥∥|X|m2(m3−m1)/(m2−m1)

∥∥∥
(m2−m1)/(m3−m1)

∥∥∥|X|m1(m2−m3)/(m2−m1)
∥∥∥

(m2−m1)/(m2−m3)

=E (|X|m1)(m2−m3)/(m2−m1) E (|X|m2)(m3−m1)/(m2−m1) .

The statement holds by taking m3-th roots on both sides.

Corollary 2.7. Assume that ξ satisfies the p2-moment condition (1.2) and ξ̂[r] satisfies
the p′

2-moment condition (1.17).

(a) If exponential Lp stabilization holds for p = p3, then it also holds for all p ≤
p3 ∨ (p2 ∧ p′

2).

(b) If polynomial Lp stabilization holds for p = p3 with β = C2 for some positive constant
C2, then it also holds for any p ∈ (p3, p2 ∧ p′

2) with β = C2p3[(p2 ∧ p′
2) − p]/{p[(p2 ∧

p′
2) − p3]}.

Proof. (a) The statement holds trivially for all p < p3 by Lyapunov’s inequality.
For any p ∈ (p3, p2 ∧ p′

2), the statement holds by applying Lemma 2.6 with X ∼
Lx

(
ξ((x,Mx), P̂ ,Γλ) − ξ̂[r]((x,Mx), P̂ ,Γλ)

)
, m1 = p3 and m2 = p2 ∧ p′

2 once we note
that ∥X∥m1 is uniformly bounded by Minkowski’s inequality.
(b) Statement (b) holds by taking X ∼ Lx

(
ξ((x,Mx), P̂ ,Γλ) − ξ̂[r]((x,Mx), P̂ ,Γλ)

)
,

m1 = p3 and m2 = p2 ∧ p′
2 in Lemma 2.6.

Proof of Corollary 1.14. The moment conditions on the ground point process and on the
score are already given; it remains to verify exponential mixing (1.5) for part (a) and
polynomial mixing (1.6) for part (b) and to apply Theorem 1.6. Recall the definitions of
the sums of short-range scores in (2.25) and (2.26) where we have taken r = d(A,B)/3.
The independence condition S̄

[r]
A ⊥⊥ S̄

[r]
B implies for any j ∈ {1, 2} and g ∈ Fj, A ∈ Hj,

E
((
S̄

[r]
A

)j
g
(
S̄

[r]
B

))
− E

((
S̄

[r]
A

)j)
E
(
g
(
S̄

[r]
B

))
= 0.

This yields the following bound for any j ∈ {1, 2} and g ∈ Fj, A ∈ Hj,

ϵ(r) :=
∣∣∣E (SjAg(SB)

)
− E

(
SjA
)
E (g(SB))

∣∣∣
=
∣∣∣∣[E (SjAg(SB)

)
− E

(
SjA
)
E (g(SB))

]
−
[
E
((
S̄

[r]
A

)j
g
(
S̄

[r]
B

))
− E

((
S̄

[r]
A

)j)
E
(
g
(
S̄

[r]
B

))]∣∣∣∣
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≤
∣∣∣∣E([SjA −

(
S̄

[r]
A

)j]
g(SB)

)∣∣∣∣+ ∣∣∣∣E((S̄[r]
A

)j [
g(SB) − g

(
S̄

[r]
B

))]∣∣∣∣
+
∣∣∣∣E(SjA −

(
S̄

[r]
A

)j)
E(g(SB))

∣∣∣∣+ ∣∣∣∣E((S̄[r]
A

)j)
E
(
g(SB) − g

(
S̄

[r]
B

))∣∣∣∣
= : ϵ1 + ϵ2 + ϵ3 + ϵ4. (2.32)

By Lemma 2.2, with ξ, p2, and b2 replaced by ξ̂[r], p′
2, and b′

2, respectively, we obtain

∥S̄[r]
B ∥3 ≤ ∥S̄[r]

B ∥p1p′
2/(p1+p′

2−1) ≤ C1 Vol(B) (2.33)

for some constant C1 ∈ (0,∞) and all r ∈ (0,∞). To guarantee that both p1p
′
2/(p1 +p′

2 −
1) ≥ 3 and p1p2/(p1+p2−1) ≥ 3, it suffices to require

¯
p = p1(p2∧p′

2)/(p1+p2∧p′
2−1) ≥ 3.

Moreover, for any random variable X, any conjugate pair p, q ≥ 1 satisfying 1/p +
1/q = 1, and for all functions g ∈ F1, namely for all g(x) = x or g(x) ∈ Fb, Hölder’s
inequality yields:∣∣∣E{X [

g(SB) − g
(
S̄

[r]
B

)]}∣∣∣ ≤ ∥X∥p
∥∥∥g(SB) − g

(
S̄

[r]
B

)∥∥∥
q

≤ ∥X∥p∥g′∥∞∥SB − S̄
[r]
B ∥q.

In particular, we obtain the following useful inequalities:∣∣∣E{X [
g(SB) − g

(
S̄

[r]
B

)]}∣∣∣ ≤ ∥X∥p∥H [r]
λ,B∥q,

∥g(X)∥p ≤ ∥X∥p ∨ 1.

These inequalities will be used repeatedly in the proofs.

(a) The assumption
¯
p ≥ 3 implies p2 ∧ p′

2 > 3 ≥
¯
p/(

¯
p − 2) >

¯
p/(

¯
p − 1). Then from

Corollary 2.7 (a), the exponential Lp stabilization also holds for p taking
¯
p/(

¯
p− 1) and

¯
p/(

¯
p − 2). When j = 1 and either g(x) = x or g(x) ∈ Fb, then by (2.33), Lemma 2.2,

Lemma 2.3, and Hölder’s inequality, the four terms on the right-hand side of (2.32)
satisfy the bounds

ϵ1 =
∣∣∣E (H [r]

λ,Ag(SB)
)∣∣∣ ≤ ∥H [r]

λ,A∥2∥g(SB)∥2 = O
(
(Vol(A) ∨ 1)(Vol(B) ∨ 1)e−C′

2r
)
,

ϵ2 ≤∥S̄[r]
A ∥2∥H [r]

λ,B∥2 = O
(
(Vol(A) ∨ 1)(Vol(B) ∨ 1)e−C′

2r
)
,

ϵ3 ≤∥H [r]
λ,A∥1∥g(SB)∥1 = O

(
(Vol(A) ∨ 1)(Vol(B) ∨ 1)e−C′

2r
)
,

ϵ4 ≤∥S̄[r]
A ∥1∥H [r]

λ,B∥1 = O
(
(Vol(A) ∨ 1)(Vol(B) ∨ 1)e−C′

2r
)
.

(2.34)
Therefore, each ϵi, 1 ≤ i ≤ 4, is bounded above by O

(
(Vol(A) ∨ 1)(Vol(B) ∨ 1)e−C′

2r
)

for some constant C ′
2 ∈ (0,∞).

Similarly, when j = 2 and g(x) ∈ Fb, the four terms on the right-hand side of (2.32)
satisfy the following bounds:

ϵ1 =
∣∣∣E ((SA − S̄

[r]
A

) (
SA + S̄

[r]
A

)
g(SB)

)∣∣∣ ≤ ∥H [r]
λ,A∥

¯
p/(

¯
p−1)(∥SA∥

¯
p + ∥S̄[r]

A ∥
¯
p)
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=O
(
(Vol(A)2 ∨ 1)(Vol(B) ∨ 1)e−C′

2r
)
,

ϵ2 ≤
∣∣∣∣E((S̄[r]

A

)2 ∣∣∣g(SB) − g
(
S̄

[r]
B

)∣∣∣)∣∣∣∣ ≤
∥∥∥∥(S̄[r]

A

)2
∥∥∥∥

¯
p/2

∥H [r]
λ,B∥

¯
p/(

¯
p−2) = ∥S̄[r]

A ∥2

¯
p∥H

[r]
λ,B∥

¯
p/(

¯
p−2)

=O
(
Vol(A)2 ∨ 1)(Vol(B) ∨ 1)e−C′

2r
)
,

ϵ3 ≤
∣∣∣E (H [r]

λ,A

(
SA + S̄

[r]
A

))∣∣∣ ≤ ∥H [r]
λ,A∥2

(
∥SA∥2 + ∥S̄[r]

A ∥2
)

=O
(
Vol(A)2 ∨ 1)(Vol(B) ∨ 1)e−C′

2r
)
,

ϵ4 ≤
∣∣∣∣E((S̄[r]

A

)2
)∣∣∣∣ ∥H [r]

λ,B∥1 ≤ ∥S̄[r]
A ∥2

2∥H
[r]
λ,B∥1

=O
(
Vol(A)2 ∨ 1)(Vol(B) ∨ 1))e−C′

2r
)
.

Hence,
max
i≤4

ϵi = O
(
(Vol(A)2 ∨ 1)(Vol(B) ∨ 1)e−C′

2r
)

(2.35)

for some constant C ′
2 ∈ (0,∞). Combining the bounds in (2.34) and (2.35) with (2.32),

we conclude that
ϵ(r) = O

(
(Vol(A)2 ∨ 1)(Vol(B) ∨ 1)e−C′

2r
)
.

This verifies the exponential mixing condition (1.5) with parameters γ0 = 2d, γ2 = C ′
2/3

and any γ3 > 0. The conclusion follows by Theorem 1.6 (a).

(b) As in the proof of part (a), we obtain the following similar bounds. For j = 1
and either g(x) = x or g(x) ∈ Fb, the four terms on the right-hand side of (2.32) satisfy

ϵ1 ≤∥H [r]
λ,A∥2∥g(SB)∥2 = O

(
(Vol(A) ∨ 1)(Vol(B) ∨ 1)r−β

)
,

ϵ2 ≤∥S̄[r]
A ∥2∥H [r]

λ,B∥2 = O
(
(Vol(A) ∨ 1)(Vol(B) ∨ 1)r−β

)
,

ϵ3 ≤∥H [r]
λ,A∥1∥g(SB)∥1 = O

(
(Vol(A) ∨ 1)(Vol(B) ∨ 1)r−β

)
,

ϵ4 ≤∥S̄[r]
A ∥1∥H [r]

λ,B∥1 = O
(
(Vol(A) ∨ 1)(Vol(B) ∨ 1)r−β

)
.

(2.36)

For j = 2 and g(x) ∈ Fb, we have

ϵ1 ≤∥H [r]
λ,A∥

¯
p/(

¯
p−1)(∥SA∥

¯
p + ∥S̄[r]

A ∥
¯
p) = O

(
(Vol(A)2 ∨ 1)(Vol(B) ∨ 1)r−β

)
,

ϵ2 ≤
∥∥∥S̄[r]

A

∥∥∥2

¯
p

∥H [r]
λ,B∥

¯
p/(

¯
p−2) = O

(
(Vol(A)2 ∨ 1)(Vol(B) ∨ 1)r−β

)
,

ϵ3 ≤∥H [r]
λ,A∥2

(
∥SA∥2 + ∥S̄[r]

A ∥2
)

= O
(
(Vol(A)2 ∨ 1)(Vol(B) ∨ 1)r−β

)
,

ϵ4 ≤∥S̄[r]
A ∥2

2∥H
[r]
λ,B∥1 = O

(
(Vol(A)2 ∨ 1)(Vol(B) ∨ 1)r−β

)
.

(2.37)

Combining the bounds in (2.36) and (2.37) with (2.32), we obtain

ϵ(r) = O
(
(Vol(A)2 ∨ 1)(Vol(B) ∨ 1)r−β

)
.

This implies polynomial mixing of scores with parameters γ0 = 2d, γ2 = β and any
γ3 > 0, and the conclusion follows by Theorem 1.6 (b).
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3 Applications

This section provides examples illustrating the applicability of Theorem 1.6, Corol-
lary 1.11 and Corollary 1.14. The order of presentation parallels that of the main results
in Section 1.

3.1 Marked determinantal point processes

We show that determinantal point processes having an exponentially decaying kernel
and equipped with i.i.d. marks {Mx}x∈P give rise to statistics Hλ := ∑

x∈P∩Γλ
Mx which

satisfy the conditions of Theorem 1.6. In the degenerate case Mx ≡ 1, the statistic
Hλ reduces to the counting statistic. We deduce that these counting statistics satisfy
a quantitative CLT with a nearly optimal rate. Local (and weaker) qualitative central
limit theorems for the point counts of unmarked determinantal point processes were es-
tablished in Soshnikov [40] and Forrester and Lebowitz [16]. However, for the counting
statistics and localized marked sums considered here under merely exponential decay of
the kernel, comparable nearly optimal Wasserstein bounds do not appear to be available.
Closely related results include the Wasserstein bound of Wiroonsri [44], which has a rate
slower than λ−1/4; the quantitative CLT of [10], which assumes the super-exponential
decay condition (1.12) and thereby excludes commonly used determinantal point pro-
cesses, including the Ginibre point process; and the Kolmogorov distance bound of Dinh
et al. [14] for linear statistics of unmarked determinantal point processes.

The key idea is that for these statistics, the mixing condition (1.5) can be upper
bounded by sums of expectations expressed with respect to first- and second-order Palm
distributions of P . By employing the couplings in Møller and O’Reilly [30], we find
that the discrepancies between the distribution of P and its first- and second-order
Palm distributions are localized near the reference points of the Palm distributions.
More precisely, under the conditioning that one or two reference points lie in A, the
configuration in B changes only slightly, in the sense that under the relevant coupling,
the probability that the original and Palm distribution configurations differ by at least
one point decays exponentially fast as d(A,B) → ∞, and the total discrepancy between
these configurations in the set B is bounded by two points. This, together with some
additional estimates, yields mixing of score sums.

We focus on a stationary determinantal point process P on Rd with Lebesgue measure
as the reference measure and a Hermitian kernel K : Rd × Rd → C, namely K(x, y) :=
K0(x− y) = K0(y − x). Let K̂0(x) =

∫
Rd e−2πix·tK0(t)dt be the Fourier transform of K0,

where x·t is the dot product. We assume:

Condition 1. The function K0 is continuous and complex-valued on Rd, K0 ̸≡ 0, and
|K0(x)| = O(e−|x|) as |x| → ∞.
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Condition 2. 0 ≤ K̂0 ≤ 1.

The determinantal point process P is simple with its distribution determined by

E
[
m∏
i=1

P(Ai)
]

=
∫
A1×A2×···×Am

det [K0(ui − uj)]mi,j=1 du1 . . . dum,

for all mutually disjoint bounded sets A1, . . . , Am ∈ B(Rd), m ∈ N. The function
ρm : (Rd)m → [0,∞) given by ρm(x1, . . . , xm) := det [K0(xi − xj)]1≤i,j≤m is the m-th
order correlation function of P .

Theorem 3.1. (normal approximation for sum of marks on a determinantal point pro-
cess) For the determinantal point process P with kernel satisfying Conditions 1 and
2, let P̂ be a marked point process equipped with i.i.d. marks {Mx}x∈P . Assume that
0 < ∥M0∥p0 < ∞ for some p0 > 3. Then with

Hλ =
∑

x∈P∩Γλ

Mx, Zλ := Hλ − EHλ√
VarHλ

,

we have
dW (Zλ, Z) = O

(
(log λ)3dλ−0.5

)
.

Remark 3.2. (comparison with related literature) The assumptions imply that P has
exponentially decaying correlations and thus by Theorem 5.2 in [5], (Zλ)λ≥1 converges to
the standard normal in distribution. Theorem 3.1 establishes a rate of convergence for
the case of i.i.d. marks, which also covers the unmarked case. This result also extends the
quantitative CLT in [10], since the determinantal point processes satisfying Conditions 1
and 2 are not currently known to be EDD. Furthermore, following the same idea as in the
proof, we can show that the statement still holds if the marks Mx depend on the location
x, while remaining independent of one another and of all other points.

It is not known whether P is EDD. To prove Theorem 3.1, we verify directly that
the conditions of Theorem 1.6 are fulfilled.

Lemma 3.3. If Conditions 1 and 2 hold, then K0(0) >
∫
Rd |K0(x)|2dx := |||K0|||22.

Proof. We prove the statement by contradiction. Assume that K0(0) =
∫
Rd |K0(x)|2dx.

The Fourier inversion theorem states that

K0(x) =
∫
Rd

e2πix·tK̂0(t)dt. (3.1)

Evaluating at x = 0, we get

K0(0) =
∫
Rd
K̂0(t)dt ≥

∫
Rd

(K̂0(t))2dt =
∫
Rd

|K0(x)|2dx. (3.2)
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The inequality in (3.2) follows from Condition 2 whereas the last equality follows from
the Plancherel theorem. Since K0(0) =

∫
Rd |K0(x)|2dx, the inequality (3.2) is an equality

and Condition 2 ensures that {t ∈ Rd : K̂0(t) ̸∈ {0, 1}} has Lebesgue measure 0.

On the other hand, Condition 1 ensures that K0 is both integrable and square inte-
grable with respect to the Lebesgue measure, which implies that K̂0 must be continuous.
This leads to the conclusion that K̂0 must be constant, either K̂0 ≡ 0 or K̂0 ≡ 1. If
K̂0 ≡ 0, then K0 ≡ 0, which contradicts K0 ̸≡ 0. If K̂0 ≡ 1, then K0 is not square
integrable with respect to the Lebesgue measure, which contradicts Condition 1. Thus,
we have reached a contradiction, and the original assumption must be false.

Proof of Theorem 3.1. For all x ∈ P , λ ≥ 1, put ξ((x,Mx), P̂ ,Γλ) = Mx. To apply part
(a) of Theorem 1.6, it is enough to check conditions (1.1), (1.2), exponential mixing of
score sums as in Definition 1.4, and that σ2

λ = VarHλ = Ω(λ). From Section 2.2.2 and
Section 2.1, Remark (i) of [4], E

(
P(B)k

)
is finite for all bounded B ∈ B(Rd) and all

k ∈ N, which ensures (1.1). This, together with the independence of marks, ∥M0∥p0 < ∞
for some p0 > 3 and Remark 1.7 (iii), also ensures condition (1.2) in Theorem 1.6.
By combining Theorem 1.1.2 (ii) and Remark (iii) related to Theorem 1.1.3 of [4] and
Lemma 3.3, we conclude that σ2

λ = Ω(λ). It remains to show exponential mixing of score
sums (1.4). This will necessitate coupling arguments and some additional background
material.

Let P !
x be the reduced Palm process of P at point x, that is, P !

x + δx ∼ Lx(P).
Recall the assumptions required for the existence of a coupling of the determinantal
point process with kernel function K(u, v) and its reduced Palm distributions in [30]:

Assumption 1. The kernel K is Hermitian, that is, K(u, v) = K(v, u) for all u, v ∈ Rd.

Assumption 2. For any compact set S ⊂ Rd,
∫∫
S2 |K(u, v)|dudv < ∞, which means

that K is locally square integrable.

Assumption 3. For any compact set S ⊂ Rd,
∫
S |K(u, u)|du < ∞, which means that

K is of local trace class.

Assumption 4. For any compact set S ⊂ Rd, all eigenvalues of K on L2(S), the space
of square-integrable complex functions with respect to the Lebesgue measure re-
stricted to S, lie within the interval [0, 1].

It is stated in [30] that Assumption 4 is equivalent to the existence of the determi-
nantal point process given that Assumptions 1 − 3 are satisfied, and the determinantal
point process is unique, see, e.g., Hough et al. [22, Theorem 4.5.5 and Lemma 4.2.6].

For the determinantal point process P , K(u, v) = K0(u − v). We claim that Con-
ditions 1 and 2 imply these four properties (i) K0 is Hermitian, (ii) K0(0) ≥ |||K0|||22,
(iii) K0(0) > |K0(x)|, for all x ̸= 0, and (iv) all eigenvalues lie within [0, 1]. Prop-
erty (i) can be directly verified from (3.1), and Property (ii) follows from (3.2). Prop-
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erty (iv) is a direct consequence of Condition 2 and Lavancier, Møller and Rubak [26,
Proposition 3.1]. Therefore, it remains to prove Property (iii). To this end, write b1 =∫
Rd cos2(2πx·t)K̂0(t)dt and b2 =

∫
Rd sin2(2πx·t)K̂0(t)dt. Since b1 + b2 = K0(0) ∈ (0,∞),

at least one of b1 and b2 is positive, so without loss, we assume that b1 ∈ (0,∞). Then

| cos(2πx·t)|√
b1

· 1√
K0(0)

≤ 1
2

(
cos2(2πx·t)

b1
+ 1
K0(0)

)
, (3.3)

and

Sx :=

t : | cos(2πx·t)|√
b1

· 1√
K0(0)

= 1
2

(
cos2(2πx·t)

b1
+ 1
K0(0)

)
=
{
t : | cos(2πx·t)| =

√
b1

K0(0)

}

has Lebesgue measure 0. Multiplying both sides of (3.3) by K̂0(t) and integrating in
terms of t, we obtain ∫

Rd

| cos(2πx·t)|√
b1

· 1√
K0(0)

K̂0(t)dt < 1,

which is equivalent to ∫
Rd

| cos(2πx·t)|K̂0(t)dt <
√
b1K0(0). (3.4)

Now, applying (3.4) for the term with cos and the Cauchy-Schwarz inequality for the
term with sin below, we get

|K0(x)|2 =
(∫

Rd
cos(2πx·t)K̂0(t)dt

)2
+
(∫

Rd
sin(2πx·t)K̂0(t)dt

)2

< b1K0(0) + b2K0(0) = K0(0)2, (3.5)

hence Property (iii) follows.

Now, Properties (i)–(iv) show that K(u, v) satisfies Assumptions 1-4. According to
[30, Theorem 1], P !

x is also a determinantal point process with kernel

Kx(u, v) = K0(u− v) − K0(u− x)K0(x− v)
K0(0) ,

and there exists a coupling of P and P !
x such that, almost surely, P !

x ⊆ P and P∆,x =
P\P !

x consists of at most one point, with

px := P(P∆,x ̸= ∅) = |||K0|||22
K0(0) ,
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and conditional on P∆,x ̸= ∅, the point in P∆,x has intensity decaying exponentially fast
with the distance to x:

fx(v) = |K0(v − x)|2

|||K0|||22
.

Furthermore, one can verify that Kx(u, v) also satisfies Assumptions 1-3. For distinct
x1, x2 ∈ Rd, the second order intensity function at x1 and x2 is

ρ(x1, x2) = K0(0)2 − |K0(x2 − x1)|2 ∈
(
0, K0(0)2

]
.

Since the reduced Palm process P !
x1 is also a determinantal point process, we can

apply the result from [30] to analyze the properties of the second-order reduced Palm
process P !

x1,x2 of P at the distinct points x1 and x2. This process is the same as the
reduced Palm distribution of P !

x1 at point x2, provided that P !
x1 satisfies Assumptions 1-4.

We thank J. Møller for pointing this out in a personal communication.

The Hermitian assumption can be directly verified using the Hermitian property of
K0. Assumptions 2 and 3 follow from the compactness of the set S and the boundedness
of the kernel as shown in (3.5). Assumption 4 follows from the existence of the Palm
process.

Thus we have shown that Conditions 1 and 2 imply Assumptions 1-4. Now we can
finally establish the pertinent coupling. Applying [30, Theorem 1] again, there exists
a coupling of P !

x1,x2 and P !
x1 such that, almost surely, P !

x1,x2 ⊆ P !
x1 , and P∆,x1,x2 :=

P !
x1\P !

x1,x2 consists of at most one point. The probability of this event is given by

px1,x2 := P(P∆,x1,x2 ̸= ∅) = |||Kx1(x2, ·)|||22
Kx1(x2, x2)

,

and conditional on P∆,x1,x2 ̸= ∅, the intensity of the point in P∆,x1,x2 is

fx1,x2(v) = |Kx1(x2, v)|2/|||Kx1(x2, ·)|||22.

In summary, we can find a coupling of P !
x1,x2 , P !

x1 and P such that P !
x1,x2 ⊆ P !

x1 ⊆ P ,
and P∆,x1,x2 = P !

x1\P !
x1,x2 and P∆,x1 = P\P !

x1 both contain at most one point and the
intensity fx1,x2 decays exponentially fast with respect to |x1 − v| and |x2 − v|. Since the
marks are independent, we automatically obtain a coupling of the corresponding marked
point processes.

From Lemma 2.5, to show the exponential mixing (1.5), it is equivalent to show the
corresponding property for the sums of scores without centering. We start with j = 2.
Since H2

λ,A =
∫∫
A2 Mx1Mx2P(dx1)P(dx2), using the second order Palm distribution and

the independence of the marks conditional on the ground point process, we have for any
disjoint A and B in B(Rd)∣∣∣E (H2

λ,Ag(Hλ,B)
)

− E
(
H2
λ,A

)
E (g(Hλ,B))

∣∣∣
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=
∣∣∣∣E(∫∫

A2
Mx1Mx2

[
g
(∫

B
MyP(dy)

)
− g

(∫
B
M̃yP ′(dy)

)]
P(dx1)P(dx2)

)∣∣∣∣
≤
∣∣∣∣∫∫

A2,̸=
ρ(x1, x2)E (M0)2 E

[
g
(∫

B
MyP !

x1,x2(dy)
)

− g
(∫

B
M̃yP ′(dy)

)]
dx1dx2

∣∣∣∣
+
∣∣∣∣∫
A
K0(0)E

(
M2

0

)
E
([
g
(∫

B
MyP !

x(dy)
)

− g
(∫

B
M̃yP ′(dy)

)])
dx
∣∣∣∣ , (3.6)

where here and in the following, P ′, M̃x denote independent copies of P and Mx, re-
spectively. The assumption of independence between the marks and the ground process
enables us to couple P̂ and its corresponding Palm process via P and its Palm process,
resulting in the clean explicit form in (3.6).

By condition 1, there are positive constants C1 and C2 such that |K0(x)| ≤ C1e−C2|x|

for all x ∈ Rd. For any x ∈ A we bound K0(x−v) by C1e−C2d(A,B). We find, for x1 ̸= x2,

P
((

P\P !
x1,x2

)
(B) ̸= 0

)
= P

((
P∆,x1,x2 ∪ P∆,x1

)
(B) ̸= 0

)
≤
∫
B

(px1fx1(v) + px1,x2fx1,x2(v))dv

=
∫
B

(
|K0(v − x1)|2

K0(0) + |Kx1(x2, v)|2
Kx1(x2, x2)

)
dv

=
∫
B

1
K0(0)

(
|K0(v − x1)|2 + |K0(x2 − v)K0(0) −K0(x2 − x1)K0(x1 − v)|2

K0(0)2 − |K0(x2 − x1)|2

)
dv

≤ 1
K0(0)Vol(B)

[
C2

1e−2C2d(A,B) + 2(C4
1 ∨ 1)e−2C2d(A,B)

K0(0)2 − |K0(x2 − x1)|2

]

= 1
K0(0)Vol(B)

[
C2

1e−2C2d(A,B) + 2(C4
1 ∨ 1)e−2C2d(A,B)

ρ(x1, x2)

]
.

By independence and the bound ∥M0∥1 ≤ ∥M0∥p0 < ∞, the first term on the right-
hand side of (3.6) is bounded above by

2K0(0)2Vol(A)2Vol(B)E(M0)2 1
K0(0)

[
C4

1e−2C2d(A,B) + (C4
1 ∨ 1)e−2C2d(A,B)

]
=: Vol(A)2Vol(B)C3e−C4d(A,B). (3.7)

Similarly, for the second term on the right-hand side of (3.6), we have

P
((

P\P !
x

)
(B) ̸= 0

)
=
∫
B

|K0(v − x1)|2
K0(0) dv ≤ 1

K0(0)Vol(B)C2
1e−2C2d(A,B), (3.8)

which, together with the boundedness of g and the bound ∥M0∥2 ≤ ∥M0∥p0 < ∞, ensures
that the second term is bounded above by

2Vol(A)Vol(B)E(|M0|)C2
1e−2C2d(A,B) := Vol(A)Vol(B)C5e−C4d(A,B). (3.9)
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Combining (3.6), (3.7) and (3.9) gives∣∣∣E (H2
λ,Ag(Hλ,B)

)
− E

(
H2
λ,A

)
E (g(Hλ,B))

∣∣∣ ≤ (Vol(A)2 ∨ 1)Vol(B)(C3 + C5)e−C4d(A,B).

(3.10)

For j = 1 and g(x) = x, we have

|E(Hλ,AHλ,B) − E(Hλ,A)E(Hλ,B)|

=
∣∣∣∣E ∫∫

A×B
Mx1Mx2P(dx1)P(dx2) −

(
E
∫
A
MxP(dx)

)(
E
∫
B
MyP(dy)

)∣∣∣∣
=
∣∣∣∣∫
A
K0(0)E(M0)E

(∫
B
MyP !

x(dy) −
∫
B
M̃yP ′(dy)

)
dx
∣∣∣∣

≤ 2E(M0)2 Vol(A) Vol(B)C2
1e−2C2d(A,B), (3.11)

where the last inequality follows from (3.8). If g ∈ Fb instead, replacing Mx2 in (3.11)
by g(Mx2) yields

|E(Hλ,Ag(Hλ,B)) − E(Hλ,A)E(g(Hλ,B))|

=
∣∣∣∣∫
A
K0(0)E(M0)E

(∫
B
g(My)P !

x(dy) −
∫
B
g(M̃y)P ′(dy)

)
dx
∣∣∣∣

≤ 2|E(M0)| Vol(A) Vol(B)C2
1e−2C2d(A,B). (3.12)

Combining (3.11), (3.12), and the moment properties of M0 discussed above, we obtain:

|E (Hλ,Ag(Hλ,B)) − E (Hλ,A)E (g(Hλ,B))| ≤ Vol(A)Vol(B)C6e−C4d(A,B).

Together with (3.10) and Lemma 2.5, this implies the exponential mixing of score sums
(1.5) for all disjoint A,B without requiring that they satisfy a separation condition. We
have γ0 = γ′

0+d = 2d+d = 3d, γ2 = γ′
2 = C4, and any γ3 > 0, since Vol(D) ≤ (diam(D))d

for all D ∈ B(Rd). The proof now follows from Theorem 1.6 (a).

3.2 Unevenly spaced time series

Consider an unevenly spaced time series, namely a sequence of random events
{(Ti, Ui)}i∈Z:={...,−2,−1,0,1,2,... }, where the time intervals between successive recording times
{Ti}i∈Z are not constant. A common approach to analyzing such data involves transform-
ing it into equally spaced observations through interpolation (see Tong [42], Brockwell
and Davis [7], and references therein). We take a different approach and work with the
untransformed data.

In this section, we use Theorem 1.6 (b) to establish a quantitative CLT for sums
of score functions driven by the sequence {(Ti, Ui)}i∈Z, where {Ti}i∈Z is an increasing
sequence forming a stationary renewal point process, with T1 being the first renewal after
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time 0, and {Ui}i∈Z a strictly stationary sequence of random variables independent of
{Ti}i∈Z. The process {(Ti, Ui)}i∈Z is a marked point process, with the stationary renewal
point process as the underlying ground point process P = ∑

i≥1 δTi
and with marks Ui

associated with the points Ti taking values in a given measurable mark space M. We do
not assume that P satisfies the EDD property.

The behavior of a renewal point process depends on the properties of its renewal
times. The renewal point process is called non-lattice if there do not exist constants
a ∈ R and b ∈ (0,∞) such that the support of the inter-arrival times is a subset of a+bN.
It is called spread-out if there exists a positive integer i such that the i-th convolution
of the distribution function, G, of the inter-arrival times has an absolutely continuous
component. That is, G∗i = c1Ga+c2Gs holds for two constants c1 ∈ (0,∞), c2 = 1−c1 ≥
0, where Ga is an absolutely continuous distribution and Gs is another distribution. If
a renewal point process is spread-out, then it is non-lattice. However, the reverse is not
true: if the inter-arrival distribution is discrete and takes all positive rational values with
positive probability, then the process is non-lattice but not spread-out.

The dependence structure of the marks is as follows. Fix k0 ∈ N. Each mark Ui
depends on the values of the preceding k0 marks, with additional dependence on Ri,
where {Ri}i∈Z is a sequence of i.i.d. random variables taking values in some measurable
space (E ,E ). We assume

Ui = f({Uj}i−k0≤j<i, Ri), i ∈ Z, (3.13)

where f : Mk0 × E → M is measurable, and Ri is independent of both {Tj}j∈Z and
{Uj}j≤i−1. This assumption includes the autoregressive process of order k0 as a special
case and guarantees that {Ui}i∈Z is strictly stationary. Under this setting, the marked
point process P̂ = ∑

i∈Z δ(Ti,Ui) on R × M reduces to a point-process representation of
an AR(k0) model when Ti = i for i ∈ Z, that is, when the renewal point process is
lattice-based.

Define ξ : (R × M) × NR×M → R by

ξ((Ti, Ui), P̂) = ξloc
(
(Ti, Ui), P̂|[Ti−j0 ∧(Ti−t0),Ti+j0 ∨(Ti+t0)]

)
(3.14)

for all i ∈ Z, where j0 ∈ N ∪ {0} and t0 ≥ 0 are constants, and where ξloc : (R ×
M) × NR×M → R characterises the interaction between a renewal point (together with
its mark) and its surrounding window in time, as measured by t0 and/or the number
of renewals j0. We define Hλ = ∑

Ti∈P∩Γλ
ξ((Ti, Ui), P̂). Statistics Hλ of interest are

generated by choosing ξ as follows:

(i) ξ((Ti, Ui), P̂) = Ui, in which case Hλ gives the total sum of a strictly stationary
sequence of random variables counted by the renewal process;

(ii) ξ((Ti, Ui), P̂) = (Ui − EUi)(Ui−j − EUi−j), in which case Hλ becomes, up to a
multiplicative constant, the estimator of the j-th autocovariance in time series, cf.
Hamilton [17, Section 3.1];
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(iii) ξ((Ti, Ui), P̂) = g(Ti − Ti−1) for some function g : R → R, when one studies the
renewal-reward process (cf. Ross [36, Section 7.4]); and

(iv) ξ((Ti, Ui), P̂) = h(Ui) for some function h : M → R; when k0 = 1 and {Ti}i∈Z
reduces to the lattice Z, one obtains the discrete version of the additive Markov
functionals, cf. Revuz [33].

Since the ground process and the marks arise from an iterative approach, we impose
a decay-of-dependence condition on the marks. This is achieved through the ϕ-mixing
coefficient between two σ-algebras A and B, defined as

ϕ(A ,B) := sup
E∈A ,E′∈B,P(E)>0

|P(E ′|E) − P(E ′)| .

We define Hλ = ∑
Ti∈P∩Γλ

ξ((Ti, Ui), P̂), σ2
λ = VarHλ, and Zλ = (Hλ − EHλ)/σλ,

where Γλ = [−0.5λ, 0.5λ]. The main result of this section is as follows:

Theorem 3.4. (normal approximation for statistics of a spread-out renewal point pro-
cess) Given a marked stationary spread-out renewal point process, assume that the inter-
arrival times have a finite α-th moment for some α > 2, E0

(
|ξ((0, U0), P̂)|p

)
< ∞ for

some constant p > p0 ≥ 3, and

ϕ(σ(U1, U2, . . . , Uk0), σ(Un0+1, Un0+2, . . . , Un0+k0)) < 1
2 (3.15)

for some n0 ∈ N, n0 > k0. If VarHλ = Ω(λν) for some ν > 2/3, and

(36 − 6ν) ∨ 28
3ν − 2 <

α(p0 − 2)
p0

,

then

dW

(
Hλ − EHλ√

VarHλ

, Z

)
= O

(
λ−1.5ν+1+τ(γ0,γ2)

)
= O

(
λ

−1.5ν+1+3p0

(
2ν+4

6p0+α(p0−2) ∨ ν+4
2p0+α(p0−2)

))
= o (1) ,

where Z ∼ N(0, 1), γ0 = 2, γ2 = α(p0 − 2)/(2p0) and τ is defined in (1.9).

Remark 3.5. When the ground process P is a homogeneous Poisson point process, we
can apply Theorem 1.6 (a) instead of (b) and use the same approach to derive a better
bound. We omit the details.

The outline of the proof is as follows. We apply Theorem 1.6 (b), where the main
challenge is to establish the polynomial decay property in Definition 1.4. Since d = 1,
A is an interval and B lies on both sides of A with d(A,B) = ρ. The estimate of
Cov(SA, g(SB)) reduces to accounting for the cost of replacing SB by independent copies
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of SB1 and SB2 , where B1 ⊆ B is the interval to the left of A and B2 ⊆ B is the interval
to the right.

To carry out this replacement, we must also account for the number of renewals
between A and B1 and also between A and B2. Lemma 3.6 shows that the number
of renewals is roughly linear in the length of the interval of interest, while Lemma 3.7
shows that the cost of replacing each piece in the ground process by an independent
copy can be controlled using the renewal point process property: given sufficient time,
the renewal point process returns to stationarity, allowing us to apply the same argument
one interval at a time. The cost of replacing the marks is also controllable by considering
the lifted mark process {Ui}i∈Z, where Ui := (Ui, Ui+1, . . . , Ui+k0−1), as a Markov process
and using the ϕ-mixing property of the Markov process, as in Bradley [6], to control ϕ-
mixing on σ-algebras distant ρ from each other. The final step is to combine these two
lemmas; the complexity arises from the fact that each of A, B1 and B2 requires two-sided
neighborhoods to allow for the dependence of the marks.

Now we consider the asymptotic linearity of the number of renewals in an interval.

Lemma 3.6. (asymptotic linearity of the number of renewals) Given a stationary non-
lattice renewal point process {Ti}, assume the inter-arrival times τi := Ti+1 − Ti satisfy
E(ταi ) < ∞ for some α > 2. Then for any constant C ∈ (0, (2Eτ1)−1), there exist positive
constants C ′ and C ′′ depending on C such that the number of renewals Nt in the time
interval [0, t] satisfies

P (Nt ≤ Ct) ≤ C ′t−α/2 for t ≥ C ′′.

Proof. Let G be the distribution of the inter-arrival times with mean µG = E(τ1), and let
No,t + 1 represent the number of renewals in the interval [0, t], conditioned on a renewal
at 0. Let FT1 be the distribution function of T1 and let nt = ⌊Ct⌋. Then

P (Nt ≤ Ct) =
∫ ∞

0
P (Nt ≤ nt|T1 = s) dFT1(s)

≤
∫ t/2

0
P (No,t−s + 1 ≤ nt) dFT1(s) + P

(
T1 >

t

2

)
≤ P

(
No,t/2 ≤ nt − 1

)
+ P

(
T1 >

t

2

)
. (3.16)

Now, since E(Tα−1
1 ) = E(τα1 )/(αµG) < ∞ and (t/2)α−1P(T1 > t/2) ≤

∫∞
t/2 s

α−1dFT1(s) →
0 as t → ∞, we obtain

P
(
T1 >

t

2

)
= o(t−(α−1)). (3.17)

For the first term in (3.16), let Yi = τi − µG, Sn := ∑n
i=1 τi, and ζn := ∑n

i=1 Yi. The
probability P(No,t/2 ≤ nt−1) is related to the sum Snt , which can be expressed as follows:

P
(
No,t/2 ≤ nt − 1

)
= P

(
Snt >

t

2

)
= P

(
ζnt >

t

2 − ntµG

)
. (3.18)
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Next, we define wt = t/2 − ntµG > 0, and apply Chebyshev’s inequality followed by a
Rosenthal inequality in Rosenthal [35, p. 279], which states that given α > 2, there exists
a positive constant Cα depending only on α such that for any sequence of independent
random variables Yi in the space Lα with EYi = 0, 1 ≤ i ≤ n, we have∥∥∥∥∥

n∑
i=1

Yi

∥∥∥∥∥
α

≤ Cα max


(

n∑
i=1

E (|Yi|α)
)1/α

,

(
n∑
i=1

E
(
Y 2
i

))1/2
 .

This gives

P(ζnt > wt) ≤ E(|ζnt |α)
wαt

≤ cαw
−α
t max

{
ntE(|Y1|α), nα/2

t (E(Y 2
1 ))α/2

}
,

where cα := Cα
α is a positive constant and hence

P(ζnt > wt) = O

nα/2
t

wαt

 = O(t−α/2). (3.19)

Combining (3.16) - (3.19) completes the proof.

Lemma 3.7. (the cost of replacing renewals on intervals by independent copies) Let {Ti}
be a stationary, spread-out renewal point process, where the inter-arrival times have a
finite α-th moment for some α > 2. Let Ii = [ai, bi] for i = 1, . . . ,m, where m ≥ 2 and
−∞ ≤ a1 < b1 < a2 < b2 < · · · < am < bm ≤ ∞, with the convention (a,∞] = (a,∞)
and [−∞, b] = (−∞, b]. Let Ri be the restriction of the renewal point process to the
interval Ii, and let R ′

i be a copy of Ri, such that {R ′
i : 1 ≤ i ≤ m} are independent of

each other. For any constant C ∈ (0,∞), if the minimum separation distance between
intervals satisfies min1≤i≤m−1(ai+1 − bi) ≥ Ct, then we have as t → ∞

dTV ((R1, . . . ,Rm), (R ′
1, . . . ,R

′
m)) = o

(
t−(α−1)

)
.

Proof. Without loss of generality, we assume that {Ri} and {R ′
i} are defined on the

same probability space and are independent. Let Ri =
(
R1, . . . ,Ri,R ′

i+1, . . . ,R
′
m

)
for

1 ≤ i ≤ m with the convention Rm = (R1, . . . ,Rm). The triangle inequality gives

dTV ((R1, . . . ,Rm), (R ′
1, . . . ,R

′
m)) ≤

m∑
i=2

dTV (Ri,Ri−1) ,

and hence it suffices to show that

dTV (Ri,Ri−1) = o
(
t−(α−1)

)
for all 2 ≤ i ≤ m.

To this end, let Ω denote all locally finite subsets of ∪m
j=1Ij, representing all possible

configurations of the renewal point processes restricted to ∪m
j=1Ij, and let Ωi represent
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all locally finite subsets of
(
∪m
j=1Ij

)
\Ii, representing all possible configurations of the

renewal point processes restricted to
(
∪m
j=1Ij

)
\Ii. Each configuration can be viewed as

a finite integer-valued measure, and we equip both Ω and Ωi with the weak topology. Let
F and Fi be the σ-algebras generated on Ω and Ωi, respectively. For ease of notation,
let Ri− =

(
R1, . . . ,Ri−1,R ′

i+1, . . . ,R
′
m

)
. Without loss of generality, assume bi−1 = 0, so

we can use the notation T1 to denote the first renewal time after bi−1. Then, we have

dTV (Ri,Ri−1)
= sup

A∈F
|P (Ri ∈ A) − P (Ri−1 ∈ A)|

≤ sup
A∈F

∫
Ωi

∫ ∞

0
|P (Ri ∈ A|Ri− = ξ, T1 = s) − P (Ri−1 ∈ A|Ri− = ξ, T1 = s)|

× P (Ri− ∈ dξ, T1 ∈ ds)

≤
∫

Ωi

∫ ∞

0
dTV (L(Ri|Ri− = ξ, T1 = s),L(Ri))P (Ri− ∈ dξ, T1 ∈ ds)

≤
∫

Ωi

∫ 0.5Ct

0
dTV (L(Ri|Ri− = ξ, T1 = s),L(Ri))P (Ri− ∈ dξ, T1 ∈ ds)

+ P (T1 > 0.5Ct) . (3.20)

Conditional on T1 = s, the distribution of Ri does not depend on Ri−, and hence the
bound (3.20) simplifies to

dTV (Ri,Ri−1)

≤
∫ 0.5Ct

0
dTV (L(Ri|T1 = s),L(Ri))P (T1 ∈ ds) + P (T1 > 0.5Ct). (3.21)

Now, we use the coupling defined in Hernández Ruíz [18, Section 11.2] to complete the
proof. Let {To,i}, with To,0 = 0, be the zero-delayed renewal point process where the
inter-renewal times have the same distribution as that of τ1. From the proof in [18,
p. 435–436], we know that there exists a positive random variable T and a coupling(
{T ′

o,i}, {T ′
i}
)

such that (i) L
(
{T ′

o,i}
)

= L ({To,i}) and L ({T ′
i}) = L ({Ti}), (ii) the

renewal times of {T ′
o,i} coincide with those of {T ′

i} at and after T , (iii) E [T α−1] < ∞
[18, Lemma 3.1]. Using this coupling, we have for all s ∈ [0, 0.5Ct],

dTV (L(Ri|T1 = s),L(Ri))
≤ P({T ′

o,i} ∩ [ai − s, bi − s] ̸= {T ′
i} ∩ [ai − s, bi − s])

≤ P(T > ai − s). (3.22)

Thus, using the same proof as that for (3.17), from (3.21) and (3.22), we obtain as t → ∞

dTV (Ri,Ri−1) ≤ P(T > ai − 0.5Ct) + P (T1 > 0.5Ct) = o
(
t−(α−1)

)
,

since E (T α−1) < ∞ and ai − 0.5Ct ≥ 0.5Ct, where we have assumed that bi−1 = 0.
This completes the proof.
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Proof of Theorem 3.4. We deduce this from Theorem 1.6 (b). The proof has multiple
steps.

Step (i). Showing moment assumptions on ground point process and on the score.

We begin by verifying the moment assumptions (1.1), (1.2). Denote by Nt and
No,t + 1 the numbers of renewals of the process {Ti}i∈Z and its 0-delayed counterpart
{To,i}, respectively, in the time interval [0, t]. From the construction, it follows that Nt

is stochastically dominated by No,t + 1 for all t.

To verify the moment condition on the ground process (1.1), it is sufficient to show
that No,1 has finite moments of arbitrary order. Since the inter-arrival times τi = Ti+1−Ti
are positive with a positive probability, there exists a positive x0 such that P(τ1 ≥ x0) >
p′ for some constant p′ > 0. Therefore, No,1 is stochastically dominated by a negative-
binomial random variable with parameters r = ⌈1/x0⌉ + 1 and p = p′, which has finite
moments of arbitrary order. Thus, assumption (1.1) holds for all large p1.

The assumed p-th moment condition with p > 3 together with arbitrarily large p1
ensures the moment conditions in Theorem 1.6 (b) according to Remark 1.7 (iii).

Step (ii). Constructing a partition of Γλ and a coupling on this partition.

We aim to verify polynomial mixing of score sums in (1.6) with A = [a, b] in (1.6)
and Γλ = [−0.5λ, 0.5λ]. Without loss, put B = Γλ \ Bρ(A) for some positive ρ. If
B ⊂ Γλ\Bρ(A), the argument works with the same coupling. Since d = 1, A is an interval
and B lies on both sides of A. As mentioned earlier, the estimate of Cov(SA, g(SB))
reduces to accounting for the cost of replacing SB by independent copies of SB1 and SB2 ,
where B1 is the subset of B to the left of A and B2 is the subset to the right. To do this,
we introduce a partition to help control dependencies of renewals and dependencies of
marks, which goes as follows.

Without loss of generality, we can assume that max{|a − ρ|, |b + ρ|} < 0.5λ and
ρ ≥ 3t0, which, together with Remark 1.5 (i), also ensure that A and B satisfy the
condition in Definition 1.4 with γ3 = 3t0. These conditions ensure that B = [−0.5λ, a−
ρ] ∪ [b + ρ, 0.5λ] =: B1 ∪ B2 lies on both sides of A, and in the following construction,
the neighborhoods of intervals A, B1 and B2 all have length greater than or equal to
t0. When ρ is sufficiently large, with high probability, the score functions evaluated at
renewals in A are determined by renewal points in the ρ/3-enlarged interval Bρ/3(A)
given by

Ae :=
[
a− ρ

3 , b+ ρ

3

]
together with their marks, while the score functions with centers in B are determined
by the renewal points in an enlarged interval around B, namely(

−∞, a− 2ρ
3

]
∪
[
b+ 2ρ

3 , ∞
)

=: B1,e ∪B2,e
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together with their marks. The gap between these two sets,

D :=
(
a− 2ρ

3 , a− ρ

3

)
∪
(
b+ ρ

3 , b+ 2ρ
3

)
=: D1 ∪D2,

is used with high probability to break the dependence between the sums of score functions
with arrival times in sets A and B. Since t0 also plays a role in the dependence range
of the score function and since it extends the dependence range even further, we further
define the following intervals:

B1,re =
(
a− ρ, a− 2ρ

3

]
, B2,le =

[
b+ 2ρ

3 , b+ ρ− t0

)
,

Ale =
[
a− ρ

3 , a− t0

)
, Are =

(
b, b+ ρ

3

]
.

The above intervals are illustrated in Figure 1.

[ ]( ]( )[ ) [ ]( ]( )[ ) [ ]
−λ

2 a− ρ a− 2ρ
3 a− ρ

3

a− t0

a b

b+ ρ− t0

b+ ρ
3 b+ 2ρ

3 b+ ρ λ
2

−∞ ∞

AAle Are

Ae

B1 B2

B1,e B2,e

B2,leB1,re D1 D2

Figure 1: Interval partition of Γλ for polynomial mixing

The renewal points in the stationary renewal point process P on a given interval
I are simply the points of the process P that fall within the interval I, expressed as
P|I . From Lemma 3.7 (with t and C replaced by ρ/3 and 1, respectively) and extending
the probability space if necessary, we can construct, on the same probability space, a
copy {P ′|B1,e ,P ′|B2,e ,P ′|Ae} of {P|B1,e ,P|B2,e ,P|Ae}, such that P ′|B1,e ,P ′|B2,e ,P ′|Ae are
independent and

E1 :=
{
(P|B1,e ,P|B2,e ,P|Ae) = (P ′|B1,e ,P ′|B2,e ,P ′|Ae)

}
satisfies

P(Ec
1) ≤ o

(
ρ−(α−1)

)
.

To fill the gap of P ′ on D and to complete the definition of P ′, we define P ′|D = P|D. It is
important to note that the inter-arrival times of P ′ are generally no longer independent
and identically distributed.

Step (iii). Breaking the direct dependence of the score function outside the neigh-
borhood and controlling the dependence between marks within the neighborhoods.

To break the direct dependence in the marks, we require a sufficient number of
renewal points in each of the three sub-intervals between B1 and A and in each of the
three sub-intervals between A and B2; hence we set

E2 = {min{P (B1,re) ,P (B2,le) ,P (Ale) ,P (Are) ,P (D1) ,P (D2)} ≥ C1ρ} ,
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where C1 := (4Eτ1)−1 ∈ (0, (2Eτ1)−1) as in Lemma 3.6, and let E ′
2 be the corresponding

event for P ′. Lemma 3.6 ensures that

P (Ec
2) = P ((E ′

2)c) = O
(
ρ−α/2

)
.

Without loss of generality, we assume that ρ ≥ (k0 + j0)/C1 (in addition to ρ ≥ 3t0)
for k0 and j0 specified in (3.13) and (3.14). This condition ensures that we can rule out
any direct dependence of the score functions in A, B1, and B2 on the marks U outside
their respective neighborhoods Ae, B1,e and B2,e on event E2. The requirement on the
number of points in D1 and D2 also guarantees that the dependence of the marks within
these neighborhoods is controllable on event E2, which will be detailed later in (3.28).

Step (iv). Constructing the marked point process P̂ ′
∣∣∣
Γλ

given P̂
∣∣∣
Γλ

.

To equate P̂|Γλ
with its marked counterpart P̂ ′

∣∣∣
Γλ

with high probability, we reuse the
marks associated with P|Γλ

, say {Ul, Ul+1, . . . }, and assign them in the same order to
the points of P ′|Γλ

(for example, Ul goes to the smallest point of P ′|Γλ
, Ul+1 goes to the

next smallest, and so on). The reason for constructing P̂ ′
∣∣∣
Γλ

is that the marks on the
intervals B1,e ∪ B2,e ∪ Ae are determined by the configuration of renewals beyond these
intervals, as stated in (3.13). The advantage of P̂ ′|Γλ

is that it permits us to use the
independent restrictions of P ′|Γλ

to eliminate the dependence of the marks. From this
construction, we observe that the corresponding S ′

A and S ′
B of P̂ ′ satisfy the following

equalities:
SA1E1∩E2 = S ′

A1E1∩E′
2
, SB1E1∩E2 = S ′

B1E1∩E′
2
.

Step (v). Showing that mixing of score sums S ′
A, S ′

B implies mixing of score sums
for the function-set class corresponding to j = 1 in Definition 1.4.

We aim to replace SA and SB with S ′
A and S ′

B on E3 := E1 ∩ E2 via the following
inequality:

|E(SASB) − E(SA)E(SB)|
=
∣∣∣E(SA(1E3 + 1Ec

3
)SB) − E(SA(1E3 + 1Ec

3
))E(SB)

∣∣∣
≤ |E(SA1E3SB) − E(SA1E3)E(SB)| +

∣∣∣E(SA1Ec
3
SB)

∣∣∣+ ∣∣∣E(SA1Ec
3
)E(SB)

∣∣∣ . (3.23)

Additionally, by Lemma 2.2, since p1 in assumption (1.1) can be arbitrarily large, both
SA and SB have finite Lp0 norms for p0 in the statement of Theorem 3.4, which are
bounded above by C2Vol(A) and C2Vol(B), respectively, for some positive constant C2.

Hölder’s inequality yields∣∣∣E(SA1Ec
3
SB)

∣∣∣ ≤ ∥SA∥p0∥SB∥p0P(Ec
3)(p0−2)/p0

= O
(
Vol(A)Vol(B)ρ−α(p0−2)/(2p0)

)
, (3.24)
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and ∣∣∣E(SA1Ec
3
)E(SB)

∣∣∣ ≤ ∥SA∥p0∥SB∥p0P(Ec
3)(p0−2)/p0

= O
(
Vol(A)Vol(B)ρ−α(p0−2)/(2p0)

)
. (3.25)

Combining (3.23), (3.24) and (3.25), we obtain

|E(SASB) − E(SA)E(SB)|
≤ |E(SA1E3SB) − E(SA1E3)E(SB)| +O

(
Vol(A)Vol(B)ρ−α(p0−2)/(2p0)

)
. (3.26)

Each term involving Ec
3 incurs a cost of at most O

(
Vol(A)Vol(B)ρ−α(p0−2)/(2p0)

)
.

Therefore, we focus on the leading term that does not involve Ec
3, and instead add the

error due to the manipulation required to transition from one form to the other. We use
the notation β1 2 β2 to denote that β1 ≤ β2 + O

(
Vol(A)Vol(B)ρ−α(p0−2)/(2p0)

)
. With

this, we can obtain from (3.26) the following expression:

|E(SASB) − E(SA)E(SB)|
2 |E(SASB1E3) − E(SA1E3)E(SB1E3)|
=
∣∣∣E(S ′

AS
′
B1E′

3
) − E(SA1E3)E(SB1E3)

∣∣∣
2 |E(S ′

AS
′
B) − E(S ′

A)E(S ′
B)| , (3.27)

where E ′
3 := E1 ∩E ′

2 = E3. To see this, note that by construction, the coupled processes
P and P ′ agree on D1 and D2 and on the event E1 they also agree on the relevant
neighborhoods of A and B and hence the events E2 and E ′

2 coincide on E1.

Step (vi). Showing the mixing of score sums S ′
A, S ′

B using classical ϕ-mixing bounds.

When we lift the marks to higher-dimensional space by defining

Ui = (Ui, Ui+1, . . . , Ui+k0−1) ∈ Mk0 ,

then {Ui}i∈Z forms a strictly stationary k0-dimensional Markov process. For each i, the
mark Ui is the first component of the lifted vector Ui. Let A ′ denote the σ-algebra
generated by all the marked points in P̂ ′ with the lifted marks Ui, where at least one
component is used in S ′

A. From the construction, we have S ′
A ∈ A ′ ⊂ σ

(
P̂ ′

Ae

)
, S ′

B ∈
σ
(
P̂ ′

B1,e∪B2,e

)
. From [6, Theorem 3.3 (2)], which states that when (3.15) holds, the

ϕ-mixing coefficient converges to 0 exponentially fast as n0 goes to infinity, along with
the fact that {P ′

B1,e
,P ′

B2,e
,P ′

Ae
} are independent, the ϕ-mixing coefficient satisfies

ϕ(A ′, σ(S ′
B)) = O

(
e−C3ρ

)
, (3.28)

for some positive constant C3.
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Moreover, by Davydov [12, Lemma 2.1 and its Corollary], for any two σ-fields A and
B with the α-coefficient α(A ,B) = supE∈A ,E′∈B |P(E ∩ E ′) − P(E)P(E ′)|, we have for
any p, q ∈ (1,∞] such that 1/p+1/q < 1 and random variables X ∈ Lp(A ), Y ∈ Lq(B),

| Cov(X,Y )| ≤ 12α(A ,B)1−1/p−1/q∥X∥p∥Y ∥q.

Together with the fact that α(A ,B) ≤ ϕ(A ,B) from the definition, this gives

| Cov(X,Y )| ≤ 12ϕ(A ,B)1−1/p−1/q∥X∥p∥Y ∥q. (3.29)

Although a bound with a sharper constant is available in Rio [34, (1.3)], we do not pursue
this refinement here, since our focus is on the rate of the approximation error. Since S ′

A

is A′-measurable, applying the covariance inequality (3.29) with p = q = 3 together with
(3.28) and the moment bounds ∥S ′

A∥3 = O(Vol(A)) and ∥S ′
B∥3 = O(Vol(B)) gives

|E(S ′
AS

′
B) − E(S ′

A)E(S ′
B)| = | Cov(S ′

A, S
′
B)| ≤ 12ϕ(A′, σ(S ′

B))1/3∥S ′
A∥3∥S ′

B∥3

= O
(
Vol(A) Vol(B)e−C3ρ/3

)
. (3.30)

Combining (3.27) and (3.30), we obtain

|E(SASB) − E(SA)E(SB)| = O
(
Vol(A)Vol(B)ρ−α(p0−2)/(2p0)

)
. (3.31)

To show mixing of score sums for the function-set class corresponding to j = 2 in
Definition 1.4, we use a similar approach. Abusing notation, let β1 2 β2 signify that
β1 ≤ β2 +O

(
(Vol(A))2ρ−α(p0−2)/(2p0)

)
. Specifically, we have:

∣∣∣E (S2
Ag(SB)

)
− E

(
S2
A

)
E (g(SB))

∣∣∣
2
∣∣∣E (S2

Ag(SB)1E3

)
− E

(
S2
A1E3

)
E (g(SB)1E3)

∣∣∣
=
∣∣∣E ((S ′

A)2g(S ′
B)1E′

3

)
− E

(
(S ′

A)21E′
3

)
E
(
g(S ′

B)1E′
3

)∣∣∣
2
∣∣∣E ((S ′

A)2g(S ′
B)
)

− E
(
(S ′

A)2
)
E (g(S ′

B))
∣∣∣ . (3.32)

Applying the covariance inequality (3.29) with p = 3/2 and q = ∞ gives∣∣∣E((S ′
A)2g(S ′

B)) − E((S ′
A)2)E(g(S ′

B))
∣∣∣ = Cov

(
(S ′

A)2, g(S ′
B)
)

≤12ϕ(A′, σ(S ′
B))1/3∥(S ′

A)2∥3/2∥g(S ′
B)∥∞

=O
(
Vol(A)2e−C3ρ/3

)
,

which, together with (3.32), guarantees∣∣∣E (S2
Ag(SB)

)
− E

(
S2
A

)
E (g(SB))

∣∣∣ = O
(
Vol(A)2(Vol(B) ∨ 1)ρ−α(p0−2)/(2p0)

)
. (3.33)
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Combining (3.31) and (3.33) implies that polynomial mixing of score sums (1.6) is
satisfied by taking γ0 = 2, letting γ1 be the constant implicit in the ‘O’ bound, and
setting γ2 = α(p0 − 2)/(2p0), noting that Vol(A) ≤ diam(A) for all sets A when d = 1.
Recall γ3 = 3t0. Therefore, condition (1.8) with d = 1 becomes

2γ2 = α(p0 − 2)
p0

>
(36 − 6ν) ∨ 28

3ν − 2 ,

as assumed. Theorem 3.4 follows by applying Theorem 1.6 (b).

3.3 Continuum percolation models

For a locally finite point set V in Rd, d ≥ 2, and r ≥ 1, by G(V, r) we mean the
graph with vertex set V and edge set E := {(u, v); ∥u − v∥ ≤ r, u, v ∈ V 2,̸=}, where
V 2,̸= := {(u, v);u ̸= v, u, v ∈ V }. When V is finite, we define C(V, i) := C(V, i, 1) and
L(V, i) := |C(V, i)| as the i-th largest component of the graph G(V, 1) and its cardinality,
respectively. By convention, we set C(V, i) = ∅ and L(V, i) = 0 if the number of
components in G(V, 1) is less than i. Components with the same size are ordered by
the lexicographical order of the smallest vertices in each component.

Let Pµ be a homogeneous Poisson point process on Rd with intensity µ. We have
G(Pµ, r) = r1/dG(r−1/dPµ, 1), where multiplying a graph by r1/d means scaling all vertex
coordinates by r1/d while keeping the edge structure unchanged, and equality means that
both sides have the same vertices and the same edges. Thus, without loss of generality,
we focus on G(V, r) with r = 1.

For a point process P on Rd, G(P , r) is the random geometric graph generated by P
with radius r, a model for continuum percolation. We consider G(P ∩ Γλ, 1) for a point
process P and a positive constant λ. The model can be cast in terms of urban agglom-
eration, and therefore we may refer to each component C(P ∩ Γλ, i) as a community.

For a fixed positive integer l0 ∈ N, the component/community C(P ∩ Γλ, i) is called
l0-isolated if its cardinality satisfies L(P ∩ Γλ, i) ≤ l0. We let I0 be the indices such that
i ∈ I0 implies that C(P ∩ Γλ, i) is l0-isolated. Each component C(P ∩ Γλ, i), i ≥ 1, has
a range of influence given by f(L(P ∩ Γλ, i)), where f : N → [0,∞) is a non-decreasing
function.

An l0-isolated community C(P ∩ Γλ, i), i ∈ I0, is said to be remote if its distance to
every non-isolated community C(P ∩ Γλ, j), if such communities exist, is greater than
f(L(P ∩ Γλ, j)). We let Irem0 ⊆ I0 be the indices of the remote components.

We service each remote community by connecting it to its nearest non-isolated com-
munity C(P ∩Γλ, j), j /∈ I0. This ensures that all communities are serviced, as we assume
that non-remote communities are already serviced.
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This construction gives rise to the graph Giso(P , λ) thus obtained by connecting each
remote community C(P ∩ Γλ, i), i ∈ I0, to the collection of non-isolated communities
N ni(P ∩ Γλ) := {C(P ∩ Γλ, i)}i/∈I0 by adding an edge between C(P ∩ Γλ, i), i ∈ I0, and
the nearest point in N ni(P ∩ Γλ). For a remote community C(P ∩ Γλ, i), if there exist
multiple pairs of nearest points between it and N ni(P ∩ Γλ) at the same distance, one
pair is chosen uniformly at random. The existence of isolated communities depends on
the configuration of all points. The long-range dependence structure precludes letting
the short-range estimator ξ̂[r] be a restricted score function, which is often the natural
choice for tackling problems such as this one, and which is customarily employed to
define stabilization, cf. [10] and references therein. Instead we will use a different choice
for the short-range estimator ξ̂[r]. As will be shown in the proof, our result does not
depend on the particular method used to connect points in remote communities to those
in non-isolated communities.

Given a graph G with vertex set V (G), the graph distance dG(x, y) between x, y ∈
V (G) is the minimum number of edges connecting x and y. By convention, dG(x, y) = ∞
if there is no path between x and y. The graph ball centered at vertex v0 ∈ V (G) and
with radius r ∈ N is

BG(v0, r) := G{v; dG(v,v0)≤r},

where GU denotes the subgraph G induced by the vertex set U . We now consider the
case where the score function

ξ(x,P ,Γλ) = h(BGiso(P,λ)(x, r0))

is given by a function h defined on the graph ball in Giso(P , λ) of graph radius r0. This
type of model can be used to represent transportation costs or urban influence and is
particularly relevant in the context of spatial growth and development. While traffic
congestion and the reliability of transportation networks are key factors, another critical
aspect of development is ensuring logistical connectivity between remote communities
and well-serviced urban centres.

Define
Hλ :=

∑
x∈P∩Γλ

ξ(x,P ,Γλ).

We note that the score function ξ is typically not stabilizing, as its evaluation may require
information about the entire configuration P ∩ Γλ in order to determine the existence of
remote communities. This statistic can be used to analyze commonly studied problems
in the literature, including counting subgraphs that are isomorphic to a given graph or
counting components of size r0 for some r0 ∈ N. With a simple adjustment, the same
idea can also be used to analyze these problems for random geometric graphs in the
continuum percolation model.

Let P0
µ denote Pµ∪{0}, where 0 is the origin in Rd. The probability p∞(µ) represents

the probability that the origin 0 is contained in an infinite component of G
(
P0
µ , 1

)
, and
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is the percolation probability (or percolation function). The threshold intensity for the
phase transition giving the existence of an infinite component, known as the critical
intensity µc, is defined by

µc := inf{µ ∈ (0,∞); p∞(µ) > 0}.

A fundamental result in continuum percolation theory states that µc is finite when d ≥ 2;
see Meester and Roy [28, Chapter 3]. Recall that a point process Q1 stochastically
dominates Q2 on the same space if there exists a coupling of them, (Q̄1, Q̄2), such that
Q̄1

d= Q1, Q̄2
d= Q2, and Q̄2 ⊂ Q̄1 almost surely.

With this setup, we have the following theorem.

Theorem 3.8. Let d ≥ 2. We assume:

· the point process P satisfies the moment condition (1.1) for some positive constant p1,

· P exhibits exponential decay of dependence as in (1.11), and stochastically dominates
Pµ0 for some µ0 > µc,

· the function f that determines the remote communities satisfies f(s) >
√
ds for all

s ∈ N,

· the score function ξ is a function of the graph ball in Giso(P , λ) with graph radius r0 ∈ N
and satisfies (1.2) for some positive constant p2 such that p1p2/(p1 + p2 − 1) ≥ 3,

· VarHλ = Ω(λν) for some ν > 2/3.

Then
dW

(
Hλ − EHλ√

VarHλ

, Z

)
= O

(
(log λ)3dλ−1.5ν+1

)
,

where Z ∼ N(0, 1).

Since the conditions of Theorem 3.8 are insufficient to imply that the Palm process
of P stochastically dominates a Poisson point process with a supercritical intensity, and
since there is no existing result establishing that every Palm process of P possesses a
giant component with probability converging to 1 as λ grows, we cannot establish (1.15)
directly. Because (1.15) is formulated in terms of the Palm distribution, Corollary 1.11
therefore cannot be applied directly in this case.

Proof of Theorem 3.8. The existence of remote communities depends on the entire
configuration of P ∩ Γλ. It follows that ξ is not stabilizing, hence the usual stabilization
methods based on restricted score functions do not work. However, we can construct an
estimate ξ̂[r] of ξ using the local information about the continuum percolation and then
deduce Theorem 3.8 from Theorem 1.6.
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The moment assumptions (1.1) and (1.2) are assumed. We thus only need to show
exponential mixing of the score sums in (1.4). For this purpose, we follow the same steps
as in the proof of Corollary 1.11 (a) to construct the corresponding point processes Ψi,
for 1 ≤ i ≤ 6, and to define the event E1, as well as the random variables S ′

A, S ′
B, S̄[r]

A

and S̄
[r]
B , in the same manner as in the proof of Corollary 1.11 with

ξ̂[r](x,P ,Γλ) := ξ̂[r0](x,P ,Γλ) := h(BG(P∩Γλ,1)(x, r0)),

for A,B ∈ B(Rd) and r = d(A,B)/3 ≥ r0. We will, however, need to modify the
definitions of the events E2 and E3 used in the proof of Corollary 1.11. To this end, we
adopt the terminology from Penrose and Pisztora [31], where a connected component
is said to be crossing if the union of balls of radius 1 centered at the vertices of the
component intersects all 2d faces of the boundary of Γλ. We then define E2 (resp. E3) as
the event that C(Ψ5 ∩ Γλ, 1) (resp. C(Ψ6 ∩ Γλ, 1)) is not crossing. Since P stochastically
dominates Pµ0 , it follows from [31, Proposition 2] with ϕλ = 0.5λ that there is a constant
C6 := C6(µ0) such that

P(E2) ∨ P(E3) ≤ exp(−C6λ).

Whenever C(Ψ5 ∩ Γλ, 1) and C(Ψ6 ∩ Γλ, 1) are crossing, there must be components
of size at least λ1/d and this, together with the condition f(s) ≥

√
ds ensures that on

Ec
2 ∩ Ec

3 there are no remote communities in Ψ5 ∩ Γλ and Ψ6 ∩ Γλ, and consequently
no edges are added between remote communities and isolated communities. Therefore,
Giso(P , λ) and G(P ∩ Γλ, 1) coincide and thus the graph ball of radius r in the first
graph is a subset of the Euclidean ball of radius r in the second graph. Under the event
E = (E1 ∪ E2 ∪ E3)c, when d(A,B) ≥ 3r0, we have SA = S ′

A = S̄
[r]
A , SB = S ′

B = S̄
[r]
B .

Hence, exponential mixing of the score sums in (1.4) follows from the same argument
for (2.30) in Step (iv) of the proof of Corollary 1.11. The desired statement then follows
directly by applying Theorem 1.6 (a).

3.4 Interacting diffusions on spatial random graphs

In this section we obtain quantitative CLTs for statistics of interacting diffusion
models on spatial random graphs driven by EDD input. The results are quantitative
counterparts of the qualitative CLTs established in [5, Section 9] and complement the
Berry–Esseen rates of normal approximation for such statistics under Poisson input in
[43].

Before introducing the specific model, we describe the underlying spatial random
graphs. For ease of reading, this description is adapted from [5], where a more complete
treatment is provided and where, for example, the relevant measurability issues are
addressed.
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Given a locally finite point set X ⊂ Γλ, let G(X ,∼) =: G(X ) denote a graph with
vertex set X , where edges are determined by a deterministic rule ∼ depending on the
entire configuration. That is, X 7→ G(X ,∼) is a measurable mapping from the space
NΓλ

of locally finite subsets of Γλ to the space of finite labelled graphs on Γλ, equipped
with the discrete σ-algebra.

A function Sλ : Γλ × NΓλ
→ [0,∞), λ ∈ (0,∞], with the convention Γ∞ = Rd, is

called an interaction range with respect to the graph operator G(·,∼) if it satisfies:

(i) for all X ∈ NΓλ
and x ∈ X , the neighborhood of x is determined by X ∩

B(x, Sλ(x,X )), i.e., y ∼ x in G(X ,∼) iff y ∼ x in G(X ∩B(x, Sλ(x,X )),∼),

(ii) the ball B(x, Sλ(x,X )) is a stopping set, in the sense that

Sλ(x,X ) = Sλ (x, [X ∩B(x, Sλ(x,X ))] ∪ Y)

for any Y ∈ NRd\B(x,Sλ(x,X )).

By construction, y ∼ x in G(X ,∼) only if |x− y| ≤ min{Sλ(x,X ), Sλ(y,X )}.

The following stabilization property for the graph G is inspired by a similar, though
slightly stronger property in [5, Definition 8.1 and display (9.2)]; see Remark 3.12 for
the differences.

Definition 3.9. (stabilizing property of the graph operator G(·,∼) with respect to P)
We say that G stabilizes with respect to the point process P if there exists a family of
interaction ranges (Sλ)λ∈(0,∞] such that

sup
λ∈(0,∞]

sup
x∈Γλ

Px (Sλ(x,P ∩ Γλ) > r) ≤ φ(r), r ∈ (0,∞),

for some fast decreasing function φ, i.e., for φ satisfying

lim sup
r→∞

rmφ(r) = 0, ∀m ≥ 1.

We further assume that the graph operator is translation invariant, that is,

x ∼ y in G(X ,∼) iff x+ z ∼ y + z in G(X + z,∼), ∀x, y ∈ X , z ∈ Rd.

Definition 3.10. (admissible graphs) The graph operator G is admissible on P if it is
translation invariant and stabilizes with respect to P as in Definition 3.9.

As shown in [5, Appendix A, Examples A.1–A.4], if P is a homogeneous Poisson
point process or a stationary determinantal point process with an exponentially decaying
kernel, then admissible graphs on P include the undirected k-nearest neighbors graph,
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the sphere of influence graph, and the Delaunay graph. Throughout this section, we
work with such point processes P that are also EDD, together with the corresponding
graph operators G(·,∼).

It is shown in [5, Section 9] that statistics of interacting diffusions on spatial random
graphs satisfy asymptotic normality, provided the underlying point process has fast decay
of correlations. The key to their results is that the relevant statistics could be expressed
as a sum of score functions which satisfy exponential stabilization in the L2 distance.
That work made no attempt to find rates of normal convergence. Here we indicate
that our general results yield rates of normal convergence when the input is a class of
EDD point processes and when the initial diffusion displacements are independent and
uniformly bounded. We recall the set-up and refer to [5, Section 9] for full details.

Given a countable V ⊂ Rd, let G := G(V ) be an admissible interaction graph on V .
Let Nv be the neighborhood of v ∈ V. Fix a time horizon t0 ∈ (1,∞). Consider a system
of interacting Rd′-valued diffusions M(v, t) := MG(v, t), v ∈ V, t ∈ [0, t0], defined by

dM(v, t) = b(t,M(v, t),M(Nv, t))dt+ σ(t,M(v, t),M(Nv, t))dZv(t), (3.34)

where Zv(·), v ∈ V, are i.i.d. standard Brownian motions in Rd′
, d′ ∈ N, and where

M(Nv, t) = {M(v′, t)}v′∼v, where v′ ∼ v means that v′ is a neighbor of v. Denote by
M(v) := M(v, 0) ∈ Rd′

, v ∈ V, the initial states, assumed to be almost surely uniformly
bounded, i.e., supv∈V |M(v, 0)| ≤ L a.s. for a constant L ∈ (0,∞). These processes
take values in the space C(0)(Rd′) of continuous paths in Rd′ , with the functions b and σ
being the drift and diffusion coefficients, respectively. Here b is Rd′-valued whereas the
diffusion matrix σ is Rd′ ×Rd′-valued; see [5, Definition 9.2] for full details. The particles
interact directly only with their (finite) graph neighbors, in contrast to the mean field
model, where particles interact with all other particles.

We further assume Lipschitz conditions on b and σ, as spelled out in Lacker, Ramanan
and Wu [25] and [5, Definition 9.2]. When G is admissible, the Lipschitz assumption
implies the existence of a strong solution for the system of interacting diffusions; c.f. [25,
Theorem 3.1].

When the processes are defined on the entirety of the graph G, we denote them simply
as M := MG. The paths (trajectories) of the processes up to time t are denoted by
M [v, t]. Let P̂ := {(x,M(x), Zx)}x∈P be a marked point process on Rd×Rd′ ×C(0)(Rd′),
with M(x), x ∈ P , denoting the independent initial states.

To cast the statistics of interacting diffusions in the framework of our general results,
we consider, for fixed t ∈ (0,∞), real-valued score functions of the trajectories

ξ((x,M(x), Zx), P̂) := h(MG(P)[x, t]) (3.35)

where h : C(0)(Rd′)(t) → R is a Lipschitz(1) function with respect to the sup-norm,
∥ ·∥∞, on C(0)(Rd′)(t), the space of trajectories up to time t. The measurability of ξ with
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respect to P̂|Γλ
is established in the proof of Theorem 7.8 of [25] and also in Section 9

of [5]. Such scores give rise to the diffusion statistics

Hλ := Hξ
λ :=

∑
x∈P∩Γλ

ξ((x,M(x), Zx), P̂).

Finally, for k ∈ N denote by Gk
x(X ) the subgraph of G(X ) induced by the graph ball

BG(X )(x, k) centered at x ∈ X with graph radius k. This gives rise to the corresponding
interacting diffusion processes

{
MGk

x(X )(y, t)
}

for t ∈ [0, t0] on y ∈ BG(X )(x, k), which
have the same coefficients (b, σ), are driven by the same Brownian motions, and share
the same initial conditions MGk

x(X )(y, 0) = M(y, 0) for y ∈ BG(X )(x, k). Let Px denote
the Palm process of P at x, that is, Px ∼ Lx(P).

Corollary 3.11. (rates of normal convergence for statistics of interacting diffusions on
EDD input) Let P̂ = {(x,M(x), Zx)} be as above, with M(x), x ∈ P, independent initial
states which are a.s. uniformly bounded, and G = G(·,∼) an admissible graph on P.
Let M = MG(P) be the system of interacting diffusions as in (3.34) on G with diffusion
coefficients b, σ satisfying the Lipschitz assumption of [25]. Fix t0 ∈ (0,∞) and assume
the score function ξ in (3.35) and the corresponding function h satisfy the following
moment conditions:

sup
x∈Rd

E[max(1, |h(MG(Px)[x, t0])|p)] < ∞,

sup
x∈Rd,k∈N

E
[
max

(
1,
∣∣∣h (MGk

x(Px)[x, t0]
)∣∣∣)p′]

< ∞,
(3.36)

for some positive constants p, p′ such that min{p, p′} > 4. If VarHλ = Ω(λν) for some
ν > 2/3, then

dW

(
Hλ − EHλ√

VarHλ

, Z

)
= O

(
λ−κ

)
,

for all κ < 1.5ν − 1.

Proof. The proof is adapted from that of [5, Theorem 9.3] to our setting, which imposes
fewer Palm requirements on the graph structure G. We take the short-range estimator
of the score function ξ in (1.13) to be

ξ̂[r]((x,M(x), Zx), P̂) = h
(
MG⌊√

r⌋
x (P)[x, t0]

)
1Ex,r ,

where Ex,r := {S∞(y,P) ≤ ⌊
√
r⌋ for all y ∈ P ∩ B (x, r − ⌊

√
r⌋)}. By construction,

ξ̂[r]((x,M(x), Zx), P̂) is determined by P̂|B(x,r). Moreover, by Remark 1.7 (iii) and the
moment assumptions, the power p1 in (1.1) can be chosen arbitrarily large, while p2 and
p′

2 can be chosen as p and p′ in (3.36), respectively. Thus, by taking sufficiently large p1,
in Corollary 1.14 we take

¯
p := (p∧ p′)/2 + 2 > 4, and set p3 :=

¯
p/(

¯
p− 2) < 2. It suffices

54



to show that ξ satisfies polynomial Lp3-stabilization in Definition 1.13 with arbitrarily
large β, as discussed in Remark 1.15 (iii). Set

ξ̃[r]
(
(x,M(x), Zx), P̂

)
= h

(
MG⌊√

r⌋
x (P)[x, t0]

)
.

By the moment assumption in (3.36), we have ∥ξ̃[r]
(
(x,M(x), Zx), P̂x

)
∥p′ < ∞ uniformly

in x and r, where P̂x is the Palm process of P̂ at x, i.e., P̂x ∼ Lx(P̂). By the Minkowski
inequality, Hölder’s inequality, the Lipschitz(1) assumption of h and Lemmas 9.6 and 9.7
in [5], whose bounds are stated for second moments and hence are used below after taking
square roots, we have∥∥∥ξ((x,M(x), Zx), P̂x) − ξ̂[r]((x,M(x), Zx), P̂x)

∥∥∥
p3

≤
∥∥∥ξ((x,M(x), Zx), P̂x) − ξ̃[r]((x,M(x), Zx), P̂x)

∥∥∥
p3

+
∥∥∥ξ̂[r]((x,M(x), Zx), P̂x) − ξ̃[r]((x,M(x), Zx), P̂x)

∥∥∥
p3

≤
∥∥∥∥∥∥∥∥MG(Px)[x, t0] −MG⌊√

r⌋
x (Px)[x, t0]

∥∥∥∥
∞

∥∥∥∥
p3

+
∥∥∥∥1Ec

x,r

(
|h(0(·))| +

∥∥∥∥MG⌊√
r⌋

x (Px)[x, t0]
∥∥∥∥

∞

)∥∥∥∥
p3

≤

C⌊√
r⌋

⌊
√
r⌋!

1/2

+ |h(0(·))|P
(
Ec
x,r

)1/p3 + P
(
Ec
x,r

)(2−p3)/2p3

(C ′)1/2 +
C⌊√

r⌋

⌊
√
r⌋!

1/2 ,
(3.37)

where 0(·) denotes the zero process on the time interval [0, t], and C and C ′ are the
positive constants appearing in Lemmas 9.7 and 9.6, respectively. Here, the second
inequality follows from the Lipschitz property of h, which gives∣∣∣∣h(MG⌊√

r⌋
x (Px)[x, t0]

)∣∣∣∣ ≤ |h(0(·))| +
∥∥∥∥MG⌊√

r⌋
x (Px)[x, t0]

∥∥∥∥
∞
,

and the third inequality follows from Minkowski’s inequality, Hölder’s inequality, and
the fact that∥∥∥∥∥∥∥∥MG⌊√

r⌋
x (Px)[x, t0]

∥∥∥∥
∞

∥∥∥∥
2

≤
∥∥∥∥∥∥∥∥MG(Px)[x, t0] −MG⌊√

r⌋
x (Px)[x, t0]

∥∥∥∥
∞

∥∥∥∥
2

+
∥∥∥∥∥∥MG(Px)[x, t0]

∥∥∥
∞

∥∥∥
2
.

The first term on the right-hand side of (3.37) decays faster than r−β for every β ∈ (0,∞)
as r goes to infinity. Furthermore,

Px(Ec
x,r) ≤

∫
B(x,r−⌊√

r⌋)
Py
(
S∞(y,P) >

⌊√
r
⌋)
µdy

≤µVol
(
B
(
x, r −

⌊√
r
⌋))

C ′
βr

−β′

≤C ′′
βr

d−β′ (3.38)
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for some positive constants C ′
β and C ′′

β for all β′ ∈ (0,∞), where µ is the intensity
of P and the last inequality follows from the stabilizing assumption in Definition 3.9.
Consequently, the second and third terms on the right-hand side of (3.37) also decay
faster than r−β for all β ∈ (0,∞) by taking β′ = 2βp3/(2 − p3) + d in (3.38). Hence the
estimates above verify polynomial Lp3-stabilization in Definition 1.13 with arbitrarily
large polynomial decay exponent. Together with the moment condition for the short-
range estimators verified above, Corollary 1.14 and Remark 1.15 (iii) yield the desired
statement.

Remark 3.12. (cf. Remark 1.12 (iv)) In [5], the definition of a spatial random graph is
based on the supremum of conditional probabilities given that P contains x together with
any other finite set {x1, . . . , xp} ⊂ Γλ\{x}, for p ∈ N, which is a potentially restrictive
condition as it is based on higher-order Palm distributions. Our results are instead based
on the first-order Palm distribution, leading to a slightly broader class of graphs for the
same underlying point process P. For example, for any configuration X ∈ NRd, we define
the graph G(X ,∼) as follows: we connect each x ∈ X to its nearest neighbor in X ,

Nx := Nx(X ) := arg min
y∈X \{x}

d(x, y),

provided that d(x,Nx) < 1/e and card(X ∩B(x,− ln d(x,Nx))) is even. Then,

Sλ(x,X ) :=
[

sup
y∈{z∈X ∩B(x,1/e);Nz=x}∪{x}

(− ln d(y,Ny))
]

∧ d(x, ∂Γλ) + 1/e

defines an interaction range with respect to the graph G(·,∼). Let P be a homogeneous
Poisson point process in Rd with unit intensity. One readily verifies that

sup
λ∈(0,∞]

sup
x∈Γλ

Px(Sλ(x,P ∩ Γλ) > r)

≤ sup
λ∈(0,∞]

sup
x∈Γλ

Px
(

sup
y∈{z∈P∩Γλ∩B(x,1/e);Nz=x}∪{x}

(− ln d(y,Ny(P ∩ Γλ))) + 1
e
> r

)
≤ sup

λ∈(0,∞]
sup
x∈Γλ

Px
(
d(x,Nx(P ∩ Γλ)) < ee−1−r

)
≤ sup

λ∈(0,∞]
sup
x∈Γλ

Px
(
card

(
P ∩ (B(x, ee−1−r))\{x}

)
≥ 1

)
= P

(
card

(
P ∩B

(
0, ee−1−r

))
≥ 1

)
for all r ≥ 1, where the last equality follows from the translation invariance of the homo-
geneous Poisson point process and the fact that its reduced Palm distribution coincides
with its original distribution. The right-hand side decays exponentially fast. However,

sup
λ∈(0,∞]

sup
x1,x2∈Γλ,x1 ̸=x2

Px1,x2(Sλ(x1,P ∩ Γλ) > r) = 1

for all r ≥ 1, since when x2 is sufficiently close to x1 and d(x1, ∂Γλ) > r, the dependence
range of whether x1 is connected to its nearest neighbor is always greater than r, which
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shows that the decay condition for the tails of Sλ as given by [5, Definition 8.1] does
not hold when p = 2. Graphs such as these, admittedly not common, illustrate that
when we only require assumptions based on one-point Palm distributions then the class
of admissible graphs may be broader than the class of graphs satisfying assumptions based
on all Palm distributions.

3.5 Local U-statistics

The limit theory for local U -statistics has attracted considerable attention over the
past decades, see, e.g., Eichelsbacher and Thäle [15], Reitzner and Schulte [32] and
[4, 5] for statistics with Poisson and non-Poisson input. Given X ∈ NRd , such statistics
have the form [∑x∈X k,̸= h0(x)]/k!, where h0 is a real symmetric measurable function on
(Rd)k,̸=.

Limit theorems for local U -statistics may be established under a locally dependent
setup as in [4, 5], meaning that h0(x1, . . . , xk) vanishes whenever there exists a pair xi, xj
with i, j ≤ k such that |xi − xj| ≥ r. Related qualitative CLTs for certain U -statistics of
Gibbs particle processes whose dominating Boolean model is subcritical were obtained
in [2]. Alternatively, such limit theorems may be derived under the assumption that P
is a Poisson point process on a general metric space, see, e.g., [15, 32].

In this section, we deduce from Corollary 1.14 (a) and (b) rates for the normal approx-
imation error of local U -statistics of EDD marked point processes P̂ . No independence
assumptions are imposed beyond the EDD condition in Definition 1.8. Instead, we let
the kernel h be a real symmetric measurable function on the space of the marked k-
tuples {((y1,m1), ..., (yk,mk)) ; (y1, . . . , yk) ∈ (Rd)k,̸=, m1, . . . ,mk ∈ M}. We assume
that the conditional Lp0 norm of h((x1,Mx1), . . . , (xk,Mxk

)) decays either exponentially
or polynomially in the diameter of the argument set, for a given positive p0, where Mx

denotes the mark of the point x ∈ P . We denote by Hλ the U -statistic generated by
P̂|Γλ

, namely
Hλ = 1

k!
∑

x̂∈(P̂|Γλ
)k,̸=

h(x̂) =
∑

x∈P∩Γλ

ξ((x,Mx), P̂ ,Γλ), (3.39)

where
ξ((x,mx), X̂ ,Γλ) := 1

k!
∑

x̂∈(X̂ |Γλ\{x})k−1,̸=

h((x,mx), x̂). (3.40)

Theorem 3.13. (quantitative CLT for local U-statistics) Let P̂ be an EDD marked point
process such that the ground point process P is either (i) a stationary Gibbs point process
whose interaction range is smaller than the critical value of continuum percolation of an
associated Poisson point process, or (ii) an α-determinantal point process with kernel
K(x, y) := K0(x−y) = K0(y − x) satisfying condition (1.12), and α such that −1/α ∈ N.
Let Hλ be as in (3.39) and assume VarHλ = Ω(λν) for some constant ν > 2/3.
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(a) If the conditional Lp0 norm of h decays exponentially fast for some p0 > 3, i.e., if

Ex1,...,xk
(|h((x1,Mx1), . . . , (xk,Mxk

))|p0)1/p0 ≤ C1e−C2 diam({x1,...,xk})

for some positive constants C1 and C2 for all distinct x1, . . . , xk ∈ Rd, we have

dW

(
Hλ − EHλ√

VarHλ

, Z

)
= O

(
(log λ)3dλ−1.5ν+1

)
,

where Z ∼ N(0, 1).

(b) If the conditional Lp0 norm of h decays polynomially fast for some p0 > 3, i.e., if

Ex1,...,xk
(|h((x1,Mx1), . . . , (xk,Mxk

))|p0)1/p0 ≤ C3 (1 ∨ diam({x1, . . . , xk}))−C4

for some positive constants C3 and C4 for all distinct x1, . . . , xk ∈ Rd, with

C4 >
d

3ν − 2((18 − 3ν) ∨ 14) + d(k − 1) + 1,

we have
dW

(
Hλ − EHλ√

VarHλ

, Z

)
= O

(
λ−1.5ν+1+τ(2d,β)

)
= o(1),

for β = C4 − d(k − 1) − 1 where Z ∼ N(0, 1) and where τ is defined in (1.9).

Remark 3.14. (i) Theorem 3.13 can be easily extended to the case where the score is a
function of P̂ instead of P̂|Γλ

, i.e., for the case in which Hλ = ∑
x∈P∩Γλ

ξ((x,mx), P̂),
with minor adjustments.

(ii) With minor modifications, all results also apply to EDD marked point processes P̂
whose ground process satisfies the bound (3.41) below for sufficiently large k0. The
same conclusions remain valid if the above conditional Lp0 bounds are assumed to
hold uniformly in the essential supremum sense. For sake of brevity we omit the
details.

Before proceeding with the proof of the theorem, we state moment bounds for the
considered point processes.

Lemma 3.15. For each point process P in Theorem 3.13 and each k0 ∈ (0,∞), there ex-
ists a constant Dk0 ∈ (0,∞), depending only on L(P) and k0, such that for all punctured
balls B◦(x, r) := B(x, r)\{x},

sup
x∈Rd

Ex(P(B◦(x, r))k0)1/k0 ≤ Dk0(1 ∨ r)d, r ∈ (0,∞). (3.41)
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Proof. When P is a Gibbs point process whose interaction range is smaller than the
critical value of continuum percolation of an associated Poisson point process, it follows
from [20, Section 4.1] that it is stochastically dominated by a homogeneous Poisson
process Pτ with a positive intensity τ . Let µ be the intensity of P . Fix 0 < δ1 < δ2 < r,
and define the spherical shell Bx,δ2 = B(x, r) \B(x, δ2). Then

E
(
P(Bx,δ2)k0P(B(x, δ1))

)
E (P(B(x, δ1)))

≤
E
(
Pτ (Bx,δ2)k0Pτ (B(x, δ1))

)
µVol(B(x, δ1))

= τ

µ
E
(
Pτ (Bx,δ2)k0

)
. (3.42)

First taking the limit as δ1 → 0, and then as δ2 → 0 in (3.42), the definition of the Palm
distribution in Kallenberg [23, (10.3)] gives

Ex
(
P(B◦(x, r))k0

)
≤ τ

µ
E
(
Pτ (B◦(x, r))k0

)
.

This implies inequality (3.41).

When P is a determinantal point process, condition (1.12) together with the Hermi-
tian property ensures that its kernel satisfies Assumptions 1-3, while Assumption 4 is
equivalent to the existence of the process given the first three assumptions (cf. the proof
of Theorem 3.1). According to [30, Theorem 1], for all x ∈ Rd, there exists a coupling
of P and its reduced Palm version P !

x such that P !
x ⊆ P almost surely. This property,

together with Remark 1.2 and Lemma 2.1, guarantees the desired conclusion.

Proof of Theorem 3.13. We will deduce this from Corollary 1.14. The point process P
satisfies the EDD condition as shown in [10, Section 3]. By Remarks 1.2 and 1.15 (i), it
suffices to show that assumptions (1.2), (1.17) hold and that exponential Lp3-stabilization
for part (a) and polynomial Lp3-stabilization for part (b) hold for a family of short-range
score functions (ξ̂[r])r∈(0,∞), for p2 = p′

2 = p0 > 3 and p3 = 3. Define ξ̂[r] to be the
restriction of ξ to P̂|B(x,r) as in (1.14), that is,

ξ̂[r]((x,mx), X̂ ,Γλ) = 1
k!

∑
x̂∈(X̂ |B(x,r)◦∩Γλ

)k−1,̸=

h((x,mx), x̂).

Define for y = (y1, . . . , yn) ∈
(
Rd
)n,̸=

and x ∈ Rd

ds(x,y) := ds(x, {y1, . . . , yn}) := sup{d(x, yj) : 1 ≤ j ≤ n}.

Since ds(x, {y1, . . . , yn}) ≤ diam({x, y1, . . . , yn}), the fast-decay assumptions on h in
parts (a) and (b) imply, respectively, that

Ex,y1...,yk−1

(
|h((x,Mx), (y1,My1) . . . , (yk−1,Myk−1))|p0

)1/p0 ≤ C1e−C2ds(x,{y1,...,yk−1}) and,

Ex,y1...,yk−1

(
|h((x,Mx), (y1,My1) . . . , (yk−1,Myk−1))|p0

)1/p0 ≤ C3 (1 ∨ ds(x, {y1, . . . , yk−1}))−C4 .
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We then set

UB(ϱ) = C1e−C2ϱ for (a), UB(ϱ) = C3(1 ∨ ϱ)−C4 for (b).

For any marked configuration X̂ with ground configuration X , and for (x,mx) ∈ X̂ ,
we decompose the sum in (3.40) according to the spherical shell B(x, j) \ B(x, j − 1)
which contains among the ground coordinates of ŷ ∈ (X̂ )k−1,̸= the point furthest from
x. Precisely, for j ∈ N, we define

Sj
(
x, X̂

)
:=

∑
ŷ∈(X̂ )k−1,̸=, ds(x,y)∈[j−1,j)

h((x,mx), ŷ)

=
∑

y∈(X |B◦(x,j))k−1,̸=\(X |B◦(x,j−1))k−1,̸=

h((x,mx), ŷ),

where ŷ = ((y1,my1), . . . , (yn,myn)) for y = (y1, . . . , yn) ∈ X n,̸=. The number of ad-
missible (k − 1)-tuples contributing to the j-th shell term is bounded by the (k − 1)-st
power of the number of ground points in the corresponding shell. Thus, for any j ∈ N
we obtain via Lemma 3.15

Ex(|Sj
(
x, P̂|Γλ

)
|3)1/3 ≤ Ex(|Sj(x, P̂|Γλ

)|p0)1/p0

= Ex
(
E
(∣∣∣Sj (x, P̂|Γλ

)∣∣∣p0
∣∣∣P ∩ (B(x, j) \B(x, j − 1))

))1/p0

≤ UB(j − 1)p0Ex
(
P(B(x, j) \B(x, j − 1))(k−1)p0

)1/p0

≤ Dk−1
(k−1)p0

UB(j − 1)jd(k−1), (3.43)

where the penultimate inequality follows from Minkowski’s inequality.

Rewrite ξ and ξ̂[r] via the additive representations

ξ((x,Mx), P̂ ,Γλ) = 1
k!
∑
j∈N

Sj(x, P̂|Γλ
) and ξ̂[r]((x,Mx), P̂ ,Γλ) = 1

k!
∑
j∈N

Sj(x, P̂|B(x,r)∩Γλ
).

We first show that the moment assumptions (1.2) and (1.17) hold for p2 = p′
2 = p0 >

3. The Minkowski inequality and (3.43) imply that in cases (a) and (b), we have

(
Ex
∣∣∣ξ((x,Mx), P̂ ,Γλ)

∣∣∣p0)1/p0 ≤ 1
k!

∞∑
j=1

(
Ex
∣∣∣Sj (x, P̂|Γλ

)∣∣∣p0)1/p0

≤
Dk−1

(k−1)p0

k!

∞∑
j=1

UB(j − 1)d(k−1) < ∞,

where, by assumption, C4 > d(k − 1) + 1. Moreover, the assumption (1.17) also holds
for p′

2 = p0 by replacing ξ and Sj
(
x, P̂|Γλ

)
with ξ̂[r] and Sj

(
x, P̂|B(x,r)∩Γλ

)
, respectively.
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Next, we show that exponential Lp3-stabilization, as in case (a), and polynomial
Lp3-stabilization, as in case (b), hold for p3 = 3. For any given r0 > 1, we have

ξ((x,Mx), P̂ ,Γλ) − ξ̂[r0]((x,Mx), P̂ ,Γλ)

= 1
k!

 ∞∑
j=⌈r0⌉+1

Sj
(
x, P̂|Γλ

)
+

∑
ŷ∈(P̂|B◦(x,⌈r0⌉))k−1,̸=

\(P̂|B◦(x,r0))k−1,̸=

h ((x,Mx), ŷ)

 . (3.44)

As the first term on the right-hand side in (3.44) is the leading term, we can assume,
without loss of generality, that r0 is an integer so that the second sum vanishes. Then,
applying the Minkowski inequality and using (3.43) again, we get(

Ex
∣∣∣ξ((x,Mx), P̂ ,Γλ) − ξ̂[r0]((x,Mx), P̂ ,Γλ)

∣∣∣3)1/3

≤ 1
k!

∞∑
j=r0+1

(
Ex
∣∣∣Sj(x, P̂|Γλ

)
∣∣∣3)1/3

≤
Dk−1

(k−1)p0

k!

∞∑
j=r0+1

UB(j − 1)jd(k−1)

implying cases (a) and (b) provided C4 > d(k − 1) + 1. Indeed, the right-hand side is
bounded above by C5e−C6r0 for some positive constants C5 and C6 in case (a), and by
C7r

d(k−1)+1−C4
0 for some positive constant C7 in case (b). Hence, statements (a) and (b)

follow from Corollary 1.14 (a) and (b), respectively.

3.5.1 Subgraph counting in the random connection model

We study the problem of counting subgraphs within a class of random connection
graphs inspired by the age-dependent random connection model (cf. Hirsch, Lachièze-Rey
and Owada [19] and references therein), where vertices are equipped with i.i.d. marks and
the existence of an edge between two vertices depends on both their Euclidean distance
d and their respective marks.

Assume that P is one of the point processes introduced in Theorem 3.13, and attach
to each x ∈ P an independent mark Mx ∼ U [0, 1], with the marks being independent of
P . Given a function ψ : (0,∞) → [0, 1] and a symmetric function g : [0, 1]×[0, 1] → [0, 1],
we construct a random graph G(P) := G(P , g, ψ) with vertex set P by connecting points
x, y ∈ P whenever g(Mx,My) ≤ ψ(d(x, y)).

For example, taking ψ to be a constant p ∈ [0, 1] leads to the connection rule that
we connect vertices x, y whenever their marks satisfy g(Mx,My) ≤ p, that is, all pairs of
points are connected with the same probability; the probabilities are dependent when a
common vertex is involved and thus this model does not precisely coincide with the age-
dependent random connection model. On the other hand, if ψ(t) = 1(0≤t≤r) and g ̸≡ 0,
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then we obtain a version of the random geometric graph with parameter r. Fixing p ≥ 0,
taking g(s, t) = max{s, t} and ψ(r) = Cr−p, r ∈ (0,∞), gives rise to the graph defined
by the connection rule that we connect x, y whenever

max{Ux, Uy} ≤ C(d(x, y))−p,

which says that we connect points x, y as soon as the balls centered at x and y with
respective radii C1/pU−1/p

x , C1/pU−1/p
y contain both x, y. When P is replaced by the

lattice Zd, there is a regime of p-values such that the resulting graph is scale-free; see
Yukich [46].

Let Gλ(P) denote the restriction of G(P) to the vertex set P ∩ Γλ. Let Hλ := Hλ(F )
denote the number of subgraphs of Gλ(P) that are isomorphic to a given connected simple
graph F with k vertices, where connected means that there exists a path between each
pair of vertices in F , and simple means it is an unweighted, undirected graph containing
neither self-loops nor multiple edges.

Theorem 3.16. (quantitative CLT for the subgraph count in a type of age-dependent
random connection model) Assume that the point process P satisfies the assumptions in
Theorem 3.13, VarHλ = Ω(λν) for some positive constant ν > 2/3, and g : [0, 1]×[0, 1] →
[0, 1] is a symmetric function which satisfies g(s, t) ≥ max{s, t}. Let Z ∼ N(0, 1).

(a) If ψ decays exponentially fast, i.e., there exist positive constants C1 and C2 such
that ψ(r) ≤ C1e−C2r for all r ∈ (0,∞), then

dW

(
Hλ − EHλ√

VarHλ

, Z

)
= O

(
(log λ)3dλ−1.5ν+1

)
.

(b) If there exist constants C3 ∈ (0,∞) and

C4 > 3
(

d

3ν − 2((18 − 3ν) ∨ 14) + d(k − 1) + 1
)

such that ψ(r) ≤ C3(1 ∨ r)−C4 for all r ∈ (0,∞), then

dW

(
Hλ − EHλ√

VarHλ

, Z

)
= O

(
λ−1.5ν+1+τ(2d,β)+ϵ

)
,

for all ϵ ∈ (0,∞), where β = C4/3 − d(k − 1) − 1 and where τ is defined in (1.9).
The above bound is o(1) when ϵ is small enough.

Proof. Define h((x1,Mx1), . . . , (xk,Mxk
)) to be the number of subgraphs of G(P) that are

isomorphic to F , with vertex set {x1, . . . , xk} ∈ Pk,̸= and associated marks {Mx1 , . . . ,Mxk
}.

Without loss of generality, assume that the vertex set of F is {v1, . . . , vk}, and write i F∼ j
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to indicate that there exists an edge between vi and vj in F for i, j ∈ {1, . . . , k}. Let
aut(F ) denote the number of automorphisms of the graph F . If we take

h((x1,Mx1), . . . , (xk,Mxk
)) = 1

aut(F )
∑

π∈P{1,...,k}

∏
i

F∼j

1g(Mxπ(i) ,Mxπ(j) )≤ψ(d(xπ(i),xπ(j))),

where P{1, . . . , k} denotes the set of all permutations of {1, . . . , k}, then Hλ can be
represented as a local U -statistic as in (3.39).

Next, we upper bound the Lp norm of h, p ∈ (0,∞). From the construction, for any
π ∈ P{1, . . . , k}, the product∏

i
F∼j

1g(Mxπ(i) ,Mxπ(j) )≤ψ(d(xπ(i),xπ(j)))

is the indicator of the event that an isomorphism of F , in which vertex vi is mapped
to xπ(i), 1 ≤ i ≤ k, forms a subgraph of G(P) given that {x1, . . . , xk} ⊂ P . Because F
is connected, any such isomorphism must contain a path of the form (xi1 , . . . , xim) for
some 2 ≤ m ≤ k, such that d (xi1 , xim) = diam ({x1, . . . , xk}), i.e., a path connecting
the most distant points among {x1, . . . , xk}. Therefore, for any π ∈ P{1, . . . , k} and
{x1, . . . , xk} ∈ Pk,̸=, and recalling g(s, t) ≥ max{s, t}, we estimate the Lp-norm of the
indicator function as follows:∥∥∥∥∥∥∥

∏
i

F∼j

1g(Mxπ(i) ,Mxπ(j) )≤ψ(d(xπ(i),xπ(j)))

∥∥∥∥∥∥∥
p

≤

∥∥∥∥∥∥
m−1∏
j=1

1max{Mxij
,Mxij+1

}≤ψ(d(xij
,xij+1 ))

∥∥∥∥∥∥
p

≤
m−1∏
j=1

P
(
Mxij

≤ ψ(d(xij , xij+1))
)1/p

.

In case (a), where ψ decays exponentially fast, we have

∥h((x1,Mx1), . . . , (xk,Mxk
))∥p ≤ k!

aut(F )(C1 ∨ 1)(k−1)/pe−C2diam({x1,...,xk})/p. (3.45)

When ψ decays polynomially fast as in case (b), we have

∥h((x1,Mx1), . . . , (xk,Mxk
))∥p ≤ k!

aut(F )(C3∨1)1/p
(

diam ({x1, . . . , xk})
k − 1

)−C4/p

, (3.46)

noting that the existence of a path (xiπ,1 , . . . , xiπ,m) for some 2 ≤ m ≤ k implies that
there is at least one edge in the path with length at least d(xiπ,1 , xiπ,m)/(k − 1). Take
p = 3 + ϵ0 for some ϵ0 ∈ (0,∞). Then (3.46) shows that

∥h((x1,Mx1), . . . , (xk,Mxk
))∥3+ϵ0 ≤ C5 (diam ({x1, . . . , xk}))−C4/(3+ϵ0) , (3.47)
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i.e., the L3+ϵ0-norm of the kernel h decays polynomially fast with exponent C4/(3 + ϵ0).
Since the marks are independent, the conditional Lp-norm of h given {x1, . . . , xk} ⊂ P ,
coincides with the ordinary Lp-norm under Palm conditioning. The assertion in case (a)
follows from Theorem 3.13 and (3.45). For case (b), choose ϵ0 > 0 sufficiently small so
that

C4

3 + ϵ0
>

d

3ν − 2 ((18 − 3ν) ∨ 14) + d(k − 1) + 1.

Then (3.47) implies the polynomial-decay condition of Theorem 3.13 (b) with decay
exponent C4/(3 + ϵ0), and hence the conclusion follows from Theorem 3.13 (b).
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