
MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONSThe material that will be 
overed on this exam is from se
tion 3.5 (impli
it di�erentiation) tose
tion 4.5 (
urve sket
hing), in
lusive.Let Prof. Johnson know (david.johnson�lehigh.edu) if you think you may have found a mistakeon any of these solutions. You should look at these solutions only after you have tried, hard,to solve the problems on your own, without looking at the book or other sour
es of help. Thebiggest di�
ulty during the exam is �guring out what method to apply � how to start workingthe problem. If you look at the solutions, even without looking through the details, then you willsee the method used in the solution, whi
h will make that problem easier to solve, but will nothelp you learn how to work the problems on your own.(1) Find the following derivatives(a) d

dx

(

xsinx
)

.Solution: First, deal with the expression itself. Always, these expressions withboth the base and the exponent fun
tions of x should be 
onverted into exponen-tials with base e:
xsin(x) =

(

eln(x)
)sin(x)

= e(ln(x) sin(x)).Then di�erentiate:
d

dx

(

xsin x
)

=
d

dx

(

e(ln(x) sin(x))
)

= e(ln(x) sin(x))

(

d

dx
(ln(x) sin(x))

)

= e(ln(x) sin(x))

(

1

x
sin(x) + ln(x) cos(x)

)

.You 
ould simplify it a bit, but you should not.(b) (ln(tan(x) + sec(x)))′ .Solution: This has an odd answer:
(ln(tan x + sec x))′ =

(tan x + sec x)′

(tan x + sec x)

=
sec2(x) + sec(x) tan(x)

(tan x + secx)

=
(tan x + sec x) sec(x)

(tan x + sec x)

= sec(x).Remember this one; we will need it for integration.(
) (cosh(2x + 3))′ . 1



2 MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONSSolution: Using the 
hain rule, and the derivative of cosh(x),
(cosh(2x + 3))′ = sinh(2x + 3)2

= 2 sinh(2x + 3).(d) d

dx

(

sin−1(x2)
)

.Solution::
(

sin−1(x2)
)′

=
1

√

1 − (x2)2
(2x)

=
2x√

1 − x4
.(e) (x2 ln(x)

)′
=Solution: Start with the produ
t rule on this one.

(

x2 ln(x)
)′

= 2x ln(x) + x2 1

x
= 2x ln(x) + x.(f) (tan−1(3x + 2)

)′
.Solution: Again, the 
hain rule, and the derivative of tan−1(x) (the inverse tan-gent).
(

tan−1(3x + 2)
)′

=
3

1 + (3x + 2)2
.(g) ((ln(x) + 1)(4x − 1)3

)′Solution: Produ
t rule �rst, then 
hain rule.
(

(ln(x) + 1)(4x − 1)3
)′

=
1

x
(4x − 1)3 + (ln(x) + 1)3(4x − 1)24

=
(4x − 1)3

x
+ 12(ln(x) + 1)(4x − 1)2.(h) If f(x) =

√

ln(x), �nd f ′(x).Solution: Chain rule:
(

√

ln(x)
)′

=
1

2
√

ln(x)

1

x

=
1

2x
√

ln(x)
.(i) d

dx ln(ex + 1)|x=0Solution: First, let's �nd the derivative.
d

dx
ln(ex + 1) =

1

ex + 1
ex

=
ex

ex + 1
.Then, when x = 0, d

dx
ln(ex + 1)

∣

∣

∣

∣

x=0

=
e0

e0 + 1
=

1

2
.



MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONS 3(j) d

dx
earctan x|x=1Solution: Again, �rst we will �nd the derivative, then plug in the value of x.

d

dx
earctan x = earctan(x) 1

x2 + 1

=
earctan(x)

x2 + 1
.Then d

dx
earctan x|x=1 =

earctan(1)

12 + 1
=

eπ/4

2
.(k) d

dx

ln |x|
x

|x=−1Solution:
d

dx

ln |x|
x

=
1
xx − 1 ln |x|

x2

=
1 − ln |x|

x2
,so d

dx

ln |x|
x

|x=−1 =
1 − ln | − 1|

(−1)2
= 1.(l) d

dx
(6x)|x=2Solution: Here the biggest problem is what to do with the 6. Convert the expo-nential to base e

d

dx
(6x) =

d

dx
(ex ln(6))

= ln(6)ex ln(6)

= ln(6)6x,so d

dx
(6x)|x=2 = 36 ln(6).(m) d

dx
(log3 x)|x=7Solution: Again, �rst 
onvert to base e, then di�erentiate.

d

dx
(log3 x) =

d

dx

(

ln(x)

ln(3)

)

=
1

x

1

ln(3)

=
1

x ln(3)
,so d

dx
(log3 x)|x=7 =

1

7 ln(3)
.(2) Assume that y = f(x) satis�es the equation

y5 + 3x2y2 + 5x4 = 12.Find dy/dx in terms of x and y.



4 MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONSSolution: Here you use impli
it di�erentiation.
(

y5 + 3x2y2 + 5x4
)′

= (12)′ = 0,so, using the 
hain rule and remembering that y = y(x) is a fun
tion of x,
0 = 5y4 dy

dx
+ 3(2xy2 + x22y

dy

dx
) + 20x3

=
(

5y4 + 6x2y
) dy

dx
+ 6xy2 + 20x3.Solving for dy/dx gives

dy

dx
=

−
(

6xy2 + 20x3
)

5y4 + 6x2y
.(3) If x2 − 3xy + y2 = 5, �nd dy

dx at the point (1,-1). (10 points).Solution: Again, use impli
it di�erentiation, thinking of y as a fun
tion of x:
(5)′ =

(

x2 − 3xy + y2
)′

0 = 2x − 3y − 3x
dy

dx
+ 2y

dy

dx

= 2x − 3y − (3x − 2y)
dy

dx
,so

(3x − 2y)
dy

dx
= 2x − 3y

dy

dx
=

2x − 3y

3x − 2y
.At the point (1,-1), dy

dx

∣

∣

∣

(1,−1)
= 2·1−3(−1)

3·1−2(−1) = 1.(4) Find an equation of the tangent line to the graph of x3 − xy − y2 + 5 = 0 at (1, 2).Solution: Impli
it di�erentiation, on
e more. Di�erentiate both sides:
0′ =

(

x3 − xy − y2 + 5
)′

0 = 3x2 − y − x
dy

dx
− 2y

dy

dx
+ 0

= 3x2 − y − dy

dx
(x + 2y),so dy

dx
=

3x2 − y

x + 2y
. At the point (1, 2), dy

dx
=

3 − 2

1 + 4
=

1

5
. Now, that �nds the slope ofthe 
urve at that point. To �nd the tangent line, plug into the standard point-slopeform of the equation of a line:

y − 2

x − 1
=

1

5
,or y =

1

5
x +

9

5
.(5) Show, using the de�nition of the inverse tangent and impli
it di�erentiation, that

(

tan−1(x)
)′

=
1

1 + x2
.



MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONS 5Solution: If θ = tan−1(x), then tan(θ) = x. So, think of a right triangle with oppositeside (to the angle θ) x and base 1. It has hypotenuse √1 + x2, so cos(θ) = 1/
√

1 + x2.But, then, sin
e tan(θ) = x,
d

dx
(tan(θ)) = 1, or

sec2(θ)
dθ

dx
= 1.But then,

1 = sec2(θ)
dθ

dx
, or

cos2(θ) =
dθ

dx
1

1 + x2
=

dθ

dx

1

1 + x2
=

d tan−1(x)

dx
.(6) (5 points/part)(a) Simplify tan(arcsin(x)), that is, write that expression without using any trigonometri
or inverse trigonometri
 fun
tions.Solution:: I always think of a diagram to �gure these out. In this 
ase, thediagram is:

x
1

θwhere θ = arcsin(x) is the angle. You should see that sin(θ) = x in that drawing.So, the one unlabeled side, the base, has length
√

1 − x2,so
tan(arcsin(x)) = tan(θ)

=
x√

1 − x2
.(b) Use the de�nition of sinhx to write sinh(ln(x)) in terms of algebrai
 expressions in

x. Solution::
sinh(ln(x)) :=

1

2

(

eln(x) − e− ln(x)
)

=
1

2

(

x − 1

x

)

.



6 MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONS(
) Use the de�nition of cosh x to write cosh(ln(x)) in terms of algebrai
 expressions in
x. Solution: This is mu
h like the previous part,

cosh(ln(x)) =
1

2

(

eln(x) + e− ln(x)
)

=
1

2

(

x +
1

x

)

.(d) Find
sin(tan−1 1

2
)

Solution::
1

5

θ

2By the pi
ture, tan(θ) = 1/2, so
θ = tan−1(1/2).Then

sin(tan−1 1

2
) = sin(θ)

=
1√
5
.(7) The population of 
ertain ba
teria grows at a rate proportional to its size. It in
reases by60% after 3 days. How long does it take for the population to double? (12 points)Solution: Sin
e the population of the ba
teria grows at a rate proportional to its size,if P (t) is the population, then P ′(t) = kP (t), whi
h means that P (t) = Aekt for somenumbers A and k. This is the solution of that general di�erential equation. To �t thissolution to the parti
ular data, we have that P (0) = A (the initial population, whi
hdoes not need to be a spe
i�
 number), and P (3) = 1.6A, 60% more than we initiallyhad, after 3 days. But then P (t) = Aekt with the same A as the initial population(at time 0), and

1.6A = P (3)

= Aek3.So. 1.6 = e3k, or, taking natural logs of both sides, ln(1.6) = 3k, or k = 1
3 ln(1.6).Then, P (t) is given more expli
itly by

P (t) = Ae
1
3

ln(1.6)t.The time T it takes for the population to double satis�es
2A = P (T )

= Ae
1
3

ln(1.6)T ,



MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONS 7so, taking ln() of both sides again, ln(2) = ln(e
1
3

ln(1.6)T ) = 1
3 ln(1.6)T , so T = 3 ln 2

ln(1.6) .(8) A new radioa
tive substan
e, Doublemintium (Dm), has been found sti
king to the un-dersides of the seats in Pa
kard Auditorium. 70 grams of pure Dm was 
olle
ted initially.5 days later only 60 grams of the stu� was still Dm; the rest had de
ayed into lead andtar. Assuming that the rate of de
ay of Dm is proportional to the amount present, howmu
h will there be after 20 days?Solution: Sin
e the amount of Dm present in the sample de
ays away at a rate pro-portional to the amount present, if y(t) is the amount of Dm present at time t, then
y′(t) = ky(t), whi
h means that y(t) = Aekt as with a population problem. sin
e 70gwas initially found, A = 70, and so y = 70ekt. But also,

60 = y(5)

= 70ek5,and so 6
7 = e5k, or k = ln(6/7)

5 . Then, the amount present after 20 days will be y(20),

y(20) = 70ek20

= 70e4 ln(6/7)

= 70

(

6

7

)4

.(9) I bought a 
up of 
o�ee at M
Burger's. It was far too hot to drink, 90o Celsius. After 10minutes, the 
o�ee is at 80o. The air in M
Burger's is kept at an air-
onditioned 
onstantof 25o. How long will I have to wait until the 
o�ee is 70o and thus 
ool enough to drink?Solution: It's best to solve this in terms of the fun
tion y = T − A, the temperatureof the 
o�ee minus the ambient temperature. In that form, sin
e Newton's law of
ooling says that the rate of 
hange of temperature of an obje
t is proportional tothe di�eren
e in temperature between the obje
t and the ambient temperature, then
T ′ = (T − A)′ = y′ satis�es y′ = ky, so y = Bekt for some numbers B and k. In thisproblem A = 25. The rest of the problem simply uses the two temperatures at thetwo times to �nd the 
onstants B and k. Sin
e y(0) = 90 − 25 = 65 is the di�eren
ein temperatures between the 
o�ee and the room at time 0, 65 = y(0) = Be0 = B.Then, sin
e 55 = y(10), 55 = Bek10 = 65ek10, so ln(55/65) = k10, or k = ln(11/13)

10 .Then, to answer the �nal question, set T = 70 and solve for t:
70 − 25 = y(t)

45 = 65e(kt)

= 65e

“

t ln(11/13)
10

”

.So ln(9/13) = t ln(11/13)
10 , or t = 10 ln(9/13)

ln(11/13) . As tempting as it may be, you 
an't 
an
elthose 13's.(10) A spheri
al snowball melts in su
h a way that its volume de
reases at the rate of 2 
u-bi
 
entimeters per minute. At what rate is the radius de
reasing when the volume is400 
ubi
 
entimeters?Solution: The volume of the snowball is V = 4
3πr3, whi
h is an equation relating thevolume to the radius. Di�erentiate both sides, as fun
tions of t, to see how the ratesof 
hange are related: dV

dt = 4πr2 dr
dt . You also are given that dV

dt = 2. When V = 400,



8 MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONSthen 400 = 4
3πr3, or r =

(

300
π

)1/3. At that instant, then dV
dt = 4π

(

300
π

)2/3 dr
dt , so

2 = 4π
(

300
π

)2/3 dr
dt , and �nally dr

dt = 2

4π( 300
π )

2/3 = 1

2(300)2/3π1/3
.(11) Egbert is �ying his kite. It is 75 feet o� the ground, moving horizontally away from Egbertat a rate of 5 feet per se
ond. How fast is Egbert letting out the string when the kite is100 feet (horizontally) downwind of him?Solution:: If x is the horizontal distan
e from Egbert to his kite, and s is the amountof string he has played out, then we know that dx/dt = +5, and we want to know

ds/dt when x = 100. Be
ause of the Pythagorean theorem, x2 + 752 = s2 is theequation relating x to s, whi
h we then di�erentiate to get a relationship between therates of 
hange.
x2 + 752 = s2, so

2x
dx

dt
+ 0 = 2 s

ds

dt
.When x = 100 (4 · 25), then s = 125 = 5 · 25 sin
e the other leg is 75 = 3 · 25; this isa 3 − 4 − 5 triangle. Plugging in,

2 100 5 = 2125
ds

dt
,or

ds

dt
=

500

125
= 4.whi
h is the rate at whi
h the line is being played out.(12) A 20 foot ladder is leaning against a wall. A painter stands on the top of the ladder,minding his own business. Some fool 
omes by and ties his dog to the base of the ladder,a 
at 
omes along, and the dog 
hases after the 
at, dragging the base of the ladder withhim at a rate of 2 feet per se
ond dire
tly away from the wall. How fast is the painterfalling when he is 12 feet from the ground?Solution: This is a fairly standard related-rates problem. Set x to be the distan
efrom the base of the ladder to the wall, and set y to be the height of the painterabove the ground. We know that dx

dt = +2 and we want to know dy
dt when y = 12.Then, sin
e the ladder has 
onstant length 20 until it smashes against the ground, thePythagorean theorem tells us that x2 + y2 = 202, whi
h is an equation between whatwe know and what we want to know. Di�erentiate both sides of that equation withrespe
t to time to get the relationship between their rates of 
hange, 2xdx

dt +2y dy
dt = 0.At �the when�, you have y = 12, so plug into the equation x2 + y2 = 202 to see that

x2 + 122 = 202 at that instant, so x = 16 (it's a 3-4-5 triangle). Then, you plug thesevalues into the equation relating the rates, and solve for dy
dt :

0 = 2x
dx

dt
+ 2y

dy

dt

= 2 · 16 · 2 + 2 · 12 · dy

dt
,or dy

dt = −32
12 = −8

3 , meaning that the painter is falling at 8/3 feet per se
ond at thatinstant.(13) Egbert is drinking a daiquiri (non-al
oholi
) out of a glass that is a 
one with a radius atthe top of 3 in
hes and a height of 5 in
hes. He drinks his daiquiri at a 
onstant rate of 2
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ubi
 in
hes per se
ond (through a straw). How fast is the top of the daiquiri falling whenit is 4 in
hes above the bottom of the glass?Solution: We know that the rate of 
hange of the volume V is −2 (in 
ubi
 in
hes perse
ond), dV
dt = −2. We want to know dh

dt , where h is the height of the liquid in hisglass, when h = 4.For this one you need to know what the volume of a 
one is. If the base-radius (thebase is at the top for this, sin
e in order to hold liquid the glass has to open upwards)is r and the height (from base to apex, whi
h here is pointing downward) is h, thevolume is V = 1
3πr2h. Now, before you think about taking r = 3 or h = 5, rememberthat the glass is only partially full. Even at the time when the daiquiri is 4 in
hesdeep, there is an in
h-high gap between the top of the liquid and the top of the glass.So, why mention those numbers? The 
one of the entire glass is similar to the 
one ofthe daiquiri in the glass. So, the right triangle formed by the 
enter line from the apexto the top of the liquid to the edge of the glass, then ba
k down to the apex along theglass is a similar triangle to the one formed by the 
enter line from the apex to thetop of the glass, then to the edge and ba
k down. The larger triangle has height 5and base 3, and the smaller has height h and base r. Sin
e the ratios of 
orrespondingsides are the same for similar triangles (or similar 
ones), 5

3 = h
r , or r = 3

5h. Withthat observation, now the volume satis�es V = 1
3π
(

3
5h
)2

h = 3π
25 h3. This gives anequation relating the variable V we know something about to the variable h we wantto know something about. We then di�erentiate both sides with respe
t to time,

dV
dt = 9π

25 h2 dh
dt , plug in for the fa
t that dV

dt = −2 and (at �the when�) h = 4 [Careful,don't plug in until after you have di�erentiated℄, so
dV

dt
=

9π

25
h2 dh

dt

−2 =
9π

25
42 dh

dt
,or dh

dt = − 25
72π , the height of liquid in the glass is falling at a rate of 25/(72π) in
hesper se
ond.(14) A man, walking at night, is walking dire
tly towards a streetlight. The light is 10 feet o�the ground, and the man is 6 feet tall and walking at 4 feet per se
ond. When the man is8 feet from the streetlight, how fast is the length of his shadow 
hanging?Solution:: Here similar triangles gives the relationship between the variables. Sin
ethe big triangle with verti
al leg the lightpost is similar to the smaller one (with theman as the verti
al leg), we have, if x is the distan
e from the man to the pole, and

y is the length of the shadow, then
6

y
=

10

x + y
,or 6(x + y) = 10y, or �nally, 6x = 4y. Thus, sin
e you know dx

dt = −4, we getimmediately that
6
dx

dt
= 4

dy

dt
, or

6 · (−4) = 4
dy

dt
,



10 MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONSso dy
dt = 6, whi
h doesn't depend upon x so you don't have to plug in x = 8 anywhere.The shadow is shrinking at 6ft/se
. Here is the pi
ture

10’

6’ .:(15) The side of a tall building is illuminated by a �oodlight mounted on the lawn in front ofthe building. The �oodlight is at ground level, and is 20 feet from the building. A man,6 feet tall, is walking towards the �oodlight at 4 feet/se
. How fast is his shadow on thewall shrinking when he is 10 feet from the �oodlight? [Corre
tion to the problem:the shadow is a
tually getting taller, not smaller.℄
light

20 feet

Man

x

shadow

6 feetSolution: Looking at the pi
ture, the distan
e labelled x is the distan
e from the manto the light. Let's also label as y the height of the shadow on the wall. You knowthat dx
dt = −4, and you want dy

dt when x = 10. Similar triangles works as for theearlier problem, but a bit di�erently. The large triangle (light to shadow) has base20 and height y, but the small triangle has base x and height 6, so similar trianglesgives y
20 = 6

x , whi
h is, as we need, an equation relating what we know to what wewant. Di�erentiating both sides of that equation with respe
t to time gives
1

20

dy

dt
= − 6

x2

dx

dt
,and plugging in dx

dt = −4 and (at the time in question) x = 10,
1

20

dy

dt
= − 6

x2

dx

dt
1

20

dy

dt
= − 6

100
(−4),or dy

dt = +4.8. So, to be pedanti
 about it, the shadow is shrinking at −4.8 feet/se
,or, better phrased, the shadow is growing at 4.8 ft/se
.(16) Use di�erentials to approximate √
24.Solution:

√
24 = f(24)
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f(x) =

√
x.Now, linear approximation says that f(x) ≈ f(a) + f ′(a)(x − a). Take a = 25 sin
eit is easy to evaluate square roots there, and then ∆x = −1, or

f(x) =
√

x ≈ 5 +
1

2 · 5(x − 25).Taking x = 24 gives
f(24) =

√
24 ≈ 5 − 1

10
= 4.9.(17) Use di�erentials to approximate √

97. (10 points).Solution: Again take f(x) =
√

x, but this time take a = 100, the nearest point witha �good� value for f(x). Linear approximation, or di�erentials, gives that f(x) ≈
f(a) + f ′(a)(x − a), or, if df = f(x)− f(a) is the amount f 
hanges, and dx = x− ais the amount x 
hanges, df ≈ f ′(a)dx. Now, for this value, f ′(x) = 1

2
√

x
, so f ′(a) =

f ′(100) = 1
20 , f(a) = 10, and so

f(x) ≈ f(a) + f ′(a)(x − a)
√

x ≈ 10 +
1

20
(x − 100).Sin
e x = 97, or dx = −3,

√
97 ≈ 10 +

1

20
(97 − 100)

≈ 10 − 3

20

≈ 197

20
.(18) If the radius of a 
ir
le is measured to be 12 in
hes, with an error of ±1/8 in
h, then howmu
h error might there be in the 
al
ulation of the area of the 
ir
le? (Use di�erentials).(10 points)Solution: The fun
tion is the area of the 
ir
le, f(r) = πr2, where r is the radius.The error is the maximum that df = f(r) − f(a) 
ould be, where a is the measureddistan
e (12 in
hes) and r is the real distan
e, whi
h is somewhere between 121

8in
hes and 12 − 1
8 in
hes, so dr is at most 1

8 . Using di�erentials, with a = 12,
f(r)− f(a) = df ≈ f ′(a)dr be
omes f(r) ≈ 2πa dr = 24π dr whi
h would be at most
24π 1

8 = 3π, so the maximum error in the area is 3π square in
hes.(19) Approximate 3
√

7.5 using di�erentials.Solution: Here the fun
tion f(x) = 3
√

x, and so we 
hoose a = 8. Note that f ′(x) =
1
3x− 2

3 . Using the linear approximation formula, f(x) ≈ f(a) + f ′(a)(x − a), we have
f(x) = 3

√
x

≈ f(a) + f ′(a)(x − a)

≈ 3
√

8 +
1

12
(x − 8),so 3

√
7.5 ≈ 2 + 1

12(−1
2 ) = 47/24.(20) Find the 
riti
al numbers (
riti
al points) of the fun
tion f(x) = 2x3 + 3x2 − 12x + 1.



12 MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONSSolution::The fun
tion is di�erentiable everywhere, so look at the derivative and �nd out whereit is 0 in the domain.
f ′(x) = 6x2 + 6x − 12

= 6(x2 + x − 2)

= 6(x − 1)(x + 2),whi
h is 0 at 1 and −2 only. So, the fun
tion has 
riti
al points x = 1 and x = −2,with 
riti
al values, respe
tively, −6 and 21. x = 1 is a lo
al minimum, and x = −2is a lo
al maximum, though you do not have to mention that here.(21) For the fun
tion
f(x) = x2 − 3x + 1,de�ned on the interval [0, 2], �nd the maximum value and where it o

urs. (10 points)Solution:

f ′(x) = 2x − 3whi
h is 0 only when x = 3/2. So, the maximum value o

urs either at x = 0, x =
3/2, or x = 2.

f(0) = 1

f(3/2) =
9

4
− 9

2
+ 1

= −5

4
, and

f(2) = −1,so the maximum value is 1, whi
h o

urs at x = 0.(22) Find the 
riti
al numbers of the fun
tion F (x) = x4/5(x − 4)2.Solution: Sin
e
F ′(x) =

4

5
x− 1

5 (x − 4)2 + 2x
4
5 (x − 4)

=
4(x − 4)2 + 10x(x − 4)

5x
1
5

=
2(x − 4)(7x − 8)

5x
1
5

,then there are 
riti
al points (AKA 
riti
al numbers) at x = 4, x = 8/7 where thederivative vanishes, and x = 0 where the derivative does not exist. You do have toin
lude x = 0 on this one. x = 4 is a lo
al minimum, x = 8/7 is a lo
al maximum,whi
h you 
an see by the �rst derivative test (or the se
ond derivative test, if youwanted to 
ompute F ′′). x = 0 is also a lo
al minimum, sin
e for x > 0 (but near 0),
F ′(x) > 0, and for x < 0, F ′(x) < 0. Again by the �rst (not se
ond) derivative test,that is a lo
al minimum point.(23) Without using a 
al
ulator, �nd the absolute maximum and absolute minimum valuesof f(x) on the given interval.(a) f(x) = x2 − 6x + 10, [2, 5]Solution: f ′(x) = 2x− 6, whi
h is zero only when x = 3. So, the possible pla
eswhere the maximum or minimum might be are at x = 2, 3, or 5. f(2) = 2,
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f(3) = 1, and f(5) = 5, so the maximum value is 5 and the minimum value is1.(b) f(x) = (x + 1)/

√

x2 + 1, [0, 3]Solution:
f ′(x) =

1
√

x2 + 1 − (x + 1) x√
x2+1

(x2 + 1)

=

(

x2 + 1
)

− (x + 1)x

(x2 + 1)3/2

=
1 − x

(x2 + 1)3/2
,so f ′(x) = 0 only when x = 1. So, we 
ompare f(0) = 1, f(1) =

√
2, and

f(3) = 4√
10
. Can we do this without a 
al
ulator? Of 
ourse we 
an; 3 <√

10 < 4, so 1 < f(3) < 4/3, and √
2 is about 1.4, so is bigger than 4/3. Thusthe minimum is 1 and the maximum is √2.(
) f(x) = sin x − cos x, [0, π]Solution: f ′(x) = cos(x) + sin(x), so if f ′(x) = 0, sin(x) = − cos(x), whi
hhappens when x = 3π/4 or x = 7π/4. But only 3π/4 is in the interval. f(0) =

−1 and f(π) = +1, and f(3π/4) = + 1√
2

+ 1√
2

=
√

2. So, the max value is √2and the minimum value is −1.(d) f(x) = (x − 2) ln(x − 2), [73 , 3]Solution: f ′(x) = 1 ln(x − 2) + 1, so f ′(x) = 0 only when ln(x − 2) = −1, or
x − 2 = 1

e , x = 1
e + 2. Wait, is this in the interval [73 , 3]? Sin
e 2 < e < 3,

1
3 < 1

e < 1
2 , so 1

e +2 ∈ [73 , 3]. Now evaluate: f(7/3) = 1
3 ln(1/3) < 0, f(1

e +2) =
1
e ln(1/e) = −1

e < 0, and f(3) = 0. So, 
ertainly 0 is the maximum value.Whi
h of the others is smaller? Without using a 
al
ulator. Well, you knowthat x = 1
e + 2 is a 
riti
al point, and f ′′(x) = 1

x−2 > 0 in this interval, so thatinterior 
riti
al point is a lo
al minimum. But, for any fun
tion 
ontinuouson [a, b] whi
h is di�erentiable on (a, b) and has only one 
riti
al point on
(a, b), then if that interior 
riti
al point is a lo
al minimum, it is an absoluteminimum (if there were a lower point there would have to be another zero ofthe derivative, by Rolle's theorem), so we know that the interior point is theabsolute minimum, or the minimum value is −1

e .(e) f(x) = x
√

e − ex + 2, [0, 1]Solution: The derivative is f ′(x) =
√

e − ex. Careful, the derivative of √e is0. It is a 
onstant. Do not use the produ
t rule. So, f ′(x) = 0 only when
x = 1/2. The three points are 0, 1/2, and 1. f(0) = 1, f(1

2) = 2 −
√

e
2 , and

f(1) =
√

e − e + 2. Again, it is not simple to see where the maximum andminimum are, but 1 <
√

e < 2 and 2 < e < 3, so f(1/2) > 1 = f(0). Now,how do you 
ompare the last two? As with the previous part, x = 1
2 is alo
al maximum by the se
ond derivative test, be
ause f ′′(x) = −ex < 0. Sin
eit is a lo
al maximum, and is the only interior 
riti
al point, it must be anabsolute maximum. So, the maximum value is 2 −

√
e

2 . To �gure out whi
h isthe minimum, you 
an noti
e that 3
2 <

√
e, be
ause 9

4 = 2.25 < e. You also



14 MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONSneed to remember that e > 2.5 (it's 2.718281828....), so f(1) =
√

e − e + 2 >
3
2 − 2.5 + 2 = 1 = f(0), and so 1 is the minimum value.(24) Find the 
riti
al points of the fun
tion f(x) = 4x3 + 3x2 − 6x + 2.Solution: The only 
riti
al points of this fun
tion are where f ′(x) = 0, and

f ′(x) = 12x2 + 6x − 6

= 6(2x2 + x − 1)

= 6(2x − 1)(x + 1),whi
h you 
an fa
tor by guessing. So, the only 
riti
al points are at x = 1/2 and
x = −1. By either the �rst or se
ond derivative test, sin
e f ′′(x) = 24x + 6, x = 1/2is a lo
al minimum and x = −1 is a lo
al maximum, but you didn't need to showthat.(25) Find the maximum value of the fun
tion

f(x) =

{

x, if 0 ≤ x ≤ 1

x2 − 3x + 3, if 1 < x ≤ 2on the interval [0, 2].Solution: Here, you really should point out that f(x) is 
ontinuous on [0, 2], sin
e thetwo pie
es of the graph mat
h up. So, there is a maximum value. You wouldn't wantto waste energy looking for something that doesn't exist. It 
an only o

ur at anendpoint, a pla
e where the derivative vanishes, or x = 1, where the derivative doesnot exist.
f ′(x) =

{

1, if 0 < x < 1

2x − 3, if 1 < x < 2
,so f ′(x) = 0 only at x = 3/2. Comparing, f(0) = 0, f(1) = 1, f(3/2) = 9

4 − 9
2 +3 = 3

4 ,and f(2) = 4− 6 + 3 = 1. So, the maximum value is 1, whi
h o

urs at two di�erentpoints, x = 1 and x = 2.(26) State the Mean Value Theorem. (5 points)Solution: If f(x) is a 
ontinuous fun
tion on [a, b] and is di�erentiable on (a, b), thenthere is a point c ∈ (a, b) so that
f(b) − f(a)

b − a
= f ′(c).(27) Use the Mean Value Theorem to show that the fun
tion

f(x) := x3 + 4x − 5only has a root at x = 1, and nowhere else. (5 points)Solution: If there were two roots of that fun
tion, two points a and b at whi
h f(a) =

f(b) = 0, then by MVT there is a point c between a and b at whi
h f ′(c) = f(b)−f(a)
b−a =

0
b−a = 0. On the other hand, f ′(x) = 3x2 +4, whi
h is always at least 4, so is never 0.So su
h a c 
an't exist, whi
h means that the assumption that there were two rootsis false. On the other hand, f(1) = 0, so it does indeed have only that one root.(28) Verify that the fun
tion f(x) = x+ln x satis�es the hypotheses of the Mean Value Theoremon the interval 1 ≤ x ≤ e and �nd all numbers c whi
h satisfy the 
on
lusion of the MeanValue Theorem.



MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONS 15Solution: f is di�erentiable on (0,∞), so is both di�erentiable and 
ontinuous on [1, e].MVT guarantees that there is a point c ∈ (1.e) at whi
h
f(e) − f(1)

e − 1
= f ′(c),but doesn't say for how many c this will hold. In this 
ase, f ′(c) = 1 + 1

c , and so thisequation holds when
1 +

1

c
=

f(e) − f(1)

e − 1

=
(e + 1) − 1

e − 1

=
e

e − 1
,so

e = (e − 1)(1 +
1

c
)

= e +
e

c
− 1 − 1

c
, or

1 =
e − 1

c
,or c = e − 1. There is, in this 
ase, only one c that works. We know that there hadto be at least one solution from the MVT, but it does not say exa
tly where.(29) Suppose f(x) is di�erentiable every every real number x and |f ′(x)| ≤ 7 for all x. Show,using the Mean Value Theorem, that

|f(x2) − f(x1)| ≤ 7|x2 − x1|for all x1, x2. (12 points)Solution:: By the MVT,
f(x2) − f(x1)

x2 − x1
= f ′(c)for some c between those two points. But, |f ′(x)| ≤ 7, so

∣

∣

∣

∣

f(x2) − f(x1)

x2 − x1

∣

∣

∣

∣

=
∣

∣f ′(c)
∣

∣

|f(x2) − f(x1)|
|x2 − x1|

≤ 7.Multiplying both sides by the denominator on the left yields the result.(30) If all you know about a (di�erentiable) fun
tion f(x) is that its derivative f ′(x) is zerofor only two values of x, show that the equation f(x) = 3 
an have no more than threesolutions. (10 points)Solution: This is a 
ontradi
tion argument. Note that we have to know that f ′(x)exists for all x, sin
e it's nonzero for all but two values. So f is di�erentiable at all
x, and so also 
ontinuous everywhere. Thus, Rolle's theorem and the MVT both 
anbe applied. If there were more than three points where f(x) = 3, then there are,what, at least 4, x1, x2, x3, and x4. We might as well assume we labeled them inorder, x1 < x2 < x3 < x4. Rolle's theorem (or, of 
ourse, the full MVT) will implythat there is a point c1between x1and x2so that f ′(c1) = 0, and there is a point
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c2between x2and x3 where f ′(c2) = 0, and there is a point c3 between x3 and x4where f ′(c3) = 0. But c1, c2and c3 are on di�erent, noninterse
ting intervals, so theyreally have to be di�erent points. That is too many points, sin
e f ′(x) 
an only be 0at most twi
e. That means these 4 points 
an't exist. So, there 
an't be more than3 solutions of f(x) = 3.(31) Sket
h the graph of the fun
tion f(x) =

1

4
x4 − x3. In
lude (with labels) all lo
al extremepoints, all absolute extreme points, where the 
urve is in
reasing or de
reasing, all in�e
-tion points and 
on
avity, and all inter
epts.Solution: We start with the domain, whi
h is 
learly the entire line. We then �nd theinter
epts, whi
h are only at (0, 0) and (4, 0). There are no asymptotes or symmetry.We then look at the derivatives: f ′(x) = x3−3x2 = x2(x−3), so f has 
riti
al pointsat x = 0, 3, with values f(0) = 0 and f(3) = −27/4. f ′(x) > 0 for x > 3, and f ′ < 0for x < 0 or 0 < x < 3, so it levels o� only at x = 0, but has a lo
al minimum at

x = 3. For the se
ond derivative, f ′′ = 3x2 − 6x = 3x(x − 2), whi
h gives in�e
tionpoints when x = 0, 2, so the in�e
tion points are (0, 0) and (2,−4), and for x > 2 or
x < 0, f ′′(x) > 0, but if 0 < x < 2, f ′′(x) < 0. Here is the drawing (whi
h I 
heatedon and generated with Maple):

2.5

y

5.0

0.0

−2.5

−5.0

x

420−2

(32) Sket
h the graph of the fun
tion f(x) = 3(x2 − 1)/(x + 2), in
luding (with labels) allinter
epts, asymptotes (in
luding slant-asymptotes), lo
al extreme points, and where the
urve is in
reasing and de
reasing.Solution: Inter
epts: (0,-3/2), (1,0) and (-1,0). Asymptotes: x = −2, (going to +∞from the right, and −∞ from the left) and a slant-asymptote of slope 3 be
ause the
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e
lim

x→∞
f(x) − 3x = lim

x→∞
3(x2 − 1)

x + 2
− 3x

= lim
x→∞

3(x2 − 1) − 3x(x + 2)

x + 2

= lim
x→∞

−6x − 3

x + 2
= −6,

so y = 3x − 6 is the slant-asymptote, sin
e
lim

x→∞
f(x) − (3x − 6) = lim

x→∞
3(x2 − 1)

x + 2
− (3x − 6)

= lim
x→∞

3(x2 − 1) − (3x − 6)(x + 2)

x + 2

= lim
x→∞

+9

x + 2
= 0.

To be subtle about it, you 
an see that, as you approa
h +∞, f(x) is above theslant-asymptote, and as you approa
h −∞, f(x) is below the slant-asymptote, sin
e
f(x) − (3x − 6) is respe
tively positive or negative.Beyond this, we only have to look at the �rst derivative. f ′(x) = 3(x2+4x+1)

(x+2)2
, whi
h is0 when x = −4±

√
12

2 = −2±
√

3, with values at the 
riti
al points (−2−
√

3,−2
√

3(3+

2
√

3)), (−2+
√

3,−2
√

3(−3+2
√

3)). f ′ is negative between these two 
riti
al points,and positive elsewhere, ex
ept of 
ourse at x = −2, where it is in�nite. Here is theplot, again generated by Maple:
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0

10

−4

−30

x

108642

y

20

0

−2

−10

−20

−6−8−10

(33) Sket
h the graph of f(x) = 2x3 − 3x2 + 1, showing all inter
epts, asymptotes, where the
urve is in
reasing or de
reasing, any 
riti
al points, 
on
avity, and any points of in�e
tion.As a hint, f(1) = 0. (15 points)Solution: The y-inter
ept is (0, 1), and the x-inter
epts are solutions of
0 = 2x3 − 3x2 + 1.The hint helps immediately,

0 = 2x3 − 3x2 + 1

= (x − 1)??

= (x − 1)(2x2 − x − 1)

= (x − 1)(2x + 1)(x − 1)

= (x − 1)2(2x + 1),so it has roots at only x = 1 and x = −1/2. Thus, the x-inter
epts are (1, 0) and
(−1/2, 0).There are no asymptotes, sin
e the fun
tion is de�ned everywhere and does not havea limit as x goes to in�nity.To see the slope, take the derivative.

f ′(x) = 6x2 − 6x

= 6x(x − 1),whi
h has roots at x = 0 and x = 1 only, so 
riti
al points are (0, 1) and (1, 0). On
(−∞, 0] the 
urve is in
reasing, on [0, 1] de
reasing, and in
reasing again on [1,∞).For 
on
avity, di�erentiate again.

f ′′(x) = 12x − 6 = 6(2x − 1),
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h has a root only at x = 1/2. Thus there is only one in�e
tion point, at (1/2, 1/2)(f(1/2) = 1/2). For x < 1/2 the 
urve is 
on
ave down, and for x > 1/2 it is 
on
aveup. Here is a drawing showing all those points.

I

(1,0)

(0,1)

(-1,0)

(1/2,1/2)

(34) Sket
h the graph of the fun
tion f(x) =
ex

x + 1
(in
luding everything).Solution: Only one inter
ept, at (0, 1), and asymptotes at x = −1 and y = 0 (as

x → −∞ only). f ′(x) = xex

(x+1)2
, so f ′ > 0 when x > 0 and f ′ < 0 when x < 0, ex
eptat x = −1, where it is unde�ned. f ′′(x) = ex(x2+1)

(x+1)3
, whi
h is positive for x > −1 andnegative for x < −1. Here, as before, is a 
omputer-generated plot:
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−2

10.0

5.0y

7.5

2.5

0.0

−2.5

x

420−4

(35) Below is the graph of a fun
tion f de�ned on the open interval 0 < x < 4. Find(a) The 
riti
al numbersSolution: At x = 1 there is a 0 derivative, and at x = 2 there is no derivative.Both are 
riti
al points (or 
riti
al �numbers� � meaning just the x). Theendpoints are not part of the domain, so these would be the only 
riti
al points.Be
ause x = 0 and x = 4 are spe
i�
ally ex
luded, they 
annot be 
riti
alpoints, nor 
an they be lo
al extrema or anything else.(b) The lo
al extremaSolution: x = 1is a lo
al minimum, and x = 2 is a lo
al maximum.(
) The absolute extremaSolution: There is neither an absolute max nor min. Those points would haveto be the endpoints, but as I have been saying, they are not there.(d) Where the graph is 
on
ave up and where 
on
ave down.Solution: Con
ave up for 0 < x < 2, and 2 < x < 3, 
on
ave down for x > 3.(e) The in�e
tion points.Solution: x = 3 only.
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1 2 3 4(36) Let f(x) = x2−4

x2−1 , then(a) Find the domain of f(x).Solution: x 
an't be ±1, so the domain is all points ex
ept x = 1 and x = −1.(b) Find all x- and y- inter
epts.Solution: The y-inter
ept is (0, 4), and the x-inter
epts, where f(x) = 0, areonly at x = 2 and x = −2.(
) Find any horizontal or verti
al asymptotes.Solution: There are two verti
al asymptotes, x = 1 and x = −1, where thedenominator is 0. There is also one horizontal asymptote, at y = 1, be-
ause limx→±∞ f(x) = 1. To be more 
areful, sin
e limx→1+ f(x) = −∞,
limx→1− f(x) = ∞, limx→−1+ f(x) = ∞, limx→1− f(x) = −∞, and, sin
e for
x very large in absolute value (but either positive or negative), f(x) < 1 (butnear 1), so you 
an �nd the �tails� of the graph, whi
h will help you sket
h the
urve.(d) Find where the 
urve is in
reasing and de
reasing, and �nd any 
riti
al points.Solution: Sin
e

f ′(x) =
2x(x2 − 1) − 2x(x2 − 4)

(x2 − 1)2

=
6x

(x2 − 1)2
,so the only 
riti
al point is at x = 0. The y-value is 4 whi
h is also the y-inter
ept, of 
ourse. For x > 0, f ′(x) > 0 and for x < 0, f ′(x) < 0, ex
ept at

±1 where f ′ is unde�ned, so f is in
reasing on [0, 1) and on (1,+∞), and f isde
reasing on (−∞,−1) and on (−1, 0].(e) Find on what regions the 
urve is 
on
ave up, and where it is 
on
ave down, and �ndany points of in�e
tion.Solution:
f ′′(x) =

6(x2 − 1)2 − 24x2(x2 − 1)

(x2 − 1)4

=
6(x2 − 1) − 24x2

(x2 − 1)3

=
−18x2 − 6

(x2 − 1)3
.



22 MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONSThe numerator is always negative, so f ′′(x) < 0 if x > 1 or x < −1, and
f ′′(x) > 0 when −1 < x < 1.(f) Then, sket
h the 
urve, showing ea
h of these features. (20 points)Solution: Put all this information together, and draw a sket
h showing all thesefeatures.09review-36.eps(37) Find the following limits: (5 points/part)(a) lim

x→0+
(1 + 2x)1/xSolution: This limit is almost the same as one in the notes, and in the book.The idea is to take the logarithm of the fun
tion �rst, so that it is in one of thestandard forms (0/0 or ∞/∞), �nd the limit of that using l'H�pital's rule, thenexponentiate ba
k to �nd the limit of the original fun
tion.

ln
(

(1 + 2x)1/x
)

=
1

x
ln(1 + 2x), so

lim
x→0+

ln
(

(1 + 2x)1/x
)

= lim
x→0+

ln(1 + 2x)

x
(of form 0/0)

= lim
x→0+

2/(1 + 2x)

1
= 2,so

lim
x→0+

(1 + 2x)1/x = e2.(b) lim
x→∞

x + sin(3x)

x − sin(2x)Solution: This is of the form ∞/∞, even with the sin() terms. But, if you justapply l'H�pital's rule, you run into trouble.
lim

x→∞
x + sin(3x)

x − sin(2x)
= lim

x→∞
1 + 3 cos(3x)

1 − 2 sin(2x)
,whi
h is a mess. That limit on the right, after applying the rule, does not exist.The denominator os
illates between −1 and 3, and the numerator separatelyos
illates between −2 and 4, and they are not in phase. Interesting. But thisshows that, even though l'H�pital's rule 
an tell you when a limit exists, it doesnot always work out. The theorem about the rule says that the limits are equalwhen the one on the right exists. Here is a 
ase where the limit on the rightdoes not exist, yet the one on the left is easy. All you really needed to do wasdivide top and bottom by x:

lim
x→∞

x + sin(3x)

x − sin(2x)
= lim

x→∞
1 + sin(3x)

x

1 − sin(2x)
x

= 1,sin
e sin(3x)/x goes to 0 as x goes to in�nity, sin
e the numerator is boundedbetween ±1 and the denominator is going to in�nity.
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) lim
x→0+

x ln x.Solution: Here you have to 
onvert to a standard indeterminate form, sin
e thisis 0 · ∞ to begin with. You invert part of this and put it in the denominator.What part? The part that will be easier to di�erentiate on
e there, the x. If Iput the ln(x) in the denominator, it would be a mess to di�erentiate the resulting
1/ ln(x).

lim
x→0+

x ln x = lim
x→0+

ln x

1/x

= lim
x→0+

1/x

−1/x2

= lim
x→0+

−x2

x
= 0.(d) lim

x→0

1 − cos(3x)

x2
=Solution: Apply l'H�pital's rule, sin
e this is of the form 0

0 . But on
e you do that,you still have a 0
0 indeterminate form. It takes two appli
ations of l'H�pital'srule to get something whi
h is not indeterminate.

lim
x→0

1 − cos(3x)

x2
= lim

x→0

+3 sin(3x)

2x

= lim
x→0

9 cos(3x)

2
=

9

2
.(e) lim

x→0

tan(3x)

sinh(2x)
=Solution: Apply l'H�pital's rule, sin
e this is of the form 0

0 .
lim
x→0

tan(3x)

sinh(2x)
= lim

x→0

3 sec2(3x)

2 cosh(2x)

=
3

2
.(f) lim

x→∞

(

1 − 1

x

)x

=
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onvert to a ∞
∞ form and applyl'H�pital's rule.

ln

(

lim
x→∞

(

1 − 1

x

)x)

= lim
x→∞

ln

((

1 − 1

x

)x)

= lim
x→∞

x ln

(

1 − 1

x

)

= lim
x→∞

ln
(

1 − 1
x

)

1
x

(now in the form ∞
∞)

= lim
x→∞

(

1
x2

(1− 1
x)

)

(−1
x2

)

= lim
x→∞

1
x2

(

1 − 1
x

)

(

x2

−1

)

= lim
x→∞

−1
(

1 − 1
x

)

= −1.So, limx→∞
(

1 − 1
x

)x
= e−1 = 1

e . Of 
ourse, you 
an do this without our Fren
hfriend's result, by re
ognizing that
lim

x→∞
ln
(

1 − 1
x

)

1
x

= lim
t→0

ln (1 + t)

−t
by substituting t =

−1

x

= − lim
t→0

ln (1 + t) − ln(1)

t

= − (ln(x))′
∣

∣

x=1
= −1.However, we expe
t most of you would prefer l'Höpital's rule.(g) lim

x→∞
sinhx

3ex + x2 − 1
.Solution: Again l'H�pital's rule, sin
e this is of the form ∞/∞. Apply it 3 timesto get 
ompletely rid of the x2

lim
x→∞

sinh x

3ex + x2 − 1
= lim

x→∞
cosh x

3ex + 2x

= lim
x→∞

sinhx

3ex + 2

= lim
x→∞

cosh x

3ex
.But at this point we need to take a fresh look at this. No matter how manytimes we apply l'H�pital's rule now, we still get either cosh x or sinhx in thenumerator, and 3ex in the denominator. But now we 
an use the de�nition of
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 fun
tions to say:
lim

x→∞
sinhx

3ex + x2 − 1
= lim

x→∞
cosh x

3ex

= lim
x→∞

1
2 (ex + e−x)

3ex

= lim
x→∞

ex + e−x

6ex

= lim
x→∞

1

6
+

1

6e2x
.

Now we have to be 
areful on
e more. If this limit is limx→+∞, then the se
ondterm goes to 0 and the limit is 1
6 . If the limit is limx→±∞, then for the limit as

x → −∞ the se
ond term goes to in�nity, and so the limit would be in�nite.Only the limit as x → +∞ exists.(h) lim
x→0+

x(ln x)2.Solution:
lim

x→0+
x(ln x)2 = lim

x→0+

(ln x)2
(

1
x

) , of form ∞
∞

= lim
x→0+

2 ln(x) 1
x

(−1
x2

)

= lim
x→0+

−2 ln(x)
(

1
x

) (simplify)
= lim

x→0+

(−2
x

)

(−1
x2

)

= lim
x→0+

2x = 0.

(i) lim
x→∞

(1 − 3

x
)x .
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ln

(

lim
x→∞

(1 − 3

x
)x
)

= lim
x→∞

ln

(

(1 − 3

x
)x
)

= lim
x→∞

x ln

(

1 − 3

x

)

= lim
x→∞

ln
(

1 − 3
x

)

(

1
x

)

= lim
x→∞

(

“

3
x2

”

(1− 3
x)

)

(−1
x2

)

= lim
x→∞

(

(

3
x2

)

(

1 − 3
x

)

)

(−x2)

= lim
x→∞

(

−3
(

1 − 3
x

)

)

= −3so lim
x→∞

(1 − 3

x
)x = e−3 .(38) Find an equation of the tangent line to the 
urve y = ex2 at the point where x = 1.Solution: When x = 1, dy

dx = 2xex2
∣

∣

∣

x=1
= 2e, and the point on the graph is (1, e), sothe tangent line has equation

y − e

x − 1
= 2e,or y = 2ex − e.(39) Sket
h the graphs in
luding the intervals on whi
h the fun
tion is in
reasing/de
reasing,the intervals on whi
h the graph is 
on
ave upward/downward, the y-inter
epts, the x-inter
epts, all relative (i.e., lo
al) extreme points, all in�e
tion points, all absolute extremepoints, and all asymptotes.(a) f(x) = x4 − 4x3 + 6x2Solution: Certainly f(0) = 0, so (0, 0) is both an x- and y- inter
ept. But sin
e

f(x) = x2(x2 − 4x + 6) = x2((x − 2)2 + 2), the only pla
e where f(x) = 0is at x = 0. Also, f ′(x) = 4x3 − 12x2 + 12x = 4x(x2 − 3x + 3), and again
x2 − 3x + 3 is irredu
ible (its roots are x = 3±

√
9−12
2 , whi
h are 
omplex, notreal), so f ′(x) > 0 for x > 0 and f ′(x) < 0 for x < 0, and so (0, 0) is theonly 
riti
al point, and is a lo
al minimum, with f in
reasing on [0,∞) andde
reasing on (−∞, 0]. f ′′(x) = 12x2 − 24x+12 = 12(x− 1)2, whi
h is positiveex
ept at x = 1, but x = 1 is not a point of in�e
tion. The 
urve sort ofstraightens out there, but does not 
hange 
on
avity, the graph is 
on
ave upat all points (you 
an quibble about whether or not the graph is 
on
ave up at

x = 1, but really it is, sin
e the derivative is in
reasing for all x). The graphlooks pretty mu
h like a parabola with vertex at (0, 0), opening upward, ex
ept



MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONS 27for this (undrawable) �attening at (1, 3).09review-39a.eps(b) f(x) = x(x + 1)4Solution: f has no asymptotes. f has y-inter
ept at y = 0, so passes through
(0, 0). The x-inter
epts are at x = 0 of 
ourse, and at x = −1. Sin
e f ′(x) =
(x + 1)4 + 4x(x + 1)3 = (1 + 4x)(x + 1)3, it has 
riti
al points at x = −1and x = −1/4, with 
riti
al values 0 and −34

45 , respe
tively. Sin
e f ′(x) > 0for x > −1/4 and x < −1 , with f ′(x) < 0 on (−1,−1
4 ), f is in
reasing on

[−1
4 ,∞) and on (−∞,−1], with f de
reasing on [−1,−1

4 ]. x = −1 is a lo
almaximum, with value 0, and x = −1/4 is a lo
al minimum, with value−34

45 .
f ′′(x) = 4(x + 1)3 + 3(1 + 4x)(x + 1)2 = (7 + 16x)(1 + x)2, so in�e
tion pointsappear to be at (−1, 0) and (− 7

16 ,−7·94

165 ). But the 
on
avity does not 
hangeat x = −1, and f is 
on
ave up on [− 7
16 ,∞) and 
on
ave down on (−∞,− 7

16 ].09review-39b.eps(
) f(x) = (ln |x|)/xSolution: f is not de�ned at x = 0, but
lim
x→0

f(x) = lim
x→0

ln |x|
x

= ∞To be more pre
ise,
lim

x→0+
f(x) = lim

x→0+

ln |x|
x

= −∞and
lim

x→0−
f(x) = lim

x→0−

ln |x|
x

= +∞so x = 0 is a verti
al asymptote. Sin
e limx→∞
ln |x|

x = limx→∞
( 1

x)
1 = 0,

y = 0 is a horizontal asymptote, approa
hing from above as x → +∞, andapproa
hing from below as x → −∞. Be
ause x = 0 is a verti
al asymptote,
f has no y-inter
ept. It does have x-inter
epts at x = ±1, so goes through thepoints (1, 0) and (−1, 0).

f ′(x) =
1
xx − ln |x|

x2

=
1 − ln |x|

x2
,so f ′(x) = 0 only when x = ±e, with values ±1

e , respe
tively, so the graph goesthrough (e, 1
e ) and (−e,−1

e ) with horizontal tangents at those points. f ′(x) > 0



28 MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONSwhen x ∈ (−e, 0) or x ∈ (0, e) and f ′(x) < 0 on (−∞,−e) and (e,∞).
f ′′(x) =

− 1
xx2 − 2x(1 − ln |x|)

x4

=
−3 + 2 ln |x|

x3
,so there are in�e
tion points at x = ±e3/2 (e3/2is about 4.5), with f ′′(x) > 0for x > e3/2, f ′′(x) < 0 for 0 < x < e3/2, f ′′(x) < 0 for x < −e3/2, f ′′(x) > 0for −e3/2 < x < 0 f(±e3/2) = ± 3

2e3/2 .09review-39
.eps(d) f(x) = e2x + 3xSolution: Here f(0) = 1 so 1 is the y-inter
ept. There is an x-inter
ept on
[−1, 0], sin
e f(−1) < 0, but you 
an't exa
tly determine where the solutionis. However, other than that f ′(x) = 2e2x + 3 > 0 so the fun
tion is in
reasingeverywhere, and f ′′(x) = 4e2x so it is always 
on
ave up. It does have a slant-asymptote, sin
e limx→−∞ f(x) − (3x) = 0, so y = 3x is a slant-asymptote onthe negative side, only. Other than that, the 
urve just swoops upward.09review-39d.eps(e) f(x) = sin x + cos x.Solution: This fun
tion has no asymptotes, but has lots of inter
epts. Certainly
f(0) = 1, so it has y-inter
ept 1, but it also has in�nitely many x-inter
epts,at all points where sin(x) = − cos(x), whi
h happens when x = −π

4 + nπfor all integers n. Sin
e f ′(x) = cos(x) − sin(x), it has 
riti
al points when
cos(x) = sin(x), whi
h are at points x = π

4 + nπ, again, in�nitely many ofthem. When x = π
4 + 2nπ (even-integer multiples of π added on), f(x) =

√
2,and these are lo
al maxima, and when x = π

4 +(2n+1)π (odd-integer multiplesof π added on), f(x) = −
√

2, and these are lo
al minima. In�e
tion pointso

ur at all x-inter
epts. But this 
an all be more easily seen by the followingtri
k:
sin(x) + cos(x) =

√
2

(

1√
2

sin(x) +
1√
2

cos(x)

)

=
√

2
(

cos
(π

4

)

sin(x) + sin
(π

4

)

cos(x)
)

=
√

2 sin
(

x +
π

4

)

,so f(x) is really just a sine wave, with amplitude √
2 and shifted to the left by

π/4.This tri
k works for any fun
tion of the form f(x) = a sin(x) + b cos(x). Tryto turn any su
h fun
tion into a shifted sine wave. As a hint, the amplitude is
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√

a2 + b2.09review-39e.eps


