Math 163 Introductory Seminar - Lehigh University - Spring 2008 - Assignment 5 Solutions
Due Wednesday February 20

12. (a) If b is a 99 digit number how many bits are needed to represent it? That is, if b is a 99
digit number, how many digits are needed when it is represented base 27 Your answer will be
a range of several numbers. Consider how log (common logarithm, base 10) and lg (logarithm
base 2) relate to the number of digits. Use this and basic facts about logarithms. We have
not discussed basic rules for logarithm manipulation in class. If you do not recall these use any
inanimate source that you like.

(b) Answer as in part (a) except for a ¢t — 1 digit number. Your answer should be a range of
numbers specified by two values written in terms of ¢ and some logarithms.

Note that b has t — 1 digits if ¢t —2 < logh < t — 1. So b has |logh| + 1 digits where

|z] is the floor function which is the largest integer less than or equal to x. Similarly the

number of bits needed to represent b is [lgb|+1. A basic logarithm identity is log, b = log, b

 log.a”
So in particular we have log, b = ;Zgzz Using log for log base 10 and lg for log base
2 we get logh = 2% If b has 99 digits then 98 < logbh < 99. Substituting this gives

1g10°

98-1g10 <l1gb < 99glg 10 with 1g 10 &~ 3.32193 we get (approximately) 325.54 < lgb < 328.86.
So is has between 326 and 329 bits. Replacing 98 and 99 above with t—2 and t—1 we get that
(t—2)-1g10 <lgb < (t—1)-1g 10 or (approximately) (¢ —2)-3.32193 < lgb < (t—1)-3.32193.
The number of bits is between [(t —2) -1g10] + 1 and [(¢ —1)-1g10] + 1. (If (t —1) -1g 10
was an integer we would need |(t — 1) - 1g10] bits instead of [(¢ — 1) -1g 10| + 1 but since
lg 10 is irrational this will never happen so the bound |(¢—1)-1g10] +1 is correct for all ¢. )

13. What is the smallest £ such that the Fibonacci number Fj, has at least 99 digits? What does
this tell you about the number of steps in the Euclidean algorithm in the worst case if the smaller
of the two numbers for which you determine the gcd has 99 digits? Recall that F}, is the integer

k
closest to \/Lg (%) . As in the previous problem, think about how the number of digits relates
to the common logarithm and find and use some basic facts about logarithms.

As in the previous problem we need the smallest k& such that log Fj, > 98. Using F}; =~

k
\/Lg (%) along with the basic log identities logab = log a + logb and logb* = klogb we

k
get log (\/Lg (%) ) = log \/Lg + klog 1+2‘/5. With log \/Lg ~ .34948 and log %5 ~ .208988

we get log\/ig + klog%5 > 98 when (approximately) k& > 470.59. This expression is
less than 98 when k < 470 and at least 98 when & > 471. Observe that with Fj, =

e\ i\ e\
(1+2 5) e (ﬁ) we get that % (M) is an overestimate of F}, when k is even and

V5 V5 2 2

k
and underestimate when £ is odd. So our computations showing \/Lg (%) with £ = 471

is at least 10”® and with k& = 470 is less than 10%® show that Fj7; has at least 99 digits and
that Fj7o has at most 98 digits.

14. Prove that for positive integers aq, as, ..., ax, c we have that a;xq + asxo + -+ + apxp = ¢
has a an integer solution only if ¢ is a multiple of the greatest common divisor ged(ay, . .., ax)
of the q;.



We need to show that if there is an integer solution then ¢ is a multiple of ged(ay, . .., ax). Let
g = ged(aq, ..., ag) then for i = 1,2.. . k there exist integers h; with a; = gh; since g divides

each of the a;. If x7, 23, ..., z} satisfy a;x] + asxs + - - - + apx) = c then substituting a; = gh;
we get g(hia} + hoxy + - - -+ hy) = a2} +agxd +- - - +agx), = c. Since (hya§ + hoxl +- -+ hy)
is an integer, ¢ is a multiple of g = ged(ay, . .., ax).

15. Prove that for positive integers aq, as, ..., ax, c we have that a;x1 + asxo + -+ + apx = ¢
has a an integer solution if ¢ is a multiple of the greatest common divisor ged(ay, . . ., a) of the
a;. Note that it is enough to show that there is a a solution when ¢ = ged(ay, . .., ax) and then

use induction on k. You may use the k = 2 case proved in class as a basis. You may also use
the fact that ged(ged(aq, ..., ax_1),ar) = ged(aq, . . ., a).

We need to show that if ¢ is a multiple of ged(ay, .. ., ax) then there is an integral solution.
We assume that we have shown the basis for the induction, a;x; 4+ aszs = ¢ has an integer
solution if ¢ is a multiple of ged(aq,as). It is enough to show that there is a solution

for ¢ = ged(ay, ..., ax) since if ¢ is a multiple of g, then ¢ = gg for some integer ¢ and if
xy, 5, ..., x) are integers satisfying aix] +agx5 + - - - +apxy = g then g7, q25, . . ., g} satisty
ai(qzy) +az(qd) +- - -+ar(qry) = qg = c. Now assume k > 3. Let ¢’ = ged(aq, ag, ..., ax_1).
By induction we can assume that there exists integers v}, v3, ..., v;_; satisfying a,v] 4+ aqv3 +
o Fag_1vf_ = ged(aq, ..., ax—1) = ¢’ and that there exist integers w}, w} satisfying ¢'wj +
apwy = ged (g, ar) = ged(ged(ay, ..., ax—1),ar) = ged(ay, as, .. .,ax) = g. Then =} = wiv}
fori=1,...,k—1 and z;, = w} are integers satisfying a;x] + agz + - - - + ap_175_, + arpxy =

(a1v} + agvy + -+ - + ap_1vi_)wi + apwi = gwi + apwl = g. So by induction there is an
integer solution when ¢ = ¢ and from the remarks above when ¢ is a multiple of g.

16. Consider the statement that exactly one of the following holds for given integers: aq, as, ..., ay,c:
(1) a1x1+- - -+agxy = c has an integer solution xq, xa, ..., zx; (II) ya; integral fori =1,2,... k
and yc non-integral has a solution y.

Prove directly that at most one of (1) or (1) holds.

Assume that both hold. That is, there exist integers z7, 3, ..., x; with a;27+---+axz) = ¢
and a number y* with ya; an integer for ¢ = 1,2,...,k and y*c not an integer. Then
yie =y (axf + -+ apxy) = yrart + yragrd + - - - + yragzy is an integer since y*a; and x}
are both integers. This a contradiction, so at most one of (I) or (II) can hold.

17. Consider the statement that exactly one of the following holds for given integers: ay, as, ..., ax,c:
(1) a1x1+- - -+agxy = c has an integer solution xq, xo, ..., xx; (II) ya; integral fori =1,2,... k
and yc non-integral has a solution y.

This is really just a restatement of 14 and 15 above. Show this statement using those results.
By 16 it is enough to show that at least one holds. Consider two cases, whether or not ¢ is a
multiple of ged(ay, ..., ax) and explain why (using 14 or 15) this gives a solution in (I) or (II).

From problem 16, at most one of (I) or (II) holds. If ¢ is a multiple of ged(aq,as,...,a
then by problem 15 (I) holds. If ¢ is not a multiple of g = ged(ay, ..., ax) then let y* =
Since c is not a multiple g, y*¢ is not an integer. Since a; is a multiple of g fori = 1,2, ...,
y*a; = % is an integer for i = 1,2... k. Thus (II) has a solution.
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