ME242 - MECHANICAL ENGINEERING SYSTEMS

LECTURE 23:

e Numerical Methods
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INTEGRATION OF ODE's

Given a scalar, first-order differential equation of the form
dy :
S =) with )=,

Goals:

¢ Advancement of the system in time by integration of ODE
e The quantity being integrated, f, is itself a function of the
result of the integration, y.

Method:

» We seek to approximate the solution y(?) at timestep ¢, ,=t,+h
given ¢, and the solution at the previously-computed
timesteps ¢, to ¢,

Note:
e ODE's of higher order are generalization of this first order case
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INTEGRATION OF ODE’s = RUNGE-KUTTA
The Runge-Kutta methods can be written in the general form
k= f(,t,)
k, = f(y, + Bihk,t, + o)
ks f(yn + Bohk, + Pihk, t, + ayh)

Vst = Vo 00k + y o hky + y3hky + -

The constants ¢;, 3, and y; are selected to match as many

terms as possible of the exact solution
3

h2 " h m
W)= 0(0,)+ (6, )+ 5y (1) +7 o )+
e These are explicit and “self starting” methods
 As the number of intermediate steps k; increases, the
accuracy also increases
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INTEGRATION OF ODE’s — RUNGE-KUTTA

Given our ODE
=f(p.t)  with  y(@,)=y,

We can compute the derivatives of the Taylor series expansion

2 3
§e) =200,V 1 6+ )+ ()
as
y'= CZ f()
R e
V=Y A )= 2 s e 2 e 1)Y= 1,28, 12 4,
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INTEGRATION OF ODE’s — RUNGE-KUTTA
Second Order Runge Kutta (RK2)
ki=f(y,»t,)
ky = f(y,+ Bhk,.t, +ah)

St )+ st VB (D1, + £ (3,08, o

Vst =V + 1ibky + 7,0k,
= Vot nhf (,:,)
7L (08, )+ s, B y0t,) + 1, (0,08, Y]
=y, +(n+ 72)hf(ynatn) +}/2h2ﬂ1fy(yn’tn)f(yn’tn) +72h2a1ft(ynstn)

With this scheme, we seek to match the exact solution

2

Ho,) =70+ 1 (ot 1 (0t V4 S (8, )1, (5, )
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INTEGRATION OF ODE’s — RUNGE-KUTTA
Second Order Runge Kutta (RK2)

Matching coefficients to as high an order as possible, we require

ity =1
h* 1 1

72h2,31 =—=>b=a,),=——n=1-—.
22 2, 2,
h

Vzhzal :?

Thus, the general form of the two-step second-order RK isc

k=1 (y,t,)
k2 = f(yn + alhklﬂtn + alh)
Yot =Vn T (1 - llhkl + Lhkz a,: Free parameter
2a, 2,
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INTEGRATION OF ODE’s = RUNGE-KUTTA
Second Order Runge Kutta (RK2)

a,=1/2 Midpoint Method

o~1 Predictor-Corrector Method

y:+1 :yn +hf(yn7tn)

yn+1 :yn +g[f(yn’tn)—i_f(y;rl’tnﬂ)]
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INTEGRATION OF ODE’s — RUNGE-KUTTA

Consider the following scalar problem
y=a  with  y(0)=y,
We note that the analytical solution to this problem is

At
y(t)=y,e
We now use the second order R-K to find a numerical solution

2nd order R-K Method:
Lecture23a.m kl = lyn

k2 :ﬂ’(yn +a1hﬂ“yn):lyn(l+alhl)

Vo =yt 1= |hay, + L iy, (14 aha)
2a, 2q,
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INTEGRATION OF ODE’s -— RUNGE-KUTTA
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INTEGRATION OF ODE's - STABILITY

Consider the following scalar problem

y=A4

with

2nd order Runge-Kutta Method:

¥(0)=y,

yn+1 :yn+ 1_21 hﬂ’yn+21hﬂ'yn(1+alhﬂ’)

a,

a,

Thus, assuming /& constant, the solution at time step » is

212

Viuy = 1+h/"t+h; ynzoyn:o-:1+h/1+T

W22

For large n, the numerical solution remains stable iff
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assuming A = A, +i4,;
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INTEGRATION OF ODE's - STABILITY

Consider the following scalar problem
y=A  with  3(0)=y,

2nd Order Runge-Kutta Method - Stability Region:

STABILITY - 2nd ORDER RUNGE-KUTTA
3

2

Ao @ Stability_RK2.m
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INTEGRATION OF ODE’s - ACCURACY
Consider the following scalar problem
y=a  with  y(0)=y,
Exact Solution:

292 373
y(l‘nﬂ):yne’”’ :y}1(1+ﬂh+/’]’2]/l+/’]'6h+...j

Example: 2" Order Runge-Kutta Method:

222
Vol :(1+h/1+h;jyn

By comparison, the leading error is proportional to /3
2nd Order Runge-Kutta is second-order accurate

ME242 - Spring 2005 - Eugenio Schuster 309




INTEGRATION OF ODE’s — RUNGE-KUTTA

A popular 4% Order Runge-Kutta method can be written as

kl:f(yn’tn)

h h
k, = +—k,t, +—
,=f(y, oot 2)

h h
ky = +—ky,t, +—
=S, 5 2ot 2)
ky=f(y,+hk;,t, +h)

h h h
Vo1 =W +gk1 +§(k2 +k3)+gk4
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