Math 163 Introductory Seminar - Lehigh University - Spring 2008 - Assignment 6 Solutions
Due Wednesday February 27

18. Apply Fourier-Motzkin elimination to the following systems. Using this method, either
determine one solution or give a certificate showing the original system is inconsistent. Use
Fourier-Motzkin elimination to get your answers, showing how it could work on much larger
systems.

T + T S 3 T + T S 3
(a) 2ry — 8xy < 8 (b) 2z — 8xy < 4
—3r1 + 9z < —15 —3x1 + 929 < -—15

We will eliminate the variable z;. Rewriting we get the following ‘equivalent’ systems (where
equivalent means either both have solutions or both do not):

For (a)
X1+ X9 < 3 T < 33— 9

< — <
2x1 — 819 < 8 <~ I < 4+4+4xy, & gigiQ_ :i 2 44+ 4y <~ Zil’;_
—3z1+ 9z, < —15 543z, < a1y 2 = 2 2

The last system is inconsistent as seen by the multipliers (1/4,1). (Multiply the first in-
equality by 1/4 and the second by 1 and combine to get 0 < —3/2.) This correspond to
multipliers (1/4,1) in the third system, multipliers (1/4,1,1 + 1/4) = (1/4,1,5/4) in the
second system and (1/4,1/2,5/12) in the original, yielding the same inconsistency 0 < —3/2.

For (b)

3—.T2
244z, &
xq

T+ X9 S 3 T
25(]1 — 8[)’22 S 4 <~ I1
—3I1 + 9$2 S —15 5) + 3£L'2

D+ 312 < 3 — 19 o dxy <
5+ 32, < 2+ 4z, —T9

IAIA A

The last system is inconsistent as seen by the multipliers (1/4,1). (Multiply the first in-
equality by 1/4 and the second by 1 and combine to get 0 < —7/2.) This correspond to
multipliers (1/4,1) in the third system, multipliers (1/4,1,1 + 1/4) = (1/4,1,5/4) in the
second system and (1/4,1/2,5/12) in the original, yielding the same inconsistency 0 < —7/2.
19. Prove the following version of weak duality:

If both problems are feasible then max{cx|Ax < b} < min{yblyA = ¢,y > 0}.

Give two proofs. One using matrix notation and one using > notation.

For any feasible * and y* we have
cx' = (y"A)zx" =y"(Ax") < y*b

where the first inequality follows since y*A = ¢, the second inequality follows from associa-
tivity and the inequality follows since y* > 0 and Ax* < b.
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We give an alternate proof using summation notation. For any feasible z} and y; we have
S50 = S (S st o = S (S auses ot < S b

20. Consider the following statement: If the dual is unbounded then the primal is infeasible.
Prove this for the versions of linear programming problems in problem 19 by first stating the
contrapositive and then proving that. You may use the result of problem 19.

The contrapositive is: If the primal is feasible then the dual is bounded. To show this note
that since the primal is feasible there is a feasible solution x*. That is, x* is such that
Ax* < b. From weak duality, for any feasible cx* < y*b. Thus the dual is bounded below
by cx*.

21. Consider the linear programming problem:

max x7 + 2z9 + 3x3
s.t. 41[‘1 — 51‘2 + 61’3 = 7
81‘1 + 9$3 = 10
ry + To + x3 < 0
Ty — X9 + 13xz3 < 1
rr o, X2 > 0

(a) Write down an equivalent problem that is in the form max{cz|Ax = b,x > 0}. Write out
the equations as above. Also give the matrix A and vectors b, ¢ for this.
(b) Write down the duals to both the original problem and the problem in part (a).

(a)

max 21 + 219 + 3z — 323
st. 4ry — bry + 6x5 — 6y 7
8T + 9z —  9z3 = 10
1 +  xo + ry - T3 + s = 0
Ty — my + 13z5 — 13z + s = 1
r o, X2 Ty T3, s, s > 0
]
4 -5 6 -6 0 0 To 7
8 0O 9 -9 00 T 10
A=17 1) Dl o] e e=| g e=l123 300
1 -1 13 —-13 0 1 S1 1
_82 -
(b)
min 7y1 + 10y2 + Ya
st. 4y + 8y + yz +  ys = 1
=5y + y3 —  yg = 2
6yr + 9y + yz + 1L3ys = 3
Ys ya = 0



min Tu; + 10us + Uy
s.t. 4du; +  8Bug + us + Uy > 1
—5u1 + uz — Uy Z 2
6U1 + QUQ + us -+ 13U4 > 3
—6u; — Guy — uz — 13uy > -3
Us Z 0
Ug Z 0

22. Prove the equivalence of B and C:

B: Exactly one of the following holds:
(1) Az < b,z > 0 has a solution « or (Il) yA > 0,y > 0,yb < 0 has a solution y

C: Exactly one of the following holds:
(1) Az = b,z > 0 has a solution = or (II) yA > 0,yb < 0 has a solution y

Note - there are at least two ways to take care of the ‘at most one of the systems has a
solution’ part of the statements. While it is a bit redundant we will show both ways below.
First we show it directly and we also show it by the equivalent systems. If the ‘at most one
system holds’ is shown first then only the <’s are needed for the equivalent systems.

First we note that for each it is easy to show that at most one of the systems holds.

If both IB and IIB hold then
0=00< (yA)x = y(Azx) <yb <0

a contradiction. We have used y > 0 in the second <.

If both IC and IIC hold then
0=00< (yA)x = y(Az) =yb <0

a contradiction.
So for the remainder we will seek to show at least one of the following holds.

(B = C): Note the following equivalences.

Az <b A b
- x>0 x>0
and
A
A>0 (u—-v)4>0 v U}{—A}ZO
(1IC) beO s (u—vb<0 < u v]{ b}<0 (11C")
Y u,v >0 —b
[u U}ZO



In the second line, given y one can easily pick non-negative u, v such that y = u — v so the
first < in the second line does hold.

Applying B, we get that exactly one of (IC’) and (IIC’) has a solution. The equivalences
then show that exactly one of (IC) and (IIC) has a solution.

(C' = B): Note following equivalences.

x
(IB) Ax <b o Ax +Is=0b N [A []{sl_b (1B
x>0 x,5>0 {w]
>0
s
and p N
yA >0 yA=>0 N
IIB) y>0 & yl>0 < y[A I]=>0 (1IB") .
yb <0 yb <0 yb <0

Applying C, we get that exactly one of (IB’) and (IIB’) has a solution. The equivalences
then show that exactly one of (IB) and (IIB) has a solution.

23. Prove the equivalence of A’ and B':

A’: If both problems are feasible then : max{cz|Ax < b} = min{yb|lyA = ¢,y > 0}

B': If both problems are feasible then : max{cx|Ax < b,z > 0} = min{yblyA > ¢,y > 0}
To show (A’) implies (B’): Assuming the first and last LPs below are feasible we have

tite v 201 = o for [ ] <[]

= win{[wfo] |g]I[w]o] [ ] =elulv] =0}
— min {yblyA > c,y > 0}

The first and third equalities follow from basic manipulations. The second follows from (A’).

To show (B’) implies (A’): Assuming the first and last LPs below are feasible we have

max {cx|Az < b} = max{[c —c | {:]HA—A] {H <b, [H 20}

= min{yb|y[A‘—A]Z[C‘—c},yZO}
= min{yblyA =¢,y > 0}

The first and third equalities follow from basic manipulations. The second follows from (B’).



