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Power Balance in Fusion Plasmas

Problem: (100 points) Consider a DT plasma with ne = 1020/m3,
nD = nT ≜ nDT , kTe = kTi = kT = 10keV , energy confinement time
τE = 2.4282s, α particle build-up concentration rα = nα/ne = 0.15, and impurity
concentration rI = nI/ne with atomic number ZI = 8.

(a) (20 points) Give an expression for the DT density (nDT ) in terms of ne.

(b) (10 points) Give an expression for the plasma density n in terms of ne.

(c) (10 points) Give an expression for the plasma Zeff .

(d) (10 points) Give an expression for the Bremsstrahlung power loss.

(e) (20 points) Give a value for the rI needed to achieve
Pα = 5.8733× 104W/m3.

(f) (20 points) Give a value for the auxiliary power needed to achieve
steady-state operation.

(g) (10 points) What is the Q for this plasma?
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Power Balance in Fusion Plasmas

(a) Quasi-neutrality condition:

ne = np

ne = nDZD + nTZT + nαZα + nIZI

ne = nD + nT + 2nα + nIZI

ne = nD + nT + 2rαne + rIneZI

Assuming nD = nT ≜ nDT ⇐⇒ nD + nT = 2nDT ,

ne = 2nDT + 2rαne + ZIrIne, (1)

which yields

nDT =
1

2
(1− 2rα − ZIrI)ne (2)
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Power Balance in Fusion Plasmas

(b) The total plasma density is given by n = ne + ni, where

ni =
∑
j

nion
j = nD + nT + nα + nI = 2nDT + rαne + rIne. (3)

Thus, using (1) and (3),

n = ne + ni = (2nDT + 2rαne + ZIrIne) + (2nDT + rαne + rIne)

= 4nDT + 3rαne + (ZI + 1)rIne

Using the expression for nDT from (2), we can finally write

n = 4

(
1

2
(1− 2rα − ZIrI)ne

)
+ 3rαne + (ZI + 1)rIne

= (2− rα − (ZI − 1)rI)ne (4)
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Power Balance in Fusion Plasmas

(c) Effective Z:

Zeff =
∑
i

ni⟨Zi⟩2

ne
=

nDZ2
D + nTZ

2
T + nαZ

2
α + nIZ

2
I

ne

=
nD + nT

ne
+

4nα + Z2
InI

ne

=
2nDT

ne
+

4nα + Z2
InI

ne

=
2nDT

ne
+ 4rα + Z2

I rI .

Using (2), we can write

Zeff = (1− 2rα − ZIrI) + 4rα + Z2
I rI

= 1 + 2rα + ZI (ZI − 1) rI (5)
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Power Balance in Fusion Plasmas

(d) Bremsstrahlung Power Density:

Pb = Cn2
e

√
TZeff

Using (5), we can write

Pb = Cn2
e

√
T [1 + 2rα + ZI (ZI − 1) rI ] (6)
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Power Balance in Fusion Plasmas

(e) α Power Density:

Pα = nDnT ⟨σv⟩DTEα

= n2
DT ⟨σv⟩DTEα

Using (2), we write

Pα =
n2
e

4
(1− 2rα − ZIrI)

2 ⟨σv⟩DTEα

Then,
4Pα

⟨σv⟩DTEαn2
e

= (1− 2rα − ZIrI)
2

Assuming 1− 2rα − ZIrI > 0,

rI =
1

ZI

[
1− 2rα −

√
4Pα

⟨σv⟩DTEαn2
e

]

rI =
1

8

1 − 2 · 0.15 −

√√√√√ 4 · 5.8733 × 104W/m3

1.09 × 10−22m3/s × 3.5 × 106eV × 1.602 × 10−19J/eV ×
(
1020/m3

)2
 = 0.01
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Power Balance in Fusion Plasmas

(f) Steady-state Power Density Balance:

Paux + Pα = PL + Pb

Paux = PL + Pb − Pα

From the problem’s conditions, Pα = 5.8733× 104W/m3.

Using (6), now we can compute

Pb = Cn2
e

√
T [1 + 2rα + ZI (ZI − 1) rI ]

= 5×10−37Wm3/
√
keV

(
1020/m3

)2√
10keV [1 + 2×0.15 + 8 (8−1) 0.01]

= 2.9409× 104W/m3
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Power Balance in Fusion Plasmas

Using (4), the total density can now be computed as

n = (2− rα − (ZI − 1)rI)ne = (2− 0.15− (8− 1)0.01)ne = 1.78ne (7)

Therefore, using (4) and (7), the power losses can be written as

PL =
3
2nkT

τE
=

3
2 (2− rα − (ZI − 1)rI)nekT

τE

=
3
21.78nekT

τE

=
3
2 × 1.78× 1020/m3 × 10× 103eV × 1.602× 10−19J/eV

2.4282s

= 1.7616× 105W/m3

Finally, we can write

Paux = PL + Pb − Pα = 1.4683× 105W/m3
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Power Balance in Fusion Plasmas

(g) Using the fact that Pf = 5Pα in a DT plasma, we can obtain

Q =
Pf

Paux
=

5Pα

Paux
=

5× 5.8733× 104W/m3

1.4683× 105W/m3
= 2
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