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Introduction to Multivariable Control

Introduction [3.1]

We consider a MIMO plant with m inputs and [ outputs. Thus, the basic transfer
function model is

y(s) = G(s)u(s)

where y is an [ x 1 vector, u is an m x 1 vector, and G(s) is an [ x m transfer
function matrix.
@ MIMO systems show interaction between inputs and outputs. This means
that one input may affect all the outputs.
@ The main difference between SISO and MIMO systems is the presence of
directions in the MIMO systems.
@ Most ideas and techniques valid for SISO systems can be extended to MIMO
systems.
@ The singular value decomposition (SVD) provides a useful way of quantifying
multivariable directionality.

— SISO: absolute value (magnitude) — MIMO: maximum singular value
— Exception: Bode's stability condition (no generalization in terms of singular values)
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Introduction to Multivariable Control

Transfer functions for MIMO systems [3.2]

G Y
_— —
(a) Cascade system (b) Posit B system

Figure 1: Block diagrams for the cascade rule and the feedback rule

@ Cascade rule. (Figure 1(a)) G = G2G,

@ Feedback rule. (Figure 1(b) ) v = (I — L) 'u where L = G2G,
© Push-through rule.

Gi(I -GGy ™t = (I—-G1Go) tGy

NOTE: Verified by premultiplying (I — G1G2) and postmultiplying by (I — G2G1)
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Introduction to Multivariable Control

MIMO Rule: Start from the output, move backwards. If you exit
from a feedback loop then include a term (I — L)~ where L is the
transfer function around that loop (evaluated against the signal
flow starting at the point of exit from the loop).
Example
z = (Pll + P12K(I - PQQK)_1P2]_)'LU (41)

P22

Figure 2: Block diagram corresponding to (4.1)
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Introduction to Multivariable Control

Negative feedback control systems

4‘;?—» K G —

Figure 3: Conventional negative feedback control system

@ L is the loop transfer function when breaking the loop at output of the plant.

L=GK (4.2)
Accordingly
S & (I+I0)!
output sensitivity (4.3)
T 2 I-S=(I+L)'L=L(I+L)"
output complementary sensitivity (4.4)

Lo=L, So=SandTp=T.
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Introduction to Multivariable Control

@ Lj is the loop transfer function at the input to the plant
L; = KG (4.5)

Input sensitivity:
St é (I + L[)_l

Input complementary sensitivity:

T, 21— S =L(I+Ly)™"
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Introduction to Multivariable Control

@ Some relationships:

(I+L) '+ (I+L) 'L=S+T=1I (4.6)
G(I+KG)™' = (I +GK)'G (4.7)
GK(I+GK)'=GUI+KG) 'K =(I+GK)'GK (4.8)
T=LI+L)y'=(I+L Y '=(I+L)"'L (4.9)

Rule to remember: “G comes first and then G and K alternate in sequence”.
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Introduction to Multivariable Control

Multivariable frequency response [3.3]

Obtaining the frequency response from G(s) [3.3.1]:

G(s) = transfer (function) matrix
G(jw) = complex matrix representing response

to sinusoidal signal of frequency w

Note: d€ R™ and y € R!

d

T 6l ——

Figure 4: System G(s) with input d and output y

y(s) = G(s)d(s) (4.10)
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Introduction to Multivariable Control

Sinusoidal input to channel j

dj (t) = dj() sin(wt + Oéj) (411)
starting at t = —oo. Output in channel 7 is a sinusoid with the same frequency
yi () = yi0 sin(wt + 3;) (4.12)
Amplification (gain): " .
dz_o = |gi; (jw)| (4.13)
Phase shift: !
,Bi — Q= Zgij (]w) (414)

g5 (jw) represents the sinusoidal response from input j to output i.
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Introduction to Multivariable Control

Example: 2 x 2 multivariable system, sinusoidal signals of the same frequency w
to the two input channels:

) [dyo sin(wt + ay)
da(t)] _d;g sin(wt + a;)} (4.15)

The output signal

(4.16)

[y ®)]  [yrosin(wt + B1)
u(t) 1) = om0 sin(wth)}

can be computed by multiplying complex matrix G(jw) by complex vector d(w):
yw) = G(jw)d(w)
eib1 dinelet
v = [o]d) = o] (417)

Yaoe? 2 daoe?®?
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Introduction to Multivariable Control

Directions in multivariable systems [3.3.2]:
SISO system (y = Gd): gain

)| _ GG |
@)~ Jdw) - eU)

The gain depends on w, but is independent of |d(w)].

MIMO system: input and output are vectors.
= need to “sum up” magnitudes of elements in each vector by use of some norm

ld(w)l2 = /Z |dj(w)[? = \/diy +d3g + - - (4.18)
ly(w)l2 = /Z lyi(W)[2 = \/ydo +y30 + (4.19)
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Introduction to Multivariable Control

The gain of the system G(s) is

ly@llz _ 1GGw)d@)llz _ Vyio +ys0 + - (4.20)

ld@w)ll2 — lld(w)ll2 N

The gain depends on w, and is independent of ||d(w)]|2. However, for a MIMO
system the gain depends on the direction of the input d.
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Introduction to Multivariable Control

Example: Consider the five inputs ( all ||d||2 = 1)

1 0 0.707
d = [O}  d2 = M » ds = {0.707} ’
0.707 0.6
d = [70.707} 45 = {70.8}
For the 2 x 2 system
o= 1 (4.21)
T3 2 '

The five inputs d; lead to the following output vectors
s 4 _ [6.36 _fo707] [-02
V1= 3]0 27 2] Y37 354 YT o070 T | 0.2
with the 2-norms (i.e. the gains for the five inputs)

[yill2 = 583, [ly2ll2 = 447, [lys]l2 = 7-30, [[yall2 = 1.00, [jys]|2 = 0.28
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Introduction to Multivariable Control

-5 -4 -3 -2 -1 0 1
dao/dro

Figure 5: Gain ||G1d||2/]|d||2 as a function of dao/d1o for G1 in (4.21)
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Introduction to Multivariable Control

The maximum value of the gain in (4.20) as the direction of the input is varied, is
the maximum singular value of G,

x — =5(G 4.22
d#0 ||d|l2  |dl]2=1 @) (4.22)

[ V)

whereas the minimum gain is the minimum singular value of G,

. Gd]]2 .
in = min ||Gd|s =0o(G 4.23
d#0 ||dll2  |ldll2=1 [Gdll2 = a(G) (4.23)

NOTE: The first identities hold because the gain is independent of the input
magnitude.
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Eigenvalues are a poor measure of gain [3.3.3]:

S I i A

Both eigenvalues are equal to zero, but gain is equal to 100.

Example:

Problem: eigenvalues measure the gain for the special case when the inputs and
the outputs are in the same direction (in the direction of the eigenvectors).
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Introduction to Multivariable Control

For generalizations of |G| when G is a matrix, we need the concept of a matrix
norm, denoted ||G||. Two important properties: triangle inequality

1G1 + Go| < [Gall + |G|l (4.25)
and the multiplicative property

1G1Ga|l < [|Gall - [|Gall (4.26)

p(G) = [Amaz(G)| (the spectral radius), does not satisfy the properties of a
matrix norm
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Introduction to Multivariable Control

Singular value decomposition [3.3.4]

Any matrix G may be decomposed into its singular value decomposition (H
denotes Hermitian transpose),

G=UxvH (4.27)

Y is an I X m matrix with ¥ = min{l, m} non-negative singular
values, o;, arranged in descending order along its main diagonal;

U is an [ x [ unitary matrix of output singular vectors, u;,

V is an m x m unitary matrix of input singular vectors, v;,
0i(G) = \/N(GHG) = [ ni(aaH) (4.28)
(Gahu =vssf,  (GHG)V =Vveiy (4.29)
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Example: SVD of a real 2 x 2 matrix can always be written as

B [0056’1 —sin@l] [01 O] [cos@z +sin 6y T

sinf;  cosf, 0 o9 |—sinfly =£cosby (4-30)

U z vT

U and V involve rotations and their columns are orthonormal.
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Input and output directions. The column vectors of U, denoted u;, represent
the output directions of the plant. They are orthogonal and of unit length
(orthonormal), that is

||7.L1'||2 = \/|ui1\2 —+ |’UJ1‘2|2 4+ ...+ |uil|2 = 1 (431)

H,  _
uiiu; =1, wu

fuj =0, i#] (4.32)

The column vectors of V, denoted v;, are orthogonal and of unit length, and
represent the input directions.

G=UsV =qv=Uus (VAV=1I)= Guv =ou (4.33)

If we consider an input in the direction v;, then the output is in the direction u;.
Since ||vi]l2 =1 and |lu;]|2 = 1 o; gives the gain of the matrix G in this direction.

_ Gwill2

ol

0i(G) = [|Gvi|2 (4.34)
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Introduction to Multivariable Control

Maximum and minimum singular values. The largest gain for any input

direction is
Gd|z _ [[Gullz

d(G) =01(G) = ma = 4.35
(@)= =2 e = Tl (4.35)

The smallest gain for any input direction is

NGdll2 (| Gugll2
o(G) = o0,(G) = min = 4.36
o(G) = (G =08 dl, = Tl (4.36)
where k£ = min{l,m}. For any vector d we have

2(6) < 17 <o) (4.37)

2
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Introduction to Multivariable Co

Define uy = @,v1 = U,ur = u and vy = v. Then
Gi=adu, Gu=cu (4.38)

U corresponds to the input direction with largest amplification, and @ is the
corresponding output direction in which the inputs are most effective. The
directions involving ¥ and @ are sometimes referred to as the “strongest”,
“high-gain” or “most important” directions.
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Example:
G = [5 4] (4.39)
The singular value decomposition of G is

Gy — {0.872 0.490] {7.343 0 ] {0.794 —O.GOS]H
1=

0.490 —0.872 0 0.272] 10.608  0.794

U P VvH

0.794

The largest gain of 7.343 is for an input in the direction v = [O 608

] the smallest gain

—0.608
0.794
both outputs, we say that the system is interactive.

of 0.272 is for an input in the direction v = { ] Since in (4.39) both inputs affect
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Introduction to Multivariable Control

The system is ill-conditioned, that is, some combinations of the inputs have a
strong effect on the outputs, whereas other combinations have a weak effect on
the outputs. Quantified by the condition number. 5/o = 7.343/0.272 = 27.0.

Example: Shopping cart. Consider a shopping cart (supermarket trolley) with
fixed wheels which we may want to move in three directions; forwards (maximum
singular value), sideways (medium singular value) and upwards (minimum singular
value). For the shopping cart the gain depends strongly on the input direction, i.e.
the plant is ill-conditioned.
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Example: Distillation process. Steady-state model of a distillation column

87.8  —86.4
¢= [108.2 —109.6] (4.40)

Since the elements are much larger than 1 in magnitude there should be no
problems with input constraints. However, the gain in the low-gain direction is
only just above 1.

(4.41)

G- 0.625 —0.781| |197.2 O 0.707  —0.708]"
~10.781  0.625 0 1.39] |-0.708 —0.707

U z VH

The distillation process is ill-conditioned, and the condition number is
197.2/1.39 = 141.7.
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Introduction to Multivariable Control

Singular values for performance [3.3.5]:

Maximum singular value is very useful in terms of frequency-domain performance
and robustness.

Performance measure for SISO systems:

le(w)l/Ir(w)] = [S(jw)|

Generalization for MIMO systems ||e(w)]2/||7(w)||2

o(SGw)) < 1@z - g (4.42)
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Introduction to Multivariable Control

For performance we want the gain ||e(w)]||2/]|r(w)]||2 small for any direction of r(w)

7(S(jw)) < 1/|Jwp(jw)|, Vw & a(wpS) < 1,Vw
& JwpSlle <1 (4.43)

where the H, norm is defined as the peak of the maximum singular value of the
frequency response

1M (5) e = max & (M (je)) (4.44)
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Introduction to Multivariable Co

Typical singular values of S(jw) in Figure 6.

Magnitude

e Design 1: —
. Design 2: - - -

107 10° 10°
Frequency [rad/s]

Figure 6: Singular values of S for a 2 x 2 plant with RHP-zero

Spring 2023 28 /67

Prof. Eugenio Schuster ME 450 - Multivariable Robust Control



Introduction to Multivariable Control

o Bandwidth, wg: frequency where 5(S) crosses \/Li = 0.7 from below. Since

S = (I + L)~!, the singular values inequality

Q(A)—lﬁﬁﬁg(/l)+l
yields
a(l)-1< % <o(L)+1 (4.45)

o loww: ag(L)>»1=d(S) = ;5
o highw: (L)< 1=3a(5)~1
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Introduction to Multivariable Control

Introduction to MIMO robustness [3.7]

Motivating robustness example no. 1: Spinning Satellite [3.7.1]:

Angular velocity control of a satellite spinning about one of its principal axes:

2
G(s) = ﬁ [Z(;i ) “ftli)] . a=10 (4.46)
A minimal, state-space realization, G = C(sI — A)"'B+ D, is
0 a|l O
PrRERiE wsn
—a 1|10 0
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Poles at s = +ja For stabilization:

K=1

T(s) = GK(I + GK)~! = ﬁ [_1a ﬂ (4.48)

2 L) Therefore Ly(s) =1

Note that Tll(S) = s—l—Ll 1+L—1(S) 5°
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Nominal stability (NS). Two closed loop poles at s = —1 and

0 a 1 a -1 0
Acl_A_BKC_[ a 0]_[,1 1]_[0 1]

@ Stable!
Nominal performance (NP). Figure 7(a)
10°
7(G)
. 10°
1 )
E 10 —g
g = o(G
éblf)u 30N 2(G)
=
107 = o ) 107 2 0
10 10 107 10
Frequency [rad/s]

10
Frequency [rad/s]
(a) Spinning satellite in (4.46)
Figure 7: Typical plots of singular values

(b) Distillation process in (4.51)

@ o(L) <1 Vw poor performance in low gain direction
@ Ti2,T51 large = strong interaction
Spring 2023
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Introduction to Multivariable Control

Robust stability (RS).
Check stability: one loop at a time.

Y
Y

<
<

K

<
<

Figure 8: Checking stability margins “one-loop-at-a-time”
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Introduction to Multivariable Control

1
FLAL(s) = - = GM = o0, PM = 90° (4.49)
w1 S
@ Good Robustness? NO

o Consider perturbation in each feedback channel

uy=(1+eur, up=(1+e)us (4.50)
r |1+ e 0
B = |: 0 1+€2:|

Closed-loop state matrix:

I A - 0 al 1+6 0 1 a
Aq =4 BKC_|:—CL 0] [ 0 1+62] [—a 1}
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Characteristic polynomial:

det(sI — AL) = s+ (2+e +e)s+
—_——

ai

+14+¢ +62+(a2+1)6162

ao

Coefficients must be positive for stability.
@ Let us consider uncertainty in only one channel at a time. Stability for
(-1 <€ <o00,e9=0) and (e =0,—1 < €2 < 00) (GM=00).
@ But only small simultaneous changes in the two channels: for example, let
€1 = —é€g, then the system is unstable (ap < 0) for

1
—— =~ 0.1
vaz+1

Summary. Checking single-loop margins is inadequate for MIMO problems.

|€1| >
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Motivating robustness example no. 2: Distillation Process [3.7.2]:

Idealized dynamic model of a distillation column,
1 . —86.
{878 864} (4.51)

Gls) = 75571 [1082 —100.6
The distillation process is ill-conditioned, and the condition number is

197.2/1.39 = 141.7.

5 \\\\ N Nominal plant: —— 7|
2r ;:/ \\\ N Perturbed plant: - - - |
n \ <
NI |
151 K N
1k N T~ ___ W
! .
050 AN 4
1 ~a __ y2
0 —
0 10 20 30 40 50 60
Time [min]

Figure 9: Response with decoupling controller to filtered reference input r1 = 1/(5s+ 1)
The perturbed plant has 20% gain uncertainty as given by (4.54).
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Introduction to Multivariable Control

Inverse-based controller or equivalently steady-state decoupler with a Pl controller
(k1 =0.7)

ki(1+75s) [0.3994 —0.3149

R
Kiny(s) = —G(s) = B 0.3943  —0.3200

(4.52)

Nominal performance (NP).

GEiny = Ky G = 201
S

first order response with time constant 1.43 (Fig. 9).
Nominal performance (NP) achieved with decoupling controller.
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Robust stability (RS).

§=51=- +50.7I; T =T = ﬁ[ (4.53)
In each channel: GM=0c0, PM=90°.
Input gain uncertainty (4.50) with e, = 0.2 and e; = —0.2:
uy =1.2u1, ubh = 0.8uz (4.54)
T(s) = KinwG = KinG F —BQ 1 —862} -
% [1 Bel ) fez] (4.55)
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Perturbed closed-loop poles are
S1 = —07(1 + 61), So = —07(1 + 62) (456)

Closed-loop stability as long as the input gains 1 + €; and 1 4 ¢ remain positive
= Robust stability (RS) achieved with respect to input gain errors for the
decoupling controller.

Robust performance (RP).

Performance with input gain errors is poor (Fig. 9)

@ SISO: NP+RS = RP
o MIMO: NP+RS # RP
RP is not achieved by the decoupling controller.
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Robustness conclusions [3.7.3]: Multivariable plants can display a sensitivity to

uncertainty (in this case input uncertainty) which is fundamentally different from
what is possible in SISO systems.
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Introduction to Multivariable Co

General control problem formulation [3.8]

(weighted) (weighted)
exogenous Inputs exogenous outputs

>
>

U v
control signals sensed outputs

K

A

Figure 10: General control configuration for the case with no model uncertainty

Prof. Eugenio Schuster ME 450 - Multivariable Robust Control Spring 2023 41 /67



Introduction to Multivariable Co

The overall control objective is to minimize some norm of the transfer function

from w to z, for example, the Ho, norm. The controller design problem is then:

Find a controller K which based on the information in v, generates a control
signal u which counteracts the influence of w on z, thereby minimizing the
closed-loop norm from w to z.

Prof. Eugenio Schuster ME 450 - Multivariable Robust Control Spring 2023
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Introduction to Multivariable Control

Obtaining the generalized plant P [3.8.1]:

The routines in MATLAB for synthesizing o, and Hz optimal controllers assume
that the problem is in the general form of Figure 10

Example: One degree-of-freedom feedback control configuration.

d
T+ K u G JJ’ ) Y

- g
"
¥

Ym

n

Figure 11: One degree-of-freedom control configuration
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Equivalent representation of Figure 11 where the error signal to be minimized is
z =1y — r and the input to the controller is v =r — y,,

=
A

Figure 12: General control configuration equivalent to Figure 11
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w1 d
w= |wy| = |r|;z=e=y—-rjv=r—yn,=r—y—n (4.57)
ws n
z = y—r=Gu+d—r=Iw — Iws + 0wz + Gu
v = r—yp=r—Gu—-d—n=

= —Jwy + Twy — Tws — Gu
and P which represents the transfer function matrix from [w u]T to [z U]T is

I -1 0 G
P = 1 I -I -G (4.58)
Note that P does not contain the controller. Alternatively, P can be obtained
from Figure 12.
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Remark. In MATLAB we may obtain P via simulink, or we may use the sysic
program in the p-toolbox. The code in Table 1 generates the generalized plant P in
(4.58) for Figure 11.

Table 1: MATLAB program to generate P

% Uses the Mu-toolbox

systemnames = ’G’; % G is the SISO plant.
inputvar = ’[d(1);r(1);n(1);u(1)]1’; % Consists of vectors w and u.
input_toG = ’[ul’;

outputvar = ’[G+d-r; r-G-d-n]’; % Consists of vectors z and v.
sysoutname = ’P’;

sysic;
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Including weights in P [3.8.2]:

To get a meaningful controller synthesis problem, for example, in terms of the
Hoo Or Ho norms, we generally have to include weights W, and W, in the
generalized plant P, see Figure 13.

=
A

Figure 13: General control configuration for the case with no model uncertainty
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That is, we consider the weighted or normalized exogenous inputs w, and the
weighted or normalized controlled outputs z = W,z. The weighting matrices are
usually frequency dependent and typically selected such that weighted signals w
and z are of magnitude 1, that is, the norm from w to z should be less than 1.
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Example: Stacked S/7/K.S problem.

Consider an Hoo problem where we want to bound &(S) (for performance), &(T') (for
robustness and to avoid sensitivity to noise) and 5(KS) (to penalize large inputs).
These requirements may be combined into a stacked H., problem

W, KS
min [N(K) oo, N = | WrT (4.59)
WpS

where K is a stabilizing controller. In other words, we have z = Nw and the objective is
to minimize the Ho norm from w to z.
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Figure 14: Block diagram corresponding to generalized plant in (4.59)
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Introduction to Multivariable Control

z1 = Wuu

zo = WrGu

z3 = Wpw+ WpGu
v = —w-—Gu

so the generalized plant P from [w

(4.60)
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Partitioning the generalized plant P [3.8.3]:

We often partition P as

Py Pro
P = 4.61
[Pm P22] (461)
so that
z = P11w + P12’LL (462)
v = Pyw+ Peu (4.63)
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In Example “Stacked S/T/KS problem” we get from (4.60)

0 W1
Pll = 0 y P12 = WTG
Wpl WpG

Poy=—1, Py=-G

(4.64)

(4.65)

Note that P55 has dimensions compatible with the controller K in Figure 13
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Analysis: Closing the loop to get N [3.8.4]:

Figure 15: General block diagram for analysis with no uncertainty

For analysis of closed-loop performance we may absorb K into the interconnection
structure and obtain the system N as shown in Figure 15 where

z=Nuw (4.66)

where N is a function of K.
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To find N, first partition the generalized plant P as given in (4.61)-(4.63),
combine this with the controller equation

u= Kv (4.67)

and eliminate u and v from equations (4.62), (4.63) and (4.67) to yield z = Nw
where N is given by

N = Py + PyK(I — PyK) ' Py 2 F(P,K) (4.68)

Here F;(P, K) denotes a lower linear fractional transformation (LFT) of P with K
as the parameter. In words, N is obtained from Figure 10 by using K to close a
lower feedback loop around P. Since positive feedback is used in the general
configuration in Figure 10 the term (I — P2 K)~! has a negative sign.
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Example: We want to derive N for the partitioned P in (4.64) and (4.65) using the
LFT-formula in (4.68). We get

0 W I ~-W,KS
N=| 0 | +|WrG| KU+ GK) "(=I)= | =WrT
Wpl WpG WpS

where we have made use of the identities S = (I + GK)™', T=GKSand I - T = S.

In the MATLAB p-Toolbox we can evaluate N = Fj(P, K) using the command

N=starp(P,K). Here starp denotes the matrix star product which generalizes the use of
LFTs.
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Further examples [3.8.5]:

Example: Consider the control system in Figure 16, where y; is the output we want to
control, y2 is a secondary output (extra measurement), and we also measure the
disturbance d. The control configuration includes a two degrees-of-freedom controller, a
feedforward controller and a local feedback controller based on the extra measurement

Y2.
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Figure 16: System with feedforward, local feedback and two degrees-of-freedom control
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To recast this into our standard configuration of Figure 10 we define

w = d z = i v =
- rl’ =4 ) -

K= [KlKT -K1 —-Ks
We get
Gy -1 \ G1G4
0 I 0
P=| G 0 |GiGs
0 O G,
I 0 0

Then partitioning P as in (4.62) and (4.63) yields
Py = [0T (G1Go)T GF 0oT]",
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Deriving P from N [3.8.6]:
For cases where N is given and we wish to find a P such that
N = F)(P,K) = Piy + Pio K(I — Py K) ™' Py

it is usually best to work from a block diagram representation. This was illustrated
above for the stacked N in (4.59). Alternatively, the following procedure may be
useful:
@ Set K =0in N to obtain Pi;.
@ Define Q = N — Py; and rewrite () such that each term has a common
factor R = K(I — Py K)™! (this gives Pa).
@ Since @ = P15 RP>;, we can now usually obtain Pys and P>y by inspection.
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Example

Weighted sensitivity. We will use the above procedure to derive P when
N =wpS =wp(I + GK)il,
where wp is a scalar weight.
Q@ P =N(K=0)=wpl.
Q@ Q=N —wpl =wp(S—1I) = —wpT = —wpGK(I + GK)™', and we have
R=K({+GK)™' so Py, = —G.
Q@ Q= —wpGR so we have P12 = —wpG and Py, = I, and we get

_ |wpl —wpG
=[]

(4.72)
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A general control configuration including model uncertainty [3.8.8]:

The general control configuration in Figure 10 may be extended to include model
uncertainty. Here the matrix A is a block-diagonal matrix that includes all

possible perturbations (representing uncertainty) to the system. It is normalized
such that ||Alls < 1.
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Figure 17: General control configuration for the case with model uncertainty
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Y

Figure 18: General block diagram for analysis with uncertainty included
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7
W SYSTEM WITH
ACTUATORS,
SENSORS.CONTROLLER|

Figure 19: Rearranging a system with multiple perturbations into the N A-structure
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The block diagram in Figure 17 in terms of P (for synthesis) may be transformed
into the block diagram in Figure 18 in terms of N (for analysis) by using K to
close a lower loop around P. The same lower LFT as found in (4.68) applies, and

N =F(P,K) =P, + PoK(I — PpoK) ' Py, (4.73)

To evaluate the perturbed (uncertain) transfer function from external inputs w to
external outputs z, we use A to close the upper loop around N (see Figure 18),
resulting in an upper LFT:

2= Fu(N,A)w; Fy(N,A) 2 Nyy + Noy A(1 = Ny A) ' Ny (4.74)
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Remark 1 Almost any control problem with uncertainty can be represented by

Figure 17. First represent each source of uncertainty by a perturbation block, A;, which
is normalized such that ||A;|| < 1. Then “pull out” each of these blocks from the system
so that an input and an output can be associated with each A; as shown in

Figure 19(a). Finally, collect these perturbation blocks into a large block-diagonal matrix
having perturbation inputs and outputs as shown in Figure 19(b).
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