MATH 21, FALL, 2009, PRACTICE EXAM # 1

(1) Find the indicated limits: Show the steps involved.
i 2% + 5z + 4
T
Solution: Since both the numerator and denominator go to 0 as © — —4, (z+4)
is a factor of both:
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Solution: Conjugate:
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() li 2y? — 5y — 3
¢) lim ———"— =
Y—00 5y2 + 4y
Solution: Divide out by y? top and bottom, and it becomes clear:

2y -5y —3 (-5 -3) 5
lim =9 a1 = lim 1
y—oo Dy +4y v=oo  (5y? +4y) 1

5 3
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Solution: Again, conjugate:

VITi- V2

lim — = lim

(VT v3) (VT=F 4 V2)

=0 t =0 t(V2—t+v2)
(2= =2
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2v/2
(2) Show that there is a solution of the equation cos(x) = sin(2z) in the interval [0, 7/2].. You
can presume that the functions cos(z) and sin(2z) are continuous. Explicitly note which
theorems you are using.

Solution: This problem deals with the IVT. Find a function that tells you something
about this equation. Certainly if f(x) = cos(z) — sin(2z), then f(z) = 0 whenever
the equation cos(z) = sin(2x) holds. Also, at the endpoints of the interval, 0 and
/2, we have

and
f(m/2) = cos(n/2) — sin(m)
= 0-0
= 0.
Wait, you don’t need the IVT. You were supposed to show that there is a solution of

the equation, and the equation is the same as f(z) = 0, and here we have f(7w/2) =0,
so sure enough it has a solution. No theorem required.
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(3) Find an equation of the tangent line to the curve y = z? at the point (2, 16).
Solution: The slope of the tangent line is the value of the derivative, at the point x = 2.
Careful, though, you need the slope at that point, not the derivative at an arbitrary
x. The curve is the graph of the function f(x) = o, so f/(z) = 423. At x = 2, then,
the slope is 4 - 22 = 32. The equation of the tangent line is the equation of the line
through the point (2,16) with this slope, which is the line

y—16 = 32(x —2),
using the point-slope equation of the line. This is a correct answer, and so is
y = 32x —48,
which is the slope-intercept form of the same line.

4 —
(4) For the function f(x) = x, find the vertical and horizontal asymptotes. Use this in-

3+
formation to sketch a graph. Does this function have an inverse? (Justify your answer.)
Solution: The graph has a vertical asymptote at © = —3 (where the denominator
vanishes), and a horizontal asymptote at y = —1, the limit at +oo. Also, the one-
sided limits at —3 are
4—z
lim = 400 and
r——371 3 + xr
. 41—z
lim = —00,
z—-3- 3+«

which gives a bit more information about the graph. As you approach —3 from the
left (x < —3), the graph heads down to —oo, and as you approach —3 from the
right (z > —3), the graph heads to +00. As a final bit of detail, for x very large,
although gjr—ﬁ is near —1, but is slightly larger than —1, since the numerator is a
smaller negative number than the opposite of the denominator. The absolute value
will be less than 1, so the fraction is a bit larger than -1, so the graph approaches the
horizontal asymptote from above the line y = —1. Similarly, on the other side, for x
very negative, f(x) is a bit smaller than —1 (larger in absolute value, or "negativer"

than —1). Here is the graph.
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(5) Show that, for the function f(z) ==z (sin <—>> the limit lin%) f(x) exists and is 0.
x a—

Solution: This uses the squeeze theorem, but it is a bit subtle. I'm going to split the
limit up into the limit from the right, then from the left. From the right, that is, for
x > 0, you know that

0< f(z) <=z
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because 0 < (sin (%))2 <l,sox-0<=zx (sin (%))2 < z (remember, x > 0). Now,

also,
lim 0 = 0 (of course), and
xz—07F
lim x = 0,
z—0t

so, by the squeeze theorem,

lim f(z)=0

z—0t

since it is trapped between two functions which are headed to 0.
Now, why do we need to deal separately with = < 07 Primarily, because, for x < 0,

0> f(z) >u,

that is,
x< f(x) <O0.
Still,
lin([)li 0 = 0 (of course), and
lim z = 0,
z—0~
so, by the squeeze theorem,
11%17 f(z)=0.

Finally, since

lim f(z) =0= lim f(z),

z—0~ z—0t+

lim f(z) =0,

z—0

which is what we needed.

(6)

(a) State the definition of the derivative of a function f(z) (as a limit):
f'(z) =

Solution: The definition of the derivative of a function f(x), as a limit, is

Fa) — g L) @),

h—0 h

. - . . 1
(b) Use this definition to determine f’(x), for the function f(r) = 35.
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Solution:
1y . fle+h)—f(z) . 1
(m—i—l) ) h with f(2) = 257 %o
+ _ 1
= i x+h+1 x+1
hlg%) h
((m+1)—(w+h+1)>
@) (@tht1)
= 1
h—0 h

m (x+1)—(z+h+1)
h—0 h(x+1)(x+h+1)
I —h
heoh(z+ 1) (x4 ht1)
lim !
h—01l(x+1)(x+h+1)
-1
(x+1)*
(7) Find the following derivatives, using the rules we have discussed in class.
(a) (423 — 22 +1)"
Solution: This is the second derivative, the derivative of the derivative.
(423 — 22 +1)" = (122 —22)
= 24x — 2.

20 +3 1\
(b) <(53;— 1)2> -
Solution: Quotient rule:
2w +3 \ (22 +3) (5 — 1)? — ((5x - 1)2)/ (22 + 3)
<<5x - 1>2> - (52— 1)° '

Then we use the chain rule for the second derivative on the right,

( 2% +3 >/ (22 +3) (5z — 1)> — ((5x . 1)2)'(29; +3)

(52 — 1) (52 —1)*
(2 (a—1)2— (252 — 1)5) (22 + 3)
B (52 —1)*
o 2(52— 1) 10 (52 — 1) (2z + 3)
B (52 —1)* '

Of course, as usual, you don’t simplify beyond this point.
(c) (e (a:3 + 4x)), =
Solution:
(e® (2% +42)) = (e®) (¢ +42) + € (2° + 42)
= (") (2% +4w) + " (32° +4) .
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(d) If f(x) = %, then f/(0) =
Solution:
flo) = (cos(z))’ (1 + 2sin(z)) — (1 + 2sin(x))’ (cos(x))
(1 + 2sin(z))?
_ = sin(z) (1 + 2sin(z)) — 2 cos(z) (cos(x))
(1 + 2sin(z))’ ’
, —sin(0) (1 4 2sin(0)) — 2 cos(0) (cos(0))
Fo) = (1 + 2sin(0))*
2
o7
= —2.

(Sinz(x) + COS2($))/ =
Solution: Since sin?(z) + cos?(z) = 1, (sin*(z) + cos2(x))/ = 0. You could com-
pute this using the chain rule as well, but this is quicker.
(f) ((2 + 22 —3)(2® - 5)) =
Solution:
((z% 422 = 3)(2* —5)) = (¢ + 2z —3)(«® = 5) + (¢ + 22 — 3)(«® — )’
= (224 2)(z = 5) + (2® + 2z — 3)(32?)
(8) Let

fz) =

z2, if z <2
mz+b, ifz>2

Find the values of m and b for which the function f will be differentiable everywhere.
Solution: The only issue is at = 2. At all other points, the curve is either a parabola
or a straight line, and so differentiable. First, you need to arrange it so that the
function will be continuous. That can be arranged by making sure that

lim fz) = lim f(@) = /(2).

z—21
But, f(2) =4,
lim f(z) = 4,
r—2~
and
mliH21+ f(z) = 2m+b.

So, these conditions will hold when
2m+b=4.
Now, to get the function to be differentiable, the easy way is to make sure that

lim f(@) = lim f),

z—21
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or, because f'(x) =m for x > 2 and f'(z) = 2z for x < 2.
lim m = lim 2z =4,
z—2t T—2~
som =4 and so b = —4.
(9) Show that
lim (2% +2—4) =8

z—3
by using an € — § argument.
Solution: If you look first at scratch work, you need to make |($2 +z—4)— 8| small
just by taking z near 3. But
‘($2+x—4)—8‘ = |x2+x—12|
|(z = 3)(z +4)]
|z — 3| |z +4].

Now, |z — 3| can be made as small as we want, but we need to also control |z + 4|. So,
we start with an initial estimate on x — remember, all we can do is control how close
to 3 x is. So, initially let’s say |z — 3| < 1, which puts x in the range: —1 <x—3 < 1
or 2 < x < 4. Since z is in that range, 6 < z+4 < 8, so, no matter what, |x + 4] < 8.
Now, look back up at the work we did for ‘(:172 +x—4)— 8‘. We need to keep z in
the range 2 < x < 4 so this estimate will work, and we need |z — 3| small enough
so that, even when multiplied by as big as |z + 4| can be (which is 8), the value of
(2% + 2 —4) — 8] is less than €. So, |z — 3| has to be < 1 and also < €/8.

Now, to the proof.

Proof. Let € > 0 be given. Choose § = min {1, £}. Then, whenever 0 < |z — 3| < 4,

‘($2+x—4)—8‘ = |$2+x—12|
= (@ =3)(z+4)]
= |z —3||x+4|
< Jz—3|8
< ES_E

8=

O

(10) A ball is tossed up in the air so that its height above the ground ¢ seconds after being
tossed is s(t) = —16t% + 32t + 5 feet.
(a) How fast was the ball moving at the instant when it was tossed?
Solution: The velocity is v(t) = s'(t) = =32t +32. At t = 0, the instant the ball
was tossed, v(0) = 32.
(b) How high was the ball above the ground one second after it was tossed?
Solution: This would be the height at t =1, s(1) = =16 + 32 + 5 = 21.
(c) What was its instantaneous velocity at ¢t = 17
Solution: This is of course v(1) = —32-1+ 32 =0.



