ME242 - MECHANICAL ENGINEERING SYSTEMS

LECTURE 11:

e Solutions of Linear Differential Equations 3.5
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FIRST ORDER DIFFERENTIAL EQUATIONS

dx dx 1 1
r—+x=file —+—x=f[,()=— /()
dt dt T
These equations are derived from the RC and IR models

Solution: xX(t)=x,()+x,(2)

‘\\ Particular solution

Homogeneous solution

Homogeneous Solution: de le =0
dt
1
Particular Solution: dx—f’

di +;xP = 1,(?)
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FIRST ORDER DIFFERENTIAL EQUATIONS

T@+x20<:>@+lx=0 Unforced
dt dt

Initial Condition: x(O) =X

o

dx, 1
— 4+ —x, =0
d ¢ "

Homogeneous Solution:

Xy _ de" = sde” + 1 A 0= 541 —0=>5=—1

; T T T

xy()=Ade "= x,(0)=A=x,

x(t) = xy <r>=x0e_§
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FIRST ORDER DIFFERENTIAL EQUATIONS

dx dx 1
Z'E+x=f1(t)<::>5+;x=f2(t) Forced

Forcing Term: fr(t)=x, =cte Step
Initial Condition: x(0)=1x,
dx, 1 -
Homogeneous Solution: X +-x, = 0= Xy, (t) =Ade "
dt
Particular Solution: LXP + lxp =X, = xp(t) =17X
dt 7 ! !

xX(t) =Xy () +x,p(t) = de * +1x,

x0)=A+n>x,=x, > A=x, -,

!
W0y =(x, — o, e “ + o,
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DYNAMIC MODELS

Example:  Fluid System Sf
Shared Variable? Type of junction? q
Pressure (effort) 0-Junction ) 0

C< 0 =1

tank area: 10 in> pg=62.4 lb/f¢*
p=2x10° 1b-s/in’
m—— 0.20 in.;

QU /
Mg i 4

A 8 L
c=A r=SL Pt
Type of behavior? rg 2 2
Coupled g, = 0
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DYNAMIC MODELS

Examples: Fluid System
S

=r Sf Sf
9, -[% -[%
' ]
(< 0 >< C<— o0 >}< - / 7
J_ CIC/ qc/ RC
/
R R R
a- Model b- Causality added c- Annotation causal bonds
% qo = Qa CIC = V
U
av 1
q, —qc+q—c+ 0="+—1
RC dt _RC
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DYNAMIC MODELS

Examples: Fluid System

dv 1
—+—V = IC: V(0)=V =
a7 0 ( ) o 7=RC
t
Homogeneous Solution: % + lV =0=V,()= de *
d 7" i
Particular Solution: %4_1[/13 =0= VP(t)=TQ
dt t ;
General Solution: Viey=V,@)+V,(t) = Ade 7+ 110

V(0)=A+10=V,= A=V, -10

t

V)=V, -0)e * +10
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SECOND ORDER DIFFERENTIAL EQUATIONS

d’x dx d’x a, dx 9
a—ta—+ax=fit) o —5+—L—+2Lx=f,()=— fi(t
G e = 0 = G A s 0= )
®,= | 2
! \u d"x dx
—+2a)—+a)x t
o ar 50 5@

These equations are derived from the RIC models
Solution: x(t)=x,()+x,(2)

‘\\ Particular solution

Homogeneous solution

" + 26w, ddxf +@’x, =0

dx
Particular Solution: + 25w, ;‘FCOXP f>()
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Homogeneous Solution:




SECOND ORDER DIFFERENTIAL EQUATIONS

2
d—f + 26w, @ + a)jx =(0 Unforced
dt dt

Initial Conditions: x(O) =Xx,, x(O) =X,
2
Homogeneous Solution: d”xy +2 a)ndxiﬂ.p a)fo =0

dt*

x, = Ae" = As’e” +2¢w, Ase” + v Ae” =0

s> +2¢0,5+ 0w =0
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SECOND ORDER DIFFERENTIAL EQUATIONS

Characteristic Equation: g2 +2ga)ns+a)f ~0

(erga)n)2 +a),f(1—g2) 0

@, . Undamped natural frequency [

¢ . Damping ratio X

(s+o+jo,\s+o—jw,)=0

(S+0')2+a)§:O

:\}/ T Re(_sa

— T Wy

o o 2
0= C()”, a)a’_a)n l_é/

1
e
|
| 1
@, Damped natural frequency e
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SECOND ORDER DIFFERENTIAL EQUATIONS
(s+o-)2 + ), =0=>s,=-0% jo,=—c0, + j\ ¢’ ~lw,
Xy ()=Ce" +Ce™ = x,(0)=C+C, =x,

X, (0)= Csl +C252 =X,

— X,

Sy — vl sz -5

Complex Poles:

x,, ()= e "[4, cos(w,t) + A, sin(w,t)]|= x,(0)= 4, =x,
5,(0)= oA+, 4, = %,
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SECOND ORDER DIFFERENTIAL EQUATIONS
dZ
art

Forcing Term: fr(t)=x, =cte

Initial Conditions: ~ x(0)=x,, %(0)=x

o o

+ 25w, Z’t+a) x=f,(¢t) Forced

2
Homogeneous Solution: d )‘;H + 26w, dx—H + a)sz =0
dt a "
x, (1) =Ce"" +Cye™
. o d’x dx
Particular Solution: P +2ga)n7P+a)ij =X,
dt L at
Xp()="%
P >

n

. X
xX(O)=x, (O +x,(t) =Cie" + C,e™ + 7/;
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DYNAMIC MODELS

Example: RLC Series

Se
Shared Variable? Type of junction?
Current (flow) 1-Junction 0
A
(< 1 -1
/
R
Type of behavior? C= C: R = Ra I=L
Coupled
e =V
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DYNAMIC MODELS
Example: RLC Series

S, S, S, q.lz.

eOL eol ql
q./ C
1

C< > C< | dc @ I
1 C | ’Il C 1 17[7'
l -[ Rp,/1|p, /1
R R R
a- Model b- Causality added c- Annotation causal bonds
: P
e = e, =V, V.=1c
] 0 C C
U
_4c P
+p, +R— d?v, v
1 B
0 C I ZC + dt(

ME242 - Spring 2005 - Eugenio Schuster 183




DYNAMIC MODELS
Example: RLC Series

dVe RdVe 1, V| IC V.(0)=V,
2 o c .
dt L dt LC LC VC(0)=O
2
Homogeneous Solution: %Jrz ) AVey +a Ve, =0
dt " ’

Ve () =Ce™ + Cye™
Complex Conjugate Poles C
Ve (1) = ™[4, cos(w,t) + A, sin(w,t)]

dZVCP
dt*
VCP (t) =V
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Particular Solution:

+26m, d Z;P +a V=0V

DYNAMIC MODELS
Example: RLC Series

V

o

0

szchrngch L, _ V| w© V.(0)
di> L di LC LC v.(0)

c =

General Solution:
Vo(t) = Ve () +Vep(t) = 7 [ 4, cos(aw,t) + A, sin(w,t) |+ V
V(1) = 0e™ [ 4, cos(w,t) + A, sin(w,t) |+ e w, [~ 4, sin(w,t) + 4, cos(aw,t)]
VeQ)=A4+V =V, = A=V, -V

Vo(0) =0+, 4, =0=> A, =—2(V, - V)

2

(o3 .

Vo(t)= e‘”{(VO ~V)cos(w,t)——(V, - V)sm(a)dt)} +V
Wy
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