THE CONNECTIVE K-THEORY OF THE EILENBERG-MACLANE
SPACE K(Z,,2)
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ABSTRACT. We compute ku*(K(Zp,2)) and ku.(K(Zp,2)), the
connective K U-cohomology and connective KU-homology groups
of the mod-p Eilenberg-MacLane space K (Z,,2), using the Adams
spectral sequence. We obtain a striking interaction between hg-
extensions and exotic extensions. The mod-p connective KU-
cohomology groups, computed elsewhere, are needed in order to
establish higher differentials and exotic extensions in the integral
groups.

1. MAIN RESULTS

In [12] and [5], the authors initiated a partial computation of the connective KU-
homology groups, ku.(K(Zs,2)), of the mod-2 Eilenberg-MacLane space K(Zs,2) in
separate studies of Stiefel-Whitney classes of manifolds. We eventually turned to the
associated cohomology groups, ku*(K(Zs,2)), and were able to give a complete de-
termination, via the Adams spectral sequence (ASS). This generalized nicely to the
odd primes, and then we found a duality result ([4]) relating these homology and co-
homology groups which enabled us to determine the homology groups ku.(K(Z,,2)).

Let Ky = K(Z,,2), with the prime p implicit. We begin with a description of the
ku*-module ku*(Kj). Note that ku* = Zy,[v] with [v| = —2(p — 1). We find that
depiction via ASS charts is the most insightful way to envision the groups. There
is a very nice interplay between extensions (multiplication by p) seen in Ext (ho-
extensions) and exotic extensions. We depict the ASS with cohomological (co)degrees
increasing from right-to-left. We write |z| = d if x € ku?(K5) or the associated Ey-
term.
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In ku*(K3), there is a trivial submodule whose Poincaré series when p = 2 is
described at the end of Section 2. It plays no role and will be ignored from now
on. As a ku*-module, ku*(K>) is generated by certain products of elements of EY,
Yo, Yi = ygi, with |y;| = 2p*, z; for j > 0 with |z;] = 2(p™ + 1), and ¢ with |q| = 9 if
p=2,and |q| =4p — 1 if p is odd.

The even-graded part ku®'(K3) is formed from shifted copies of ku*-modules Ay

and By, which can be defined inductively as follows.

Definition 1.1. Let kg = 1 if p is odd, and ky = 2 if p = 2. Let By,—1 = 0. Let
Aoy = (20) for all p. Inductively

By, is built from 20~ By_1, TPy gv)zk, and Y’ 1 By_1, if k> ko
and
Ay, 1s built from zijBk,l, TP, [v]z,, and yijAk,l, ifk>1
with extensions determined by

pzy = w2k fork > 2, and pyl iz =P @Dz, (1.2)

Here T'Pj[v] is the truncated polynomial algebra over Z, with generator v and
relation v*. When we write something like 2B, we mean that all elements of B are
multiplied by the element z. Saying “is built from” means that these are successive
quotients in a filtration as a ku*-module. The extension formulas are only asserted
up to multiplication by a unit is Z,, and can both occur on an element. For example,
in Figure 1.6, we have, in grading 116 when p = 2, 2y32324 = vyz2524 + v°22.

Figure 1.6 should enable the reader to envision Ay and By for p = 2 and k < 5,
and, by extrapolating, for all k. Elements connected by dashed lines are in A5 but
not in Bs. The long red lines, sometimes slightly curved, are the exotic extensions.
The portion in gradings < 102, not including the top v-tower or the extensions to it,
is y4 Ay (or y4By if the dashed part is omitted). The portion in gradings > 106, not
including the v-tower on z5 or the hg-extensions from it, is z4B4. The portion in the
lower right corner from gradings < 84 is y3ysAs, and yoy3y4As is in gradings < 74.
In Figure 1.7, we present a schematic of A3 and B3 at the odd primes. Again the
dashed portion is in A3, but not Bs, and the triangle in the lower right portion is
W AL
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A generating set as a Zy[v]-module for By, is

k—1
{Zj H{Zf_lay?_l} ko <j < k‘}, (1.3)
i=j
while Ay has additional generators

{2’191"'%—1 p=2
zoyh oyl all
The notation here means a product over all choices of one of the two elements in each
factor. For example, [[7_ {z/ " gP '} = 22T ab7 2P hybmt g tab =t gyt
An empty product is defined to equal 1.

The following theorem explains how the portion of ku*(K3) in even gradings is a

direct sum of shifted versions of A, and By.

Theorem 1.4. Let M,[S] denote the set of monomials in the elements of a set S

raised to powers < p. Let
My = (Mylzw, gl = {2700 - Mylaiyya i > K] (1.5)
Let M3} be the set of monomials in My, with no z-factors, and MP = M, — M.

Then
kue”(Kg)—@( P v-Ae P M-Bk>

k=1 *Memp MeMmpB
plus a trivial ku*-module.

Note that the monomial 1 is in M#, so Ay appears by itself, but By, does not.
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Figure 1.6. B; and A; when p = 2.
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Figure 1.7. Schematic of A3 and B; for odd p.

20

by
p—1 p—1 p—1
W

Yo

P p-2

ylf_1<2_lll

22

p—1

Y2

—1_p
oA

p—1

-1
n 2125




6 DONALD M. DAVIS AND W. STEPHEN WILSON

Now we describe the portion of ku*(K3) in odd gradings. Let P[S] denote the
polynomial algebra on a set S, and TP,[S] = P[S]/(s' : s € S), the truncated
polynomial algebra. Let A; = T'P,[z : 1> j|. Note that if p = 2, A; is an exterior
algebra. For 7 < 7, let

ZL]' = Zi(Zi"‘ijl)pil. (18)
If j =1, then z;; = 2.
Definition 1.9. For (¢ > k Z 1, let Sk,f = TPk+1[U]<ZkO,€7 ce ,Zg_k_1+k0,g> with Pzie =
vZi—10 and pzi, ¢ = 0.
For example, S5 with p = 2 is depicted in Figure 1.10.
Figure 1.10. S;5 if p =2

O
The following result describes the portion of ku*(K3) in odd gradings. The ex-
ponent of p in an integer i is denoted simply by v(i); the prime p is implicit. The

element ¢ here has grading 9 or 4p — 1, as mentioned earlier.

Theorem 1.11. There is an isomorphz’sm of ku*-modules

u(K. @ @ v 'S, @416 @ TPp-1[2] @ Mgy

i1 (>v(i)+2

The non-visual, formulaic form of our result is as follows.

Theorem 1.12. The ku*-module ku*(Ks) is isomorphic to a trivial ku*-module plus

Plyy b 20 @ @ TPy [v] ® Py (1.13)
t>1
® EPTPyilv] @ Plyzd (1.14)
t>ko

@ EB TP, i+2[vlqy; ™ @ Zhotttv(i) 12 Neru(iyr2-  (1.15)

i>1 >0
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Multiplication by p in (1.13) and (1.14) is determined by (1.2) and in (1.15) as in
Definition 1.9.

Our initial interest in this project was ku,(Kz) ([12],[5]), but we first achieved

success in computing ku*(K3). In [4, Example 3.4], the following result was proved.
Theorem 1.16. There is an isomorphism of ku.-modules ku,(Ks) ~ (ku*T2PK,)Y.

Here MY = Hom(M,Z/p>), the Pontryagin dual, localized at p. A homotopy chart
for ku.(K>) could be thought of as a shifted version of the homotopy chart of ku*(K>)
viewed upside-down and backwards. For example, the element of ku'"®(K5)" dual to
the element v*y3232, in Figure 1.6 corresponds to the generator of a Z, in kuyos(Ks)
on which v* acts nontrivially. This element can be seen in Figure 1.18.

A remarkable property, for which one explanation is given in Section 7, is that Bj
is self-dual as a ku*-module. One way of stating this is to let Ek denote By with its

indices negated. Then there is an isomorphism of ku,-modules

22(pk+1+pk+(k+1)p—k+1)§k ~ BIZ' (1.17)

For example, with p = 2, the second smallest generator Y of 2208§5 is in grading
208 — 134 = 74 and has 2Y # 0 and v'Y # 0. (See Figure 1.6.) The second
generator Z of BY is dual to the class in position (74,4) in Figure 1.6, and also
satisfies 27 # 0 and v*Z # 0. The isomorphism (1.17) can be proved by induction
on k using Definition 1.1.

A complete description of the ku,-module ku,(K3) is immediate from Theorems
1.4, 1.11, and 1.16. However, one might like a complete description of its ASS. We can
write formulas for the Fs-term and differentials, but will not do so here. In Theorem
1.19 we give a complete description of the E-term of the ASS of ku.(K3) with exotic
extensions included, in terms of the charts described in Section 1.

In [4], a comparison was made of a chart for A3 and its ku, analogue. Here we
present in Figure 1.18 the ku, analogue of Figure 1.6. This presents the portion of the
ASS of ku.(K>) dual to As with p = 2 under the isomorphism of Theorem 1.16. The
chart dual to Bjs is obtained from this by removing the classes connected by dashed
lines, and lowering the remaining tower so that the bottom is in filtration 0. The

resulting chart is isomorphic to the By part of Figure 1.6.
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Figure 1.18. Portion of ku.(K,) corresponding to Bs; and As.
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We observe that in even gradings of the ASS for ku.(Ks), ho-extensions exactly
correspond to exotic extensions in the ASS of ku*t?(K,), and vice versa. As a
typical example of the duality, the summands of ku®?(Ky), ku®*(K,)V, and kuzs(K>) in
Figures 1.6 and 1.18 are all isomorphic to Zg @ Z,. But for the ku,-module structure,
it is ku®?(K,)Y and kuyg(K3) that correspond, since in both, the element that is
divisible by 4, in position (82,0) and (78,7), resp., is also divisible by v7 for A5 and
by v* for Bs.

Theorem 1.19. The E.-term of the ASS of ku.(K>) with exotic extensions included

contains exactly the following.

e There is a trivial ku,-module, which when p = 2 has generators
corresponding to those enumerated at the end of Section 2 with
gradings decreased by 4, and similarly when p is odd.

e For every Sy occurring in a summand of Theorem 1.11, there is
a chart of the same form as Figure 1.10 with v-towers of height
k+1 on generators in gradings 2p"tt +2(p — 1)(i — ko — 1) for
1 <4</l —Fk. One must add to this the grading of the other
factors accompanying Sy in Theorem 1.11.

e For each occurrence of By in Theorem 1.4, there is a summand

k+1 k _ =~
22(17 +p"+kp k+1)Bk

with gradings increased by those of other factors accompanying
By in 1.4. Here By, is as defined prior to (1.17).

o For each summand y5 Ay in Theorm 1.4, there is a variant of
20" P tkp—kt 1) B ith gradings increased by 2ept. In this
variant, the initial v-towers are pushed up by k filtrations and
surrounded with a triangle of classes of the sort appearing in
the lower left corner of Figure 1.18. See Remark 1.20.

Proof. Theorem 1.16 and our results for ku*(K>) give the ku,-module structure of
ku.(Ks3), but that is not the same as the ASS picture. Expanding on work done
in [5] and [12] and using methods such as those in Section 2, we were able to write
the Ey-term of the ASS for ku.(K>), and had conjectured the differentials (but not

the extensions) prior to embarking on our ku-cohomology project. We were unable
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to prove the differentials, probably because we had not taken sufficient advantage of
the exact sequence with k(1).(K3). Now that we know the 2-orders and v-heights
of generators (by grading, at least, if not by name), it is straightforward to see that
the differentials must be as we expected. The isomorphism (1.17) plays an important
role here; the left hand side gives the ASS form of the right hand side. W

Remark 1.20. Regarding the unusual portion of the ASS chart for part of ku,(K>)
in the lower left of Figure 1.18, this is obtained from [5, Fig. 4.2] with dg-differentials
on all odd-graded towers. For Ay, it will be a triangle going up to filtration k, with
all but the first two dots on the top row being part of By.

The structure of the rest of the paper is as follows. In Section 2, we compute
the Fy-term of the ASS for ku*(K3). In Section 3 we determine the differentials in
this ASS. In order to do so, we need to compare with k(1)*(K5), where k(1) is the

spectrum for mod-p connective K U-theory, using the exact sequence

— k(1) HKy) — kut(Ky) 2 kut(Ky) — k(1)*(Ky) — ku* (Ky) 2.

(1.21)
In Section 3, we restate results about k(1)*(K3) from [7]. At the end of Section 3, we
show how the descriptions of ku*(K3) in Theorems 1.4 and 1.11 are obtained once
we know the differentials. This exact sequence is also used in determining the exotic
extensions of (1.2), which is done in Section 4. In Section 5, we propose complete
formulas for the exact sequence (1.21), and then in Section 6, we show that our
proposed formulas account for all elements of k(1)*(K3) exactly once.

The main point of Section 6 is to prove that there are no additional exotic extensions
in ku*(K3). An exotic extension p - A = B implies that A is not in the image from
k(1)*"}(Ks), and B does not map nontrivially to k(1)*(K3), so once we have shown
that all elements are accounted for, there can be no more extensions. Many of our
formulas in Section 5 are forced by naturality. However, many others occur in regular
families, but with surprising filtration jumps. We could probably prove that the
homomorphisms must be as we claim, by showing that there are no other possibilities,
but we prefer to forgo doing that. In the optional Section 7, we discuss in more detail

how the charts are obtained and provide an explanation for the duality result (1.17).
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2. THE F)-TERM OF THE ASS FOR ku*(Ks)

We will need some notation. By H*K,, we understand H*(K(Z,,2);Z,). Let E
denote an exterior algebra, P a polynomial algebra, and T'P,[z] = P[z]/(z™) the
truncated polynomial algebra. In all cases these will be over Z,, the integers mod
p. Let E denote the augmentation ideal of an exterior algebra, and F, = E[Qo, Q1],
where @; are the Milnor primitives. Because Q7 = 0 we have homology groups,
H.(—;Q;), defined for Eyj-modules. We let (yi, s, ...) denote the Z,-span of classes
Yi-

The Adams spectral sequence (ASS) for ku*(K») has By = Ext (H*(bu), H*K>),
where A is the mod p Steenrod algebra and H*(bu) =~ A/A(Qp,Q1). Using a
standard change of rings theorem, [8], this is EX’BEe (Z,, H*K5). This converges to
ku~(=9)(K,). We depict this with E5" in position (¢ — s, s) as usual, but label the
axis with codegrees, the negative of the homotopical degree, so the left side of the
chart will have positive gradings and refer to cohomological grading. In an attempt
to avoid confusion, we rewrite this as G, (=90 " \With this notation, the differentials
are d, : G — GAtE4+T multiplication by the element v € ku=2P~Y (also consid-
ered in G;2(p_1)’1), is v : G¥ — G 2P~ and multiplication by the element
representing p € ku®, (hg € G91), is hg : G2b — GOHL,

We will later define elements z; € Gg(p D0 for 7 > 0 and elements

2 € Gg(pj“JrlJr(pfl)(jfi)),O

as in (1.8) satisfying the properties in Definition 1.9. For j > ko, we define W, =
(2.5 Zj—1js - - -+ Zhy,j)- We also have y; € G20 for i > 0, and
q € GS’O if p=2, and in G;""LO if p is odd. (2.1)

One last definition, let Aj 1 = TP,z : > j+1].
A picture of Plv] ® Wy as a Plv, ho]-module with p = 2 appears in Figure 2.2.
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Figure 2.2. A depiction of P[v] ® Wj
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The remainder of this section is devoted to the proof of the following result.

Theorem 2.3. The Ey term of the Adams spectral sequence for the reduced ku*(Ks)

is isomorphic as a Plhg,v]-module to

Plv,y1] @ Elq] @ (W, @ TPy_i[2] @ Aj11))

Jj=ko
p—1
z odd
@(P[h(b v, yl] ®E[ka0q]) @ (P[yl} ® <y0 0> B p o )
(Y020, 21, hoyozo = vz1) p=2.

plus a trivial Plhg, v]-module.

Some of the algebra structure of this Fs will be useful later. For example, the

product structure among the z;’s will be clear, and also the formula
(v*q)* = v'z,, (2.4)

holds when p = 2 since, as we shall see, in H*(K3), 23 — Qoz17 € im(Q1).

We will give a detailed proof when p = 2, and then sketch the minor changes for
odd p. There are two parts to proving this theorem. First, we must give a com-
plete description of the Ej-module structure of H*K,. Second, we have to compute
Exty(Zs, —) of this. We begin the first part.

Serre ([9]) showed that H*K, is a polynomial algebra on classes uy;,; in degree

27 +1 for j > 0 defined by uy = t5 and ugj+14 = Sq2j Ugiyq for 7 > 0. We easily have

Qoluz) = us, Qo(us) =0, Qolugii1) = uj—1y, for j > 2,

and

Q1(uz) = us, Q1(us) = U:%,a Q1(us) =0, Q1(ugis1) = U31—2+1 for j > 3.
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Let x5 = us + usug and write H*K, as an associated graded object:
Plud) ® Eles) @ (Elus] ® Plus]) @5 (Eluzr 1] © Pl(uzs 1))
From this, we can read off

Lemma 2.5.
H,(H*Ky; Qo) = Plu3] @ Elxs]

Letting z¢ = ug + u3 and z17 = w17 + usus, we rewrite again as
3 59

Plu3] @ TPy[xg) ® T Py[x17] ®j54 El(ugi11)?]
®(E[us] ® Plus]) ® (Elus] ® Plu3]) ©js4 (Elugit1] ® Pl(ugi-211)").

Again we read off

Lemma 2.6.
H,(H"K3; Q1) = Pluz] ® TPy[xg] ® TPylw17] @554 E(ugi41)°]
An associated graded version of this is

Lemma 2.7.
H.(H*K3; Q1) = Plu3] ® Elxg] ® El217] ®j52 E[(ug11)”]

The bulk of the work here is finding a nice splitting of H* K5 as an Ej-module.

Let N be the Ej-submodule with single nonzero elements in gradings 5, 7, 8, 9,
and 10 with generators x5 = us + ugugz, Ty = ugus, and Tg = ug + u3, satisfying
Qor7y = Qi1zs and Qorg = Qrx7 = x19. It has a QQp-homology class x5 and a Q)1-
homology class xg. This class xg is called ¢ in Theorem 2.3 and in all other sections.
A picture of N is in Figure 2.8. In pictures such as this, straight lines indicate

Qo = Sq' and curved lines Q.
Figure 2.8. An E;-module N.

/é?m
5 7
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The Ej-submodule Plu3] & Plu3] ® N carries the Qg-homology of H*K,, while the

remaining ()1-homology is, written in our usual way as an associated graded version,
Plu3] ® Elzo) ® Elx17,ub;.q, j > 2]. (2.9)
We will exhibit a Qo-free E;-submodule R whose @Q;-homology is exactly this F.

Moreover, N ® R contains an FEj-split summand S which maps isomorphically to
It is premature to state this because we haven’t defined R and S yet, but for the

record:

Proposition 2.10. As an E; module, H* Ko is isomorphic to T @& F where F' is free

over By and T is
Pludl ® ((u3) N ® R S)

A start on R and S.

For this to make sense, we need to find R and S. The module R is a direct sum
of shifted versions of modules Ly, k > 0, which have generators g9;, 0 < i < k, with
(Q192; = Qogairo for 0 < i < k, Qogo # 0, and Q1921 = 0. For example, L3 is depicted
in Figure 2.11.

Figure 2.11. The E;-module Lj.
94
gO 92 gﬁ

A splitting map, (xg) ® Ly — N & Ly, for the epimorphism N ® Ly — (z9) ® Ly
is defined by

T9G2i > Tg @ Go;j + X7 @ Goivo + Ts @ gojpa for 0 < i <k — 2,

T9Gak—2 +r Tg @ Gok—2 + T7 @ Gk, and Tg ® gap — Tg & Gok.

The E;-module M;

Let
3 .

Ul =4 )

> 9 9 ] U2U3U§ Jg=4
UgU3UEU 7=25 ]

) _ ) 579 d ) _ 2,,2

Lojy1 = U2iyq + 9 9 9 . and Wyji_1 = UzUsUg ) =
UzUzUgUiy J = 0 i>5
0 j>6 '
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Then QoTgi1 = uy;—1,y + Qiwai_y, 50 QoTaiyy and uj,_, | represent the same Q-
homology class. Define Ey-modules M; inductively by M3 = 0, and for j > 4 there is

a short exact sequence of Ej-modules
0= uy; > Mj_y — M; — M — 0, (2.12)
where M} = (29541, Qooi11) and Q19i 41 = uj; o, QoT2i-141. The above definitions

of the x9; 1 are necessary to get this formula to work right.

There is an isomorphism of Ej-modules M; ~ 22j+1Lj_4 given by

Lojyq 1=10
2 L
N -
Ugj—2 41 Uoj—341T2i-241 i =2
UpjoryUyisgy * Upymin  Pmign 2 <1< j—4
(2.13)
And we have
<ug> u17> Jj=4
(uiy, ugurr) J=5
H (Mj; Q1) = , (2.14)
’ (u33, uizugur) Jj=6
<u§j71+1’ ugﬂ‘*2+1 ugTir) j > 6
The E;-module R
Let
R:@Mj®E[u§j+1,u§j+1+1,...]. (215)
j>4
Then H,(R;Q,) = Elz17,u2,u2,,...], since monomials in E without z; appear from

a first term (of the two in (2.14)) in H.(M; ® E;Q1), where j is minimal such that
ugj_l .1 appears in the monomial, while those with z17, and also containing a product

ud - ~ugj,2+1 of maximal length, occur as a second term in H,(M; ® E; Q).

Proof of Proposition 2.10. We have the Ej-submodule T' given in Proposition 2.10.
Because this contains all of the )y and ); homology, what remains must be free over

Ey by [11. =
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Proof of Theorem 2.3. We compute Extg, (Zo,T) with T as in Proposition 2.10. We
will not be concerned with the free Fi-module F' but later we will give the Poincaré
series for it. Bach copy of E; in F gives a Z, in G*° that corresponds to QyQ;.

That

Extyy (Zs, Plus]) = Plv, ho, 1]

with y; € G;"O should be clear, given our labeling conventions. We normally work
with the reduced cohomologies, so the y¢ generator above would be ignored. The y;
notation is particularly useful when we consider all primes p. It is ygl where yy € Gg’o.
So [yi| = 2p.

We compute Extg, (Z2, N) in two ways using two different filtrations of N. From
this we see that the generator of the towers can be thought of either as v?zy or hiws.

Using Figure 2.8 as our guide, our first filtration is (x5, 23), (7, z10), and (z9). The
Ext on 29 € G¥° is just P[v, ho]. For the other two, we get ho-towers on z;y € G0
and 2z € G®Y. The extensions in N show these two hg-towers are connected by
multiplication by v. In addition, a d; is forced on us by the extensions. Figure 2.16

describes this completely.
Figure 2.16. The first computation of Extpg, (Z,, N)

0 8 5 3 10 8 5 3
Again referring to Figure 2.8, our second filtration is (xg, x10), (v7,xs), and (s).
Now our Ext groups are P[v, hg] on x5 € G*°, P[v] on g € G*° and 19 € G'°.

Again, the d; is forced by the extensions in N. Figure 2.17 describes the result.
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Figure 2.17. The second computation of Extg, (Z,, N)

- NN = -~ hixs
0 8 5 3 10 8 5 3

This concludes the computation of Ext for P[u3] @ ((u3) & N) of Proposition 2.10.
The result is the second line of Theorem 2.3.

We need to compute Ext for Plu3] @ (R & S) and show it is the same as the top
line in Theorem 2.3. Since S = (r9) ® R, all we need to do is P[u3] ® R and ignore
the E[xg]. Similarly we can ignore the Plu3] and the P[y;] because for every power
of u2 we will have a copy of the answer indexed by powers of y;. All we have left now
is R, but R is just many copies of the various M; and the indexing for the number of
copies is given by the Aj4;.

All that remains is to show that Extp, (Ze, M;) ~ P[v] ® W;_5." Recall that M; =
Z2j+1Lj_4. We can filter L;_4 into pairs of elements go;, Qogai, for 0 < ¢ < j — 4.
Ext for each of these gives a P[v] on the element Qogo; represented by z;_; 2o €
G2 +2+2i0 There is no d;, but undoing the filtration does solve the extension problem
and gives us hozj j—2 = V2,1 j—2. This completes our computation and thus our proof.
|

Remark 2.18. To illustrate the last computation in the proof, consider the generators
of the v-towers for Extg, (Zy, M7). They are z5, 27, 2224, and 232324, which is what
we have called 255, 245, 235, and 2y 5, as pictured in Figure 2.2. For future reference,

we note that (with ~ meaning homologous)

zj = QoToi+241 ~ U§j+1+1 = QoUgi+241 = Qij+2L2 = Qj+2Q0L2-
(2.19)

IThe reason for this awkward shift is that the gradings for zj which give the
elegant statements in Definition 1.1 and elsewhere are not particularly convenient
in developing the F5 statement.
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We now describe briefly the changes required when p is odd. We have
H*(K3) = Plyo] ® Plg1, 92, - -] @ Elug,uy, .. ],

with |yo| = 2, |g;] = 2(29] + 1), Qoyo = o, Qoui = gi, Qiyo = w1, Quu; = giy, @ > 2.
Let y1 = y§. Then, similarly to the case p = 2,
H.(H* K, Qo) = Ply] ® Elyf"ug).

Let N = (yb  ug, q = b 'ur, Qog = Qu(yb 'ug)). Then Plyy] @ Plyy] ® N carries
the Qp-homology and part of the ()1-homology. Similarly to (2.9), the rest of the
(Q1-homology is

Ply] ® Elg] @ E[wi] @ TP,y[g2, 93, - -,

where w; = ug + uogffl. There are F-submodules M; for j > 2, defined inductively
by My = (wy, ga = Qowr), Mj = (uy, g; = Qouy) for j > 3, and for j > 3, there exists
a short exact sequence of Ej-modules
0— g?"y M;_y — M; — M} — 0,
with Qu; = g7 ;. There is an isomorphism of Ej-modules M; ~ Y2+, where
L; is similar to Figure 2.11, but with ith generator (i > 0) in grading 2(p — 1)¢ rather
than 21.
Let
R =D M; © TP,1[g;] @ TPlgse1,- . .

j>2
Then H,(R; Q1) = Elwi] ® TP,[g2, g3, - . .], and so, similarly to Proposition 2.10, up
to free Ej-modules
H' K> ~ Pyl @ ((y1) 8 N ® R qR). (2.20)
Similarly to Figure 2.17, Extpg, (Z,, N) can be read off from Figure 2.21. This gives

the third summand and vg part of the second summand in Theorem 2.3, while the (y;)

part of (2.20) gives the non-vg part of the second summand. For the first summand in
Theorem 2.3, we replace g; by z;_1, and then note that Extg, (Z,, M;) ~ Plv|@ W,_;,
similar to Figure 2.2. For example, M3 has v-towers on g3 and gh, which are renamed
Zy = 299 and 2§ = z19, the generators of the v-towers of W5, This completes our

sketch of proof of Theorem 2.3 when p is odd.
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Figure 2.21. Computation of Extg, (Z,, N)
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. ~
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4p 2p+1 g 3
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We explain here the reason for the ky in Definition 1.1. In Theorem 2.3, yg_lzo and
z1 are in the part that is not multiplied by higher z’s when p = 2, but when p is odd,
they form the module M,, whose Ext is P[v] ® Wy, which is multiplied by higher z’s.
Since By’s are multiplied by higher z’s, but A’s are not, this explains why z; is in
By when p is odd, but not when p = 2. The reason for the split in Theorem 2.3 is
the difference in the submodules N. Its second class is yglelyO in each. Applying
@, yields yg_Q(Q1y0)2. This is 0 when p is odd, but not when p = 2. The reason that
the portion of Ext corresponding to N is not multiplied by higher 2’s is that it gives
part of the QQg-homology, and this is not multiplied by higher 2z’s.

We close this section with enumeration of the unimportant Zs-classes in ku*(K»)

when p = 2.
More on the E-free part when p = 2

If we compute the Extpg, (Zo, F) for the E; free part of H*K,, we just get a Zs
corresponding to the top element for each copy of F;. If we find the Poincaré series
(PS) for the free part, all we have to do to get the PS for these elements is multiply
by m The Poincaré series for free part is obtained by subtracting the PS for
the non-free part of Proposition 2.10 from that of H*K,. This is:

1 1
H (1—x2k+1) — (1_x4)(1+x5+x7+5(:8+x9+1:10)
k>0

- x2>1<1 —o (D ) 1) (1= ) [ (1427779))

j24 k2j
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The first term is the PS for H*K,. The second is the PS for P[u3] ® ((1) & N).
The last term is more complicated but does the S and R terms. The (1 — z*) in the
denominator is for the P[u3]. The 2z is the shift that takes R to S. The (1 + ) is
because they are Qg free. The 22 T1(1 — 2%7)/(1 — 22) is for the odd part of M; and

the remainder is for A.

This is easy to put into a computer and calculate. For example, the number of free

generators in degree 79 is 245.

3. DIFFERENTIALS IN THE ASS OF ku*(K>)

The main theorem of this section determines the differentials in the ASS for ku*(K>).

Theorem 3.1. The differentials in the spectral sequence whose Es-term was given in
Theorem 2.3 are as follows. All v-towers are involved, either as source or target, in
exactly one of these. Here M refers to any monomial (possibly = 1) in the specified
algebra. Recall that A; = T'Pylz; = i > j|, which is an exterior algebra if p = 2. Also,
recall y, = y{’t_l. We give reference numbers to the differentials when p is odd, but
references to these also apply to the corresponding differential when p = 2, as the
proofs are extremely similar.
First with p = 2.
dyiy2(y}) = hg(i)UQQ%_l, i > 1
doiyr2(yiz; M) = v"OPPqyi 260 M,
dyr_o (WG 20%q? M) = ¥ M,
71_ _
d2t—t(qy%t 1ij(t72),jM) = 7 tZthM,
thZQ, MEP[yJ@AHl.
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Now with p odd.

dyiyea(y}) = ho" Mgy, i > 1 (3.2)
dyiy2(YizM) = v"OPqyi 201, M, (3.3)
J>v(i)+2, M e
dy—o(h M vayl ™ TIM) = oM, (3.4)
t>1, M € Ply;
dy—ilayt e M) = 0" M, (3.5)

7>2t>1, M e P[yt] ®TPP_1[ZJ'] ®Aj+1.

The proof occupies the rest of this section, except that at the end of the section we
explain briefly how this leads to our description of ku*(K3) in Section 1, except for
the exotic extensions.

By [10, Theorem A], Q;Qots is in the image from BP*(K>), and hence must be a
permanent cycle in our ASS. Thus by (2.19), z; is a permanent cycle, and so (3.3)
follows from (3.2), and (3.5) follows from (3.4), using pz; , = vz;—14, as noted in 1.9.

The differentials (3.2) follow from the result of [2] that H??'""(Ky; Z) ~ Z/p*D+2 @
D Z,. See also [3, Proposition 1.3.5] when p = 2. The ASS converging to H*(Ks;Z)
has Ey = Exta,(Ze, H*K,), where Ag = (1,Qo). We depict this Ey similarly to our
ASS for ku*(Ks,). It has an hg-tower for each element of H,(H* K5, (), which was
described in Lemma 2.5. These come in pairs in grading 2p: and 2pi+ 1 corresponding
to yi and v} 'y5 "ug. In order to get the Z/p"+2, there must be a d, ;)4 o-differential,
as pictured on the right hand side of Figure 3.6.

Similarly to Figures 2.16 and 2.17, we have, for p = 2 and ¢ > 1, an hy-tower in the
ASS for ku*(K>) arising from G412 called either h2y. 'z5 or v*yi 'q. There is also
an hg-tower arising from yi € G*°. The classes y; and 5 correspond to cohomology
classes u3 and uz + upuz. Under the morphism ku*(Ky) — H*(K;Z), these towers
map across, as suggested in Figure 3.6. We deduce the d, ;) o-differential claimed in

(3.2), promulgated by the action of v. Note that z9 = q.
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Figure 3.6. ku*(K,) — H*(Ky; Z)

2pi +1 2pi 2pi + 1 2pi
ku* (Ks) H*(Ky; Z)

The situation when p is odd is extremely similar, using Figure 2.21. The difference
is that the hg-tower in 2pi + 1 in the ku™ ASS starts in filtration 1 rather than 2. Its
generator can be called vyi™'q.

In Figure 3.7, we depict many of the differentials asserted in Theorem 3.1 in grading
< 36 when p = 2. Regarding the third (final) summand in Theorem 2.3, which is
Ply;] ® A; when p = 2, we have included y; Ay, y3A;, and y; A;. Not included are
the portions involving (3.2) and (3.3) when i is odd, as this portion self-annihilates.
What is shown is (3.2) for ¢ = 2, 4, and 6, (3.4) for (¢,k) = (1,0), (1,1), (1,2), and
(2,0), and (3.5) with t =1, k =0, and j = 4.
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Figure 3.7. Some differentials with p = 2
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In order to establish the remaining differentials, we will need the following descrip-

tion of k(1)*(K2), which is proved in [7]. We shift by 1 the subscripts of the classes z;
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and w; used there. The formulas for r(j) and 7/(j) are as in [7]. We recapitulate some

of their properties. Those stated here but not there are easily proved by induction.

Proposition 3.8. [7] For j > 0, z; is the reduction of the class in ku*(K,) and
satisfies |z;| = 2(p T + 1). The classes w; satisfy |wi| = 2p* + 1, |we] = 2p* — 2p* +

6p — 3, and w2 = yf w;z ;>+11 The integers r(j) and r'(j) satisfy the following

properties.

r(0) =1 r(1)=p, r(j+2) =r(G) +p""p-1)+1; (3.9)
r"0)=p-1,r (1) =p’—p,

ri+2) =rG) +r e -1 -1 (3.10)
r(j) =r'(G =1 =1, (3.11)
r(g) +r'(7) =", (3.12)
r(j+2) +r'(j) ="+ 1, (3.13)
=D -1)+j-1) <p, (3.14)
P =P <) <t -p (3.15)

Theorem 3.16. [7] For any p, k(1)*(K3) is an ignorable trivial k(1)*-module plus
B TP [v] ® Plyjs1] ® TPy ly;] ® Elw;] ® Efwjs1] @ Aji

7>0

® TP ;-1 ® Ply;] ® Elw;] @ TP,[2] ® Ajn

7>1

@ EBP y1] ® Elg] ® E[ Pl @ Ajp1 @ Plyr] © (E[yg_lzg] & {OE[ZI] i;;)

The last line was not discussed in [7]; it is from free F[Q;] summands which are not
part of free E; summands, and plays a very important role.

Now we continue the proof of Theorem 3.1. We have already proved (3.2) and
(3.3). As already noted, the z;’s are infinite cycles by [10], and so the differentials in
(3.5) are implied as soon as the corresponding differential in (3.4) is proved.

As a warmup, we consider the cases t = 2 and 3 of (3.4) when p = 2. We make
extensive use of the exact sequence (1.21). Referring to Figure 3.7 is useful.

In even gradings < 14, k(1)*(K3) = 0 in positive filtration, by Theorem 3.16. Thus
the map ku*(K3) — k(1)*(K2) implies that in the ASS for ku*(K3), vz must be
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hit by a differential or divisible by 2 for s > 2. In grading < 8, there is nothing
that can divide it, and the only odd-grading v-tower in that range is on v?y;q. Thus
da(v?y1q) = vizy, the case t =2, M =1 of (3.4). Since dy(y#*) = 0 by (3.2), the case
t =2 of (3.4) follows for any M by the derivation property. An analogous argument
does not work at the odd primes.

Similarly v°z3 must be hit or divisible for s > 4, and examination of options in
Figure 3.7 shows that we must have ds(hov?y?q) = v®z3, preceded by extensions.
Since ds5(y?) = hv*ylq, we deduce the case t = 3, M € P[y?] of (3.4) using the
derivation property, (2.4) and hgzo = 0. We do not have a priori knowledge that
yiz3 is a permanent cycle in the ASS of ku*(K>). However, if it supported a nonzero
differential, then the tower of v-height 4 on y{z3 in the ASS of k(1)*(K>) would have to
map to v'C for 0 <t < 3 for some C' in positive filtration in grading 51 in the ASS of
ku*(Ks). Then v*C must be d,(B) with r > 5 and B in filtration 0 in grading 42. (B
cannot have higher filtration since everything is v-towers, and v3C' cannot be hit.) But
the only possible B is %2y, and we already know that v*y$z, € im(d,). (Ordinarily
this would not preclude the possibility of B supporting a differential, but it does
since everything is v-towers.) Thus yiz3 is a permanent cycle, and consideration of
its image in k(1)*(K>) implies that v®yjz3 is hit by a differential for some s > 4. The
only element in odd grading < 42 not yet accounted for is hov?y7q in grading 33, and
so this must be the source of the differential. This is the case t = 3, M = y} of (3.4).
The validity for all M = 3¥** (and ¢ = 3) now follows similarly to what we did for
M = y¥ at the beginning of this paragraph.

Now we switch our attention to the odd primes. The situation when p = 2 is

extremely similar. We want to prove the following version of (3.4).

—1

dy (B Togy Py = oy (3.17)

Now we work toward proving this. We illustrate with p = 5, but it should be clear
how it generalizes to an arbitrary prime. One new thing is the Divisibility Criterion
as invoked in [7]. Each mod (p — 1) value of ¢ can be considered separately. We
will consider (3.17) with p = 5 and ¢ = 4/; other congruences follow similarly. We
index the differential (3.17) by (¢,t). We write T" (for vertical Tower) for the class
hé’lvﬂyfwﬂ)f’t&*l, and M (for Monomial) is 5 z,. We write |T'| for (T +1).

The % avoids extraneous factors of 2 that always cancel out. The +1 is so that this
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indicates the grading (times 1) of the class that it hits. |M| denotes i times the
grading of M, and M’ equals % times the grading of v" M, where h is the v-height of
M in k(1)*(K3). We wish to show that the differentials must be as claimed.
Constraint C1 is that if 75 — M; (by which we mean a certain T hits a certain
M, with the possibility 7o = T allowed), then |T5| < M. (This says that the v-
tower on M; cannot be hit while its image in k(1)*(K3) is nonzero.) Constraint C2
says that if T'(5¢ + 1,t — 1) — M, and T'(¢,t) — My, then |Ms| > |M;]. Since
T(5¢+1,t — 1)| = |T(¢,t)|, this says that as you move up an hg tower, differentials
must get longer (unless they are hitting into an hy tower, which is not the case here.)
Constraint C3 says that if 75, — M, then there exists M3 with |Msz| > M| and
M} < |Ty|. Alternatively, if T35 — Mj has already been proved, then |T3| < |T3| (and
|Ms| > M7). The reason for C3 is that there must be extensions into the M;-tower
from grading M] to |Ty| + 4. The nonzero classes on the v-tower (on Ms) supporting
the extensions must go to at least |T3| + 4, and it has nonzero classes at least to
M} + 4, and if T3 — M3 was already proved, it has nonzero classes to |T3| + 4. Note
that we are saying that the v-tower on M; maps to 0 in k(1)*(K3) once we get to
grading M| (and hence in gradings < Mj it is either hit by differentials or is divisible
by p). There might be classes of higher filtration in k(1)*(K3) to which it could map,
but, if so, we can modify the generator of the M; tower by the class on the tower
sitting above it. Also note that it is possible that extensions from the tower Mz above
don’t start from the generator, if there are hy-extensions on the tower for awhile. See
Figure 3.18. There is an exception to the C3 requirement for 7'(¢,1) — M (¢, 1). Here

the extension into v*y{‘z; is obtained from the special class yy zo.

Figure 3.18. The role of M;

|'T:

| M ] Ms My
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With the above conventions, we have |T'| = 5/(4¢ + 1) + 1, |M| = 5'(4¢ + 5) + 1,
and M’ = |M| — 4r'(t — 1), where 47/(t — 1) has the values 16, 80, 412, and 2076
for t = 1, 2, 3, and 4. Increasing from ¢ to t + 2 increases this by 42 - 571 — 4. We
consider the cases in order of increasing |M| and, for equal values of |M|, increasing
¢. We tabulate a representative sample in Table 1. We omit listing values of ¢ = 3,4

mod 5 because they behave similarly to ¢ = 2.
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0ot Ml M ¢t M M
0 1] 6 26 10 36 1] 726 746 730
1 1]26 46 30 37 1| 746 766 750
2 1|46 66 50 T 2| 726 826 746
0 2|26 126 46 40 1| 806 826 810
5 1,106 126 110 A1 1826 846 830
6 1126 146 130 42 1| 846 866 850
7 1]146 166 150 8 2826 926 846
1 2[126 226 146 45 1| 906 926 910
10 1]206 226 210 461|926 946 930
11 1]226 246 230 A7 1| 946 966 950
121|246 266 250 9 2926 1026 946
2 2226 326 246 50 1]1006 1026 1010
15 1/306 326 310 51 1[1026 1046 1030
161|326 346 330 52 1]1046 1066 1050
171|346 366 350 1 3| 626 1126 714
3 2326 426 346 10 2[1026 1126 1046
20 1406 426 410 55 1|1106 1126 1110
21 1426 446 430 56 1|1126 1146 1130
22 1446 466 450 57 1| 1146 1166 1150
4 2|426 526 446 11 2[1126 1226 1146
25 1506 526 510 60 1]1206 1226 1210
26 1526 546 530 61 1]1226 1246 1230
27 1546 566 550 62 11246 1266 1250
0 3|126 626 214 :

5 2526 626 546 154 13086 3106 3090
30 1606 626 610 0 4| 626 3126 1050
31 1626 646 630 5 3]2626 3126 2714
32 1646 666 650 30 23026 3126 3046
6 2626 726 646 155 1[3106 3126 3110
35 1706 726 710 1561|3126 3146 3130

Table 1: Cases in order

We begin by noting that C1, C2, and C3 are satisfied by T'(¢,t) — M (¢, t). Cl is

quite clear from Table 1 and follows in general from 7/(t — 1) < p’. C2 is immediate
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from the construction of the table. C3 when ¢t = 1 was handled by the exception
noted previously. C3 for T'(¢,t) — M(¢,t) is satisfied by M3 = M(5¢ + 1,t — 1), as
T(50+1,t—1)] =|T'(¢,t)] and |[M(50+1,t —1)| > M'(¢,t) follows from 7'(t — 1) >
pt—ptl.

We now seek to show that all other possibilities are eliminated. We first note that
if ¢ > 3 there are many cases M occurring between (5¢ + 1,¢t — 1) and (¢,t) with
M’ > |T(¢,t)| so that C1 allows the possibility of T'(¢,t) — M. For example, if
(¢,t) = (1,3), M could be any case between (36,1) and (52,1). Assume that we have
handled all cases through (5¢+41,t—1); i.e., we have proved that 7' — M must be as in
the table. We seek to show that T'(¢,t) cannot hit any M preceding it in the list. By
C2, T'(¢,t) cannot hit any M with |M| = |M(5¢+41,t—1)|, and it cannot hit anything
before (5¢+ 1,t — 1) because those cases have already been handled. We will use C3
to show it cannot hit anything above it with |M| > |M(5¢+1,t—1)|. First note that
M5 < |T(¢,t)] is not satisfied by any M’s after (5¢+1,t—1) since M' > |T'| > |T'(¢,t)],
so those cannot work as Mjs. The cases with |M| < [M (504 1,t —1)| cannot work as
Mj3 because they do not satisfy the |M;| > M; criterion for C3.

Thus we have shown that if we are done through (5¢+1,¢— 1), then T'(¢,t) cannot
hit any M preceding it in the list. Consider the smallest |M| such that, for some
(¢,t), T(¢,t) — M with M # M(¢,t). Then we have just seen that M cannot be
between M (5¢+ 1,t — 1) and M (¢,t). It cannot be on or before M (5¢ 4+ 1,t — 1) by
C2, since |T'(5¢ + 1,t — 1)| = |T'(¢,t)]. And it cannot come after M (¢, t), for then
M (¢,t) would not be hit by T'(¢,t), contradicting minimality of |M|. This completes
most of the proof of (3.17) and hence of Theorem 3.1.

Underlying the above analysis has been an assumption that the M-classes are
always hit by T-classes. We show now that it could not have occurred that an M-
class supported a differential. Assume that M = yip t_lzt is the M-class of lowest
grading which supports a differential.

In k(1)*(K2), M supports a v-tower of v-height /(¢ — 1) by 3.16. We will show at
the end of the proof that there is a number A < ¢ such that v M maps nontrivially
to ku*t'(Ky) if and only if ¢ < ¢/(t — 1) — A. (Usually A = 1.) The image of
M in kuMH+1(K,) is a class C of positive filtration such that v"=V=2C % 0 and
" (D-AHO = 0 € ku*(K3), so there must be a differential in the ASS of ku*(K;)
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from a filtration-0 class hitting a class of filtration > r'(t — 1) — A + 2 in grading
M| +1—=2(p—1)(r"(t —1) — A+ 1). (The reason that the differential must start
from filtration 0 is that in even gradings, F, consists entirely of v-towers starting
in filtration 0.) This differential cannot come from another such M because of our
lowest-grading assumption, and it cannot come from an M of higher grading because
its grading is too small. It cannot come from a product of one or more 2’s times one
of these M’s because z’s are infinite cycles. We must rule out the possibility that
this differential is one of type (3.3). They are distinguished by having the smallest
z-subscript at least 2 greater than the p-exponent of the exponent of .

The differential on C' has subscript > 7/(t — 1) — A + 2, and so the class in (3.3)
would be yfpr/(t_l)_AZ for some positive integer ¢, where Z is a product of z;’s with
j>7r'(t—1)—A+2, and each j appears at most p— 1 times, except that the smallest
J might appear p times. Equating this grading with |M|—2(p—1)(r'(t —1) — A+ 1),

and cancelling a common factor 2 from all terms yields
DAL I 1) =it 1= (= D (Y (- 1) — A+ 1).
J

(3.19)
Using (3.12) and (3.14) and A < ¢, the right hand side of (3.19) equals p*(i + 1) +
p=Drt-1)+A-1)+1=(p-1)rEt—-1)+A—1)+1mod p', with (p—1)(r(t —
1)+ A—1)+1<pt (strict if t > 2). Since r'(t — 1) — A > ¢, this implies that the
Z on the left hand side of (3.19) must contain at least (p —1)(r(t —1)+ A —1)+1

J
summands. We obtain

Zpy >p- pr’(tfl)fAJrQ +(p— 1)<pr’(t71)fA+3 4t pr’(tfl)Jrr(tfl))

r(t—=1)+r(t-1)+1 _ ppt—i—l

p
so STt > pP"+2 and hence pt(i 4 1) > pP' 2. Thus i > pP' ~+2 > pr'—2,
Since dyr—1(y} 7t71) is defined,
dr(yfp _t_l) =0 for r <p' —t, (3.20)

. t_ot t—1_ i—pPt—2t)t—
and by the lowest-grading assumption, dy_, (B4 togyl ™" TP Ty =gty ot R

Z’_ppt—2t)pt—l

2t
and yi z; is a permanent cycle. Since

ot (iippt—Qt)pt—l ppt7t71

ip _
o A=Y 2t U )
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we deduce that yip tilzt survives to E,_; and (3.17), using the derivation property of
differentials.

Now we consider the need for A in the above argument. The worry is that maybe
part of the v-tower on M in k(1)*(K3) might be in the image from ku*(Ks), due to a
filtration jump from a lower tower, as sketched in Figure 3.21, so that only a smaller
part of the M-tower in k(1)*(K5) maps to ku*™(K>).

Figure 3.21. An unwanted possibility

M| | My A M| +1
k(1) k(1) (K) ka1 (1)

The monomials M. = y, 2. (¢ = 1,2) have |M.| = 2(p'(i- + p) + 1) and are
truncated in k(1)*(K») in grading M. = |M.| —2(p — 1)r'(t. — 1). In ku*(Ks), My is
truncated in grading |Ty| = [P My| = 2(p'?(iy + 1) + 1). In Figure 3.21, elements ¢
are in grading M), and ¢ is in grading M| + 2(p — 1). The necessary condition for
nontrivial image in k(1)*(K2) (and hence A > 1) is

Ty +2(p— 1) < M +2(p — 1) < M), (3.22)
M — My
2(p — 1)
Lemma 3.23 that if (3.22) holds, then (M) — M7{)/(2(p — 1)) < t, establishing the

claim made earlier about A < ¢.

If this occurs, then we might have A as large as + 1. We now show in

We restrict to p = 5, ¢ = 4/ for simplicity, and so that the reader can refer to Table
1 as an aid. The argument easily generalizes to any prime and any congruence. We
divide everything by 2 as was done above, and also subtract off the +1 which occurs

in formulas for |M| and |T|, so the numbers will be 1 smaller than those in the table.

Lemma 3.23. Ift; >ty and
5t2 (4€2+ ]_) +4 S 5t1 (461 +5) —47"/(t1 - ]_) +4 S 5t2 (462 +5) —4T’/(tg - ].),
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then
1(5%2(4ly +5) — 4r'(ty — 1) — (5" (40 +5) — 4r'(t1 — 1))) < t; — 1.

Proof. If there is a counterexample to this, then there is one with ¢; = 0, since /,
could be decreased by 57/, so it suffices to use £; = 0. Let Q(k) = (5°* —1)/24
(called ¢(k) in [7, Lemma 5.3]). Then, using [7, Lemma 5.5], for t = 2k+ ¢ with 6 = 1

or 2,
57— dp'(t — 1) = 520 116 - 5°Q(k) + 4k +4 -5
Since 16 - 5°Q(k) + 4k + 4 - 5°~1 < 3. 52**9 the hypothesis of the lemma says that
51 —4y'(t; — 1) mod 4-5% lies in the mod-(4-5%) interval [5%2, 52T —4p(ty — 1) —4].
Let t; = 2k, + 6; and t5 = 2ky + d2. The condition is restated as

521401 416 . 5% Q(ky) + 4ky 4+ 4 - 577 (3.24)
lies in the mod-(4 - 52) interval
572,52 416 - 52Q (ko) + 4k + 4 - 5271 — 4]. (3.25)
Let d3 = 1. The reduction mod 4 - 52 of (3.24) is
52 416 - 57 Q(ky) + 4ky +4 - 5L (3.26)

Let §; = 2. Then 52 +16-51Q(ky) > 4-5 and equals 5222 — (2000Q (ky — 1) +100),
so (3.26) will first be in the interval (3.25) when 4k; + 20 = 2000Q (ks — 1) + 100,
hence k; = 500Q(ky — 1) 4+ 20, so t; = 1000Q(ky — 1) 4+ 42. The left hand side
of the conclusion of the lemma is §(Mj — M{) with M{ and M} as in (3.22). For
k1 = 500Q (ks — 1) + 20, the value of M is at the left end of the interval (3.25), and
so (M} — M{) equals 7 times the length plus 4 of (3.25), which is
20Q(k2) + ko + 1 =500Q (ks — 1) + ko + 21 = St1 + ko.

Since ko << ty, this is less than t; — 1, as claimed. If k; is increased from the value
500Q (k2 — 1) 4 20, the value of t; increases, while M — M| decreases, since M is

moving through the interval, so the inequality asserted in the lemma is satisfied more

strongly.
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Now, with d; = 1 continuing, let §; = 1. Since k; > ko, (3.26) lies outside the
interval (3.25) until 80Q(kq) + 4k1 +4 =4 - 5%, so

ki = 5271 —20Q(ky) — 1 = 100Q (ko) + 4
and t; = 200Q(k2) +9. Again §(M} — M) = 20Q(ks) + ka2 + 1 ~ 75t5 + ks, so the

conclusion of the lemma is satisfied more strongly.
A similar analysis works when 6, = 2. In this case $(M}— M) ~ 5t1 +kp if 01 = 1,

We close this section by explaining how Theorems 2.3 and 3.1 lead to the descrip-
tions of ku*(K3) given in Theorems 1.4 and 1.11, modulo exotic extensions. We begin
with the portion in even gradings and restrict our attention to odd p. All elements
in the Plhg,v, 1] part of Theorem 2.3 support differentials of type (3.2). Note that
=
Theorem 2.3, and the third in 1.1 and Figure 1.7. From 1.1, ygk_lzo is in Ay for
k > 1, the bottom right element in Figure 1.7. Then

Plyplyb " 20 = @Mf ) e @M?Ak- (3.27)
The first part occurs in Theorem 2.3 and the last part in Theorem 1.4.
Now we consider Ply;] @ D ,;-; W; @ T'P,-1[2;] ® Aj11 in Theorem 2.3. The P part
is all monomials zM with ¢ > 1 and M € Ay. From Theorem 3.1, yjz,M supports a
differential (3.3) if £ > v(i) + 2, while those with v(i) > ¢ — 1 are hit by differentials

(3.4) and (3.5), yielding v-towers with heights as given in 1.1. These are all monomials

k—1 p—1 . . . .
= szo y; . The first is easiest to write, the second occurs in

in @221 Plye, yes1, - - .|zeNe. From 1.1 or (1.3), the generators of the v-towers in By,

are all
k—1
[ 1<j<k
i=j

Let (2,M); be the y¢z¢ factors of M. Then M,B; consists of all monomials z,M

such that (z,M); equals y? "

. or szl for ¢+ < k, but not for ¢ < i = k, and so every

monomial z,M is in a unique M;Bj,. From Theorem 3.1, zM has v-height p’ if
and only if M contains no z-factors, which explains the split into M3 and MZ in
Theorem 1.4.
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Now we address the odd gradings. The P[hg, v, y1]vg part of Theorem 2.3 is totally
removed either as sources (3.4) or targets (3.2) of differentials. See grading 17 in Fig-
ure 3.7 for a nice illustration. The qyi’lSV(i)H,g part of Theorem 1.11 is formed from
TP,,(Z»)Jrg[v]qy’i_le in 2.3 using (3.3). The generators of S, ()41, are 210, . .., Ze—v(i)-1,6,

but to see the differential from (3.3), one should write z;, = Zt7t+,,(i)+1Ze where

t+v(i)+1>
Z) = (2---2z_1)P" for j > i, with Z! = 1. (3.28)

The remaining generators of qy ' W;, namely gy} 'z;, with ¢ —v(i) < j < ¢, support
differentials (3.5).

4. EXOTIC EXTENSIONS

In this section, we prove the following expansion of (1.2).

Theorem 4.1. Ifi > 0 and k > ko,

i, p—1 _ -1,
PYpYr_1%k—1 = U ( )ykzk

with an additional term vylyl 120, if k > ko + 2.

The additional term is seen in Ext, and will be ignored in the rest of this section. We
have included the factor 3%, which is not automatic since y, is not a permanent cycle.
Since, for example, yx1 = y;, we need not consider y; for i > k. It is automatic that
this formula can be multiplied by z;’s, since they do survive the spectral sequence.

The extension is deduced from the exact sequence
ku (Ks) -2 ku*(Ky) — k(1) (Ks)
and the fact that v" *Vyt 2 = 0 in k(1)*(Ky) with '(k — 1) > p*(p — 1). Thus

vr/(kfl)y,izk must be divisible by p in ku*(K>), and, as we will show, the v-tower on
y,iyijzk_l provides the only classes that can do the dividing. Once we know the
division formula toward the end of the v-tower, we can deduce that it holds earlier in
the tower, as well. For example, 1/(2) = p® — p* + p — 2, which is the height in the top
v-tower in Figure 1.7 where the extensions into it do not also involve an hy-extension.
We deduce the extensions from the earlier part of the v-tower on ygflzg by naturality.

We illustrate in Figure 4.2, using the notation of the preceding section. Thus

T; is the class satisfying d,.(T;) = v"M;, Here the portion of the top tower to the
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right of M{ must be divisible by p. The tower providing the extension must have
M] < |My| < |My| and |T3| < |Ty].

Figure 4.2. Conditions for extension
T3]
M '

M, M, |T2|

As we did for the differentials in the previous section, we will perform the argument
for p = 5. It will be clear that it generalizes to an arbitrary odd prime, and with
minor modification to p = 2. Also, we use i = 4/ in Theorem 4.1. If instead we used
i=40+dfor 1 <d <3, it will just add the same amount to the quantities |M|, |T,
and M’ involved in the argument. We can use Table 1 to envision the analysis, with
the ¢ there replaced by k. For a monomial M (¢, k) = y}‘z;., we have, after dividing by
2, M| = 5%(40+5)+1, |T| = 5*(40+1)+1, and 5*(40+1.16)+1 < M’ < 5*(40+1.8)+1,
using (3.15). With M; and M, as in Figure 4.2, we will show that My(5¢ + 1,k — 1)
is the unique monomial satisfying the inequalities stated just before Figure 4.2 for
M, (¢,k). Note that M(5¢ + 1,k — 1) = y#y; ,2,_1. We omit the +1 in all the
formulas.

The inequalities are satisfied by Ms(5¢ + 1,k — 1) since
5 (4041.8) < 571 (4(504-1)45) < 5°(40+5) and 5F 71 (4(50+1)+1) < 5*(5041).
If ky > k, then the first inequality, after dividing by 5*, becomes
404 1.8 <527k (40y +5) < 40 +5,
which cannot be satisfied since the middle term is = 1 mod 4. If ks < k — 1, then
M| — |Ty| > 5% .16 > 4 - 5 = |My| — ||,
which is inconsistent with two of the inequalities. Let ky = k— 1. If /5 < 5/ + 1, then
|My| = 5871 (4, + 5) < 5714 - 50+ 5) < 5°(4¢ + 1.16) < M|,
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contradicting one of the inequalities. If ks = k — 1 and /5 > 5¢ + 1, then
Ty > 551 (4(5¢ +2) + 1) > 5%(40 + 1) = |14,

contradicting one of the inequalities.
We deduce that My = yifyt | 2x_1, as claimed. We should perhaps have noted that
the extensions could not have come from classes with more than one z;-factor, because

these are z; times a class on which the extensions have already been determined.

5. PROPOSED FORMULAS FOR THE EXACT SEQUENCE (1.21)

In this section we propose what we feel must be the correct complete formulas
for the exact sequence (1.21). Some homomorphisms are forced by naturality, but
many others involve significant filtration jumps. However, they all occur in several
families with nice properties. The 10-term exact sequence (5.2) shows how the Sy,
portions and the exotic extensions yield compatibility of the differing v-tower heights
in ku*(K3) and k(1)*(K3). In Section 6, we show that all elements of k(1)*(K3) are
accounted for exactly once in these homomorphisms, which implies that there can be
no more exotic extensions. This does not require us to prove that our homomorphism
formulas are actually correct, as discussed at the end of Section 1. We will focus on
the case when p is odd. We could incorporate all primes together at the expense of
involving the parameter kg, but things are complicated enough without that. In an
earlier version of this paper ([6]), a thorough analysis when p = 2 was performed.

We propose that (1.21) can be split into exact sequences of length 4 and 10 (not
including 0’s at the end). There are subgroups of k(1)*(K3) called Gi and G% for
k> 1 and G};,g for 3 <i <6 and 1 < k < /£ such that there are exact sequences

0= Gt — A 2 A, = G2 =0 (5.1)
for k> 1, and, for 1 <k < ¢,
0 —  Gi,— ubBiZy = ubBiZy — Giy — yfk_l_lqsk,e
BN yfkil_qukvg — GZ’Z — Brzo -2 Bz — ngg — 0,(5.2)

with Z} as defined in (3.28). The sequence (5.1) can be tensored with TP, [yx] ®
Ply+1], while (5.2) can be tensored with T'P,_;[yx] ® Plyk+1] ® TPy_1]z¢) @ Apyq. If
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p is odd, there are also exact sequences
0— Gf, — Buzg = Byep — Gy, — 0 (5.3)

for k> 1 and 1 <e <p—2. This can be tensored with Plyx] ® Agi1.

One can verify that the totality of A; and By groups in these exact sequences agrees
with that in Theorem 1.4. We will study these exact sequences by breaking them up
into short exact sequences and isomorphisms involving kernels and cokernels of -p.

Let K* = ker(-p|Ay), KB = ker(-p|By), C{* = coker(-p|Ay), and CF = coker(-p|By).
There are important elements g, € Ki' and KP defined (up to unit coefficients) by

g1 = 21, g2 = VP22, and, for k > 1,

Jk+2 = UT/(k)_lszrz + gky’éflzili (5.4)
To see that this is in ker(-p), we use (1.2) to see that p-v" "1z, 5 = 0" ®)2P | and
that the v *=2=12 term in gj, yields v” #=2=1o?" 0=z P in pegeyP~ 2270 Using
(3.10), these terms cancel. Other terms in p - gkyi_lzgﬁ yield 0 since g € ker(-p).

The v-towers in K} are generated by

k-1
g and gjz;”*l H (PP, 1< j<k—1. (5.5)
i=j+1
For example, using Figure 1.7 when k = 3, these are g3 = v P 1z + yf_lzlzg_l,
go2h Tt = P22 g1 2P 2P and g12P '8! The v-heights are p* — (' (k—2) —1) for
gr, and p/ — j — (r'(j — 2) — 1) for the others, since they are determined by v-heights
of z; in By,. The map G} — K} sends wy, to g;, and
k-1
wjP +— g;P for P = zf_l H {2P71 P71y, (5.6)
i=j+1
with w; as in 3.8 and 3.16. The v-height of w; is r(j) if it is not accompanied by z;,
and r'(j — 1) if it is. By (3.13) and ((3.12) and (3.11)) the v-heights agree, so (5.6)
is an isomorphism on v-towers.
For L = K{! or KP or C{ or CP, we say that a Z, in L is a class of v-height
1 in L which is not part of a larger v-tower in L. There is one Z, in K3, as can
be seen in Figure 1.7. This is the element v?~2y" '2,26~". Note that for i < p —

e 1 a2 . . . . .
1, v 2287 + 0P P71z s part of a v-tower in K3', which continues with the
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elements v'z3 for i > p® — 3, but v'y? 225" itself is in K4 only for i = p — 2. Using
1.1, we find that the Z,’s in K;! are

k-1
vpt_t_l(yt---yj_l)p_lztzf_l H {7y Y for 1<t <j<k. (5.7)
i=j+1
For example, the elements v?~2(y112)? 'z and v** =345~ ' 25 in Figure 1.7 yield elements
in K after being multiplied by zg_l. The basic formula for the homomorphism from
part of k(1)*(K3) to Z,’s in various K{! and K2, possibly tensored with other classes

as in Theorem 1.4, is

(q(y1 _ yt)p_lzj_tﬁj — vpt_t_lyf_lztzj)®P[yj]®TPp_1[zj]®Aj+1 for j >t > 1.

(5.8)
The domain elements are in the first half of the third line of Theorem 3.16. The ones
that are in G}, in the isomorphism G} — K{! can be extracted using (5.7).

The isomorphism G}, — yxK7Z; in (5.2) is given using formulas analogous to
(5.6) and (5.8). There are several minor differences. One is that the v-tower on
ykgk,Z,f is truncated due to vpk’kzk =0 in By, (as opposed to vpkzk = 01in Ag). This
is compatible with the fact that the v-height of wyz; in k(1)*(Ks) is k less than that
of wy, using Theorem 3.16 and (3.11). The other is that K has additional Z,’s

P gy )P for 1 <6< k-1, (5.9)

as seen in Figure 1.7 when k& = 3, but these are always multiplied by higher z’s, and
so (5.8) applies.

The isomorphisms Ci' — G} and Cfz — G, are defined simply by sending an
element to one with the same name. Moreover CA = C’,f except for (yo - - yp_1)P 120 €
CA —CP. When k = 3, we see that the Z,’s in CF are {27257, 28 457"z} in Figure
1.7.2 For future reference,

k-1
Zys in CF are{z} H {7yt 1<t < k) (5.10)
i=t+1
The corresponding elements in k(1)*(K3) are from the third line of 3.16.
1

2The class 45~ 20" should really be called 3£~ 2P =1 4 v?*(P=D=12; 5o that v
times it is divisible by p, hence 0 in CZ, but we will ignore this fine-tuning.
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The v-towers in C{' = CP are generated by
k-1
2, and yP 'z H {2y, 1<t <k (5.11)

i=t+1
We will show that the v-height of z; in CP is r’(k — 1), which equals its v-height in
k(1)*(K3). Tt follows from 1.1 that the v-height of y? 'z [ t+1{zp L yPT'Y equals
'(t — 1), establishing the isomorphisms out of C{* and CZz,. In Figure 1.7, the
v-height of 23 equalling p* — p* +p — 2 = r/(2) is apparent.

The proof of the claim about v-heights is by induction. By (3.10), 7’ (k—1) —7'(k—
3) = p1(p— 1) = 1. Let D = (jau] — [yt 5a)/2(p = 1) = p*"(p — 1). This is
the filtration on the zi-tower above the element y,C 1zk 1. We show that v'=1+P2; is
divisible by p if and only if v*2;_s is divisible by p. Thus the difference of the v-heights
in cokernels equals the difference of the corresponding 7’ values. From Theorem 4.1,
we have

P T e = 0T Pyt
The claim follows, since viyP_ 2P, is divisible by p if and only if vz,_s is, by 1.1.

The analysis of (5.3) is extremely similar.

Now Sy ¢ becomes involved. Let Si, = ker( plSk,e) and Sf, = coker(-p|Sk,). Then
Si, consists of TPp1[v](z1e) plus Z,’s on v¥zy, for 2 < i < £ — k, while S{, has
T Pyi1[v){ze—ke) plus Z,’s on z; 4 for 1 <1i < £ — k. Next we consider the short exact

sequence
0= yCPzL 2 Gl 5 71gSE, =0, (5.12)

The map ¢ sends everything except the v-tower on y;2,Z1. to classes with the same
name, and the heights of these v-towers agree, as seen above. The class yy2, 25 =
Yz, maps to a Z, with the same name in k(1)*(K,). We have ¢(wpwi1Z4,,) =

k—1_
qy? 'z Then v w1 Zf L, € ker(¢), and we have

A(VYR2re) = vk+lwkwk+1zﬁ+l'
We illustrate this in the schematic Figure 5.13, in which X, o, and e map to ele-
ments with the same symbol. The expressions at the end of the v-towers are their

v-heights. In particular, v™ * Yy, 2, = 0 in y,CP Z{. The v-heights agree by (3.11),
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and the gradings match by an induction proof. The Z,’s in yfkil_qu,ffg are hit by
V(YkZitk—14) = yfk_lflqvkzi’g, 2 <1i < { — k, another interesting filtration jump.

Figure 5.13. Towers in exact sequence.

r(k)
r(k—1)
AN LN
+1 E+1
AV 44
/zx Z/\ Ic—l_l
’ v aSk
Finally we consider the short exact sequence

0— y’fkil_quka AN Ghrs N KPz — 0. (5.14)

Similarly to (5.5), the generators of v-towers in K72 are g;, and, for 1 < j < k, elements
of the form gjz;’_l Hf;ll
The v-heights of the corresponding elements in k(1)*(K3) and K both equal 7/(j—1)

for j < k. However, the v-height of wyz, is r(k), which is k greater than r'(k — 1).

{zF~", 4"}, The morphism ¢ is determined by w; + g;.

We have qS’(vyfkfl_lng,k,g) = v" =Dy, 2,. The class ylfkfl_lng,k,g at the base of the
v-tower maps to a Z, with the same name. The picture is quite similar to Figure 5.13
with £+ 1 and 7/(k — 1) interchanged.

The Z, classes y"fkflflqzi,g for 1 <i < ¢ — k are mapped by ¢’ to classes with the
same name in G}, C k(1)*(K;). The Z,’s in K}z are of the same form as in (5.7),

and are hit by analogues of (5.8).

6. ALL ACCOUNTED FOR

In this section, we show that all elements of k(1)*(K5) are involved in exactly one
of the homomorphisms involving some G-group described in the preceding section.
As discussed earlier, this implies that there can be no exotic extensions in ku*(K>)

other than those in (1.2), because an additional extension would decrease the number
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of elements in ker(-p|ku*(K3)) and coker(-p|ku*(K3)), and these must correspond to

elements of k(1)*(K3). It also provides an excellent check on our analysis.

Let p be odd, and

(P G @ TPy 1] ® Plyisi] 1<i<2
k>1
; P G, @TPi[yk] @ Plyes] @ TPyi[2] @ Ay 3<i <6
G = 1<k<é
@@G ®Pyk ®Ak+1 7T <i<8.
\ £>1 e=1

Theorem 6.1. G' & --- & G® equals k(1)*(K>), as described in Theorem 3.16.

As throughout the paper, Z,’s coming from E;-submodules of H*(K3) are ignored
here. The remainder of this section is devoted to the proof of Theorem 6.1. There
are four parts of Theorem 3.16. We deal with them one-at-a-time.

Case 1. Pyl '2. In (3.27), it is shown that these classes form a subset of
@ M A, and they map to classes with the same name in G2

Case 2. @, TP;[v] ® Plyj+1] ® TP, 1[y;] @ Elw;] ® Elw;11] ® Ajy1. The gen-
erators of v-towers of height r(j) occur in G', G*, and G°. From (5.6), only w; is
in Gj. So G* has TP,_1[y;] ® Ply;s1]w;. From Figure 5.13, G}, has wjw; 125, ;.
Note that @, Z¢,,TP,—1[z] ® Aps1 = Ajiq, since the (-component gives the mono-
mials whose smallest non-(p — 1)-power is a power of z,, so G* contains P[y;1] ®
TP, 1|yjlwjwjs1 ® Ajy1. From the analysis following (5.14), G?,e has only w;z, of
v-height 7(5), so G® will have Ply;+1] ® TP, 1[y;]w; ® Aji1. Thus G* @ G® contains
the part without w;,1, while G* contains the part with w;;.

Case 3. D, TPr-1[v] ® Ply;] ® Elw;] ® TP,z] ® Aji1. The generators of

v-towers of height 7/(j — 1) occur in each G* as follows.

k-1
Gl wjzy @ TP, 1[ye] ® Plyp+1] ® EB{ZP ' 4P7'}. This can
k>j+1 i=j+1

be deduced from (5.6).
G*: From (5.11),

5 TP, [y]®Ply; ey 2 @ TPy 1[yr]®Plyr1]® H {27

E>j+1 i=j+1
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G3: We use (5.5) and (5.6) and adapt some arguments used in Case
2 to obtain

wjz <TP W@ Py 1]®N;11® @ TP, [ye] Plyrs1) 2t Arst H {=~ 1ayf1})‘

k>j+1 i=j+1
G*: We use (5.11) and (5.12) to obtain

f_ Zj @ TP,[yr] ® Plyrs1]z, A H {=~ layf .

k>j+1 i=j+1
G°: We use (5.14) and @, 2T Pp-1]ze] @ A1 =~ Aj41 to obtain

k—1

w;t EB TPy 1[ye] © Plyer1] @ Mgy © H =Ny )

k>j+1 i=j+1
G We combine the analysis for G? and the observation used for
G° to obtain

2 TP, 1[y;] ® Plyjs1] ® Aji

k1
v @ TPyi[ye] ® Plye] @ Apia ® H {170}
k>j+1 1=j+1
G7: Similarly to G, we have
p—2 k—1
@(ij§®P[yj]®Aj+1@ijf_l P zePulermme ] {Zf_17yf_1})-
e=1 k2j+1 i=j+1

G®: Using (5.11), we get

p2 k—1
@(25®P[yj]®Aj+l@y§-"% P #erplorue [T =y 1})'

e=1 k>j+1 i=j+1
We begin by analyzing the portion including the factor w;. We will show that
Gl D G3 D G5 D G7 = P[y]]w] X ﬁp[z]] X Aj+1.
Here, and in the remainder of our analysis of Case 3, G refers just to the relevant
portion of G*, here the part with T'P.(;_1)[v]w;. The first part of G" gives all terms

with 27 for 1 <e < p—2. The remaining part has factors wjz;)_l

, which we will omit
writing. Combining G' and G® removes the bar in G®. The first part of G? gives the

part with positive exponent of y;, which we now omit.
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Let Ey = Ply ® Ay, thought of as monomials in y; and z; for ¢ > ¢ with exponents

< p — 1. The remaining parts of the G*’s under consideration combine to

p—2 k—1
. (TPp-1[yk]@ykzi‘lTPp_l[yk]@EB ZETPp[yk])@)EkH@ || RE

k>j+1 e=1 i=j+1

(6.2)

We wish to show this equals F;;;. The portion in parentheses is all monomials in
TP,[yr, 2] except y2~ " and 22~ '. For a monomial M in Ej,,, let M; denote its y3z!
factor. The k-summand in (6.2) is all monomials M in E;4 for which & is the smallest
i such that M; is neither y? ! nor 2P ~!. Thus the sum over all k yields all of E;44, as
claimed.

A very similar argument shows that the G? ® G* @ G @ G® part for Case 3 equals
the portion which includes just the 1 in Ew;]; i.e., Ply;] @ TP,z] ® Aji1.

Case 4. D, Pyl ® Elg| ® E[2"] ® Aj41. We first consider the part without the
q, and fix j and omit writing the 27. The desired answer is P[y,] ® A;1. These come
from the Z,’s in G* ® G* ® G% & GB. Similarly to Case 3, G* and G° combine to give

7—1
@ TP, 1lyr] @ Plyr1] @ Apy1 ® H E A
E>j+1 i=k+1

This, together with the portion of G* from im(¢) in (5.12) obtained using (5.10),

and the Z,’s in G® obtained using (5.10) give exactly (6.2), which we showed equals

Ply;j11] @ Aj11.> The element X in Figure 5.13 with k replaced by j yields, from G,
YT Pp-1ly;] @ Plyji] @ZJHTP [2e] ® Apya

>3

= Y TPaly] ® Plyja] ® Ajia,
which combines with the portion just obtained to yield Ply;] ® Aj41.

3Here the classes in (6.2) are Z,’s and are multiplied by zﬁ-’ , whereas in Case 3

they were multiplied by wjz;’ ~! and were generators of v-towers of height r’ (j—1).
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The last line of the Gil discussion in Section 5 describes Z,’s in G* mapped by
n (5.12). Those with a 2} factor yield

B vk TPt [ Plyrst ] P Z5 1 T Poi [z Avia

>4
= P (Plu] — Plyeia)) @ Aji

= (Pln] = Ply]) @ Aja.
Combining this with the result of the preceding paragraph yields the desired Ply;| ®
Ajys.
We finish this section by showing that the Z,’s including a factor ¢ are obtained ex-
actly once. We omit writing the g. The classes which we must obtain are P[y,] @ ;- 27 ;41

There are eight ways these appear in G'-sets.

(1) In G*, using (5. 7) and (5.8), for 1 <i < j <k,

gy H {278} @ TPy [ye] ® Plygsal.
s=j+1

(2) In G, using (5.9) and (5.8), for 1 <i < k </,

k—1

v Tzl 22t @ TPy a[ys) @ Plyssa] @ TPpi[2] @ Ay
(3) In G2, using (5 7) and (5.8), for 1 <i<j<k<{,

o H {271 Y ZE 9T By [y @ Plyn 1] ©T By [2] @A g1

s=j+1
(4) From irn((b’]) in (5.14), for 1 <k <fland 1 <i</{—F,
v T 2 @ TPy [yh] ® Plyis] ® TPy [2] © Mgy
(5) From ¢’ in (5.14), using (5.9) and (5.8), for k < £ and ¢ — k <
1</,
) 20 ® TPyt [yh] ® Plyir] © TPyoi[zd] © Agr.
(6) From z// in (5.14), using (5.7) and (5.8), for i < j < k < ¢,

u T H {27 2™ 2 @T Py [y @ Plyn 1 |QT By [2) @A 41
s=j+1
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(7) From (5.3), using (5.9) and (5.8), fori <k and 1 <e <p—2,

k—1_ _
Yy 12’2’,1:22 "Plyy] @ Ay
(8) From (5.3), using (5.7) and (5.8), for i < j < kand 1 < e <

p— 27
1
g gt H {27097} 2 Plys] © A
s=j+1

First combine (1)+(6) to put a ®Ax;; at the end of (1), and then, similarly to the
simplification of (6.2), combine with (3)+(8) to get

@yllﬂ_ 71P[yj+1]zi,j2§72/\j+l- (6.3)
i<j
We combine and relabel (4)+(5) to give
) EB yfj_ 71Tpp71[yj]P[yj+1]zi,j+lAj+1 (6.4)
i<j
together with
D v TE Al Plyal A (6.5)
1>j>1
Let Y(s) =y 'TP, 1[yss1]Pyssa) = (4 : v(i + 1) = s). Then (6.5) is
1>s>0
We simplify and relabel (2) to
j—1_ _
By TPy Plysaalzg 2 A (6.7)
i<j
(6.3), (6.7) and (7) combine to give
B Pl TRl = D V()5 TPalz]A 0.
i<j 1<j—1<t
For any ¢ > i, the coefficient of Y (¢)z" in (6.4) plus this is
t+1

Zii N2 © @ Z] TPy lz]A 10 = Aigy,

j=i+1
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as the second part has all monomials not divisible by Z/7. Combining this with (6.6)
yields the desired result,

Py (s) P A

$>0 i>1

7. AN EXPLANATION OF SELF-DUALITY OF B

In this optional section, we discuss some observations about the ASS of ku*(K>) and
ku.(K5) which, among other things, provide an explanation of the self-dual nature of
the By summands which occur in both ku*(K3) and ku,(K>). We restrict to p = 2.

We first observe that, for £ > 1, there is an Ej-submodule, My, of H*(K3) such
that Extg, (Za, My) (resp. Extg, (My, Zs)) is closed under the differentials in the ASS
converging to ku*(Ksy) (resp. ku.(Ks)), yielding the chart Ay (resp. the ku-homology
analogue of A, discussed in Theorem 1.19). For example, with M; as in (2.12) and
N as in Figure 2.8, M3 is as depicted in Figure 7.1.

Figure 7.1. The E;-module Ms;.
R b . ¥ e 33 36
yi yiN yi M, Y129 My M
The two ASSs for M3 will yield the charts for A3 and its homology analogue pictured
in [4].

The situation for By is slightly more complicated. There is no E;-submodule of
H*(K3) which, by itself, can give a chart By or Bz, Some of the differentials that
truncate v-towers in Bz, come from classes that are part of a summand that includes
yfk_lflqsu. We find that, for 2 < k < ¢, there is an Ej-submodule My, of H* K>
such that Extg, (Ze, My) is closed under the differentials in the ASS converging to
ku*(K3) and yields the chart

k—1_
Byze ® Y7 'qSke ® ypBrZy.

Note that these three subsets of ku*(K3) appeared together in the 10-term exact
sequence (5.2).

This My, is symmetric; i.e., there is an integer D such that X" M; , and M,
are isomorphic Ej-modules, where Mj , is obtained from My, by negating gradings
and dualizing Qo and (. This implies that the v-towers in Extg, (Zo, My ) and
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Extg, (My, Zy) correspond nicely. Moreover, the differentials in the two ASSs corre-
spond, too, obtaining isomorphic charts, although the gradings in one decrease from
left to right, while in the other they increase.

We illustrate with an example, M3 4, and then discuss the implication for self-
duality of Bj. In Figure 7.2, we depict M3 4.

Figure 7.2. The E;-module Ms 4.
70 75 80 96 102
ylegMs  ySzsMy  yiwozsMy yiMs yixgMs Y324 M,y Y1x9zaMy 24 M

In Figure 7.3, we depict the ASS chart for both Ext g, (Zs, M3 4) and Extg, (M3 4, Zs).
They are isomorphic except that, from left to right, the gradings start with 102 for
the first and 70 for the second. We label the portions of the chart corresponding to
the eight summands of M4 just by the M-factor, since accompanying factors differ
for the two versions. For example, the M5 on the left-hand side is z,Mj5 for the first

spectral sequence, and is y!x9 M5 for the second.
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Figure 7.3. Two ASSs for M.
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For the ku*(K3) version, B3z is on the left hand side of Figure 7.3, and y3Bsz23
on the right hand side, with y7¢Ss 4 separating them. The duality isomorphism in
Theorem 1.16 says that the Pontryagin dual of Bsz, is isomorphic as a ku,-module
to £ of the right hand side of the ku,(K?) version of Figure 7.3, and we see that this
is isomorphic to a shifted version of By with indices negated. This is the self-duality
statement, that the Pontryagin dual of By, is isomorphic as a ku,-module to a shifted

version of B with indices negated.
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