MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONS

The material that will be covered on this exam is from section 3.5 (implicit differentiation) to
section 4.5 (curve sketching), inclusive.

Let Prof. Johnson know (david.johnson@lehigh.edu) if you think you may have found a mistake
on any of these solutions. You should look at these solutions only after you have tried, hard,
to solve the problems on your own, without looking at the book or other sources of help. The
biggest difficulty during the exam is figuring out what method to apply — how to start working
the problem. If you look at the solutions, even without looking through the details, then you will
see the method used in the solution, which will make that problem easier to solve, but will not
help you learn how to work the problems on your own.

(1) Find the following derivatives

d
(a) dr (x
Solution: First, deal with the expression itself. Always, these expressions with
both the base and the exponent functions of x should be converted into exponen-
tials with base e:

FSin@) (eln(x))sm(””)

_ o (n(@)sin())

sin x)

Then differentiate:

d , 4 d i
& sinz - v (In(x) sin(z))
dz (a; ) dx (6 )
_  (n(@)sin(2)) (% (In(x) sin(x)))

. 1
e(In(z) sin(z)) <E sin(z) + In(z) 008(517)) :

You could simplify it a bit, but you should not.

(b) (In(tan(zw) + sec(z)))".
Solution: This has an odd answer:
(tanz + sec x)’

In(t L=
(n( anx + Secib")) (tanx + sec x)

sec?(x) + sec(w) tan(x)
(tanz + secx)

(tan x + sec x) sec(x)

(tanz + sec x)
= sec(z).
Remember this one; we will need it for integration.

(c) (cosh(2x 4+ 3))’.
1
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Solution: Using the chain rule, and the derivative of cosh(z),
(cosh(2x +3)) = sinh(2z + 3)2
= 2sinh(2z + 3).
d

(d) T (sin_l(az2)) .
Solution::
.1, 9w 1 .
(Sln (z )) = 71_(272)2(2)
B 2x
T Vi

(e) (x2 ln(az)), =
Solution: Start with the product rule on this one.
1
(2 ln(x))/ = 2zlIn(z) + a:2;
= 2zlIn(z) + z.
(f) (tan(3z +2))".
Solution: Again, the chain rule, and the derivative of tan=!(z) (the inverse tan-
gent).
3

—1 / o
(tan™'(3z +2)) = T Gar 2’

(8) ((In(z) + 1)(4x — 1)*)’

Solution: Product rule first, then chain rule.

(n(z) + 1)(dz — 18) = %(490 C 1P 4 (In(x) + 1)3(4z — 1)%4
- ﬁﬁiii+1mmmy+nux—m?
(h) If f(z) = /In(x), find f'(z).
Solution: Chain rule:
/ 1
(Vin@) - 2/ In(z) ©
B 1
~ 22y/In(z)

i) L n(e? + 1)|o—0
Solution: First, let’s find the derivative.

d 1
—In(e® +1) = v
dx n(e” +1) er + 16
et 1
d 0 1
Then, when z = 0, e In(e” + 1) = eoe+ =5
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(J) iearctanm‘ 1
r=
Solution: Again, first we will find the derivative, then plug in the value of x.
i arctanx  _ earctan(m) 1
dx x? 41
earctan(m)
RS
d earctan(l) e7r/4
Th _ parctanz| — '
| |en dz© =TT T
d In |z
k) — _
(k) dr x |m_ !
Solution:
dnlz| 1y —1In|z|
dr = x2
_ 1—In|z|
= o
dln]az\’ 1—In|—1] )
S0 — 1 =——>—=1
dx r=-1 (—1)2
d

1) (6o
Solution: Here the biggest problem is what to do with the 6. Convert the expo-
nential to base e

d T\ i x In(6)

_ ln(6)emln(6)
— 1n(6)6°,

d
(67— = 361n(6).
SO da:(ﬁ )|z=2 = 361n(6)

d
(1) - (logy 2) a1
Solution: Again, first convert to base e, then differentiate.

o) = o (5

_ Lt
~ zIn(3)
_ 1
- zIn(3)’
d 1
2 oy = .
50 = (log3 2)|o=7 Tn(3)

2) Assume that y = f(z) satisfies the equation
( Y q
y® 4 3z%y? + 52t = 12.

Find dy/dz in terms of x and y.
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Solution: Here you use implicit differentiation.
(v° + 32%y% + 521) = (12) =0,
so0, using the chain rule and remembering that y = y(x) is a function of x,

d d
0 = 5% 1302002 + 222y %Y) 4 2043
dx dx
4 2\ 4y 2 3
= (5y + 6x y) %—Fﬁa:y + 202°.
Solving for dy/dx gives
dy — (6zy? + 2023)
dr 5yt + 622y
(3) If 22 — 3zy + y? = 5, find g—g at the point (1,-1). (10 points).
Solution: Again, use implicit differentiation, thinking of y as a function of x:

(5) = (:132—3xy—|—y2)/
dy dy
0 = 27 —3y—3z—=+2y—=
v 4 :de—{_ ydm
dy
= 22— 3y — (3z — 2y)-==
SO
dy
3r—2y) = = 22-—3
(r-2) L = 203y
dy  2r—3y
de 3z -2y

_21-3(=1)
(1,-1) 31200
(4) Find an equation of the tangent line to the graph of z® — 2y — y? +5 =0 at (1,2).

Solution: Implicit differentiation, once more. Differentiate both sides:

At the point (1,-1), % =1.

0 = (a;g—a:y—y2+5),
dy dy
0 = 322 —y—2-=—2y—=+0
v v xda: ydx+
dy
dy _ 32> —y dy 3-—2

1
SO priaiee 5 e i =5 Now, that finds the slope of

the curve at that point. To find the tangent line, plug into the standard point-slope
form of the equation of a line:

. At the point (1,2)

1 9
or y = 5117 + g
(5) Show, using the definition of the inverse tangent and implicit differentiation, that
1

(tan_l(a:)), =112
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Solution: If § = tan~!(x), then tan(f) = x. So, think of a right triangle with opposite

side (to the angle ) x and base 1. It has hypotenuse V1 + 22, so cos() = 1/v1 + z2.
But, then, since tan(f) = x,

%(tan(@)) = 1, or
db
2
@Yo
sec (e)da:
But then,
1 = Sec2(9)%, or
db
2 — -
cos“(0) = T
L
1+22  dx
1 ~ dtan"Yx)
1+a2 dr

(6) (5 points/part)
(a) Simplify tan(arcsin(z)), that is, write that expression without using any trigonometric
or inverse trigonometric functions.
Solution:: I always think of a diagram to figure these out. In this case, the
diagram 1s:

»\9
where § = arcsin(z) is the angle. You should see that sin(6) = x in that drawing.
So, the one unlabeled side, the base, has length

V1— a2,

S0

tan(arcsin(z)) = tan(f)

V1—22

(b) Use the definition of sinhx to write sinh(In(x)) in terms of algebraic expressions in
x.
Solution::

sinh(In(z)) :=
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(c¢) Use the definition of coshz to write cosh(In(x)) in terms of algebraic expressions in
x.
Solution: This is much like the previous part,

cosh(ln(z)) = %(eln(m) +e-1n(x>)

—lx—kl
2 x)

(d) Find

Solution:: 2
By the picture, tan(f) = 1/2, so
0 = tan"'(1/2).
Then
sin(tan %) = sin(f)

1

7
(7) The population of certain bacteria grows at a rate proportional to its size. It increases by
60% after 3 days. How long does it take for the population to double? (12 points)

Solution: Since the population of the bacteria grows at a rate proportional to its size,
if P(t) is the population, then P’(t) = kP(t), which means that P(t) = Ae** for some
numbers A and k. This is the solution of that general differential equation. To fit this
solution to the particular data, we have that P(0) = A (the initial population, which
does not need to be a specific number), and P(3) = 1.6A4, 60% more than we initially
had, after 3 days. But then P(t) = AeF* with the same A as the initial population

(at time 0), and

1.64 = P(3)
Aek3.
So. 1.6 = €**, or, taking natural logs of both sides, In(1.6) = 3k, or k = % In(1.6).
Then, P(t) is given more explicitly by
P(t) — Ae%ln(l.ﬁ)t.
The time T it takes for the population to double satisfies
2A = P(T)
_ Ae%ln(l.G)T

)
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so, taking In() of both sides again, In(2) = ln(e%ln(m)T) = %111(1.6)T, so T = lr?i(l+§)'

(8) A new radioactive substance, Doublemintium (D,,), has been found sticking to the un-

dersides of the seats in Packard Auditorium. 70 grams of pure D,, was collected initially.

5 days later only 60 grams of the stuff was still D,,; the rest had decayed into lead and

tar. Assuming that the rate of decay of D,, is proportional to the amount present, how
much will there be after 20 days?

Solution: Since the amount of D,, present in the sample decays away at a rate pro-
portional to the amount present, if y(t) is the amount of D,,, present at time ¢, then
y'(t) = ky(t), which means that y(t) = Ae* as with a population problem. since 70g
was initially found, A = 70, and so y = 70e**. But also,

60 = y(5)
70e"?,
and so g =e% ork= M. Then, the amount present after 20 days will be y(20),

y(20) = 70e*?

(e

(9) I bought a cup of coffee at McBurger’s. It was far too hot to drink, 90° Celsius. After 10
minutes, the coffee is at 80°. The air in McBurger’s is kept at an air-conditioned constant
of 25°. How long will I have to wait until the coffee is 70° and thus cool enough to drink?

Solution: It’s best to solve this in terms of the function y = T — A, the temperature
of the coffee minus the ambient temperature. In that form, since Newton’s law of
cooling says that the rate of change of temperature of an object is proportional to
the difference in temperature between the object and the ambient temperature, then
T' = (T — A) =y satisfies 3y = ky, so y = BeF* for some numbers B and k. In this
problem A = 25. The rest of the problem simply uses the two temperatures at the
two times to find the constants B and k. Since y(0) = 90 — 25 = 65 is the difference
in temperatures between the coffee and the room at time 0, 65 = y(0) = Be® = B.
Then, since 55 = y(10), 55 = BeF10 = 65¢410, s0 In(55/65) = k10, or k = 20113,
Then, to answer the final question, set 17" = 70 and solve for ¢:

0-25 = y(t)

45 = 65kt
In(11/13)
)

So In(9/13) = %, ort= %. As tempting as it may be, you can’t cancel
those 13’s.

(10) A spherical snowball melts in such a way that its volume decreases at the rate of 2 cu-
bic centimeters per minute. At what rate is the radius decreasing when the volume is

400 cubic centimeters?
Solution: The volume of the snowball is V = %m’?’, which is an equation relating the
volume to the radius. Differentiate both sides, as functions of ¢, to see how the rates
of change are related: Cil—‘t/ = 4717’2%. You also are given that Cfi—‘t/ = 2. When V =400,
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then 400 = %777‘3, or r = (%)1/3. At that instant, then Cil—‘t/ = A4r (@)2/3%, S0

™
_ 300\2/3 dr dr _ 2 _ 1
2 =A4r (T) a’ and ﬁnally € 47r(@)2/3 = 2(300)2/3W1/3.

(11) Egbert is flying his kite. It is 75 feet off the ground, moving horizontally away from Egbert
at a rate of 5 feet per second. How fast is Egbert letting out the string when the kite is
100 feet (horizontally) downwind of him?

Solution:: If z is the horizontal distance from Egbert to his kite, and s is the amount
of string he has played out, then we know that dz/dt = +5, and we want to know
ds/dt when z = 100. Because of the Pythagorean theorem, z? + 752 = s? is the
equation relating x to s, which we then differentiate to get a relationship between the
rates of change.

22 +75% = 2 so
dx ds
23:E+0 = 235.

When z = 100 (4 - 25), then s = 125 = 5 - 25 since the other leg is 75 = 3 - 25; this is
a 3 —4 — b triangle. Plugging in,

21005 = 2125 @,
dt
or
ds _ 500 _
dt 125

which is the rate at which the line is being played out.

(12) A 20 foot ladder is leaning against a wall. A painter stands on the top of the ladder,
minding his own business. Some fool comes by and ties his dog to the base of the ladder,
a cat comes along, and the dog chases after the cat, dragging the base of the ladder with
him at a rate of 2 feet per second directly away from the wall. How fast is the painter
falling when he is 12 feet from the ground?

Solution: This is a fairly standard related-rates problem. Set x to be the distance
from the base of the ladder to the wall, and set y to be the height of the painter
above the ground. We know that ‘fl—f = 42 and we want to know Z—? when y = 12.
Then, since the ladder has constant length 20 until it smashes against the ground, the
Pythagorean theorem tells us that 2 + 4% = 202, which is an equation between what
we know and what we want to know. Differentiate both sides of that equation with
respect to time to get the relationship between their rates of change, Qxfl—f +2yccll—? = 0.
At “the when”, you have y = 12, so plug into the equation 22 4+ y? = 20? to see that

22 + 122 = 202 at that instant, so x = 16 (it’s a 3-4-5 triangle). Then, you plug these

values into the equation relating the rates, and solve for fl—?:
dx dy
0 = 20— +2y—
SPTIRE T
dy
= 2:-16-242-12.- —=,
+ dt
or z—? = —% = —%, meaning that the painter is falling at 8/3 feet per second at that
instant.

(13) Egbert is drinking a daiquiri (non-alcoholic) out of a glass that is a cone with a radius at
the top of 3 inches and a height of 5 inches. He drinks his daiquiri at a constant rate of 2
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cubic inches per second (through a straw). How fast is the top of the daiquiri falling when
it is 4 inches above the bottom of the glass?

Solution: We know that the rate of change of the volume V' is —2 (in cubic inches per

second), %/ = —2. We want to know %, where h is the height of the liquid in his
glass, when h = 4.
For this one you need to know what the volume of a cone is. If the base-radius (the
base is at the top for this, since in order to hold liquid the glass has to open upwards)
is 7 and the height (from base to apex, which here is pointing downward) is h, the
volume is V' = %m‘zh. Now, before you think about taking » = 3 or h = 5, remember
that the glass is only partially full. Even at the time when the daiquiri is 4 inches
deep, there is an inch-high gap between the top of the liquid and the top of the glass.
So, why mention those numbers? The cone of the entire glass is similar to the cone of
the daiquiri in the glass. So, the right triangle formed by the center line from the apex
to the top of the liquid to the edge of the glass, then back down to the apex along the
glass is a similar triangle to the one formed by the center line from the apex to the
top of the glass, then to the edge and back down. The larger triangle has height 5
and base 3, and the smaller has height h and base r. Since the ratios of corresponding
sides are the same for similar triangles (or similar cones), 3 = %, orr = %h. With
that observation, now the volume satisfies V' = %71' (%h)2 h = g—gh?’. This gives an
equation relating the variable V' we know something about to the variable h we want
to know something about. We then differentiate both sides with respect to time,
% = g—ghQ%, plug in for the fact that % = —2 and (at “the when”) h = 4 [Careful,
don’t plug in until after you have differentiated|, so

av 9_7rh2@

At 25 dt
Y, - 9142@7
25 dt
or % = —2>, the height of liquid in the glass is falling at a rate of 25/(72m) inches
per second.

(14) A man, walking at night, is walking directly towards a streetlight. The light is 10 feet off
the ground, and the man is 6 feet tall and walking at 4 feet per second. When the man is
8 feet from the streetlight, how fast is the length of his shadow changing?

Solution:: Here similar triangles gives the relationship between the variables. Since
the big triangle with vertical leg the lightpost is similar to the smaller one (with the
man as the vertical leg), we have, if = is the distance from the man to the pole, and
y is the length of the shadow, then

6 10

y w+y
or 6(x + y) = 10y, or finally, 62 = 4y. Thus, since you know ‘zl—f = —4, we get
immediately that

dx dy

o 4

Ot at’
d
6-(—4) 4%
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o) % = 6, which doesn’t depend upon z so you don’t have to plug in z = 8 anywhere.

The shadow is shrinking at 6ft/sec. Here is the picture

10

(15) The side of a tall building is illuminated by a floodlight mounted on the lawn in front of
the building. The floodlight is at ground level, and is 20 feet from the building. A man,
6 feet tall, is walking towards the floodlight at 4 feet/sec. How fast is his shadow on the
wall shrinking when he is 10 feet from the floodlight? [Correction to the problem:
the shadow is actually getting taller, not smaller.|

Man

20 feet

Solution: Looking at the picture, the distance labelled z is the distance from the man
to the light. Let’s also label as y the height of the shadow on the wall. You know
that ‘fl—f = —4, and you want % when z = 10. Similar triangles works as for the
earlier problem, but a bit differently. The large triangle (light to shadow) has base
20 and height y, but the small triangle has base x and height 6, so similar triangles
gives o5 = g, which is, as we need, an equation relating what we know to what we

want. Differentiating both sides of that equation with respect to time gives

1Tdy 6 dz
20dt — a?dt’
and plugging in ‘fl—f = —4 and (at the time in question) x = 10,
lLdy 6 dx
20dt — 2dt
1 dy 6

— — ——— (—4
20 dt 100( )

or le—t = +4.8. So, to be pedantic about it, the shadow is shrinking at —4.8 feet/sec,

or, better phrased, the shadow is growing at 4.8 ft/sec.
(16) Use differentials to approximate

V24,

Solution:

V24 = f(24)
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where
f(z) = Va.

Now, linear approximation says that f(x) = f(a) + f'(a)(x — a). Take a = 25 since

it is easy to evaluate square roots there, and then Az = —1, or
f(x)=Vr~5+ %(m — 25).

Taking x = 24 gives
f(24):\/ﬁm5—1—10:4.9.

(17) Use differentials to approximate v/97. (10 points).
Solution: Again take f(z) = \/z, but this time take a = 100, the nearest point with
a “good” value for f(z). Linear approximation, or differentials, gives that f(z) =~
f(a)+ f'(a)(z —a), or, if df = f(z) — f(a) is the amount f changes, and dz =z —a
is the amount z changes, df ~ f’(a)dxz. Now, for this value, f'(z) = =1, so f'(a) =

2V
f(100) = 55, f(a) = 10, and so
f@) ~ fla)+ f'(a)(z —a)
N7 10—1—%(3:—100).
Since x = 97, or dx = —3,
Vo7

Q

Q

1
1 —(97-1
0+20(97 00)

3

~ 10— —

0 20
o
20

(18) If the radius of a circle is measured to be 12 inches, with an error of +1/8 inch, then how
much error might there be in the calculation of the area of the circle? (Use differentials).
(10 points)
Solution: The function is the area of the circle, f(r) = @r?, where r is the radius.
The error is the maximum that df = f(r) — f(a) could be, where a is the measured
distance (12 inches) and r is the real distance, which is somewhere between 12%
inches and 12 — % inches, so dr is at most %. Using differentials, with a = 12,
f(r)— f(a) =df = f'(a)dr becomes f(r) ~ 2mwadr = 247 dr which would be at most
24#% = 37, so the maximum error in the area is 37 square inches.
(19) Approximate /7.5 using differentials.
Solution: Here the function f(z) = /z, and so we choose a = 8. Note that f/(z) =

%:p_%. Using the linear approximation formula, f(x) = f(a) + f/(a)(z — a), we have
f@) = V=

f(a) + f'(a)(z — a)

V8 + %(az —-8),

Q

so V7.5~ 2+ 5(—1) =47/24.
(20) Find the critical numbers (critical points) of the function f(z) = 23 + 322 — 12z + 1.
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Solution::

The function is differentiable everywhere, so look at the derivative and find out where
1t 45 0 in the domain.

fl(x) = 622+ 6z —12

= 6(z+x—2)

= 6(x—1)(z+2),
which is 0 at 1 and —2 only. So, the function has critical points © =1 and v = —2,
with critical values, respectively, —6 and 21. © =1 is a local minimum, and r = —2

18 a local mazimum, though you do not have to mention that here.
(21) For the function

f(z) =2® -3z +1,

defined on the interval [0, 2], find the maximum value and where it occurs. (10 points)

Solution:
f(x) =22 -3
which is 0 only when x = 3/2. So, the maximum value occurs either at x = 0, x =
3/2, orz=2.
f0) =1
9 9
2) = —-—=-+1
B2 = 3o+
= Z, and

so the maximum value is 1, which occurs at x = 0.
(22) Find the critical numbers of the function F(z) = z*/5(x — 4)2.
Solution: Since

Fl'(z) = %x‘é(x —4)% + 2x%(x —4)
Az —4)? 4+ 10z(z — 4)
a bas
2 —4)(7Tz - 38)
a bas 7

then there are critical points (AKA critical numbers) at * = 4, © = 8/7 where the
derivative vanishes, and x = 0 where the derivative does not exist. You do have to
include z = 0 on this one. x = 4 is a local minimum, z = 8/7 is a local maximum,
which you can see by the first derivative test (or the second derivative test, if you
wanted to compute F”). z = 0 is also a local minimum, since for > 0 (but near 0),
F'(xz) >0, and for z < 0, F'(x) < 0. Again by the first (not second) derivative test,
that is a local minimum point.
(23) Without using a calculator, find the absolute maximum and absolute minimum values
of f(x) on the given interval.
(a) f(x)=a?—6x+10,[2,5]
Solution: f’(z) = 2x — 6, which is zero only when x = 3. So, the possible places
where the maximum or minimum might be are at © = 2,3, or 5. f(2) = 2,
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f(3) =1, and f(5) =5, so the maximum value is 5 and the minimum value is
1.

(b) f(z)=(x+1)/vVa?+1,][0,3]

Solution:

Wa2+1—(z+1)—=

/ z2+1
flz) = (z2+1)
(22 +1) = (z+ 1)z
B (@2 + 1)3/2
1—2

= @
so f'(x) = 0 only when # = 1. So, we compare f(0) = 1, f(1) = V2, and
f(3) = \/%. Can we do this without a calculator? Of course we can; 3 <

V10 < 4,50 1 < f(3) < 4/3, and /2 is about 1.4, so is bigger than 4/3. Thus
the minimum is 1 and the maximum is v/2.
(¢) f(z) =sinz — cosz, [0, 7]

Solution: f'(z) = cos(z) + sin(z), so if f'(x) = 0, sin(z) = — cos(x), which
happens when x = 37/4 or x = 7n/4. But only 37 /4 is in the interval. f(0) =
—1and f(7) = +1, and f(37/4) = +% + % = /2. So, the max value is v/2
and the minimum value is —1.

(d) f(2) = (z—2)In(z - 2), [3,3]

Solution: f'(z) = 1ln(z —2) + 1, so f'(z) = 0 only when In(z —2) = —1, or
r—2=1 2=2142 Wait, is this in the interval [Z,3]? Since 2 < e < 3,
t<i<lisol+2e[L,3]. Now evaluate: f(7/3) =1In(1/3) <0, f(1+2) =
1In(1/e) = —1 < 0, and f(3) = 0. So, certainly 0 is the maximum value.
Which of the others is smaller? Without using a calculator. Well, you know
that z = % + 2 is a critical point, and f”(z) = ﬁ > (0 in this interval, so that
interior critical point is a local minimum. But, for any function continuous
on [a,b] which is differentiable on (a,b) and has only one critical point on
(a,b), then if that interior critical point is a local minimum, it is an absolute
minimum (if there were a lower point there would have to be another zero of
the derivative, by Rolle’s theorem), so we know that the interior point is the

absolute minimum, or the minimum value is —

:.
(e) flz) =ave—e"+2,[0,1]

Solution: The derivative is f'(x) = /e — e®. Careful, the derivative of /e is

0. It is a constant. Do not use the product rule. So, f/(x) = 0 only when

@ = 1/2. The three points are 0,1/2, and 1. f(0) = 1, f(3) = 2 — %<, and

f(1) = e — e+ 2. Again, it is not simple to see where the maximum and

minimum are, but 1 < /e < 2 and 2 < e < 3, s0 f(1/2) > 1 = f(0). Now,

how do you compare the last two? As with the previous part, x = % is a

local maximum by the second derivative test, because f”(x) = —e* < 0. Since

it is a local maximum, and is the only interior critical point, it must be an

absolute maximum. So, the maximum value is 2 — 4 To figure out which is

the minimum, you can notice that % < /e, because % = 2.25 < e. You also
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need to remember that e > 2.5 (it’s 2.718281828....), so f(1) = e —e+2 >
3-25+2=1= f(0), and so 1 is the minimum value.
(24) Find the critical points of the function f(x) = 42 + 322 — 6z + 2.
Solution: The only critical points of this function are where f’(z) = 0, and

fl(x) = 122° 462 —6
6(22% +x — 1)
= 620 —1)(z +1),

which you can factor by guessing. So, the only critical points are at x = 1/2 and
x = —1. By either the first or second derivative test, since f”(z) =24z + 6, x = 1/2
is a local minimum and z = —1 is a local maximum, but you didn’t need to show
that.

(25) Find the maximum value of the function

fz) =

x, fo<z<l1
22 —3x+3, ifl<a<?2

on the interval [0, 2].

Solution: Here, you really should point out that f(z) is continuous on [0, 2], since the
two pieces of the graph match up. So, there is a maximum value. You wouldn’t want
to waste energy looking for something that doesn’t exist. It can only occur at an
endpoint, a place where the derivative vanishes, or £ = 1, where the derivative does

not exist.
1, fo<z<l1
f/(x) = . )
2 —3, ifl<ax<?2

so f/(z) = 0 only at z = 3/2. Comparing, f(0) =0, f(1) =1, f(3/2) = 3-3+3 =3,
and f(2) =4—6+3 = 1. So, the maximum value is 1, which occurs at two different
points, z =1 and z = 2.
(26) State the Mean Value Theorem. (5 points)
Solution: If f(z) is a continuous function on [a,b] and is differentiable on (a,b), then
there is a point ¢ € (a,b) so that

1010 _ iy

(27) Use the Mean Value Theorem to show that the function
f(z) =23 +4z -5

only has a root at x = 1, and nowhere else. (5 points)
Solution: If there were two roots of that function, two points a and b at which f(a) =

f(b) =0, then by MVT there is a point ¢ between a and b at which f/(c) = w =

a
% = 0. On the other hand, f'(x) = 322+ 4, which is always at least 4, so is never 0.
So such a c can’t exist, which means that the assumption that there were two roots
is false. On the other hand, f(1) = 0, so it does indeed have only that one root.
(28) Verify that the function f(z) = z+In x satisfies the hypotheses of the Mean Value Theorem
on the interval 1 < x < e and find all numbers ¢ which satisfy the conclusion of the Mean
Value Theorem.
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Solution: f is differentiable on (0, c0), so is both differentiable and continuous on [1, €].
MVT guarantees that there is a point ¢ € (1.e) at which

fle)—r@) _ 4
e — 1 - f (C)7
but doesn’t say for how many ¢ this will hold. In this case, f'(c) =1+ %, and so this
equation holds when

1 _
Ll f@-f)
& e—1
o (e+1)-1
N e—1
B e
e—1’
o)
1
e = (e—l)(l—i—z)
1
= e—i—g—l——, or
c c
1 - e—l7
c

or ¢ = e — 1. There is, in this case, only one c that works. We know that there had
to be at least one solution from the MVT, but it does not say exactly where.
(29) Suppose f(z) is differentiable every every real number x and |f’(z)| < 7 for all z. Show,
using the Mean Value Theorem, that

|f(z2) — f(21)| < T|zg — 21|

for all x1, zo. (12 points)
Solution:: By the MVT,

flan) = flan)

T2 — I1

= f'(c)

for some ¢ between those two points. But, |f'(z)| <7, so

flxa) — flor)| e
T | T | F'(0)]
|f(22) — f(21)] 7

2o — 21] '

Multiplying both sides by the denominator on the left yields the result.

(30) If all you know about a (differentiable) function f(z) is that its derivative f’(z) is zero
for only two values of x, show that the equation f(x) = 3 can have no more than three
solutions. (10 points)

Solution: This is a contradiction argument. Note that we have to know that f’(x)
exists for all z, since it’s nonzero for all but two values. So f is differentiable at all
x, and so also continuous everywhere. Thus, Rolle’s theorem and the MV'T both can
be applied. If there were more than three points where f(z) = 3, then there are,
what, at least 4, x1, z9, x3,and x4. We might as well assume we labeled them in
order, 1 < z2 < x3 < z4. Rolle’s theorem (or, of course, the full MVT) will imply
that there is a point ¢ybetween xjand z9so that f'(c;) = 0, and there is a point



MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONS

cobetween zoand x3 where f/(co) = 0, and there is a point ¢3 between z3 and x4
where f/(c3) = 0. But ¢1, coand c3 are on different, nonintersecting intervals, so they
really have to be different points. That is too many points, since f’(x) can only be 0
at most twice. That means these 4 points can’t exist. So, there can’t be more than
3 solutions of f(x) = 3.

1
(31) Sketch the graph of the function f(z) = Zx"‘ — 23, Include (with labels) all local extreme

points, all absolute extreme points, where the curve is increasing or decreasing, all inflec-
tion points and concavity, and all intercepts.
Solution: We start with the domain, which is clearly the entire line. We then find the
intercepts, which are only at (0,0) and (4,0). There are no asymptotes or symmetry.
We then look at the derivatives: f/(z) = 23 —32% = 2?(x —3), so f has critical points
at z = 0,3, with values f(0) =0 and f(3) = —27/4. f'(x) >0 for z > 3, and f' <0
forz < 0or 0 <z < 3, soitlevels off only at z = 0, but has a local minimum at
x = 3. For the second derivative, f” = 322 — 6z = 3x(x — 2), which gives inflection
points when = = 0,2, so the inflection points are (0,0) and (2, —4), and for = > 2 or
z <0, f'(z) >0, but if 0 <z <2, f'(z) <0. Here is the drawing (which I cheated
on and generated with Maple):

(32) Sketch the graph of the function f(x) = 3(2% — 1)/(z + 2), including (with labels) all
intercepts, asymptotes (including slant-asymptotes), local extreme points, and where the
curve is increasing and decreasing.

Solution: Intercepts: (0,-3/2), (1,0) and (-1,0). Asymptotes: x = —2, (going to 400
from the right, and —oo from the left) and a slant-asymptote of slope 3 because the
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ratio of the highest-order terms of the numerator and denominator are 3z, but, since

2
-1
Jim f(z) 3w = lim 3(;177+2) -3
2_1)—
— lim 3(x* —1) — 3z(z + 2)
Z—00 T+ 2
. —bxr—3
= lim ——
z—oo X+ 2
= —6,
so y = 3x — 6 is the slant-asymptote, since
lim f(z) — 3z —6) = lim m — (32 —6)
T—00 T z—oo T +
2_1)— —
— lm 3z —1) — Bz —6)(z +2)
£—00 T+ 2
= lim 9
ooz 42
= 0.

To be subtle about it, you can see that, as you approach +oo, f(z) is above the
slant-asymptote, and as you approach —oo, f(x) is below the slant-asymptote, since
f(z) — (3z — 6) is respectively positive or negative.

3(x24-4x+1)

(z+2)?

0 when z = %\/ﬁ = —2++/3, with values at the critical points (—2— V3, —2\/§(3+
2v/3)), (—2+/3, —2v/3(=3+2v/3)). f' is negative between these two critical points,
and positive elsewhere, except of course at © = —2, where it is infinite. Here is the
plot, again generated by Maple:

Beyond this, we only have to look at the first derivative. f/'(z) = , which is
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(33) Sketch the graph of f(x) = 223 — 322 + 1, showing all intercepts, asymptotes, where the
curve is increasing or decreasing, any critical points, concavity, and any points of inflection.
As a hint, f(1) = 0. (15 points)

Solution: The y-intercept is (0,1), and the z-intercepts are solutions of
0=22%—32% + 1.
The hint helps immediately,
0 = 22° 32" +1

= (z—-1)77

= (z-1)22%2 -2 -1)

= (z—-1)R2zx+1D(z-1)

= (z—-1)%2z+1),
so it has roots at only x = 1 and © = —1/2. Thus, the z-intercepts are (1,0) and
(=1/2,0).
There are no asymptotes, since the function is defined everywhere and does not have
a limit as x© goes to infinity.
To see the slope, take the derivative.

fl(x) = 62*— 6z

= 6x(x—1),

which has roots at x = 0 and x = 1 only, so critical points are (0,1) and (1,0). On
(—00,0] the curve is increasing, on [0, 1] decreasing, and increasing again on [1,00).
For concavity, differentiate again.

f"(z) =122 — 6 = 6(22 — 1),
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which has a root only at x = 1/2. Thus there is only one inflection point, at (1/2,1/2)
(f(1/2) =1/2). For x < 1/2 the curve is concave down, and for x > 1/2 it is concave
up. Here is a drawing showing all those points.

o)

(1/2,1/2)

('1!0)

(1.0)

(34) Sketch the graph of the function f(z) = i_ 1 (including everything).
x

Solution: Ouly one intercept, at (0,1), and asymptotes at = —1 and y = 0 (as
x — —oo only). f'(x) = ﬁ, so f/ >0 when z > 0 and f/ < 0 when z < 0, except
at = —1, where it is undefined. f”(z) = eﬁ(c;”’ff;gl), which is positive for x > —1 and

negative for x < —1. Here, as before, is a computer-generated plot:
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(35) Below is the graph of a function f defined on the open interval 0 < z < 4. Find
(a) The critical numbers
Solution: At x = 1 there is a 0 derivative, and at x = 2 there is no derivative.
Both are critical points (or critical “numbers” — meaning just the x). The
endpoints are not part of the domain, so these would be the only critical points.
Because x = 0 and z = 4 are specifically excluded, they cannot be critical
points, nor can they be local extrema or anything else.
(b) The local extrema
Solution: z = lis a local minimum, and = = 2 is a local maximum.
(¢) The absolute extrema
Solution: There is neither an absolute max nor min. Those points would have
to be the endpoints, but as I have been saying, they are not there.
(d) Where the graph is concave up and where concave down.
Solution: Concave up for 0 < z < 2, and 2 < x < 3, concave down for x > 3.
(e) The inflection points.
Solution: x = 3 only.
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(36) Let f(x) = %=2, then
(a) Find the domain of f(x).
Solution: = can’t be +1, so the domain is all points except =1 and z = —1.
(b) Find all z- and y- intercepts.
Solution: The y-intercept is (0,4), and the x-intercepts, where f(z) = 0, are
only at x =2 and =z = —2.
(¢) Find any horizontal or vertical asymptotes.
Solution: There are two vertical asymptotes, = 1 and x = —1, where the
denominator is 0. There is also one horizontal asymptote, at y = 1, be-
cause lim, .1 f(x) = 1. To be more careful, since lim,_,;+ f(x) = —o0,
lim, ;- f(x) = oo, lim,_,_1+ f(x) = oo, lim,_,;- f(x) = —o0, and, since for
x very large in absolute value (but either positive or negative), f(z) < 1 (but
near 1), so you can find the “tails” of the graph, which will help you sketch the
curve.
(d) Find where the curve is increasing and decreasing, and find any critical points.
Solution: Since
Fla) = 22(x? — 1) — 2z(2? — 4)
@ —1)2
6z
(% —1)*’
so the only critical point is at * = 0. The y-value is 4 which is also the y-
intercept, of course. For x > 0, f'(z) > 0 and for z < 0, f'(x) < 0, except at
+1 where f’ is undefined, so f is increasing on [0,1) and on (1,400), and f is
decreasing on (—oo, —1) and on (—1,0].
(e) Find on what regions the curve is concave up, and where it is concave down, and find
any points of inflection.
Solution:

33‘2 _1\2 _ 33‘2 33‘2 _

x? —1)4
6(x? — 1) — 2422
(a2~ 1)3
—182%2 — 6
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The numerator is always negative, so f’(z) < 0 if x > 1 or x < —1, and
f"(z) >0 when -1 <z < 1.
(f) Then, sketch the curve, showing each of these features. (20 points)
Solution: Put all this information together, and draw a sketch showing all these
features.

O9review-36.eps

(37) Find the following limits: (5 points/part)
(a) lim (1+2z)/°
x—0+
Solution: This limit is almost the same as one in the notes, and in the book.
The idea is to take the logarithm of the function first, so that it is in one of the

standard forms (0/0 or co/00), find the limit of that using [’Hopital’s rule, then
exponentiate back to find the limit of the original function.

1
In((1+22)Y") = ZIn(1+2
n<(+az) > xn(—l—x),so
) . In(1 4 22)
1/z _
mli%grln <(1—|—2:1:) ) xlil&ix (of form 0/0)
— lim 2/(1+ 2x)
z—0+ 1
= 2,
50
lim (1+ 22)1/% = ¢2.
x + sin(3z)

(b)

z—oo x — sin(2x)
Solution: This is of the form oo/oo, even with the sin() terms. But, if you just

apply ’Hoépital’s rule, you run into trouble.

lim 2T sin(3z) . 14 3cos(3x)

00 T — sin(2z)  z—oco 1 — 2sin(2z)’
which is a mess. That limit on the right, after applying the rule, does not exist.
The denominator oscillates between —1 and 3, and the numerator separately
oscillates between —2 and 4, and they are not in phase. Interesting. But this
shows that, even though [’Hoépital’s rule can tell you when a limit exists, it does
not always work out. The theorem about the rule says that the limits are equal
when the one on the right exists. Here is a case where the limit on the right
does not exist, yet the one on the left is easy. All you really needed to do was
divide top and bottom by x:

.z +sin(3x) .1+ sin(3c)
Iim ——~ = lim _z
z—oo r — sin(2x) z—00 1 _ sin(2z)
xX
= 1,

since sin(3x)/x goes to 0 as x goes to infinity, since the numerator is bounded
between £1 and the denominator is going to infinity.
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(c) xlg& zlnz.

Solution: Here you have to convert to a standard indeterminate form, since this
15 0 - 0o to begin with. You tnvert part of this and put it in the denominator.
What part? The part that will be easier to differentiate once there, the x. If I
put the In(x) in the denominator, it would be a mess to differentiate the resulting

1/In(z).

) . Inx
lim zlnz = lim —
z—0t z—0t 1/3)
1
_hm M
r—0t —1/$2
2
— lim %
z—0t T
= 0.

.1 —cos(3z)
(@) lim =5 =
Solution: Apply I’'Hopital’s rule, since this is of the form 8. But once you do that,

you still have a 8 indeterminate form. It takes two applications of I’'Hopital’s
rule to get something which is not indeterminate.

1 )
lim 0028(3:17) ~ lim +3sin(3z)
z—0 X z—0 2x
~ lim 9 cos(3x) 9
x—0 2 2

tan(3z)
() ey sinh(2z)

Solution: Apply I’'Hopital’s rule, since this is of the form %.

. tan(3z) . 3sec?(3x)
lim ———~ = lim ————=
a—0 sinh(2x) a—0 2 cosh(2z)

_ 3
= 5
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Solution: Take the natural log, first. Then convert to a Zform and apply
I’'Hopital’s rule.

i (1-3) ) - xlingoln<gli>x>

Ry

= lim %2 <x_2>
S

= lim -1
AT

= -1

So, limg_. (1 — %)x =e !l = % Of course, you can do this without our French

friend’s result, by recognizing that

In(1-1 In(1+t¢ -1
lim M = lim M by substituting t = —
T—00 = t—0 —t X
— lim In(1+1¢)—In(1)
t—0 t

= — (@)}, = -1

However, we expect most of you would prefer I’Hopital’s rule.
. sinh x
lim ——.
z—00 3e® + 12 — 1
Solution: Again I'Hopital’s rule, since this is of the form co/co. Apply it 3 times
to get completely rid of the 22

. sinh z . cosh x
lIlm —— X = lim ——
z—500 36 + 12 — 1 z—o00 3e¥ + 2x
sinh z
= lim
z—o0 3e% + 2
. coshuz
= lim

z—oo 3er

But at this point we need to take a fresh look at this. No matter how many
times we apply "Hopital’s rule now, we still get either coshz or sinhz in the
numerator, and 3e® in the denominator. But now we can use the definition of
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the hyperbolic functions to say:

sinh z . coshz

m ———— = m
z—oo 3e% +x+ — 1 z—oo 3e”

Now we have to be careful once more. If this limit is lim,;_, |, then the second
term goes to 0 and the limit is %. If the limit is lim,_. 4+, then for the limit as
x — —oo the second term goes to infinity, and so the limit would be infinite.
Only the limit as * — +00 exists.

(h) lim+ z(lnz)?

z—0

Solution:

li Inz)? = i
min&+$(n$) om0+ (1)’ 0

(i) lim (1-2)

T—00 €T



26

MATH 21, FALL, 2009, REVIEW FOR EXAM # 2 SOLUTIONS

Solution: As above,

3 3
| lim (1 ——=)* = lim I 1—-)*
n <x£&< o ) Jm In (< 2 )

3
].‘ 1 - - z == 3 .
so lim ( ) e

(38) Find an equation of the tangent line to the curve y = e at the point where z = 1.

Solution: When x = 1, dy — gper?

2= = 2e, and the point on the graph is (1,e), so

=1
the tangent line has equation
y—e
= 2e
x—1 ’

or y = 2ex —e.

(39) Sketch the graphs including the intervals on which the function is increasing/decreasing,
the intervals on which the graph is concave upward/downward, the y-intercepts, the z-
intercepts, all relative (i.e., local) extreme points, all inflection points, all absolute extreme
points, and all asymptotes.

(a) f(z)=z" — 42> 4 622
Solution: Certainly f(0) =0, so (0,0) is both an z- and y- intercept. But since
f(z) = 2*(@? — 42 + 6) = 2%((z — 2)? + 2), the only place where f(z) = 0
is at = 0. Also, f'(z) = 4a% — 122% + 122 = 42(2® — 3z + 3), and again
x? — 3z + 3 is irreducible (its roots are x = L@) which are complex, not
real), so f/(z) > 0 for x > 0 and f/(z) < 0 for z < 0, and so (0,0) is the
only critical point, and is a local minimum, with f increasing on [0,00) and
decreasing on (—o00,0]. f”(z) = 122? — 24z + 12 = 12(z — 1)?, which is positive
except at x = 1, but x = 1 is not a point of inflection. The curve sort of
straightens out there, but does not change concavity, the graph is concave up
at all points (you can quibble about whether or not the graph is concave up at
x = 1, but really it is, since the derivative is increasing for all z). The graph
looks pretty much like a parabola with vertex at (0,0), opening upward, except
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for this (undrawable) flattening at (1, 3).

O9review-39a.eps

(b) f(z) = a(z+1)*
Solution: f has no asymptotes. f has y-intercept at y = 0, so passes through
(0,0). The z-intercepts are at x = 0 of course, and at © = —1. Since f/(z) =
(z 4+ 1D)* +4z(x + 1)* = (1 + 4z)(z + 1)3, it has critical points at @ = —1

and x = —1/4, with critical values 0 and —%, respectively. Since f'(z) > 0

for > —1/4 and « < —1, with f/(z) < 0 on (—1,—1), f is increasing on
[—1,00) and on (—oco,—1], with f decreasing on [~1,—%]. z = —1 is a local
maximum, with value 0, and x = —1/4 is a local minimum, with value—%.
() =4(x +1)3 + 3(1 + 4z)(z + 1)% = (7 + 162)(1 + )2, so inflection points
appear to be at (—1,0) and (—4, —%};). But the concavity does not change
at x = —1, and f is concave up on [—%, o0) and concave down on (—oo, —1—76].

O9review-39b.eps

(¢) f(z) = (nfz])/z

Solution: f is not defined at z = 0, but

In |z|
li =1l =
A=y =
To be more precise,
In |z|
lim f(z)= lim —— = —
z—0t f( ) z—0t T
and
. . In|z|
lim f(x) = lim =
z—0~ z—0—- X
1
so x = 0 is a vertical asymptote. Since lim, . lnTm = limg oo (’10) =0,

y = 0 is a horizontal asymptote, approaching from above as * — +o00, and
approaching from below as x — —oo. Because x = 0 is a vertical asymptote,
f has no y-intercept. It does have z-intercepts at * = £1, so goes through the
points (1,0) and (—1,0).

1

—x — In|z|
flx) = —

1 —1In|z|

so f'(x) = 0 only when x = +e, with values :l:%, respectively, so the graph goes
through (e, 1) and (—e, —%) with horizontal tangents at those points. f’(z) > 0
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when z € (—e,0) or x € (0,¢e) and f'(z) < 0 on (—oo, —e) and (e, 00).

—122 — 22(1 — In|z|)

x4

-3+ 2In|z|
3

@) =

so there are inflection points at z = 4e%? (e3/%is about 4.5), with f”(x) > 0
for & > €32, f(z) < 0for 0 <z < €2, f'(z) <0 for z < —e3/2, f"(x) >0
for —e3/2 <2 <0 f(de??) = £3

2e3/2 "

O9review-39c.eps

(d) f(z) =e** 43z
Solution: Here f(0) = 1 so 1 is the y-intercept. There is an z-intercept on
[—1,0], since f(—1) < 0, but you can’t exactly determine where the solution
is. However, other than that f’(x) = 2¢2* +3 > 0 so the function is increasing
everywhere, and f”(x) = 4€?* so it is always concave up. It does have a slant-
asymptote, since lim,_,_, f(x) — (3x) = 0, so y = 3z is a slant-asymptote on
the negative side, only. Other than that, the curve just swoops upward.

O9review-39d.eps

(e) f(x)=sinz + cosz.
Solution: This function has no asymptotes, but has lots of intercepts. Certainly
f(0) = 1, so it has y-intercept 1, but it also has infinitely many z-intercepts,
at all points where sin(z) = —cos(x), which happens when z = —% + n7
for all integers n. Since f'(z) = cos(z) — sin(x), it has critical points when
cos(xz) = sin(z), which are at points x = 7§ + nm, again, infinitely many of
them. When 2 = I 4 2n7 (even-integer multiples of 7 added on), f(z) = V2,
and these are local maxima, and when z = 7 4 (2n+1)7 (odd-integer multiples

of m added on), f(z) = —v/2, and these are local minima. Inflection points
occur at all z-intercepts. But this can all be more easily seen by the following
trick:

sin(x) +cos(z) = V2 <% sin(x) + % Cos(a;))
= V2 (cos <%) sin(z) + sin (%) cos(a:))
= V2sin (a: + %) ,

so f(x) is really just a sine wave, with amplitude v/2 and shifted to the left by
/4.

This trick works for any function of the form f(z) = asin(x) 4+ bcos(z). Try
to turn any such function into a shifted sine wave. As a hint, the amplitude is
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Va? + b2
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