
MATH 21, FALL, 2008, EXAM # 1: SOLUTIONName: .ID # .Instrutions: Do all work on the test paper. Show all work . You may reeive no redit, evenfor a orret answer, if no work is shown. You may use the bak if you need extra spae. Donot simplify your answers, unless you are expliitly instruted to do so. This does not applyto evaluation of elementary funtions at standard values or funtional expressions, so that youwould be expeted to simplify sin(π/6) to 1

2
, for example. Do not write answers as deimalapproximations; if √2 is the answer, leave it that way. Exept where expliitly stated otherwise,you an use the derivative rules and limit rules learned in lass.Before giving the solutions to the spei� problems, a general omment is in order. Onproblems like 2, 7 and to a ertain extent, 4 and 6, whih are not just alulations, butwhere you are required to explain, justify, or show, it is ruial that later statementsshould follow logially from earlier ones; it is not enough for every statement to turnout to be true.(1) Find the indiated limits: Show the steps involved. (5 points/part)(a) lim

x→−4

x2 + 5x + 4

x2 + 3x − 4SOLUTION: Sine both numerator and denominator approah 0 as x → −4, limitlaws annot be used diretly; instead, the �fator and anel� tehnique is alled for:
x2 + 5x + 4 = (x + 4)(x + 1), and x2 + 3x− 4 = (x + 4)(x − 1), and therefore, for all
x 6= −4,

x2 + 5x + 4

x2 + 3x − 4
=

x + 1

x − 1
, and so

lim
x→−4

x2 + 5x + 4

x2 + 3x − 4
= lim

x→−4

x + 1

x − 1
=

−3

−5
=

3

5
. The next-to-last equality is by limit laws.NOTE: This was literally Pratie Problem 2.3.12 and was also quite sim-ilar to pratie problems 15, 19, 20, all from Setion 2.3, to problem 4from HW 1 and the following problems from old tests: F96, Prob. 1a,F00, Prob 1a, Su01, Probs 1a, 1b, Su06, Prob 1a, Su06 Review, both 1a's,1d. 1



2 englishMATH 21, FALL, 2008, EXAM # 1: SOLUTION(b) lim
x→∞

√

x2 + 2x − 1 − xSOLUTION:The solution proeeds along the lines of the alternate solution presented to Problem2 on HW 2, onjugating �rst. Here, though, the expression that results after onju-gating is muh easier to deal with than in the alternate solution to Problem 2 on HW2.We �rst multiply by 1, written as w

w
, where w =

√
x2 + 2x − 1 + x is the onjugateof the given expression √

x2 + 2x − 1 − x. This brings us to the limit, equivalent tothe given one:
lim

x→∞

2x − 1√
x2 + 2x − 1 + x

=
2x − 1

x
(√

1 + 2

x
− 1

x2 + 1
) =

2 − 1

x
√

1 + 2

x
− 1

x2 + 1
(the �rst equal-ity involves the same trik of fatoring an x out of the radial, as in the main solutionto Problem 2 in HW2), and then, by limit laws, the �nal limit is 2

1 + 1
= 1. Finally,rather than fatoring an x out of the radial, one ould also have divided numeratorand denominator of 2x − 1√

x2 + 2x − 1 + x
by x, obtaining 2 − 1

x√
x2+2x−1

x
+ 1

, and at thispoint, one would have to reognize that for x > 0:√
x2 + 2x − 1

x
=

√

x2 + 2x − 1

x2
=

√

1 +
2

x
− 1

x2
.NOTE: This was idential to 1g on the Su06 Review sheet, and is alsoquite similar to 1d on the Su06 test itself. The onnetion to Problem 2on HW 2 has already been pointed out.() lim

y→∞

2y2 − 5y − 3

5y2 + 4ySOLUTION: This is a more straightforward one, solved diretly by dividing nu-merator and denominator by the highest power of y appearing in the denominator(so here, by y2). For all y 6= 0:
2y2 − 5y − 3

5y2 + 4y
=

2y2−5y−3

y2

5y2+4y
y2

=
2 − 5

y
− 3

y2

5 + 4

y

, and so:
lim

y→∞

2y2 − 5y − 3

5y2 + 4y
= lim

y→∞

2 − 5

y
− 3

y2

5 + 4

y

=
2

5
(the last equality being by limit laws).This problem was quite similar to pratie problems 2.6.16, 2.6.19, to F96,1b, F00, 1b, Su01, 1, Su06, 1, Su06 Review, 1, 1f.



englishMATH 21, FALL, 2008, EXAM # 1: SOLUTION 3(2) Show that there is a solution of the equation cos(x) = x in the interval [0, π/2]. You anpresume that the funtion cos(x) is ontinuous. Expliitly note whih theorems you areusing. (10 points)SOLUTION: Various things should all to mind the Intermediate Value Theorem(IVT): the prompt to expliitly state whih theorems are being used, the reminder thatthe osine funtion is ontinuous, the mention of a losed interval, and what the problemis asking: show there is a root, rather than explitly �nding one.One one realizes this, a useful next step is to state the theorem: If f is ontinuous onthe losed interval, [a, b], f(a) 6= f(b), and N is any number stritly between f(a) and
f(b), (so N is the intermediate value) then there is c in (a, b) suh that f(c) = N (thereis a plae, c, in the open interval, where the intermediate value is atually taken on as avalue of the funtion (f(c) = N).Next, note that c is a root of the equation cos(x) = x i� cos(c)− c = 0, i.e., i� f(c) = 0,where f(x) = cos(x)−x. Note that f is ontinuous everywhere, and so, in partiular, it isontinuous on [0, π/2]. Now the approah beomes learer: we take N = 0, and it remainsonly to verify that 0 is stritly between f(0) and f(π/2). If it is, then the preedingobservations mean that the hypotheses of the IVT hold for f and [0, π/2], so the desiredonlusion:there is c in [0, π/2] suh that f(c) = 0,then follows diretly from the IVT. So, we alulate: f(0) = cos(0) − 0 = 1, and
f(π/2) = cos(π/2) − (π/2) = 0 − π/2 = −π/2, and so, as antiipated, 0 is indeed stritlybetween f(0) and f(π/2).Note that this was virtually idential to Pratie Problem 2.5.49, and iseasier beause the ompliations related to cos(1) do not arise. It was alsovirtually idential to prob. 3 on the Su06 Review. It was also quite similar topratie problems 2.5.45, 2.5.47, and to prob. 2 on the Su06 test.(3) Find an equation of the tangent line to the urve y = x4 at the point (2, 16).SOLUTION: Using the point-slope form of the equation of a straight line, as always,the equation of the tangent line at (2, 16) will have the form:

y − 16 = m(x − 2), with m = y′(2). NOTE: m MUST be a NUMBER, NOT afuntion of x, i.e., y′ MUST be evaluated at 2!!Here, y′(x) = 4x3, so y′(2) = 4 · (2)3 = 32, and �nally, the equation of the tangent lineis y − 16 = 32(x − 2).NOTE: This was literally idential to Prob 4 on the F00 test. It was alsoquite similar to pratie problem 3.1.34.(4) Derivatives by the de�nition:(a) Write down the de�nition of the derivative f ′(x) of a funtion f(x) at x. (5 points)



4 englishMATH 21, FALL, 2008, EXAM # 1: SOLUTIONSOLUTION: No formula for f was given, so none was expeted, and none shouldbe used: The de�nition (this should be instant re�ex, by now) is:
f ′(x) = lim

h→0

f(x + h) − f(x)

h
.(b) Show, using the de�nition of the derivative as a limit, that (

5x2 + 3x − 2
)′

= 10x + 3.(10 points)SOLUTION: Now we use the formula supplied: f(x+h) = 5(x+h)2+3(x+h)−2 =
5x2 + 10xh + 5h2 + 3x + 3h − 2, and therefore, f(x + h) − f(x) = 10xh + 5h2 + 3h,and so, for all h 6= 0:
f(x + h) − f(x)

h
=

10xh + 5h2 + 3h

h
= 10x + 5h + 3. Therefore, taking the limit as

h → ∞:
f ′(x) = lim

h→0

f(x + h) − f(x)

h
= lim

h→∞
10x + 5h + 3 = 10x + 3, as sought.NOTE: The wording on Part (a) was quite similar to that of 3a on F96,5 of F00, and 4a of Su06. Part (b) was quite simlar to pratie problem2.8.23, Prob 5 on HW 2, 3b on F96, 6 on F00, 3 on Su01, 4b on Su06, 5on Su06 Review.(5) Find the following derivatives, using the rules we have disussed in lass. (5 points/part)(a) (4x3 − x2 + 1)′′SOLUTION: First, using the power rule, the sum/di�erene rules, the onstantrule and the onstant multiple rule, we have that (

4x3 − x2 + 1
)′

= 12x2 − 2x, andso using the power rule, the di�erene rule and the onstant multiple, we have that
(

4x3 − 2x2 + 1
)′′

=
(

(

4x3 − 2x2 + 1
)′

)′
=

(

12x2 − 2x
)′

= 24x − 2.(b) (

2x + 3

5x − 1

)′

=SOLUTION: By the quotient rule,
(

2x + 3

5x − 1

)′

=
(2x + 3)′(5x − 1) − (2x + 3)(5x − 1)′

(5x − 1)2
, and then, sine (2x + 3)′ = 2,and (5x − 1)′ = 5 (by the sum/di�erene, onstant multiple, power and onstantrules), this last expression beomes:

2 · (5x − 1) − 5 · (2x + 3)

(5x − 1)2
.() (

ex
(

x3 + 4x
))′

=



englishMATH 21, FALL, 2008, EXAM # 1: SOLUTION 5SOLUTION: By the produt rule,
(

ex
(

x3 + 4x
))′

= (ex)′
(

x3 + 4x
)

+ ex
(

x3 + 4x
)′, and sine (ex)′ = ex, and (

x3 + 4x
)′

=

3x2 + 4 (the latter, using, yet again, the sum, power and onstant multiple rules),this last expression beomes:
ex

(

x3 + 4x
)

+ ex
(

3x2 + 4
).NOTE: Part (a) was quite similar to pratie problem 3.1.45. Problemsexpliitly involving seond derivatives do not appear on Test 1 in previousyears sine they didn't our until later in Chapter 3 in previous editios ofthe textbook. Parts (b), () were quite similar to the Pratie Problemsfrom 3.2, and to any number of the derivatives on eah of the old tests.(6) Let

f(x) :=

{

x2, if x ≤ 2

mx + b, if x > 2
.Find the values of m and b for whih the funtion f will be di�erentiable everywhere.(10 points)SOLUTION: f will be di�erentiable at any a 6= 2 regardless of whih values arehosen for m or b. This is beause, letting g(x) = x2, and h(x) = mx + b, both g and hare di�erentiable everywhere (sine they are polynomials), and further, if a < 2 there isan open interval, I ontaining a on whih f agrees with g, while if a > 2, there is an openinverval J ontaining a on whih f agrees with h. So, we onsider a = 2, and here, we'llsee that the hoie of m, b does matter.The di�erene is that any open interval ontaining 2 ontains both points to the left of2 (where f agrees with g) and points to the right of 2 (where f agrees with h). Note alsothat f(2) = g(2) = 4. In order for f to be di�erentiable at 2 it must be ontinuous there.Similarly, both g and h are ontinuous at 2 (sine they are di�erentiable there). Arguingas in Problem on HW , we know that in order for f to be ontinuous at 2 it is neessaryand su�ient that

lim
x→2−

f(x) = f(2) = lim
x→2+

f(x). Also,
lim

x→2−
f(x) = lim

x→2−
g(x), sine f agrees with g to the left of 2, and lim

x→2−
g(x) = g(2) = 4 = f(2),sine g is ontinuous at 2 and by the de�nition of f .Similarly, working on the right, we have that

lim
x→2+

f(x) = lim
x→2+

h(x) = h(2) = 2m + b.Thus in order for f to be ontinuous at 2, it is neessary and su�ient that 2m+ b = 4.Assume, from here on, that this is true, so that f will be ontinuous at 2. Then, arguingas in , f will be di�erentiable at 2 i� the graph of y = f(x) has a tangent line at the point
(2, 4). If it does, then the tangent line must be the same as the tangent line to the graphof y = g(x) at (2, 4) (sine f agrees with g to the left of 2 and sine g is di�erentiable at 2),and it must also be the same as the tangent line to the graph of y = h(x) at (2, 4) (sine
f agrees with h to the right of 2 and sine h is di�erentiable at 2). Thus, in partiular,the slope of the tangent line to the graph of y = g(x) at (2, 4) must be the same as theslope of the tangent line to the graph of y = h(x) at (2, 4), i.e. (sine the slopes are givenby g′(2), h′(2) respetively), we must have:



6 englishMATH 21, FALL, 2008, EXAM # 1: SOLUTION
2 · 2 = g′(2) = h′(2) = m, i.e, m = 4. Substituting this into the equation 2m + b = 4that expressed the ontinuity of f at 2, we obtain m = 4, b = −4.NOTE that this was literally idential to pratie problem 3.1.75 and quitesimilar to 3.1.67, to 2 on F96, 2 on Su01 and 4b on Su06 Review; the �onti-nuity part� is quite similar to pratie problems 2.5.35, 2.5.39, 2.5.41, 2.5.42,to Prob.4 on HW 2, and 4b on Su06 Review.(7) Show that

lim
x→3

(

x2 + x − 4
)

= 8by using an ǫ − δ argument. (10 points)SOLUTION: The limit statement will be true i� for all ǫ > 0, there is δ > 0 suh thatif 0 < |x−3| < δ, then |
(

x2 + x − 4
)

−8| < ǫ, i.e, |x2 +x−12| < ǫ, i.e., |x−3| · |x+4| < ǫ.So, let ǫ > 0 (for the remainder of the solution to this problem, this ǫ remains �xed).We will show that there is δ > 0, depending only on ǫ (and impliitly on 3) suh that if
0 < |x − 3| < δ then |x − 3| · |x + 4| < ǫ. In the �rst phase of our work, we are led to thehoie of a value for δ, after whih we verify that this hoie of δ �meets the ǫ hallenge.�The key step in the �rst phase is to make a preliminary hoie of δ1, with the idea that(for reasons whih will beome lear later) we will end up requiring that δ ≤ δ1. Thepoint of this is to �nd a onstant, c suh that |x + 4| < c for all x in (3 − δ1, 3 + δ1).Here, (essentially beause x + 4 is de�ned for all x), we have total freedom in hoosing δ1,and so, for onveniene, we hoose δ1 = 1. This means we are onsidering the behavior of
|x+ 4| on the interval (2, 4), and more partiularly, we wish to �nd a onstant c suh that
|x + 4| < c for all x in (2, 4).To this end, note that if 2 < x < 4 then (adding 4 to the entire inequality), 6 < x+4 < 8.Thus, x + 4 ≥ 0 for all x in (2, 4), and so, for all suh x, |x + 4| = x + 4 < 8, i.e., wetake c = 8. But then, for all suh x, |x − 3| · |x + 4| < 8|x − 3|, and therefore, in order tobe sure that |x − 3| · |x + 4| < ǫ, it will su�e to know that (2 < x < 4, i.e., |x − 3| < 1and ) 8|x − 3| < ǫ (sine then |x − 3| · |x + 4| < 8|x − 3| < ǫ. But the requirement that
8|x − 3| < ǫ an be rewritten as |x − 3| < ǫ/8. Thus we take δ2 = ǫ/8, and we are led toour hoie of δ:

δ = min (δ1, δ2) = min(1, ǫ/8).To verify that this hoie of δ works, suppose that 0 < |x − 3| < δ. Then, |x − 3| < 1and |x − 3| < ǫ/8. Sine |x − 3| < 1, by the above argument, |x + 4| < 8, But then,
|x − 3| · |x + 4| < 8|x − 3| < 8 · (ǫ/8) = ǫ.NOTE: This was quite similar to pratie problems 29, 30, 31, 36 (all fromSetion 2.4), to Prob 3 from HW 2, and to 7 of Su06, and to 8 of Su06 Review.(8) A ball is tossed up in the air so that its height above the ground t seonds after beingtossed is s(t) = −16t2 + 32t + 5 feet. (15 points)(a) How fast was the ball moving at the instant when it was tossed?



englishMATH 21, FALL, 2008, EXAM # 1: SOLUTION 7SOLUTION: The instant the ball was tossed is the time t = 0 (0 seonds after itwas tossed), and how fast it was moving at that instant is the veloity of the ball attime t = 0. Sine s(t) the height at time t, s′(t) gives the veloity at time t, andtherefore, we are asked to �nd s′(0). By the usual derivative rules (sum/di�erene,power, onstant multiple and onstant rules), s′(t) = −32t+32, and therefore, s′(0) =
(−32 · 0) + 32 = 32 (with units of ft/se).(b) How high was the ball above the ground one seond after it was tossed?SOLUTION: By reasonsing similar to that given in part (a), here we see that weare asked to �nd s(1) = (−16 · 12) + 32 · 1 + 5 = 16 + 5 = 21 (with units of ft).() What was its instantaneous veloity at t = 1?SOLUTION: By reasonsing similar to that given in part (a), here we see that weare asked to �nd s′(1). Sine we saw, in part (a) that s′(t) = −32t + 32, s′(1) =
(−32 · 1) + 32 = 0 (with units of ft/se).NOTE that Parts (a), (b) are literally idential to Parts (a), (b) of 6 ofSu06, and part () here is an easier version of part () of that problem.This was also quite similar to pratie problems 2.7.13, 2.7.16 (only easier,sine you were not required to �nd the derivative by the de�nition, as thediretions made quite lear), to 5 on F96, and t0 7 on Su06 Review.


