SPIN MANIFOLDS WITH NONZERO DUAL STIEFEL-WHITNEY
CLASSES OF LARGE GRADING

DONALD M. DAVIS

ABSTRACT. The dual Stiefel-Whitney classes w;(M) of a mani-
fold M are elements of H7(M;Zsy) which give information about
embedding and immersing M in Euclidean space. We consider the
question of finding, for each n, the largest j such that there is an
n-dimensional Spin manifold with w; nonzero. We obtain upper
and lower bounds. Since one theorem proves existence of manifolds
without giving explicit examples, we consider a parallel question of
finding explicit manifolds with w; nonzero for j as large as possible.

1. INTRODUCTION AND STATEMENT OF RESULTS
1.1. S(n); existence of manifolds

Each dual Stiefel-Whitney class w;(M) of a compact differentiable' n-manifold M
is an element of H7(M;Zsy) which has the property that if w;(M) # 0, then M cannot
be embedded in R"*/ nor immersed in R"™/~1. In [6], the author and W.S.Wilson
studied the question of finding, for each n, the largest j such that there exists an
orientable (resp. Spin) n-manifold M with w;(M) # 0. This question was answered
completely for orientable manifolds. Indeed, it was shown in [6, Theorem 1.1] that
the largest j such that there is an orientable n-manifold with w; # 0 is n — a(n),
where a(n) is defined in (1.1).

v Ja(n) n=1 (mod 4)
aln) = a(n) +1 otherwise. (1.1)
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Here and throughout, a(n) denotes the number of 1’s in the binary expansion of n.
However, for Spin manifolds, the question was only answered there for certain values
of n < 33.

One aim of this paper is to extend work in [6] to find large values of j such that
there is an n-dimensional Spin manifold with nonzero w;. To this end, we make the

following definition.

Definition 1.2. We define S(n) to be the largest j such that there exists an n-

dimensional Spin manifold with w; # 0.

Note that S(n) is a non-decreasing function of n, since if M is an n-dimensional Spin
manifold with w; # 0, then M xS is (n+1)-dimensional with the same properties. An
upper bound for S(n), analogous to the sharp upper bound for orientable manifolds

described above, was obtained in [6, Theorem 1.3] using the Steenrod algebra.

Proposition 1.3. ([6]) We have
8k — a(k) if8k+1<n<8k+7
Sn)<<n—a(n)—1 ifn=2° (mod 2¢"?)
n—an)—2 ifn=3-2° (mod 2°7?).
The similarity with the formula for orientable manifolds becomes apparent once we
note that n —a(n) = 4k —a(k) if dk+1<n <4k +3
Using calculations of ko-homology groups of mod-2 FEilenberg-MacLane spaces in

(6] and [5], we can sometimes improve these upper bounds by 1.

Proposition 1.4. If9 <n <12 orn =25 orn =2°+1 with e > 4, the upper bound

in Proposition 1.3 can be improved (decreased) by 1.

The same type of calculations can be used to prove the following lower bound for

S(n), which will be proved, along with Proposition 1.4, in Section 2.1.

Theorem 1.5. For 8k <n < 8k + 7, we have 8k —2a(k) < S(n). This lower bound
can be increased by 1 if 13 < (n mod 16) < 15 or 18 < (n mod 32) < 23.

1.2. Sg(n); existence of Explicit manifolds

The proofs of the lower bound in Theorem 1.5 are nonconstructive; they show that

such a manifold exists, but they do not give an explicit example. The same was true



3

for orientable manifolds in [6, Theorem 1.1], the result mentioned above. Because the
analogous bound for all manifolds (n — «(n)) was realized in [10] by nice manifolds,
namely products of 2-power real projective spaces, the author was led in [4] to try to
find explicit orientable n-manifolds with w,_s(,) # 0, and did so unless n is a multiple
of 4 which is not a 2-power. The second aim of this paper is to try to do something

like this for Spin manifolds.

Definition 1.6. Let Sg(n) denote the largest j such that there is a known Explicit

n-dimensional Spin manifold with w; # 0.

Using (complex) Bott manifolds and products of 2-power quaternionic projective
spaces and G = GG/SO(4), we will prove the following lower bound for Sg(n). The
proof of (1) is in Section 2.3, while (2) is proved in Section 2.2.

Theorem 1.7. (1) If n =2 (mod 8), then Sg(n) > n —2a(n).
(2) Fork >1,

0 k& even

2k odd,

but the bound implied by (1) is larger than this if a(k) > 5+
v(k), where v(k) is the exponent of 2 in k.

Sp(8k) > 8k — da(k) + {

This extends to give lower bounds for Sg(n) for all n > 8, since Sg(n) is a nonde-
creasing function of n for the same reason that S(n) was.
We will also prove the following improvement, which is optimal, in Section 2.4.

This was joint work with Claude.

Theorem 1.8. There is a generalized real Bott Spin manifold of dimension 13 with
wy # 0. Fore > 4, there are generalized real Bott Spin manifolds of dimension 2¢+ 4
and 2°¢ +5 with Woe_q 7£ 0.

Combining this with Proposition 1.3 yields the following sharp result.

Corollary 1.9. Lete >3 and 4 <d <7 ande+d > 7. Then
S(2°+d) = Sg(2°+d) =2°—1.
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Note that for e > 5 Theorem 1.8 gives a stronger bound for S(2¢ + d) than does
Theorem 1.5.

In Table 1, we tabulate “Sg-bnd,” our lower bound for Sg(n) in Theorems 1.7 and
1.8, “S-bnd,” our lower bound for S(n) in Theorem 1.5, “Upper,” our upper bound
for S(n), given in Propositions 1.3 and 1.4, and “AlgUpper,” the upper bound stated
in Proposition 1.3, derived from the Steenrod algebra. Note that the middle columns
are equal for n < 24 and, for e > 4, n = 2° + d with d € {0,1,4,5,6,7}, giving a
precise value of S(n) in these cases. This equals Sg(n) when n < 15 and for the
values of n in Corollary 1.9, realized using G and generalized real Bott manifolds.
We also list manifolds with Wg, ) # 0. “Bott” refers to (complex) Bott manifolds
(Theorem 1.7(1)), while “GRBM?” refers to generalized real Bott manifolds (Theorem
1.8). The table begins with n = 8 since all Stiefel-Whitney classes vanish on Spin

manifolds of dimension < 8.

n | Sg-bnd S-bnd Upper AlgUpper | manifold
8 6 6 6 6 G
9-12 6 6 6 7
13-15 7 7 7 7 GRBM
16 12 14 14 14 HPpP*
17 12 14 14 15
18-19 14 15 15 15 Bott
20-23 15 15 15 15 GRBM
24 18 20 20 20 G x HP*
25 18 20 21 22
26-28 20 20 22 22 Bott
29-31 20 21 22 22
32 28 30 30 30 HP8
33 28 30 30 31
34-35 30 30 31 31 Bott
36-39 31 31 31 31 GRBM
40-41 34 36 38 38 G x HP®
42-47 36 36 38 38 Bott

Table 1: Bounds for Sg(n) and S(n)

Since dual Stiefel-Whitney classes are not the only way to prove nonimmersion re-

sults, the only implication that we can deduce about immersions of all Spin manifolds

is given in the following result.
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Corollary 1.10. The number d(n), defined to be the smallest integer such that all
n-dimensional Spin manifolds immerse in RY™ satisfies d(n) > n + S(n), where for
S(n) we can use the lower bound in Theorem 1.5 and Corollary 1.9 or the number in
the “S-bnd” column of Table 1.

2. PROOFS
2.1. Proposition 1.4 and Theorem 1.5; using ko, calculations

In [6], we proved the following known result. Here x is the antiautomorphism of
the Steenrod algebra and h : ko.(X) — H,.(X;Zs) is the Hurewicz homomorphism.
Also ¢, is the nonzero class in H*(K (Zy, k); Zs).

Proposition 2.1. There exists an n-dimensional Spin manifold with w,_ # 0 iff
there is an element o € ko, (K (Za, k)) such that (x Sq" % 1, h(a)) # 0.

This uses the relationship between Spin bordism and ko-homology proved in [1] to
establish existence of Spin manifolds without giving explicit models.

In [6, Theorem 1.5], we used detailed calculations of the Adams spectral sequence
converging to ko,(K(Zs, k)) for small values of k to obtain all the lower bounds for
S(n) in the S-bnd column of Table 1 for n < 23 and n € {32,33}. This work also
yielded the part of Proposition 1.4 for 9 < n < 12.

The case n = 25 of Proposition 1.4 is based on work in [6], but was not noted there.
To prove this, we must show that there does not exist an element « in kogs (K (Zs, 3))
such that (x Sq* 3, h.(a)) # 0. Now xSq* 13 = Sq'?Sq®Sq*Sq' 13, and [6, Figure
4,4] shows that the element of EXt?&fE)(H*(K(Zz,i%)),Zz) dual to Sq"?Sq° Sq® Sq' 13
and to a certain decomposable class supports a nonzero ds-differential. This eliminates
the only chance of having such an element a.

In [5], the author made a complete calculation of ko, (K (Z2,2)) and used it to prove
that there exists an n-dimensional Spin manifold with w, o # 0 iff n is a 2-power
> 8. Taking the product of these manifolds corresponding to the binary expansion
of n = 8k, using the Whitney-Cartan theorem and Kiinneth Theorem, we obtain the
main part of Theorem 1.5. Taking products of these 2°-manifolds for e > 4 with the
manifolds of dimension 13 to 15 with w; # 0 guaranteed by [6, Theorem 1.5] gives the

first improvement of 1 in Theorem 1.5, and the second case of improvement follows
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similarly, also from [6, Theorem 1.5]. This completes the proof of Theorem 1.5. The
work in [5] also implies the 2¢+ 1 part of Proposition 1.4, as it says S(2°+1) < 2¢—1,

due to a differential in the Adams spectral sequence converging to ko, (K (Zs,2)).
2.2. Theorem 1.7(2); quaternionic projective spaces and G

Now we describe some explicit Spin manifolds. Our first example uses quaternionic
projective space HP™, which is a 4n-dimensional Spin manifold with H*(HP") =
Zolz] /™! with |z| = 4. Its total Stiefel-Whitney class W = Y w; = (1 4+ z)" ™.
Thus wy; = (_Z_l)wj. The formula (_ba) = (“H;_l) mod 2 for a,b > 0 is useful. If
n = 2¢ then Wy, 4(HP") = (7226_711)1‘7171, with coefficient equal to (2;1_—11) =1 by
Lucas’s Theorem. Thus HP" has Wy, 4 # 0 if n is a 2-power. If n = > 2% for
distinct e; > 3,then [ HP?"* has Wn—da(m) # 0. These, producted with (S*)* for
1 <t <7, give the case of Theorem 1.7(2) with k even.

It was pointed out to the author by ChatGPT that the symmetric space G =
G9/SO(4) is an 8-dimensional Spin manifold with ws # 0. This was shown long
ago in [2]. This is optimal; we use G as a replacement for HP?. By using products

of distinct HP?"’s for e > 2, (S')! for 1 < ¢ < 7, and G, we obtain Theorem 1.7(2).
2.3. Theorem 1.7(1); (complex) Bott manifolds

In [4], the author used real Bott manifolds to obtain orientable n-manifolds with
Wyp—qam) 7 0 for n = 1 mod 4. The complex analogue is a 2n-dimensional Spin
manifold with Ws,—94m) 7 0. These are our examples implying Theorem 1.7(1). We
elaborate.

Let F =R or C, and d = 1 (resp. 2) if F = R (resp. C). An F-Bott tower is a

sequence of fibrations
Bn—)"'%Bl—)BOZ*

such that B, = P(ep®(;) with (; an F-line bundle over B;, ey a trivial F-line bundle,
and P the projectification. Then B, is a dn-manifold, and there are canonical classes
z; in HY(B;) for i < j and

wa(Gy) =Y aija;

i<j
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for some a; ; € Z. These a; ; form an n-by-n strictly upper-triangular binary matrix

A which determines B,,. Then, from ([3], [7]), we have
H*(By) = Lof, ... 0]/ (23 = > agjwiz;) (2:2)
i<j
and
wa(7(By)) = ok ({) _ aijai, 2<j <n}),
i<j
with o the kth elementary symmetric function, and 7 the tangent bundle.
The author proved in [4] that, for F = R, for the matrix A with
1 j=14+1orn, 1 <n—-2
Qi = .
! 0 otherwise,
the corresponding real Bott matrix is orientable and has W, _q,) # 0 if n = 1 mod 4.
If we form the complex Bott manifold of (real) dimension 2n with the same matrix A,
the same proof yields wy = 0 and Wa,—2q(n) # 0 if n = 1 mod 4. This proves Theorem

1.7(1), with the n in the theorem corresponding to the 2n in the preceding sentence.
2.4. Theorem 1.8; generalized real Bott manifolds

We close this section by proving Theorem 1.8. Rather than recapitulating the
general case of a generalized real Bott manifold, which involves lots of subscripts and
is described in [8] and [9], we describe directly the case n = 2° +4, ¢ > 4 in our

theorem. Let (ny,ng,n3,ng) = (2,2,2° — 3,3). There is a tower of fibrations
By — By — By — By — By = %

in which B4, = P(e ®V}), where V; is a sum of n; line bundles over B;. (The space
B, can be considered as a small cover over A™ x A" x A™ x A™, but that is not

our approach.)
The partitioned matrix M = [M;|My|M3|M,] =

1 1/0 01 10000010 0(1 01
00/j1 11111111060 01 01
00/j00j111111T1T171 110 1 1 |”
0 0j0 0{0O OO O0OO0OO0OO0OO0O0 0[1 1 1
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discovered by Claude, describes the tower completely. The four ellipses (---) refer
to sequences of (2¢ — 13) 0’s, 0’s, 1’s, and 0’s, resp. There are canonical elements
z; € HY(Bj) for 1 <i < j <4. Let x = (1, 22,73, 24)". The dot product of the tth
column of M}, with x equals wy(Ly¢) + xx, where Ly, is the ¢th line bundle in Vj,. For
example, wy (L4 ;) = 1 + x2. Then

H*(B4) = Zz[$1>$27$3,$4]/(31, Ry, R3,R4),

where R}, is the relation
ng
o= o Se),
i=1

with Sy the set of the ny expressions wy(Ly,), and o; is the ith elementary symmetric

polynomial. Explicitly, we have

3 _
xy =0
3 _
x5 =0
29 2¢_3 2 2 2¢ 4 3 2 2 3y,.2¢-5
xy C=(x1 +xe)ry A+ (2] + a5+ wxe)ry 4 (2] + 1T + 1125 + T5) 2]
3 3 4y, 26 4 5\,.2¢-7 2 4 5 6Y,..2¢-8
+ (zyT2 + 1175 + x2)x3 + (x1x2 + $2)$3 + (z77y + 1175 + x2)x3
3 4 2.5 6 7\, 269 3.5 7\..2¢-10
+ (zy75 + 1wy + 2125 + x?)xS + (zizy + xl%)%
(2.3)
4 2 2 2 2 2 2 2 2
xy = (2] + x5 + 5 + 1123 + 2ax3)xy + (2123 + 2503 + 1125 + T2x5) Ty
(2.4)

For example, the coefficient of 7 in a:i is o9(x1 + X9, 3,71 + T2 + x3). A basis for
H*(By) is {z 222’ 0 <i, < my}.

We use the standard result ([11, §3]) that wy is nonzero in an n-manifold M if and
only if there is an x € H™ *(M) with x Sq"(x) # 0. Using (a,b,c,d) to represent

a.b,.c..d ;
x{zryzsry, one easily shows

S M (mawsz?) = Sq® T Sq® -+ Sq? Sq (zoxs ) (2.5)
=(0,2,1,2°+1)+(0,1,2,2°+ 1) + (0,2,2,2°) 4+ (0, 1,2% 3) 4+ (0,2° 1, 3)
for e > 2. Showing that this is nonzero when the relations are applied was first done

for e = 4 and 5 by Claude in the discovery process, and then verified by the author

for e = 4 using a Maple program. We can prove it for all e as follows.
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First we use the relation (2.4) for x} together with 23 = 23 = 0 to reduce the

exponent of z, to values < 3. We claim that the terms reduce as follows.
(0,2,1,2°+1) = (2,2,2° - 2,2) +(2,2,2° - 3,3) + (1,2,2° — 1, 2)
+(1,2,2°—2,3) +(0,2,2° — 1,3)
(0,1,2,2°+1) = (2,2,2° — 2,2) + (2,2,2° — 3,3) + (2,1,2° — 1, 2)
+(2,1,2°—2,3)+(1,1,2%2) + (1,1,2° — 1,3)
+(0,2,2%2) +(0,2,2° —1,3) + (0,1, 2% 3)
(0,2,2,2°) =(2,2,2° = 1,1) + (2,2,2° — 2,2) + (1,2,2° 1)

+(1,2,2° = 1,2) + (0,2,2°2) (2.6)
(0,1,2°,3) = (0,1,2°,3)
(0,2¢,1,3) = 0.

We now prove this claim. Write the relation (2.4) as x} = Az} + Bxy. To find
a formula for the coefficients making z} = cl,nxi + cmxi + ¢34, multiply by
r4 and reduce using zj = Az? + Bry. The initial condition for this recursion is

(c14,C24,¢34) = (0, A, B). The recursion is
(Cl,n+1> Co2.n+1, CB,n—‘rl) = (627TL7 C3n + Acl,na Bcl,n)
and the solution is

(Cl,na C2.n,s CS,n)
_ AV (&j)AiBﬂ', (iﬂ_l)AiBﬂ').

(2z‘+3jzn—3 < ! ) 2z'+3jzn—2 ! 2i+3jzn—1 !

We demonstrate the reduction of z3z3x3" which results in (2.6); the two equa-
tions preceding (2.6) are obtained similarly. One shows easily that ¢j9e = 0, co9e =
A¥ T A2T1B2 mod B3 and ¢30e = A2 2B mod B2, Since we are reducing

€ . . . . .
razrir? | terms divisible by x5 or by z3 can be omitted. We obtain
2,2,2¢ 2 2( 2(/ 2 2 2¢-1-1 2\2¢71—4 2\2
Lolgly = TaXy (%((xl + 25 + 7173) + (3) (123) )

+ x4(x2)2671_2(;1:%x3 + ww%))

= wyzy (23 (2] 2+ anad 4 alal ) 4 maad N(ains + 1123)),
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which are the five terms listed in (2.6).

Next we use (2.3) and 29 = x3 = 0 to see which of the monomials on the right hand
side of the equations surrounding (2.6) equal the top class 2?x3x3 “x3, and which
equal 0. We claim that all except (2,2,2° — 3,3), (1,2,2°—2,3), (2,1,2° — 2,3), and
(1,1,2¢ — 1,3) reduce to 0, while these reduce to (2,2,2¢° — 3,3). This implies that
only the second of the five equations and hence the second of the five terms in (2.5)
is nonzero. We conclude that wse_; # 0 since x Sq* ~*(zox323) # 0.

We now prove this claim. Since the 2% factors are not affected by this reduction,
only the monomials ending in z3 have a chance to be nonzero. We illustrate the
reduction using x1mezs 3. Multiply the relation (2.3) by 3 and ignore all terms

divisible by 2% or 3. We obtain
21 3 2¢—2 2¢-3\ 3
T1@oxy xy = 1@ (21 4 22)2s P+ mimany °)al
(2 2 2¢-3 | 22 26-3\ 2
e__
= xixsxs Pxi # 0.
Other monomials are handled similarly.

We can obtain n = 13 part of Theorem 1.8 similarly using the matrix

1 111 1|1 11101 01
00({1 11{1 00011 01
00/0O0O0]1T 1111|101
0 0j0 0 0OJ0OO0O0O0O0OIT 11

and x Sq”(z129w323). Again this was discovered by Claude. We can generalize this
to all 2¢ 4+ 5 by appending 0’s and 1’s to the third block as we did for the 2°¢ + 4
case. This is not really necessary since, for e > 4, examples of (2¢ + 5)-dimensional
Spin manifolds with Wy _; # 0 can be obtained by crossing the (2% + 4)-dimensional

example with S*.

3. OTHER MANIFOLDS

We tested the generalized Dold manifolds of [12] and found that there are some

values of n for which their total dual Stiefel-Whitney class has top nonzero grading
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equal to our lower bounds for Sg(n) in Theorem 1.7, but they never improve upon
it, so we will not provide details.

We studied other generalized real Bott manifolds in addition to those in the dimen-
sions mentioned above. Based on many trials by Claude we feel that it is unlikely
that there exist generalized real Bott Spin manifolds of dimension 16 or 17 with ws
or wi3 nonzero, or of dimension 18 or 19 with w5 nonzero, or of dimension 24 or 25
with wig or w9 nonzero.

Let B, be a real Bott n-manifold with matrix A having rows R;. It is shown in [7]
that B,, is Spin if R; - R; = 0 mod 2 for all 7 and, if }/3;4 is obtained from R; by letting
a;; equal the mod 2 reduction of %Ri - R;, then R; - }A%z = 0 mod 2 whenever j < 1.
Claude found a 14-dimensional real Bott Spin manifold with w; # 0, but we feel that
this was superceded by the generalized real Bott Spin manifolds described earlier in

the paper.
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