ME242 - MECHANICAL ENGINEERING SYSTEMS

LECTURE 13:

e Laplace transform 7.2
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LAPLACE TRANSFORM - DEFINITION

Function f(?) of time
Piecewise continuous and exponential order |f ()< Ke

o . 1 o+ joo

Fe=[rmea  'FO=ro=__ [ F(s)e"ds
0- 27[] a— jo

0- limit is used to capture transients and discontinuities at =0

s is a complex variable (ct+jo)

There is a need to worry about regions of convergence of
the integral

Units of s are sec'=Hz
A frequency

If f(?) is volts (amps) then F(s) is volt-seconds (amp-seconds)
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LAPLACE TRANSFORM - TABLE

Signal Waveform Transform
impulse 3(t) 1
step u(t) !
N
ramp tu(t) iz
M
exponential e u(t) b
sta
damped ramp e~ u(0) (Hl)z
. ] V]
sine sin( S )u(z) )
: L2l
cosine cos( A )ul(1) )
S
damped sine —atf . B
e “ sin( B )u(t) ral B
damped cosine —at s+a
e “ cos(B)u(t) sra)ie 52
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LAPLACE TRANSFORM PROPERTIES

Linearity: (absolutely critical property)
LIANDO + B (O} = AL, (0} + BL{f ()} = AR (s)+ BF; (5)

t
Integration property: L{jf(r)dr}zFES)
0
Differentiation property: L{d];(tt)}=sF(s)—f(0—)
2
0L 20570 1100)
dt

L{%} ="F(s)=s""f(0-) =" 2 1(0) == £ (0-)
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LAPLACE TRANSFORM PROPERTIES
Translation properties:
s-domain translation: L f()y=F(s+a)

i-domain translation: L{f(t—a)u(t—a)}=e “F(s) for a>0

Initial Value Property: lim f(¢)= lim sF(s)
t—0+ S§—>00
Final Value Property: lim f(#) = lim sF(s)
t—o s—0
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Laplace transforms

)

g
£
S /Differential Laplace Algebraic
= \_equation transform L equation
=
‘s
g
< / Classical Algebraic
g techniques techniques
=
Response ' Inverse Laplace ' Response
signal transform

l transform £ '

The diagram commutes

Same answer whichever way you go
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INVERTING LAPLACE TRANSFORM IN PRACTICE

We have a table of inverse LTs
Write F(s) as a partial fraction expansion

-1
F(s)= by + by 8" 4+ bys+ by

ays" + a1 s+ ag
_ g 5=2)=29) (s~ 2p)

(s=p)(s=p2)(s=pp)
o o ooy ey a9
- - P 5 Tt
(=p) (=p2) (=p3) (s—p3Y (s—p3) )

Now appeal to linearity to invert via the table
Surprise!

Nastiness: computing the partial fraction expansion is best
done by calculating the residues
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RATIONAL FUNCTIONS

We shall mostly be dealing with Laplace Transforms
which are rational functions - ratios of polynomials in s

m m—1
F (s):b’"sn +bm_1sm1 +-+bs+b,
a,s +a, s +--+asta,
_K (s=z)(s—-2))(s~z2,)
(s=p)(s=py)-(s—p,)

p, are the poles and z; are the zeros of the function
K is the scale factor or (sometimes) gain

A proper rational function has n=>m

A strictly proper rational function has n>m

An improper rational function has n<m
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RESIDUES AT SIMPLE POLES

Functions of a complex variable with isolated, finite
order poles have residues at the poles

F(s)= K(S z)(s—2z)(s-z,) _ Kk i k, Leed k,
(s=p)s—py)(s=p,) (s=p) (s=p,) (s-p,)
k(s=p) , kG=p), LACES D)
R e S e S DA M

Residue at a simple pole: &, = lim(s — p,)F'(s)
5P,
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RESIDUES AT SIMPLE POLES

Exercise: Find the Laplace transform ¥(s)

4 3
P 601y =autr) PO=5+v6) s+
v(0-)=-3 _ 4-3s

Vis)= (s+6)

v(t)= gu(t) - gefélu(t)

Exercise: Find the Laplace transform 7(s)

dz ¢ dv(t -2t = > B .
d‘;() 4 ;(t)+3v(t):56 V(S) (S+1)(S+2)(S+3) s+1

IO eI

v(t) = ;e_’u (1) =5 >u(t) + Ze_3tu(t)
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RESIDUES AT MULTIPLE POLES
Let us assume that ¥(s) has a pole of order n at s=-a
Residues at a multiple pole:
. m—1

lim d _1[(s—a)nF(s)}, m=1---n

" =1 5 g g™
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RESIDUES AT MULTIPLE POLES

252455 kK k,
= + +
(s+1)3 s+1 (s+1)2 (s+1)3

L 1 ; J> {(s%l)?’(ZserSs)]Z

Example: p(s)=

Tt ds? (s+1)3
J (s+l)3(2sz+5s)
h=lim %N
so-1ds (S+1)3

(s+ 1)3(25'2 + 53‘)
ky=lm———— 5 =-3

51 (s+1)3

{5 iy e

s+1 (s+1)2 (s+1)3
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RESIDUES AT COMPLEX POLES

Compute residues at the poles lim(s—a)F(s)
s—>a

Bundle complex conjugate pole pairs into second-
order terms if you want. But you will need to be
careful!

(s—a—jB)(s—a+jp)= [S2 -204$+(0‘2 +ﬂz)]

Inverse Laplace Transform is a sum of complex
exponentials
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RESIDUES AT COMPLEX POLES

*

20(s +3) ko, kK
(s+1)(s>+25+5) s+1 s+1—j2 s+l+,2

Example: V(s)=

20(s +3)

k= lim (s+DF(s)= =10
s— -1 ST+2s+5g =1
8 j—r
ky= lim (s+172j)F(s):M =-5-5j=5y2¢ 4
s> —1+2j (+DEHI+2N - 110

S 5.
o { 20s+3) | _ )10 52"+ 542e '
( _

+
s+1)(s% +25+5) s+l s+1—-j2 s+l+ )2
~ (—1+j2)t+j§7r (—1—j2)f—j§”
=[10e™ +5+/2e 4 +52e o lu()

= {1 0e™ +10+/2¢™ cos(21 + SZ)}u(t)
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NOT STRICTLY PROPER LAPLACE TRANSFORMS

S3+6S2+12S+8

S2+4S+3

Convert to polynomial plus strictly proper rational function
Use polynomial division

Find the inverse LT of V(s)=

s+1 s+3
Invert as normal

W(t) = {‘MU) 25(6)+0.5¢” +0.5¢7 }u(t)
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