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Frequency Response

u(t) = Acos(wt + g) —i G(s) — y,, =|G(jw) Acos(art + ¢+ LG(jw))
\ Stable Transfer Function

* After a transient, the output settles to a sinusoid with an
amplitude magnified by |G(j)| and phase shifted by ZG(j®).

< Since all signals can be represented by sinusoids (Fourier
series and transform), the quantities |G(jw)| and ZG(jw) are
extremely important.

- Bode developed methods for quickly finding |G(j®)| and £ZG(jw)
for a given G(s) and for using them in control design.
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Frequency Response

Find the steady state output for v,(z)=Acos(wt+¢)

sL *

V 1(3 R VZ(S)

Compute the s-domain transfer function T(s)
— Voltage divider T(s) - R

sL+R
Compute the frequencX response

T(jw):\/m, ZT(ja))Z—tan_l(a)L)

R
Compute the steady state output
cos[a)t +¢—tanHwL/ R)]

AR
vass(f) = T2 . 2
R +(wl)
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Bode Diagrams

* Log-log plot of mag(T), log-linear plot of arg(T) versus ®
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Bode Diagrams

G(S)ZK (S_Zl)(S_ZZ)"'(S_Zm)
(s—p)(s—py)--(s—p,)

i |

G(s) = |K| L2 T sl viiessi Het vt oot |

Pypp .. pP
iy

The magnitude and phase of G(s) when s=jo is given by:

Nonlinear in the magnitudes

VZI/'Z"'VZ/
G . :K 172 m
G|

LG(jo) =g + g+ g5+ 8) (B + 07 4+ g7
T Linear in the phases
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Bode Diagrams
Why do we express ‘G(ja))‘ in decibels?

‘G(ja))‘db, =20log|G(jw)|

GUa=[K 5 = (GG, =?

n
By properties of the logarithm we can write:

20log/G(s) = 2OIog\K\+(20Iog i +20logr; +---+20log r,j)—(ZOIog #” +20logry +---+20log r,,")
The magnitude and phase of G(s) when s=jw is given by:

Linear in the magnitudes (dB)

_ z z z _ P P P
G(5)y =l + 5], + 73], 4] -G, + ], e

‘dB
LG(s) =" + (g + 5+ ) (o0 + 8+ )
T Linear in the phases
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Bode Diagrams

Why do we use a logarithmic scale? Let’s have a look at our example:

R
joL+R

=|T(jo)|= 2 R _ 1

+(aL)’ \/ (a)Lj
1+ —
R
Expressing the magnitude in dB:

2 2
T(jo), =20Iog1—20logmz—lolog{u(aﬁ) }

Asymptotic behavior:

T(s) = ﬁ = T(jow) =

w—)O:\T(ja))\dB—>0

—20logw

dB

o> [T(jo), - _ZOIOQ(R(;)LJ =20log(R/L)-20logw =§

LINEAR FUNCTION in logo!!! We plot |G(j®)| , as a function of logo.
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Bode Diagrams

Why do we use a logarithmic scale? Let’s have a look at our example:

R 1

R
T(s)= =>T(jw)= =
(s) (o) oL iR

"~ SL+R

L
o—+1
]a)R +
Expressing the phase:
L L
/T(jo)=Zlogl— /| 1+ j 2= | = —tant| &
R R
Asymptotic behavior:

L

LINEAR FUNCTION in logo!!! We plot £ZG(j®) as a function of logo.
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Bode Diagrams

* Log-log plot of mag(T), log-linear plot of arg(T) versus ®

Bode Diagram
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Bode Diagrams

Decade: Any frequency range whose end points have a 10:1 ratio

A cutoff frequency occurs when the gain is reduced from its
maximum passband value by a factor 1/4/2 :

3dB

MAX

20Iog[\/1§TMAX) =20log|7],,,, —20log~/2 ~ 20log|7|

Bandwith: frequency range spanned by the gain passband
Let’s have a look at our example:
w=0 ‘T(ja))‘ =1
T(jw)=—F—m———=>
TG ) wLJZ {a)=R/L T(jo)|=1/2
+ -

This is a low-pass filter!!! Passband gain=1, Cutoff frequency=R/L
The Bandwith is R/L!
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General Transfer Function (Bode Diagrams)

G<jw>—Ko<jw>'"<jm+1>"{[;j’j2+zgfj’+1}q

The magnitude (dB) (phase) is the sum of the magnitudes (dB)
(phases) of each one of the terms. We learn how to plot each term,
we learn how to plot the whole magnitude and phase Bode Plot.

Classes of terms:

1-  G(jw)=K,
= G(jm)=(jo)
3 G(jw)=(jor+1)'
q
& ( + 24 }
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General Transfer Function: DC gain

G(jo)=K,
Magnitude and Phase: ‘G(]’a))‘d}} =
. 0 ifK,>0
i G( j a)) =1, —r
G(s)=-10 tr MK, <
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General Transfer Function: Poles/zeros at origin
G(jw)=(jo)"

Magnitude and Phase: ‘G(ja))‘dB =m-20logw

. T
me1Ge)-L  ZG(w)=m’
S

20 . ; 0
10 ‘G (1) =0 -20
/’ dB
o 0 . 40
E o
g s
S0 o -60
= @
g [
=20 dB / -80
m-20—
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General Transfer Function: Real poles/zeros
Gljw)=(jor+1)
Magnitude and Phase:

G(jw), =n .10log(e?z? +1)
/G(jw)=ntan™(wr)

Asymptotic behavior:

‘G(ja))‘dB w<<llt 0 ZG(]G))—)OO

w<<llt

‘G(ja))‘dB—)n‘T‘dB+n-20loga) LG(jo)————n-90°

w>>1lt w>>1l7
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General Transfer Function: Real poles/zeros
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3

n=-1,7=1/10
Gls)=—1
]
10

G(j0)| , =0dB

] ‘G(jl/r)‘dB =n-3dB

‘G(oo)‘dB =sgn(n)wdB
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General Transfer Function: Real poles/zeros

Phase (deg)
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n=-1,7=1/10

ZG(j0)=0°
ZG(jllt)=n-45
ZG(jo)=n-90°
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General Transfer Function: Complex poles/zeros

G(jw)= M’;Jz + 24“];‘) +1]q

n n

Magnitude and Phase:

Glio) =4 '10'09{(1232 ' (255”

n n

4 2lwl o
/G(jo)=g-tan™ %
1-0° o]
Asymptotic behavior:
Gj@)|y —5es 0 26(jo)—— 0

G(jo) y————2q 0,

o>>w,
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General Transfer Function: Complex poles/zeros

20 - g=-lw,=14=0.05
0 q- ‘24’ dB

20} dB 1 G(S): 2 '
~ q-40— s°+0.1s+1
g e dec
S g0t
% 60 |
s

80} \G(jO)\dB =0dB

ool |GG, =q-BdB+<],)

| | G(j), = San(g)oedB
-1220'1 10° 10" 10 10°
Frequency (rad/sec)
. . o,
Gl =i6(j@)|, = a-eN1-¢7),y @ =0, =

1-¢?
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General Transfer Function: Complex poles/zeros

g=-lw =1¢=0.05

20 T T
’ ' 1
) | 6= b
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