ME242 - MECHANICAL ENGINEERING SYSTEMS

LECTURE 12:

e Laplace transform 7.2

HOMEWORK 4: Due on 2/18/05

Problem 3.42
Problem 3.43
Problem 3.47
Problem 3.48
Problem 3.50 (Using MATLAB)
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LAPLACE TRANSFORM - DEFINITION

Function f(?) of time
Piecewise continuous and exponential order \f(t)\ <K
1 o+ joo

F(s)= [ f(t)e *at £ FE)= fry=—— / F(s)e™ ds
0- 27[] a— jo

0- limit is used to capture transients and discontinuities at =0

s is a complex variable (ct+jo)

There is a need to worry about regions of convergence of
the integral

Units of s are sec’'=Hz
A frequency
If f(?) is volts (amps) then F(s) is volt-seconds (amp-seconds)
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LAPLACE TRANSFORM - EXAMPLES

Step function - unit Heavyside Function 0. for £ <0
After Oliver Heavyside (1850-1925)  u(f)=1
1, fort=0
0 0 oSt ‘OO o (ot+jolt ‘OO
F(s)= [u(t)e™'dt=[e™'dt = - : _lif >0
0- 0— s ‘0 o+ jw ‘0 s
Exponential function
After Oliver Exponential (1176 BC- 1066 BC)
o0
o o e—(s—i—a)t‘ 1
F(s)=[e e dr = [ T gg = = ifo>a
0 0 s+a \ s+a

Delta (impulse) function (%)

e 8}
F(s)= [8(t)e™dt =1 for all 5

0—
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LAPLACE TRANSFORM - PAIR TABLES

Signal Waveform Transform
impulse (1) 1
step u(t) !
S
ramp tu(t) %
S
exponential e ut) R
Nan?4
damped ramp e~ (o) ﬁ
sine sin( St )u(t) )
: S
cosine cos( At )u(?) e
S
damped sine —at . B
e “ sin( Bt u(r) (s+a)2+ﬂ2
damped cosine —at sta
e cos(ft)u(t) 7(s+a)2+ﬂ2
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LAPLACE TRANSFORM PROPERTIES

Linearity: (absolutely critical property)
Follows from the integral definition

LA (D) + Bfy (1)} = ALLf; (D)} + BL{ f, (1)} = AF (s) + BF(s)

Example:
t t t f
L(Acos(fr)) = L(z[fﬂ fﬁD 25( Jh )+2£( Jﬁ)
:é 1 +é 1
2s—jp 2s+jp
_ As
_52+ﬂ2
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LAPLACE TRANSFORM PROPERTIES

t
Integration property: L{jf(r)df}zF(s)
S

Differentiation property: {df(t)} sF(s)—f(0-)

{dzf(t)

} $2F(s) - £ (0-) - £'(0-)
dt

ﬁ {d’"f(t)

o } =" F($) =" (0-) =" £1(0) == f " (0-)
t
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LAPLACE TRANSFORM PROPERTIES

Translation properties:
s-domain translation: L f)y=F(s+a)

-domain translation:  L{f(t—a)u(t—a)}=e “F(s) for a>0

Initial Value Property: lim f(¢)= lim sF(s)
t—0+ §—>00
Final Value Property: lim f(¢) = lim sF'(s)
t— s—0
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LAPLACE TRANSFORM

Exercise: Find the Laplace transform of the following waveform

() =[2+2sin(2t) — 2 cos(20) Ju(?) F(s)= %(%24))
S\S

Exercise: Find the Laplace transform of the following waveform

f@)=e u(t)+ SI;sin(4x)dx F(s)= S& ::)6(;2++81()6)
o d[5te] 105 +200
f(t) =5 "u(t) + u(t) _19s+200
dt e (s+40)

Exercise: Find the Laplace transform of the following waveform

f(6)= Au(t)~2Au(t - T)+ Au(t —2T)  F(s)= A=)
N
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LAPLACE TRANSFORM-SOLVING ODEs

Linear
Systems
Laplace
transform £

Differential
equation

Algebraic
equation

Classical
techniques

Algebraic
techniques

Time domain (¢ domain)

Response
signal

Inverse Laplace
transform £

Response
transform

The diagram commutes

Same answer whichever way you go
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LAPLACE TRANSFORM

Exercise: Find the Laplace transform 7(s)

dv(t
© 4 6v(1) = 4u(r) V(s)=—t 3
t s(s+6) s+6

v(0-)=-3

Exercise: Find the Laplace transform V()
2
a0 WO 3yiy=5e™ V(5= > _ 2
dt dt (s+1)s+2)s+3) s+1

v(0-)=-2,V'(0-)=2
What about v(7)?
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