ME 343 — Control Systems

Lecture 18
October 2, 2009
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Root Locus
Controller Plant
R -~ ’/ Y
(8) +.m E(s) C(s) U(s) G(s) (s)
H(s)
N
~~ Sensor

Y(s) _ C(5)G(s) _ C(5)G(s)
R(s) 1+C(s)G(s)H(s) 1+KL(s)

C(s)=KD(s)=>

Writing the loop gain as KL(s) we are interested in tracking
the closed-loop poles as “gain” K varies
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Root Locus

RL = zeros{l + KL(s)} =roots{den(L) + Knum(L)}

when K varies from 0 to « (positive Root Locus) or
from 0 to -« (negative Root Locus)

1+KL(s)=0 = L(s)= —;{ = a(s)+Kb(s)=0
Basic Properties:

e Number of branches = number of open-loop poles
e RL begins at open-loop poles

K=0=a(s)=0

e RL ends at open-loop zeros or asymptotes
b(s)=0

K== L(s)=0 « {
s >0 (n—m>0)

e RL symmetrical about Re-axis
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Phase and Magnitude of a Transfer Function

b,s" +b,_s"" +---+bs+b,

n n-1
s +a, ;57 t---tasta,

G(s) =

(s=z)(s—2,)(s—2,)

G(s)=K
(s=p)s=py)-(s—p,)

The factors K, (s-z) and (s-p,) are complex numbers:

(S—zj):rfei@, Jj=l..m

(s—pk)=rk”ei%p, k=1--p
K =|Kle"”

Gs) = |kl e e e

rlpelﬂ”rzpel@’ ,,,rnpet@f
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Phase and Magnitude of a Transfer Function
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Now it is easy to give the phase and magnitude
of the transfer function:

rZrZ“_rZ
GGs)| =[]
R,
UG(s) :qa“ +(qqZ +@ +---+ga,j1)—(¢f +q +...+¢nf’)
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Phase and Magnitude of a Transfer Function

_ _ (s+6.735)
Example: G(s)= (s+1)(s+5)(s+20)
Fale-Zero Map
B ' ;
H rZ
G(s)|=—1
‘ (S)‘ rlprzpr3p

1066 =g -l@+a@ +a)

Imag Axis

-25 -20 -15 -10 -5 0 5
Real Axis
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Root Locus- Magnitude and Phase Conditions

RL = zeros{1 + KL(s)} =roots{den(L) + Knum(L)}

when K varies from 0 to « (positive Root Locus) or
from 0 to -» (negative Root Locus)

Ls)=K (s=z)(s =2y (s—2,) :‘ ‘ FREeer? el.¢1<p+(¢f+@»+A..+¢¢;)-(¢q"+¢g+.4.+¢;f)]
p(s_pl)(s_pZ)“.(S_pn) : rlpr2p .rnp

r‘rieert 1
L =K 172 m =
K>O:L(S)=_%© . ‘ p‘rlprzp“"’np K
DL =g +(g +@ ++g)-(@ +@ +-+g')=180
1 \L(s)\=‘K ‘Lr;“'r’i __1
K<O:L(s) == = VI A ¢
1=+l +05 )~ 0+ )0
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Root Locus

Selecting K for desired closed loop poles on Root Locus:

If s, belongs to the root locus, it must satisfies the
characteristic equation for some value of K

__1
L(s,))= X

Then we can obtain K as
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Root Locus

1

(s +1)(s +5)

Example: L(s)=G(s) =

5, =3+idm K= =

‘ o

s, s, +5|=|=3+i4+1|-3+i4+5

= -2+ +4 =20

Using MATLAB:

sys=tf(1,poly([-1 -5]))
so=-3+4i
[K,POLES]=rlocfind(sys,so)
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Root Locus
1
: L(s)=G(s) = +——— =347
Example: (5)=G(s) (s+1)(s+5) s, ==3+i4
s, =—1+i5 T //,.. |
’U‘ 4 /
= ! =42.06 2l
‘L(so)‘ i
ol
s, ==T+i5 £
2b
Al
5 I 1 1 1 1 1 1 1
-8 -7 B -5 -4 -3 -2 -1 o 1 2
Real Axis

When we use the absolute value formula we are assuming
that the point belongs to the Root Locus!
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