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ME242 – MECHANICAL ENGINEERING SYSTEMS

LECTURE 19:

• Linearization    5.4
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( )y f x=

y

x

non-linear function ( )f x

LINEARIZATION – FUNCTION OF ONE VARIABLE
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( )y f x=

y

x
x

y

( )

x x

df xa
dx =

=

Goal 1: to determine slope 
at a particular point 

LINEARIZATION – FUNCTION OF ONE VARIABLE
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( )y f x=

y

x
x

y *x

*y
* *y ax=

LINEARIZATION – FUNCTION OF ONE VARIABLE

Goal 2: to rewrite function 
in perturbation coordinates 
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( )y f x=

value of  is x xnominal
value of  is y ynominal

non-linear function ( )f x

Nominal solution of ( ) is ( ) ( )
x x

f x f x f x
=
=

Or     ( )y f x=

LINEARIZATION – FUNCTION OF ONE VARIABLE

May be given     and have to solve for     or vice-versa x y
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( )y f x=
take Taylor series about nominal point

pertubation values
*x x x= −
*y y y= −

actual values
*x x x= +
*y y y= +

( ) ( )22

2( )
2x x x x

x xdf d fy f x x x higher order terms
dx dx= =

−
= + − + +

LINEARIZATION – FUNCTION OF ONE VARIABLE
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Taylor series in perturbation coordinates,
22 *

* *
2( )

2x x x x

df d f xy f x y y y x higher order terms
dx dx= =

− = − = = + +

LINEARIZATION – FUNCTION OF ONE VARIABLE

x x

dfa
dx =

=where** axy =

Keeping only the linear (first order) terms
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LINEARIZATION – FUNCTION OF ONE VARIABLE

Example: Conic Tank

Resistance Compliance
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( ) e e f=Linearization of Resistance,

LINEARIZATION – FUNCTION OF ONE VARIABLE
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0 2 /Q A P ρ= *1/
P P

dQ R
dP =

=⇒
alternatively use

LINEARIZATION – FUNCTION OF ONE VARIABLE
2
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( ) e e q=Linearization of Compliance,

LINEARIZATION – FUNCTION OF ONE VARIABLE
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*

P P

dV C
dP =

=

alternatively use

1/3

2

3
tan
VP gρ

π α
 =  
 

⇒

LINEARIZATION – FUNCTION OF ONE VARIABLE

⇒
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LINEARIZATION – FUNCTION OF TWO VARIABLES

Taylor’s expansion (only first order terms):

Defining: uuuyyyxxx −=−=−= ***     ,     ,

We can write:
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1.5

0
0

xA A
x

 
=  

 

2

2d
D

QP
c A

ρ  
=  

 
( ),dQ Q P x=

LINEARIZATION – FUNCTION OF TWO VARIABLES

Example: Adjustable hydraulic valve
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* * *

d d

d
x xd P P

Q QQ P x
P x ==

∂ ∂
= +
∂ ∂

⇒

⇒( ),dQ Q P x=

LINEARIZATION – FUNCTION OF TWO VARIABLES
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1.5

0
0

xA A
x

 
=  

 

2

2d
D

QP
c A

ρ  
=  

 

( ),dQ Q P x=

supplies both and
d d

A Ad P P

Q Q
P A ==

∂ ∂
∂ ∂

supplies
x x

A
x =

∂
∂

LINEARIZATION – FUNCTION OF TWO VARIABLES
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( )Single First Order Diff - E - Q

Total, Nominal and Pertubation Variables

Start non - lineardifferential equation
LINEARIZATION – FIRST ORDER ODEs

( ) ( )( )tutxf
dt
dx ,=

( ) ( )
( ) ( )tuutu

txxtx
*

*

+=

+=
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Find nominal solution(s)

Linearize function

x x
u u

fa
x =

=

∂
=
∂ x x

u u

fb
u =

=

∂
=
∂

Linearize differential equation
*

* *dx ax bu
dt

≈ +

LINEARIZATION – FIRST ORDER ODEs

( ) 0, =uxf
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Resistance

Compliance

LINEARIZATION – FIRST ORDER ODEs
Example: Conic Tank
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Find nominal solution(s)

Find differential equation

( )Pick either  or V Q

Nonlinear differential equation

LINEARIZATION – FIRST ORDER ODEs
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Linearize function

Linearize differential equation

( )
( )

1/ 6
1/ 60 0

1/ 6 5 22

2 2 33
6 tantan

A g A gda V
dV Vπ απ α

 
  = − = −      

( ) 1in
in

db Q
dQ

= =

LINEARIZATION – FIRST ORDER ODEs
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Examine the solution

Of linear first order form

Has time constant

LINEARIZATION – FIRST ORDER ODEs
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⇒

Compliance

Resistance

LINEARIZATION – FIRST ORDER ODEs
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Find differential equation

Of linear first order form

⇒

LINEARIZATION – FIRST ORDER ODEs
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Has time constant

Has forced solution

LINEARIZATION – FIRST ORDER ODEs


