ME242 - MECHANICAL ENGINEERING SYSTEMS

LECTURE 10:

e Solutions of Linear Differential Equations 3.5

ME242 - Spring 2005 - Eugenio Schuster

154

FIRST ORDER DIFFERENTIAL EQUATIONS

dx dx 1 1
r—+x=file —+—x=f[,()=— /()
dt dt T
These equations are derived from the RC and IR models

Solution: xX(t)=x,()+x,(2)

‘\\ Particular solution

Homogeneous solution

Homogeneous Solution: de le =0
dt
1
Particular Solution: dx—f’

di +;xP = 1,(?)
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FIRST ORDER DIFFERENTIAL EQUATIONS

Tﬂjux:()@@julxzo Unforced
dt dt 7
Initial Condition: x(()) =X,
Homogeneous Solution: %_,.le =0
dt 7

1 1
x,; =Ae" = sde” +—Ae" =0 s+—=0=>5=—
t T T T

xy()=Ade "= x,(0)=A=x,
t

x(t)=x,(t)= xoe_;
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FIRST ORDER DIFFERENTIAL EQUATIONS
: x(t)

x()=x,()=xe " hlt)=—"=e"
X
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FIRST ORDER DIFFERENTIAL EQUATIONS
x(t)=x,()=x,e ~ < h(t)= O _ e
X

o
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FIRST ORDER DIFFERENTIAL EQUATIONS
dx dx 1
T—+Xx= &S —+—x= t) Forced
7 Si(0) PR £>(1)
Forcing Term: frt)=x,=cte Step
Initial Condition: x(0)=1x,
dx, 1 -
Homogeneous Solution: axXy +—Xx, = 0= Xy (t) =Ade "
dt ¢
Particular Solution: dxp 1 _ t) =
. W+;xp—xf:>xp()—zxf

xX(t) =Xy () +x,p(t) = de * +1x,

x0)=A+n>x,=x, > A=x, -,

_t
x(t) = (xo —z:xf)e T+ 159
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FIRST ORDER DIFFERENTIAL EQUATIONS

x(t) = x, (0) + xp (1) = x, —zxf)e; tox, (T=0)

=4

+——————————— ——
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SECOND ORDER DIFFERENTIAL EQUATIONS

d’x dx d’x a, dx LG

—ta—+ e —+-+ = t—— t
o, = 2
" \;‘a2 d x dx
) —+2ga)—+a)x f>(1)
s dr’ dt

These equations are derived from the RIC models

Solution: x(t)=x,()+x,(2)

‘\\ Particular solution

Homogeneous solution

P + 26w, dj;;{ +@’x, =0

dx
Particular Solution: + 26w, IJFCU ' Xp = f5(1)
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Homogeneous Solution:




SECOND ORDER DIFFERENTIAL EQUATIONS

2
d—f + 26w, @ + a)jx =(0 Unforced
dt dt

Initial Conditions: x(O) =X,, x(O) =X,
2
Homogeneous Solution: d”xy +2 a)ndxiﬂ.p a)fo =0

dt*

x, = Ae" = As’e” +2¢w, Ase” + v Ae” =0

s> +2¢0,5+ 0w =0
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SECOND ORDER DIFFERENTIAL EQUATIONS

Characteristic Equation: g2 +2ga)ns+a)f ~0

(erga)n)2 +a),f(1—g2) 0

@, . Undamped natural frequency [

¢ . Damping ratio X

(s+o+jo,\s+o—jw,)=0

(S+0')2+a)§:O

:\}/ T Re(_sa

— T Wy

o o 2
0= C()”, a)a’_a)n l_é/

1
e
|
| 1
@, Damped natural frequency e
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SECOND ORDER DIFFERENTIAL EQUATIONS

Complex poles:

CASES:

v o2 2
¢=0:5"+w,

(S+ga)n)2+a),f(1—g2):0

¢ <1:(s+¢w,f +a(1-¢?)

\/,“:lz(era)n)2

TS T L ) Y P P o) Y
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s=—¢o, * j\¢’ 1o, =—c* jw,

Undamped

Underdamped

Critically damped

Overdamped
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SECOND ORDER DIFFERENTIAL EQUATIONS
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L

165




SECOND ORDER DIFFERENTIAL EQUATIONS
Complex poles:

h(t) = X _ e [Ccos(w,t) + Dsin(w,t)]
X
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SECOND ORDER DIFFERENTIAL EQUATIONS
Complex poles:

h(t) = X _ e [Ccos(w,t) + Dsin(w,t)]
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SECOND ORDER DIFFERENTIAL EQUATIONS

d’x dx

— 4260, —+w,x=f,(t) Forced
dt dt

Forcing Term: fo(t)=x,=cte

Initial Conditions: x(O) =X,, x(()) =X,

2
Homogeneous Solution: d"xy +2¢w de+ a)sz =0
dt* “dt "
_O-t .
x, ()= e "[Ccos(w,t)+ Dsin(w,t)|
2
Particular Solution: d );P +2cm, % + wjxp =X,
dt dt
_Xr
xP (t) )
a)n
o . Xy
x(t)=x,(t)+x,(t)=e [C cos(w,t)+ Dsm(a)dt)] +—
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SECOND ORDER DIFFERENTIAL EQUATIONS
Complex poles:

x(t)=e” [C cos(w,t)+ Dsin(a)dt)] + LJ;
a)}’l
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