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Abstract: A feedback arc set of a digraph is a set of arcs whose reversal
makes the resulting digraph acyclic. Given a tournament with a disjoint
union of directed paths as a feedback arc set, we present necessary and
sufficient conditions for this feedback arc set to have minimum size. We
will present a construction for tournaments where the difference between
the size of a minimum feedback arc set and the size of the largest collection
of arc disjoint cycles can be made arbitrarily large. We will also make a
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connection to a problem found in [Barthélemy et al., 2]. The reversing
number of a digraph was defined to be r(D)= |V(T)| — |V(D)| where T is a
smallest tournament having the arc set of D as a minimum feedback arc
set. As a consequence of our classification of all tournaments having a
disjoint union of directed paths as a minimum feedback arc set, we will
obtain a new result involving the reversing number. We obtain precise
reversing numbers for all digraphs consisting of a disjoint union of directed
paths. © 2003 Wiley Periodicals, Inc. J Graph Theory 45: 28—47, 2004
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1. INTRODUCTION

A feedback arc set of a digraph is a set of arcs that when reversed (or deleted)
makes the resulting digraph acyclic. A minimum feedback arc set is simply a
smallest sized feedback arc set. Given a tournament that has a disjoint union of
directed paths as a feedback arc set we establish necessary and sufficient
conditions for this feedback arc set to have minimum size. We will show in
Theorem 2.2 that if a tournament has a feedback arc set consisting of a disjoint
union of directed paths, then this feedback arc set is minimum-sized if and only if
the tournament does not contain one of the subdigraphs (not necessarily induced)
shown in Figure 5 or 6. In Theorem 2.1 we will use this classification to
construct tournaments where the gap between the size of a minimum feedback arc
set and the size of the largest collection of arc disjoint cycles is approximately %
the number of vertices.

We will also consider the following problem posed in [2]. Given an acyclic
digraph D, determine the size of a smallest tournament 7 that has the arc set of D
as a minimum feedback arc set. It was shown in [2] that for any digraph D, there
exists some such 7, and the reversing number of a digraph, r(D), was defined
to be |V(T)| — |V(D)|, and r(D) was computed for several families of digraphs.
As a consequence of our classification of all tournaments having a disjoint
union of directed paths as a feedback arc set, we will obtain a new result
involving the reversing number of a digraph. In Theorem 3.1 we will determine
precise reversing numbers for all digraphs consisting of a disjoint union of
directed paths.

We will use A(D) to denote the arc set of a digraph D, but to simplify matters
when A(D) is a feedback arc set of a tournament 7', we will just say that “D is a
feedback arc set of .’ P,, will denote a directed path with n vertices and Z:":l D,
will denote a disjoint union of m digraphs, sometimes referred to in other
literature as the sum of m digraphs. If the D's are all the same digraph we will
simply use mD;. For a subset of arcs A(H) C A(D), the reversal of A(H) denoted
(A(H))®, is defined to be the set {(y,x) | (x,y) € A(H)}. Given an acyclic digraph
D, if T is a tournament having D as a minimum feedback arc set, and no smaller
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tournament has D as a minimum feedback arc set, we will say that T realizes
D, or that D has a realizing tournament T. For any other undefined notation,
see [8].

Let D be a digraph and let W be a set of isolated “‘extra vertices,” where
W\ V(D) = 0. Let o be an ordering of {V(D) U W} that is consistent with D,
meaning that, for each (x,y) € A(D),o(y) <o(x). Let T(o, D) be the tournament
with vertex set V(D) |JW such that (T(o, D)\A(D)) U (A(D))" is acyclic. That
is, A(T(0,D)) = {(y.x)| o(x) <o(y) and (y,x) € A(D)} U{(x,)|o(x) <o(y)
and (x,y) € A(D)}. We note that D is a feedback arc set of T(o, D). Moreover,
when D is a feedback arc set of a tournament 7', 7 must have this form for some
ordering o and some set W that is dependent on ¢. To simplify notation we will
say “Let o be an ordering consistent with D’ when we have a digraph D with an
ordering o of V(D) U W where D is a feedback arc set of the tournament with
vertex set equal to V(D) U W.

Our standard method for presenting a tournament 7' (o, D) will be in a diagram
such as Figure 1, where the ordering o arranges the vertices from left to right.
Hence the arcs of D are directed from right to left and all other arcs are directed
from left to right. In this setting, we can define an inverse map o~ ': Z* — V(T)
and refer to the ith vertex in this ordering with o~ (i).

The problem of finding a minimum feedback arc set in a tournament can be
thought of in the context involving the ranking of players in a tournament. Let the
vertices of the tournament correspond to players in a round robin tournament and
there is an arc from vertex x to vertex y if and only if the player corresponding to
vertex x beats the player corresponding to vertex y. Finding a minimum feedback
arc set is then equivalent to finding a ranking with the minimum number of
inconsistencies, where one player beats another and the loser is ranked higher
than the winner. Furthermore, we note that the ranking of the players is simply the
ordering of the acyclic tournament created upon reversal of these inconsistent
arcs. We formally define the term inconsistencies below.

Definition 1.1. Let T be a tournament and let 7 be a permutation of the labels of
the vertices of T. The set of inconsistencies denoted INC (m,T), is the set
{(x,y) € A(T) | m(x) >7(y)}. Given a tournament T, an ordering T is said to be

FIGURE 1. T{o,D) with D=3P, as a feedback arc set.
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optimal if for any ordering @ of V(T),|INC(w,T)| < |INC(7',T)| and an
ordering T is said to be strictly better than 7' if |INC(m,T)|<|INC(7',T)]|.

In the context of rankings the problem is as follows. For a given set of
inconsistencies, determine the size of a smallest tournament, which has this set
as a minimum set of inconsistencies. The reversing number is then the fewest
number of extra players that must be added to create a tournament with the
prescribed minimum set of inconsistencies.

The study of minimum feedback arc sets was introduced in [7] and [9]. These
sets are also referred to reversing sets in [2]. They are related to other sets studied
in electrical engineering, statistics, and mathematics. We next state a well-known
elementary result as our Lemma 1.1.

Lemma 1.1. Let D be a feedback arc set of T. If T contains a collection of
|A(D)| arc disjoint cycles then D is a minimum feedback arc set of T.

It is easy to see why this lemma is true. If T contains a collection of |A(D)| arc
disjoint cycles, then any feedback arc set would have to include at least one arc
from each of these cycles. Hence any feedback arc set is at least as large as |A(D)|,
so it follows that the arcs of D must form a minimum feedback arc set.

We note that the converse of Lemma 1.1 is not true in general and has been
well studied [3]. In [3], probabilistic methods were used to show the existence of
tournaments with a minimum feedback arc set of size 1 (%) — cn?. The size of a
largest collection of arc disjoint cycles is bounded above by 1 (4), which will
be dominated by 1 (%) —cn? as n gets large. In Theorem 2.1 we give explicit
constructions of tournaments where the size of a minimum feedback arc set is
strictly greater than the size of the largest collection of arc disjoint cycles.
Furthermore, this construction will produce tournaments that are much smaller
than the examples known to exist in [3].

It was shown in [2] that for any acyclic digraph D, there exists a tournament 7
that has D as a minimum feedback arc set, and hence the reversing number of a
digraph is well defined. Furthermore, they showed that r(D) < |A(D)|. For a
general acyclic digraph D, the computation of r(D) has proven to be very
difficult, but is tractable for many classes of digraphs. Reversing numbers for
many classes of digraphs were determined in [2]. The reversing number for
tournaments were investigated in [4] and [1]. The reversing number for a disjoint
union of directed stars was determined [6] and the reversing number for powers
of a directed Hamiltonian path was studied in [5]. We next note a result from [2]
for the reversing number of a path on n vertices. We restate this as our Lemma 1.2
and give a short proof.

Lemma 1.2. r(P,) =n—1.

Proof. Let D = P, have vertex set {vy, vy, ..., v,} and arc set {(vi1, v;) | i =
1,2,...,n— 1}. First we will show r(P,) > n — 1. Assume r(P,) < n — 1. Then
there is some tournament 7(c, D) on less than 2n — 1 vertices that realizes D.
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Then by the pigeonhole principle, o must contain two vertices {v;, vj;+1} of P,
such that o(vj;1) — o(v;) = 1. So D\ (vj11, vj) is a feedback arc set of T(c, D).
Hence D is not a minimum feedback arc set of T(co, D).

Next, we will show r(P,) <n — 1. Let V(T (o,D)) = V(D) along with an ad-
ditional set of vertices {x;,x,...,x,-1} where o = (v1, X1, V2, X2, ..., Xp_1, Up)-
Then T(o,D) contains the following collection of n — 1 arc disjoint cycles:
{(viyxiy viy1) |i=1,2,...,n— 1}. Hence any feedback arc set must contain at
least n — 1 arcs and so D is a minimum feedback arc set of 7'(o, D). This implies
r(P,) <n—1 and equality follows. n

We will continue with some elementary results that will be used frequently
throughout the paper. We restate Lemma 1 from [2] as our Lemma 1.3.

Lemma 1.3. Let D' and D be acyclic digraphs with |V(D')| = |V(D)]
and A(D') C A(D). Then r(D') < r(D).

Proof. Let D' C D be acyclic digraphs on n vertices and let 7 be a realizing
tournament for D. Then consider the tournament 7" where V(T’) = V(T) and
A(T") = A(T\[A(D\A(D")] U [A(D\A(D)]*. We will show D' is a minimum
feedback arc set of 7. We note that D is a feedback arc set of 7 and
A(T'\A(D') U (A(D")® = A(T\A(D) U (A(D))®. Assume there is some set F
that forms a smaller feedback arc set of 7’ than D'. Then F U (D\D') is a smaller
feedback arc set of 7' than D, a contradiction. u

The following lemma follows directly from the definitions of reversing number
and minimum feedback arc sets.

Lemma 14. r(D+cP;)=0< r(D) <c.

Proof. r(D+cPy)=0< D+ cP; is a minimum feedback arc set of a
tournament 7 on |V(D)| + ¢ vertices < r(D) < c. [

In the next lemma, Djy will denote the subdigraph of D induced by the vertices
of X C V(D), and for an ordering of V(D), a consecutive segment of vertices
Vi, Vit1, - - -, Viyj Will be denoted by (v;, viy1, ..., viy;). We restate a result found
in [9] as our Lemma 1.5. This lemma is also found in [2].

Lemma 1.5. [f Tis a tournament and D is a minimum feedback arc set such that

m(v) < w(v2) < -+ < w(vy) is the acyclic ordering after reversal of the arcs in
D, then for any segment (v;, Vit1, ..., viy;) = F,Dp is a minimum feedback arc
set of Tir.

Proof. 1f an ordering o is optimal then for any consecutive segment F, o}
must also be optimal. This follows from the fact that if this o) was not optlmal
we could create a strictly better ordering a‘ for the segment F and define ¢* such
that oj, = JT; and oy = ow(r)r. This implies |INC(0*,T(0,D))| <
|INC(0,T(o,D))| which contradlcts the optimality of o. [
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2. DISJOINT UNION OF DIRECTED PATHS

In this section we will classify all tournaments that have a disjoint union of
directed paths as a minimum feedback arc set. As a consequence we will
precisely determine the reversing number for all digraphs consisting of a disjoint
union of directed paths.

Let D = Zi":] Py, where ky > ky > --- > ky,. Let the vertices of each path Py,
be v;1,vi2,..., v and let the arcs of each path Py be (v;i1,v;;) for all
j=1,2,... ki —1.

Example 2.1. Let D = P, + P, + P,. Then r(D) = 0.

Let T be the tournament shown in Figure 2. Then D is a feedback arc set of T
since the reversal of the arcs of D creates the tournament where all of the arcs are
directed from left to right, which is clearly acyclic. There are 3 arc disjoint cycles
(vi1,v31,v12), (V2,1, V12, v22), and (v31, V22, v32), so any feedback arc set of T
must contain at least three arcs. Hence D is a minimum feedback arc set of T.
Then |V(D)| = |V(T)| and r(D) = 0.

As we noted in Lemma 1.1 the size of a minimum feedback arc set in a
realizing tournament 7 is greater than or equal to the size of a largest collection of
arc disjoint cycles in 7. This next theorem will give explicit examples where we
have strict inequality. Given a tournament 7'(o, D) we denote the size of a largest
collection of arc disjoint cycles in this tournament by |Ciax (7 (o, D))|. The next
theorem will present tournaments with a minimum feedback arc set of size 4k — 2
but where the size of the largest collection of arc disjoint cycles is 3k — 1 + L’%IJ
for all integers k > 2. We will establish the upper bound on the cycles here and
the lower bound on the size of the minimum feedback arc set will follow later in
the proof of Lemma 3.3. We note that none of the later lemmas and theorems will
use Theorem 2.1. We state it here simply to give some justification for the need of
methods other than seeking a collection of |A(D)| arc disjoint cycles in a
tournament realizing D.

Theorem 2.1. Let D = Py + 2P, where k > 2. Let o be an ordering for
V(D) where o(v;)=2i—1fori=1,2,....2k+1,0(vp;) =4i —2 fori=
1,2,...,k, and o(vs3;) =4i for i =1,2,... k. Then D is a minimum feedback
arc set of T(0,D) and |Cpax(T(0,D))| =3k — 1 + |551] < 3k — 2 = |A(D)|.

Il 2.1 31 12 22 3.2

FIGURE 2. Tl(o,D); all arcs that are not drawn are directed from left to right and
v;; is denoted as /.
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Proof. We will first show that the largest collection of arc disjoint cycles in
T(c,D) has size 3k — 1+ [%51]. The proof will be completed in Lemma 3.3
when we establish that D is, in fact, a minimum feedback arc set of 7'(o, D). At
times it may be useful to refer to Figure 3.

We seek to show |Cnu(T(0,D))| >3k — 1+ [51]. We note T(o,D)
contains the following set of arc disjoint cycles: {(vi, vy i1, V1) [ =
1,3, 2k = TRU{(vi, v35v100) [0 = 2,4, . 26U {(v2, 5, 03,5, 0,41) [/ = 1,2
N 1}U{(U3,2j717fUl,,4j7U3,2j+17fU3,,2j)|j: 1,2,,L%J} Hence the
lower bound follows.

Next, we will show |Cmax(T(0,D))| < 3k — 1 + |5]. The proof will be by
induction on k, using k to get to k + 2, so we present two base cases. We begin
with the base case where D = Ps + P, + P;. Since each cycle must contain at
least one arc from A(D), |Cpax (T (0, D))| < 6. If we hope to obtain a collection of
six arc disjoint cycles, then each cycle must contain exactly one arc from A(D).
The arcs (1}1’2, 1)171), (1}1’3, 1)1’2), (’1}1’4, 111’3), and (’U]_57 1)1’4) must be contained in
the cycles (vi,1,v21,v12), (Vi2,v3.1,v13), (v13,022,v14), and (v14,v32,015),
respectively. Then if both of the arcs (v, v2,1) and (vs 2, v3,) are in cycles that
are arc disjoint from the four cycles mentioned above, then both (vy5,v2)
and (v3,v3;) must be in cycles that contain the arc (v3;,v22). Hence
|Cinax (T (0, D))| <5.

The second base case is where D = P; + P3 + P3. Since each cycle must
contain at least one arc from A(D), |Ciax (T (0, D))| < 10. If we hope to obtain a
collection of 10 arc disjoint cycles, then each cycle must contain exactly one arc
from A(D). The arcs (v12,v1.1), (v13,v12), (V14, v13), (Vi5,v14), (Vi6, v1,5), and
(v17,v16) must be contained in the cycles (v, v21,v12),(v12,v31,013),
(Ul_g, 122, U1,4), (’1}1‘4, V32, U]_ys), (1)175, 023, '111,6), and (1)176, V33, ’1}1‘7), respectively.
If both of the arcs (v, v21) and (v32, v31) are in cycles that are arc disjoint from
the six cycles mentioned above, then both (v;5, v2,1) and (v3p, v31) must be in
cycles that contain the arc (v, v22). Hence |Cpax(T(0,D))| < 9.

Let D' be the digraph where V(D/) = V(D) @] {1}27](_._1, U1,2k+25 U3 k+15 V1,2k+3,
V2k42,V1 2kt V3125 V12k45 ) and A(D') = A(D)U{ (v je+1, V2k), (V1 2642, V1 2k41),
(V12643 V1,2k42), (V2425 V24er1), (V3425 V3 ger1 ), (V1 2k45, Viokra) ) and  let o

2k 1.2k 3k 1,21 2K+ 1.2k+2 3k 1.2k+3 2k+2 1.2k+4 342 1245

St e——

(V(D"Y\ V(l;) U 1,24+1

FIGURE 3. Note all arcs that are not drawn are directed from left to right and v;;
is denoted as i, /.
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be the ordering that is identical to o on V(D) and o' (|V(D)| + 1) = va k41,
o {(|V(D)]| +2) = vipks2, 07 (IV(D)| +3) = v3 41,07 ([V(D)| +4) = v1 2843,
o (VD) +5) = vaksz, 0 (VD) +6) = viaias o (VD) +7) = vasz,
and o~ !(|V(D)| 4+ 8) = v12x+5. To show that the hypothesis can be extended
from k to k 4+ 2 we establish that the size of the largest collection of arc disjoint
cycles in T(o’,D') is 3(k +2) — 1 + Lk+2 =1

In any collection of arc disjoint cycles there are at most three types of cycles.
Let V, = V(D) and let V, = (V(D')\V(D)) U v 2+1. A cycle can have all of its
vertices in V, all of its vertices in V5, or at least one vertex in each of the two sets.
By the induction hypothesis the largest number of arc disjoint cycles that can
have all of their vertices in V| is 3k — 1+ L’%IJ By the first base case the
subtournament induced by V, contains at most 5 arc disjoint cycles. Note that
there are only two arcs of D that go between the two sets. Hence there are at most
two cycles with vertices in each of the sets V| and V, that can be added to our
collection. Hence the largest collection of arc disjoint cycles in T(¢o’, D) has a
size less than or equal to 3k — 1 + |5 +7=3(k+2) — 1 + L(Hz) L. [

A. An Extension Lemma

We will consider some methods to show certain digraphs have reversing number
zero even though the largest set of arc disjoint cycles in a tournament realizing
D has cardinality strictly less than |A(D)|. Let D be a disjoint union of directed
paths with an ordering o such that D is a minimum feedback arc set of 7'(o, D). We
will extend D to a superdigraph D’ by adding a vertex w, and extend o to another
ordering ¢’ on V(D') where o7, v(p) = V(D) and o'(w) = |V(T(0,D))| + 1. In
Lemma 2.2 we will present suf c1ent conditions that will allow us to extend o to
o’ and D to D' so that D’ is a minimum feedback arc set of T(o’, D).

Recall that |INC(o/,T(o’,D'))| = |A(D')|. If it can be shown for any order-
ing 7 of V(D') that |[INC(m,T(¢’,D"))| > |INC(¢’,T(o’,D'))] it will follow that
D' is a minimum feedback arc set of T(¢’,D’). The following lemma shows
that unless 7 has a certain form we immediately have |[INC(w, T(o’,D’))| >
INC(o/, T(, D).

Lemma 2.1. Let D be a disjoint union of directed paths that is a minimum
feedback arc set of T(o,D). Let |V(D)| = n and o(v.x,) # n. Then let D' be the
digraph where V(D') = V(D) U v,.x,+1 and A(D") = A(D) U (Vy g, +1, Vrx, ) Let o
be the ordering such that o’(v.x 1) =n+1 and o'(v) = o(v) for all other
v € V(D). Let w be an optimal ordering for V(D') such that |INC(7,T(o’,D'))| <
|INC(o',T(0’,D"))|. Then mw(v,4,+1) = n and 7(v,,) =n+ 1.

Proof. We will show that if either 7(v,441) # n or m(v.x,) # n+ 1, then
|INC(m,T(c',D"))| > |A(D')|. We will start by considering the case where
(v g41) # 0. If 7(v,4,41) =n+ 1, then there are at least |INC(o,T(o,D))|
inconsistencies from V(D), plus one additional inconsistency since (v, +1) >
(v, k), and hence [INC(m, T(o’,D'))| > |A(D')|. If w(v,4,+1) < n then there are
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at least |INC(o,T(o,D))| inconsistencies from V(D), plus one additional
inconsistency since there is some vertex v # vy, such that w(v) > m(v.x41).
This gives a total of |A(D’)| inconsistencies. Hence we will proceed with
(Vg +1) = n. I (v, 1) < nthen we will have [INC(o, T (o, D))| inconsistencies
from V(D), plus an additional inconsistency since m(vy,1) > m(vy, ). This
gives a total of |A(D')| inconsistencies. [

Given that D = >, Py, is a minimum feedback arc set of T(c, D), our goal is
to extend o to ¢’ and D to a superdigraph D’ such that D’ is a minimum feedback
arc set of T(o’, D). We will extend D to a superdigraph D’ by adding a vertex w
and possibly an arc from w to a member of V(D). We will extend o to another
ordering o’ on V(D') where oy, = ojy(p), and o’ (w) = |V(T(0,D))| + 1. By
definition D' is a feedback arc set of T(¢o’,D’).

We first assume that D is a disjoint union of directed paths that is a minimum
feedback arc set of T(c, D). If neither of the last two vertices in o are on the path
Py, then we will add one vertex to the beginning of the path P,. We note that this
new vertex when considering o’ is the right most of any other vertex in Py,. The
next lemma will show that we can then extend o to ¢’ and D to D’ so that D) is a
minimum feedback arc set of T'(o’,D’).

Lemma 2.2 (Extension Lemma). Let D be a disjoint union of directed paths
that is a minimum feedback arc set of T(o, D) and let n = |V(T(0,D))| > 3. Let
Vri,., be a vertex of D that is not equal to either o= (n) or o= (n — 1). Let D' be
the digraph where V(D') = V(D) U vx,11 and A(D') = A(D) U (Vyx,+1, Urk,)-
Let o' be the ordering such that o' (v.x,+1) = n+ 1 and o’ (v) = o(v) for all other
v € V(D). Then D' is a minimum feedback arc set of T(o’,D").

Proof. We will show for any ordering =, |INC(7,T(¢’,D"))| > |INC (¢/,T
(¢/,D))|. Since o(v;) <n—1 we have the following general structure for
T(0,D):(X,v,4,Y), where |Y|>2. Let v,y and vy, be the first and second
vertices of Y, respectively, that appear in the ordering o. Let Dyx and Dy be the
induced subdigraphs of D on the vertices of X and Y, respectively. We will first
consider the case where k, and k; are at least 2. The other cases will be handled
later.

We note that |[A(D')| < |A(Dix)| + |Y| + 2 since there are |A(D)| arcs with
tails in X and at most |Y| 4 2 arcs with tails in ¥ U {v, 4, 11, v, }. By Lemma 2.1
we may assume 7m(v;) =n+ 1 and 7(v,) =n. We next consider |[INC(mw, T
(0',D'))|. Then there are |A(Dy)| inconsistencies from arcs with both their head
and tail in X. Since 7(v,,) > m(v,) for all vertices v, € Y and m(v,x,) >
(v, 4,—1), there are |Y| 4 1 additional inconsistencies from arcs that have v,y
at one end. Finally, there is one more inconsistent arc from the triangle
(Ubk—1, Vs Vb;), Which has either one end in X and the other end in Y, or
both ends in Y. To see that we have not double counted any of the above
inconsistencies, we note that there are |A(Dp)| inconsistencies that only
involve vertices from X, |Y| inconsistencies that involve v, and a vertex from
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Y, the inconsistency m(v,,) > m(v.x—1) and one inconsistency from the triangle
(Ub,k,-—la Va k; s 'Ub,k_,-)- Hence |INC(7T, T(O'/,D/))| > |A(D|X)| + |Y| + 2.

If k, =1 and k; > 2 or k, > 2 and k; = 1, then A(D’) contains one less arc
than in the above general case and we see |[INC(w,T(o’,D’))| and |A(Dx)|+
|Y| + 2 each decrease by 1. If (v,4,,vr4-1) ZA(D) and (vpx, Voi-1) € A(D),
then A(D') contains two less arcs than in the above general case and
|INC(7,T(0’,D'))| and |A(Dyx)| + |Y| + 2 are each decreased by 2. n

B. Forbidden Strings

Let D be a disjoint union of directed paths and let D be a feedback arc set
of T(0,D). In Lemma 1.5 we noted that if D is a minimum feedback
arc set of T(o,D), then for any segment of vertices F appearing in
o, |INC(mg, T(01F, Dip))| > |[INC(0|p, T (0|, Df))| for any ordering m of V(D).
Hence if a segment of vertices, S, appears in o and there exists an ordering 7’
such that |INC(wig, T(0ys, Djs))| < |[INC(oys, T(oys, Dis))|, then D is not a
minimum feedback arc set of T(o,D). In this section we will focus on these
“non-optimal” segments.

Given an ordering o consistent with D, we will define a forbidden string
S(o,D) to be a labeling that corresponds to a segment S of vertices in o where
there exists an ordering 7 such that |INC(ms, T(0|s,Djs))| < |[INC(oys,
T(0|s, Djs))|. This string is called forbidden because if D is a minimum feedback
arc set of T(o, D), then S(o, D) cannot contain such a string. We will define two
types of forbidden strings and use them to describe all tournaments that have a
disjoint union of directed paths as a minimum feedback arc set.

We will formally define these forbidden strings by considering the segment
of vertices in the ordering ¢. Given a digraph D consisting of a disjoint union
of directed paths and an ordering o, we can define a string S(o,D) =
(s1,82,...,8,) where s; =i if and only if o~'(j) is on the directed path Py
We note that this correspondence is reversible, that is, given a string
Su = (s1,52,...,5,) We can appropriately define the unique digraph D consisting
of a disjoint union of directed paths and a unique ordering o. The ordering o
can constructed by replacing the jth i with v;; for all i=1,2,...,m and
J=1,2,... k. Then A(D) consists of the arcs {(v;jy1,vi;)|j=1,2,...,k — 1}.
From this we can define the tournament 7'(o, D) that has D as a feedback arc set.

We show the correlation between D, o and S(o, D) in the following example.

Example 2.2. S, =(1,2,1,3,2,1,2,3,1,2,1). Then D = Ps+ P4+ P, and
o= <U1.1, V2,1, V1,2, U3,1, V2,2, V1,3, V2.3, U3 2, U1 4, V2.4, '11175>. T(O’, D) is the tourna-
ment presented in Figure 4. Again we note that all arcs not drawn are directed
from left to right.

Definition 2.1. We define a forbidden string of type I to be a string of vertices
(i,i) occurring in S,. This corresponds to two vertices from the same feedback
path, that appear consecutively in o.
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i

c 1121 12 31 22 1323 32 14 24 15

S, 1.2 1 3 2 1 2 3 1 2 1

FIGURE 4. Correspondence between o, S,,, and T{o,D).

We show a corresponding subdigraph of a forbidden string of type I in Figure 5.
This idea of this forbidden string was alluded to in the proof of Lemma 1.2, but it
is helpful to think of this idea in the context of player rankings. A forbidden string
of type I is then a ranking of players where two players are ranked consecutively
and the lower ranked player beats the higher ranked player. Clearly this ranking is
not optimal for the ranking method we are using, because we could switch these
two players in the ranking and keep the ranks of all other players fixed and obtain
a new ranking with strictly fewer inconsistencies. We state this property in the
context of minimum feedback arc sets below.

Lemma 2.3. Let D be a disjoint union of directed paths and let o be an ordering
consistent with D. If S(o, D) contains a forbidden string of type I, then D is not a
minimum feedback arc set of T(o, D).

Proof. Assume that S(o, D) contains the string (i,i). Then ¢ must contain
two consecutive vertices that belong to the same path in D. An ordering 7, which
interchanges the order of these two vertices in o and maintains the same ordering
as o for all other vertices implies |INC(w,T(o,D))| = |INC(o,T(0,D))| — 1.
Hence D is not a minimum feedback arc set of T(c, D). [

Definition 2.2. We define a forbidden string type Il to be a string Sy =
(81,82, ...,5) where k > 4, that does not contain a forbidden string of type I and

where §3 = 81,5k = Sk—2 and Sk—2i+1 = Sk—2i-2 fOl’ i = 1, 2, . ,% -2

For the corresponding subdigraphs, see Figure 6. We note that these are not
necessarily induced subdigraphs since the subdigraph may contain additional arcs
that join the different directed paths (without creating a subdigraph corresponding
to a forbidden string of type I). These subdigraphs with additional arcs will still
contain a subdigraph consisting a disjoint union of directed paths that correspond
to a forbidden string of Type II.

N
(i) o (i+1)

FIGURE 5.  Subdigraph corresponding to a forbidden string of Type | with
respect to the ordering o.
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IS

FIGURE 6. Subdigraphs corresponding to forbidden strings of type Il with respect
to the ordering o.

In Lemma 2.4 we will show that if D is a disjoint union of directed paths, o is
an ordering consistent with D and S(o, D) contains a forbidden string of type II,
then D is not a minimum feedback arc set of 7(o, D). However we will precede
this lemma with an example illustrating the main ideas of Lemma 2.4 and its
proof.

Example 2.3. Let D =P, + P, + P, and let 0 = <U17], V2.1, V12, V31, V22, V13,
v32, V1 4) be consistent with D. Then S(o, D) = (1,2,1,3,2,1,3,1). See Figure 7

® [ ®
o} L2l 1,2 31 22 13 32 14

s@,D) 1 2 1 32 1 3 1

< RN

T L2112 31 22 1,3 32 14

sS(m,D) 1 2 1 3 2 1 3 1
FIGURE 7. D= P, + P, + P, with two orderings ¢ and .
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and note all arcs that are not drawn are directed from left to right. We will show
D is not a minimum feedback arc set of T(o,D). We consider the ordering
T = (V12, V1,1, V22, V2,1, V32, V3,1, V1 4, V13). We compare INC(m,T(o,D)) and
INC(0,T(0,D)). Let A =[INC(m,T(c,D))]\[INC(0,T(0,D))] and B = [INC
(0. 7(0. D))\ [INC(x, T(c, D).

Note that the set A consists of the arcs directed from right to left in 7'(7, D) and
left to right in 7'(o, D). These arcs are (v; 3, v32), (v3,1, v22), and (v21, v 2). The
set B consists of the arcs that are directed from right to left in 7(o, D) and left to
right in T'(m, D). These arcs are (v)2, v1,1), (14, v13), (v22,02,1), and (v32, v31).
Since |B| —|A| =4 —3 =1, we have that |INC(m,T (o,D))| = |INC(o,T(o,
D))| — 1, and hence D is not a minimum feedback arc set of the tournament
T(o,D).

We note that this does not imply that r(P4 + P, + P;) > 0, only that this
tournament does not realize D = P4 + P, + P,. In fact, r(P4+ P, +P;) =0
which will follow from Theorem 3.1.

Lemma 2.4. Let D be a disjoint union of directed paths and let o be an ordering
consistent with D. If S(o, D) contains a forbidden string of type II, then D is not a
minimum feedback arc set of T(o,D).

Proof. Assume that S(o, D) contains a forbidden string of type II, Sy =
(51,82, ..,5). Let (s1,s2,...,5;) correspond to vertices o~ 1(i),0c (i +1),...,
o '(i+k —1) in the ordering o. To keep the notation simple, we will consider
the case where i =1 and note that the other cases follow from Lemma 1.5.
We consider the ordering 7, where 7~ !'(k) = o~ '(k —2), 7 (k- 1) = o~ (k),
7 lk—-2)=0"(k-2/—2), and 7' (k—2j—1)=0'(k—-2j+1), for
j=12,....,5-=2 and 7 '(2) =0 '(1),7'(1) =07 '(3). We then compare
INC(m,T(0,D)) and INC(o,T(0,D)). Let A =[INC(m,T(c,D))]\[INC
(0,T(0,D))] and B = [INC(0,T(0,D))]\[INC(m,T(0,D))]. Then we consider
the set A, which consists of arcs that are directed from right to left in 7'(7, D)
and left to right in T(o, D). These arcs are {(7~'(k — 2j), 7' (k — 2j — 3)) for
j=0,1,... ,% — 2}. The set B consists of the arcs that are directed from right to
left in T(o,D) and left to right in T(m,D). These arcs are {(7 '(k — 2j),
7' (k—2j—1)) for j=0,1,...,5—1}. Since |B|—|A| =1, we have that
|INC(m,T(0,D))| = |INC(c,T(c,D))| — 1, and hence D is not a minimum
feedback arc set of T(o, D). [ |

We next observe a trivial extension. Let D be a minimum feedback arc set of
T(o,D). Let D' be the digraph where V(D) = V(D) U w, for a vertex w ¢ V(D)
and A(D') = A(D). Define ¢’ to be the ordering such that o’(w) = |V(D)| 4 1 and
o’(v) = o(v) for all other vertices v € V(D). Then we can immediately conclude
that D' is a minimum feedback arc set of T(o’, D’).

Theorem 2.2 will describe all tournaments that have a digraph D consisting of
disjoint union of directed paths as a minimum feedback arc set. We will prove
that they are exactly the tournaments 7'(o, D) where o is the acyclic ordering
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obtained upon reversal of the arcs of D and S(o, D) does not contain either type of
forbidden string, that is, all tournaments that do not contain a subdigraph (not
necessarily induced) shown in Figure 5 or 6.

Theorem 2.2. Let D be a disjoint union of directed paths and let o be an
ordering consistent with D. Then D is a minimum feedback arc set of T(o, D) if
and only if the sequence S(o, D) does not contain a forbidden string of type I or II.

Proof. (=) This direction follows from Lemmas 2.3 and 2.4. (<) To prove
the other direction, we will proceed by induction on n = |V(D)|. We will start
with a few base cases. If |V(D)| <2 and S(o,D) does not contain a forbidden
string, then |A(D)| = 0, and our result is trivial.

Assume the hypothesis is true for all digraphs with n vertices and we will show
that it holds for all digraphs with n + 1 vertices. Let S(o, D) = (s1,52,...,8u+1)
be a sequence that does not contain a forbidden string of type I or II. If
o~ '(n+1) is a vertex that is not on the same path as a vertex in V(D), then
by a trivial extension D is a minimum feedback arc set of T(c,D). Let
S(o™,D%) = (s1,52,...,,). Note that S(o, D¥) does not contain a forbidden
string and by induction D is a minimum feedback arc set of T(o*, D?). Since
S(o, D) does not contain a forbidden string of type I, 5,1 # s,,, and s, # s,,_1.
Consider the case where s,,.1 # s,_1. Since D% is a minimum feedback arc set of
T(a#, D#) and s, is not equal to either s, or 5,1, we can apply the Lemma 2.2
to conclude that D is a minimum feedback arc set of T(o, D).

Hence we will proceed with the case where s,.1 = s,—1. If 5, =5,_2, then
S(o,D) would contain (s,_2,8,—1,5n,Su+1), wWhere s,.1 =s,_1 and s, = 5,2,
which is a forbidden string of type II. Hence we will proceed with s, # s,_>. Let
S(o*,D*) = (51,82, ,81—2,5,). Since s, # s,_2,S(c*,D*) cannot contain a
forbidden string of type I. We will show next that S(o*, D*) cannot contain a
forbidden string of type II. If S(o*, D*) contained a forbidden string of type II,
then s, =8, 3,8, 2i = S,_2;3 for i=1,2,..., L%J and sy = sx_». This
implies s,.1 =s,1 and s, 2 =8, 2,3 for i=0,1,..., L%J, which is a
forbidden string of type II contained in S(o, D). This is a contradiction. Hence D*
is a minimum feedback arc set of T(c*, D¥).

We seek to show that for any ordering = of V(D),|INC(w,T(o,D))| >
|INC(0,T(0,D))|. If 7= '(n+1) and 7 '(n) do not equal o~ !(n—1) and
o~ !(n+1), respectively then we are done by Lemma 2.1. We will proceed with
7 l(n+1)=0"'(n—1)and 7' (n) = o~ !(n + 1). This implies that the vertices
of D* appear consecutively in 7.

We will consider two cases. If 5,1 = s; for some i < n — 1, then |[A(D")| =
|A(D)| — 2. Since D* is a minimum feedback arc set of T'(c*, D*), and since the
vertices of D* appear consecutively in 7, there are at least |A(D*)| inconsistent
arcs with both ends in V(D*). Then we have two more inconsistencies since
o~ '(n—1) beats 0~ !(n) in the ordering 7 and o~!(n — 1) beats o~ !(i). Hence
|INC(7,T(0,D))| > |A(D*)| +2 = |A(D)| and so D is a minimum feedback arc
set of T(o, D).
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If 5,1 #s; for any i <n—1, then |A(D*)| =|A(D)| — 1. Since D* is a
minimum feedback arc set of T(o*, D*), and since the vertices of D* appear
consecutively in 7, there are at least |A(D*)| inconsistent arcs with both ends in
V(D*). Then there is an additional inconsistency since o~ !(n — 1) beats 0~ !(n) in
the ordering 7. Then for any ordering 7w we have that [INC(7, T (o, D))| > |A(D)|,
and D is a minimum feedback arc set of T(c, D). [

3. REVERSING NUMBER OF A DIGRAPH

The reversing number of a digraph D was defined in [2] to be r(D)=
|V(T)| — |[V(D)|, where T is a smallest sized tournament that has D as a minimum
feedback arc set. As a consequence of our classification of all tournaments having
a disjoint union of directed paths as a minimum feedback arc set, we are able to
obtain a new result for the reversing number of a digraph. In this section we will
give precise reversing numbers for all digraphs consisting of a disjoint union of
directed paths.

We begin by using forbidden strings of types I and II to generate lower bounds
for the reversing number of a disjoint union of directed paths.

Lemma 3.1. Let D= Py, where ky >ky>--->ky. Then r(D)>
ki —1— Z:":z k;.

Proof. Let W be a set of isolated vertices disjoint from V(D). Assume
|W| < ki —1—=>"", ki, that is, where the number of extra vertices is too small.
Then let o be any ordering of V(D) U W, such that D is a feedback arc set of
T(0,D). Then we have less than k; — 1 vertices in o that are not on the path P,.
Then any ordering o contains at least two more vertices that are on the path Py,
than vertices that are not on the path, there must be two vertices from Py, that
appear consecutively in ¢. This implies S(o, D) contains a forbidden string of
type I and hence by Lemma 2.3, D is not a minimum feedback arc set of (o, D).
This is a contradiction. Hence r(D) > ki — 1 — Y7, k;. ]

Lemma 3.2. Let D= P, where k4 >ky>--->ky. Then r(D)>
Lk1+k2—1J o Zm k
3 i=3 "

Proof. Let W be a set of isolated vertices disjoint from V(D). Let o be any
ordering of V(D) U W, such that D is a minimum feedback arc set of T(c,D).
Assume |W| < [Bt=l) — 5™ k. Since |[W| + Sk < [222=1], any order-
ing o must contain a segment consisting of four vertices from the first two paths.
Let W be a set of isolated vertices disjoint from V(D). Then let o be any ordering
of V(D) U W, such that D is a feedback arc set of 7'(c, D). Then one or more of
the forbidden strings (i,i) or (i,j,i,j) appears in S(o,D). Thus by Lemmas 2.3
and 2.4, D is not a minimum feedback arc set of 7(o, D). This is a contradiction.
Hence (D) > [Mtl=l) — 5™ ;. ]
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A. Reversing Number Zero

Our next two lemmas show sufficient conditions for a digraph consisting of a
disjoint union of directed paths to have reversing number zero. These are
situations where one of the bounds from Lemmas 3.1 or 3.2 are tight.

Lemma 3.3. Let D =" Py, where ki > ky > -+ > ky,. If both of the follow-
ing conditions hold:

(i) ki —1=>",k and
(i) sk > A=
then r(D) = 0.

Proof. Assuming conditions (i) and (ii), we can define o so that S(o, D) has
syi-1 = 1fori=1,2,... k; and s5; # s53j_2, for j = 1,2,..., [5]. It is clear that
S(e, D) does not contain a forbidden string of type I. To see that S(o, D) does not
contain a forbidden string of type 1I, we note that if s, = s;_», then s;_; does not
equal sz_3 or s;_4. Hence by Theorem 2.2, D is a minimum feedback arc set of
T(o,D). Since |V(T(o,D))| = |V(D)|, we conclude that r(D) = 0. [

We note that if m = 3,k; =2k + 1, and k, = k3 = k, where k is an integer
greater than or equal to 2, then we have the digraphs described in Theorem 2.1.
Applying Lemma 3.3 to this family of digraphs completes the proof of
Theorem 2.1.

The next lemma is the analog of Lemma 3.3 where we have equality in (ii).
We note that the case where equality holds in both (i) and (ii) is covered in
Lemma 3.3, so we will consider the case with strict inequality in (i).

Lemma 3.4. LetD = Z:"zl Py, where ky > ky > -+ > k. If both of the follow-
ing conditions hold:

Q) ki — 1 <" ki and
(i) 3 ki = [
then r(D) = 0.

Proof. We will use R to denote Z:”:3 k;. If R =0, then k; + k» < 3. Then
ky <ko+1=ky =kp. If ky =1 then D =2P;, which clearly has reversing
number zero. Hence, it will proceed under the assumption that R > 1. We note
that (ii) enables us to define a particular ordering o where any segment containing
only vertices from Py, and Py, has at most three vertices. Let ¢ be an ordering that
corresponds to the string S(o,D) = (S, v1,S2, 2,53, .., Ur,Sg+1), Where the
substrings S; will contain only vertices from Py, and Py,, and S; will have three
vertices for i = 1,2,...,R and Sz, will have 1, 2, or 3 vertices depending on
|V(D)|. We note that Sgy; # 0, since [Sgii| =0 => ky +ky = 3R = [2i=l] =
R — 1. This would contradict (i1).

We will consider the three cases where |V(D)| = 1,2, or 3 mod 4. We begin by
describing all of the S;’s except for the last two, by letting S; = (2,1,2) for
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i=1,2,....kb—R—1and S; = (1,2,1) fori=k, —R,ko —R+1,...,R— 1.
For completeness we include all of the details. The number of 2’s in this part of
the sequence is 2(k, —R— 1)+ (R—1—k, + R+ 1) = k, — 2 and the number
of I's is (ko —R—1)4+2(R—1—ky+R+1)=3R—-ky—1=3R—-1)—
(k, — 2). Next, we will describe Sg and Sk, for the different possibilities for
|V(D)|. If |V(D)| = 1 mod 4 then let Sg = (2,1,2) and Sg; = (1) and then the
sequence will contain k» 2’s and 3R+ 1 — ky 1’s. If |V(D)| = 2 mod 4, then let
Sk =(1,2,1) and Sg;+; = (1,2) and hence the sequence will contain k, 2’s and
3R+2 —ky I's. If |V(D)| = 3 mod 4 then let Sg = (1,2, 1) and Sg.; = (1,2, 1).
Then the sequence will contain k, 2’s and 3R+ 3 — kp 1’s.

Finally, we will show that for any of the three cases, S(o, D) does not contain
a forbidden string. Clearly S(o, D) does not contain a forbidden string of type I.
We next note that there is no substring of S(o, D) containing four consecutive
terms that are either 1 or 2. Hence if s; = s;_» then s;_| # sj_3. If 5; = 5, and
sj—1 = Sj—4 for some j,6 <j < n, then it must be that s;,5;_»,s;,_1, and s;_4 are
all less than or equal to 2, since two terms that are greater than 2 have at least
three terms less than or equal to 2 between them. Now if s;_3 <2 then
(sj-3,5j-2,58j_1,5;) would form a substring of S(c, D) containing four consecutive
terms that are either 1 or 2. Hence s;_3 > 2, and s;_3 cannot equal s;_5 or s;_.
Thus S(o, D) does not contain a forbidden string of type I or II, and it follows that
D is a minimum feedback arc set of 7(o, D). Hence r(D) = 0. [

We can now combine the results up to this point to classify all digraphs that are
a disjoint union of directed paths and have reversing number zero.

Theorem 3.1. Let D =", Py, where ky > ky > -+ > ky,. Then r(D) =0 if
and only if both of the following conditions hold:

i)k —1<>" k; and
(i) Yo7k < B

Proof. The necessity of (i) and (ii) follows from Lemmas 3.1 and 3.2.

Let D = Y7, Py, with |V(D)| = n. If either (i) or (ii) hold for D with equality,
then we are done by Lemmas 3.3 and 3.4. Hence we will assume that we have
strict inequality for both (i) and (ii).

To prove sufficiency, we will proceed by induction on n. We have the following
base cases. Clearly r(Py) = r(2P;) = r(3P;) = 0 and it was shown in the proof
of Lemma 3.3 that (P, + P;) = 0.

Let D =", Pi, and remove one vertex from each of the three largest paths,
to form the digraph D* = > 7" | Py-.

We will assume that (i) and (ii) hold for D with strict inequality and show
that (i) and (ii) hold for D*. This will imply the existence of some ordering ¢*
such that D* is a minimum feedback arc set of T(o*, D*). Then we will apply
Lemma 2.2 to complete the proof.
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We will consider four cases. For completeness we give the details. To simplify
notation we will let R =" s k; and R* = > k.

Casel. ki =k —1,kj=ky—1,and R" =R—1.

First we show (i) holds. k1 —1 <> 7 ki = ki <k +R* +1=k — 1<
ki +R* as desired. Next we show (i) holds. R> [Mt=l| = R* 41>

Lk]*+13c;+1J SR> Lk;+1§;—1j_
Case2. ki =k, ki =k —1,and R" =R —2.

Since we removed a vertex from each of the three largest paths, none of which
were on the path Py, then m > 4 and k; = k, = k3 = k4. First we show that (i)
holds. Since m > 4 it follows that R > 2. Then R+k, > k; +2= (R—2)+
(ky—1)>ki—1=R+k; > ki — 1.

Next, we show that (ii) holds. Since ky = k; = ks = k4, R > ky + k, = R*+
2>k k41> ety

Case 3. ki =k —1,k; =k, and R* =R — 2.

Since we removed a vertex from each of the three largest paths, we must
have that k, = k3 = k4. First we show that (i) holds. k; — 1 < 2?1:2 ki = ki <
K+R +2=ki<kj+R' +1=ki—1<ki+R. We will use this last
inequality and also the fact that R* +2 = R > 2k, = 2k; to show that (ii) holds.

. 2R* 42K R+ (k — Ik —1)+2K; k: +k -1
2] > | > | A0 > |,

We then can conclude R* =

Case 4. ki = ki, k5 = kr, and R* = R — 3.

Since we removed a vertex from each of the three largest paths, we must have
that k; = ky = k3 = k4 = ks. Since R* > 1 and k; = kj, clearly we must have
ki < Zl , ki'. Next we show that (ii) holds. If k; = 1, then D con51sts of isolated
vertices and the result is trivial. If k; > 2 then 3R > 3 Z ki = 3R" +
9>3ki +3k; +6=3R">3ki +3k; —3=R"> Lk+k J Wecanthencon—
clude that D* is a minimum feedback arc set of 7'(c*, D*)

Let v,, vp, and v, be vertices in V(D)\V(D*) each on different directed paths.
Without loss of generality, we will assume that v, is a vertex not on the same path
as o '(|V(D*)]) or o7 }(|V(D*)| — 1), v, is not on the same path as v, or
o (JV(D*)|), and v, is not on the same path as v, or v,. Then let o be an ordering
of V(D), where o(v,) =n—2,0(vy) =n—1,0(v.) =n, and o(v) = o*(v) for
all v € V(D*). Then we apply Lemma 2.2 three successive times (once for each
of the vertices a, b, and c) to conclude that D is a minimum feedback arc set of
T(o,D). Finally, since V(T(o,D)) = V(D), we have that r(D) = 0. [

B. Reversing Number for a Disjoint Union of Directed Paths

We now have the tools to precisely determine the reversing number for a disjoint
union of directed paths, our main result of the section.
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Theorem 3.2. Let D=3 " Py, where ky > ky > -+ > ky,.. Then

r(D) :max{o,k1 —1 —zm:k,-, V‘l ke = J Zk}

i=2

Proof. Let (W| = max{0,k; — 1 = >1" k;, [tfe=L| — 5™k}, First we
=0 then ki — 1 <> ",k and Lk‘“‘z I < Z k;. Then by
Theorem 3.1, we have that (D) = 0.

(D+ |W|K;) =0 and then
by Lemma 1.4, r(D) < |W|. Next, we seek to show that (D) > |W|. Assume that
r(D) = Lemma 1.4, r(D + |F|K,) = 0 and by Theorem 3.1
both of the following conditions hold:

() ki —1< (2", k) + |F| and

(if) [ < (s ko) + |F].

Then |F| > ki —1— 3", k;, |F| > [2=l) — 5™ k; and |[W| > |F| imply
W] > ki —1 =30k and [W] > [S40=1] — 370 k.

Hence |W| > max{0,k; — 1 — Y7, k;, 2= — 5" . k;}, a contradiction.
|
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