BP-HOMOLOGY OF ELEMENTARY 2-GROUPS: BP-MODULE
STRUCTURE

DONALD M. DAVIS

ABSTRACT. We determine the B P,-module structure, mod higher
filtration, of the main part of the BP-homology of elementary 2-
groups. The action is related to symmetric polynomials and to
Dickson invariants.

1. INTRODUCTION AND RESULTS

Let BP,(—) denote Brown-Peterson homology localized at 2. Tts coefficient groups
BP, are a polynomial algebra over Zs) on classes v, j > 1, of grading 2(2/ — 1).
Let v9 = 2. As was done in [6] and [8], we consider ®]f3p* BP,.(BZ/2), which is a
BP,-direct summand of BP,(B(Z/2)*). We determine the BP,-module structure of
X~ p. BP.(BZ/2) modulo terms which are more highly divisible by v;’s. Information
about the action of vy was applied to problems in topology in [2] and [9]. In the
forthcoming paper [3], we apply it to another problem, higher topological complexity
of real projective spaces. In Theorem 1.7 of the current paper, we obtain complete
explicit information about the wp-action (mod higher filtration). In Theorem 1.1,
we determine the action of all v;’s as quotients of symmetric polynomials, and in
Theorem 1.3 and Corollary 1.6 we give explicit formulas as symmetric polynomials
in certain families of cases. In Section 4, we discuss relationships of our symmetric
polynomials with the Dickson invariants.

Now we explain this more explicitly. There are BP,-generators z; € BPy;_1(BZ/2)
for i > 1, and ®]Z3P* BP,(BZ/2) is spanned as a BP,-module by classes z; = z;, ®
- ® 2, for I = (iy,...,4) with i; > 1. Let Z; denote the graded set consisting of

all such classes z;. It was proved in [6, Thm 3.2] that ®’]§P* BP,(BZ/2) admits a
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decreasing filtration by B P,-submodules F; such that, for s > 0, the quotient Fy/F,
is an Fy-vector space with basis all classes (U,tfvtk“ -+ )zy with 2y € Zg, t; > 0, and

k1
z tz = S.
Define an action of Fao[xq, ..., x| on the Fy-vector space with basis Zj by

€1 €k —
xl xk “ 2] = ZI-E,

where [ —F = (i1 —ey, ..., i —eg); here, by convention, z; = 0 if any entry of J is < 0.
For positive integers t1, ..., t,, let my, _; denote the monomial symmetric polynomial
in 21, ..., 7, the smallest symmetric polynomial containing the monomial " - - - 2t

Over Fq, if r = k and the t; are distinct, it equals the Vandermonde determinant

Our first theorem determines the action of v;, 0 < j < k — 1, from F,/F,4; to
Fsi1/Fgi2, as a ratio of monomial symmetric polynomials in z1,...,x;. Note that
k is fixed throughout, and we are always dealing with polynomials over Fy. This

theorem will be proved in Section 2.

Theorem 1.1. If F; is as above, and 0 < j < k — 1, the action of v; from Fs/Fsiy

to Fy 1/ Fsyo is multiplication by ngp&j, where
>k

Mo 3i,.. k=1 2t

(12) pf,j =

m207m72k—1

(The 2 notation denotes omission.) Moreover, py; is a symmetric polynomial, mod

2.

It is not a priori clear that the quotient on the right hand side of (1.2) should be a
polynomial mod 2. In fact, if the 2¢ there is a replaced by a non-2-power and k > 3,
then the ratio is not a polynomial mod 2.

We have obtained explicit polynomial formulas for p,; in several cases. These will

be proved in Section 3. The first is the complete solution when k = 3.
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Theorem 1.3. If k=3 and { > 3, then

Peo = Z (]Zk) My jk

i>§>k>0
i+j+k=2¢—1
. j+k j+k
Pen = Z (1 +7)migo + Z (1+ ({:1) + (JJlg-:l_l))mivjvk
i>j>0 i>5>k>0
i+j=20—2 i+jt+k=2¢-2
pez = D, (+ (T Dmign
i2j>k>0
i+j+hk=2t—4

Incorporating Theorem 1.3 into Theorem 1.1 gives the vy-, v1-, and vs-action, mod
higher filtration, in BP,(BZ/2) ®@pp, BP.(BZ/2) ®pp, BP.(BZ/2). For example, vy

acts as
(1.4) vsmyo1+va(mizei+miga1+mse1+moaatmssatmsas)+:--,

where the omitted terms involve v, for £ > 5.

We have also obtained the explicit polynomial formula for (1.2) for any & if ¢ = k.

Theorem 1.5. If { = k, then p,; = pi; equals the sum of all monomials of degree

28 — 27 in x4, ..., xy in which all nonzero exponents are 2-powers. Here 0 < j < k—1.

Theorem 1.5 gives the formula for the vg-component of the B P,-module structure,
modulo higher filtration, of X", p. BP,(BZ/2). It is complete information, mod higher
filtration, for BP(k) homology. Johnson-Wilson homology BP(k), introduced in [7],
has coeflicients Zy[vy, . .., vx]. By [6, Thm 3.2] and [8, Thm 1.1}, as an abelian group
Qb pw. BPk).(BZ/2) has basis {vz;: j >0, 2 € Z;}.

Corollary 1.6. In ®'py. BP(k).(BZ/2), for 0 < j <k -1,

Vj - 21 = U E ZI—-E
E

mod higher filtration, where E = (eq,...,ex) ranges over all k-tuples such that all

) . —9k _9j
nonzero e; are 2-powers, and Y e; =2 — 27,

This generalizes [8, Cor 2.7], which says roughly that vy acts as vgmaor-1 962 1.
Finally, our most elaborate, and probably most useful, explicit calculation is given
in the following result, which gives the complete formula for the vg-action, mod higher

filtration. This is useful since vy corresponds to multiplication by 2.



4 DONALD M. DAVIS

Theorem 1.7. In ®Igp* BP,(BZ/2), vy acts as ZW - peo mod higher filtration,

>k
where
-1
o= 1]+70,
F =0
where f ranges over all surjective functions {0,...,0 — 1} — {1,...,k}. Equiva-

lently, peo = > Mysy|,...|s.|, where the sum ranges over all ||Sy|| > --- > ||Sk|| with
S1,..., Sk a partition of {1,2,4,...,2°'} into k nonempty subsets. Here ||S|| is the

sum of the elements of S.

See (1.4) for an explicit example of pso and pso when & = 3. For example, the
term mqg 4 in pso corresponds to Sy = {8,2}, Sy = {4}, and S5 = {1}, and this
corresponds to the sum of all surjective functions f : {0,1,2,3} — {1,2,3} for which
f3)=f().

We thank a referee for many useful suggestions. See especially Section 4.

2. PROOF OF THEOREM 1.1

In this section, we prove Theorem 1.1.

Proof of Theorem 1.1. Let Q = ®]];P* BP,(BZ/2). Let z; and z; be as in the second
paragraph of the paper. By [6], @ is spanned by classes (v v ---)z; with only
relations )., a;2;—; in any factor, where a; € BP,; are coefficients in the [2]-series.
By [11, 3.17], these satisfy, mod (vg, vy, ...)?,
o _fuoi=2-1iz0
7710  j+1 not a 2-power.

Let F, denote the ideal (vg,v1,...)*Q. Then F,/F,,; is spanned by all (vv!* -+ )z;
with ) ¢; = s, with relations
(21) ZUjZi,(ijl) = 0

Jj=20
in each factor. As proved in [6, Thm 3.2] (see also [8, 2.3]), this leads to an Fy-basis
for F,/F,,, consisting of all (v,i’“vli’if o+ )zr with Y0t = s.

We claim that if z; € Fy and 0 < 57 < k — 1, then we must have

(2.2) vz = Z VeDe,i 215
>k



BP-HOMOLOGY OF ELEMENTARY 2-GROUPS 5

where py ; is a symmetric polynomial in variables zy, ...,z of degree 2¢ — 27 acting
on z; by decreasing subscripts as described in the third paragraph of the paper. That
the action is symmetric and uniform is due to the uniform nature of the relations
(2.1). That it never increases subscripts of z; is a consequence of naturality: there are
inclusions @ BP,(RP*") — ®’;P* BP,(BZ/2) in which the only z; in the image
are those with ¢, < n, for all ¢, and the v;-actions are compatible.
Note that (2.1) can be interpreted as saying that, for any i € {1,...,k},
(2.3) Zz@-x?hl = 0.
=0

Since the v,-components are independent if ¢ > k, and (2.2) says that for j < k < ¢
the v;-component of the v;-action is given by the (unknown) polynomial p,;, we

obtain the equation

k—1

201 201
E :pé,jf’ci =
Jj=0

for any i € {1,...,k} and ¢ > k. After multiplying the ith equation by z;, we obtain

the system
2 4 ok—1 2t
Ty ry Xy o Iy Peo x]
(2.4) : =
k—1 ¥4
Ty TR oxp oo Tk 0,1 T3

whose solution as (1.2) is given by Cramer’s Rule. Our argument shows that the
components py ; of the solution are polynomials, mod 2.

The ratios on the RHS of (1.2) can also be shown to be polynomials by the follow-
ing algebraic argument, provided by the referee. Let V' denote the Fy-vector space
with basis 21, ..., 2. The denominator m; 5 _or-1 in (1.2) equals the product of the
nonzero elements v of V. We show that a Vandermonde determinant D in xq, ...,z
with distinct 2-power exponents 2% is divisible by each v in the unique factorization
domain Fa[zq, ..., x|, and hence is divisible by their product.

By induction on k and expansion along rows, the determinant is divisible by all
k

elements except perhaps le Let My ; denote the minor associated with xztj :

=1
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Replacing the last row by the sum of the others shows that
k—1
ST MY e =0
j i=1
since it is the determinant of a matrix with dependent rows. Thus

k k 2%
S SINEINS SITHD S TN b 31
J J i=1 J 1

1=

k
is divisible by Y ;.

i=1
The v;-action formula on Fj applies also on F§ by the nature of the module. W

3. PROOFS OF EXPLICIT FORMULAS FOR CERTAIN De.j
In this section, we prove Theorems 1.3, 1.5, and 1.7.

Proof of Theorem 1.3. Let hy(z1,...,x,) denote the complete homogeneous polyno-

mial of degree d. With k = 3, after a few row operations, (2.4) reduces to

I x l’z{’ Peo x%é_l
0 1 hz(l’l,l'g) Pea| = hzﬁ_g(xl, 132)
0 0 z1+x2+m3| |Pr2 hoe_s(xq, T2, 73)

Using Pascal’s formula, one easily verifies, mod 2,

hpi1(21, 22, 23) = (11 + T2 + 73) Z((”ﬁ;k) — 1)x?7j7kx%x’§.
k,j

2@—2—k) — (j+k+2
J+1 j+1
Now we have

Since ( ), the result for py o follows.

pe1 = hoe_o(x1,m2) — ho(T1, 2)pr 2
= Zmﬁx%zd*i + (27 + 122 + 23) Z (1+ (]L_i—?))ngk
12j>k>0
i+j+k=20—4

If k£ > 0, the coefficient of m, j in this is

(L4 )+ + () + o+ (),
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which equals the claimed value. If £ = 0 and j > 0, there is an extra 1 from the
> xﬁx%e_Q_i, and we obtain (jJ{Q) + (lerl) + ({) = 1+ 7, as desired. The coefficient of
Mat_40,0 15 easily seen to be 0.
Finally, we obtain p,o from x%e_l + x1pes + l’?pz}g. The coefficient of m; ;o in
this is (14 j) + (1 + (“%)) = 0, as desired. If k > 0, the coefficient of m;, is
j+k +k +k _ (j+k :
(14 () + (]J,;:{l)) + (1+ (]J,g;;?)) = (/7F), as desired. M

Proof of Theorem 1.5. It suffices to show that

k
2i—1 o 2k
(3.1) E Ty Gok_gic1 = XY,
i=1
where g, is the sum of all monomials in z,...,z; of degree m with all nonzero

exponents 2-powers. (Other rows are handled equivalently.)

The term x%k is obtained once, when ¢+ = k. The only monomials obtained in the
LHS of (3.1) have their x;-exponent a 2-power for ¢ > 1, while their z;-exponent
may be a 2-power or the sum of two distinct 2-powers. A term of the first type,
22 22? .. 22" with 372% > 0, can be obtained from either the ith term in (3.1) or
the (i+1)st. So its coefficient is 0 mod 2. A term of the second type, x%”sz';? ek,

can also be obtained in two ways, either fromi=a+1ori=5b6+1. N
Theorem 1.7 is an immediate consequence of the following proposition, which shows
that, in Fo[zy, ..., x,

Mo, 2k=12¢ = Mo ok-1 - E :mllslu,...,llsklb

with .S; as in Theorem 1.7 or Proposition 3.2.

Proposition 3.2. For ¢ > k, the only k-tuples (ni,...,nx) that can be decom-

posed in an odd number of ways as n; = s; + t; with (t1,...,tx) a permutation of
(1,2,4,...,25Y) and s; = ||S;||, where Sy, ..., Sk is a partition of {1,2,4,...,21}
into k nonempty subsets, are the permutations of (2,4,8,...,2k"1 2.

Proof. We will show that all
Sy oo Sy
s (5 %)
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as in the proposition can be grouped into pairs with equal column sums (||S|| +

t1,. .., ||Skl| + tx) except for permutations (by column) of
20 ol . 2k—2 2k—1’ o ’26—1
(34) (20 21 .. 2k—2 { 2k—1 }> .

It is easy to see that (3.4) is the only matrix (3.3) with its column sum.

Our proof uses the following lemma, whose proof appears at the end of this section.

Lemma 3.5. If S is a finite set and f : S — S is a function, there exists T C S such
that f|T is a cyclic permutation of T'. If all such T have |T| =1, and f # 1g, then
some such T has |f~YT)| > 1.

Let M be a matrix (3.3), and define f : {20,... 281} — {20 ... 21} by f(z) = ¢,
if x € 5;.

Case 1: f is bijective and not the identity. We pair M with the matrix obtained
by interchanging x and f(z) in all columns. Note that this preserves column sums
and is reversible, in the sense that the new matrix is also of Case 1 type, and would
lead to M. For example,

0 1 93 2 1 0 93 2
(;1 {2 2’02 } ;2) is paired with (;0 {2 2’12 } §2> .

Case 2: Not Case 1, and there exists 7' C {2°,... 2871} such that 2 < |T| < k
and f|T is a cyclic permutation. Choose such 7" with maximal number of elements
and, of these, the smallest sum of elements. We pair M with the matrix obtained by
interchanging = and f(x) for all z € T'. Note that this preserves column sums and is
reversible.

Case 3: Not Case 1 or 2, and there exists ¢ < k — 1 such that f(2') = 2" and
|/71(2%)] > 1. Choose the smallest such t. Then

o 20D}y oo B\ . ) ) v D .o {2LFE} ...
( t ot J | ) is paired with ( ot+1 ., ¢ ot J )
Here D and E represent nonempty collections of 2-powers. Note that it is possible
here (if 271 € F or D) that one of the functions f here could be the identity. Indeed,
if f equals the identity and some 2° with ¢ < k — 1 is accompanied in the top row, it
will fall into this case.

Case 4: Not Cases 1, 2, or 3. By Lemma 3.5, f(2F71) = 281 and |f~1(2*1)] > 1.

Let 2¢ be the smallest 2-power > 2* which does not accompany 2¥7!: i.e., they are
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not both in the same S;. Such an e must exist since the S; containing 2! contains
another number less than 2¥~! and all S; are nonempty. There is a sequence 2!, . .., 2
such that 2 lies below 2¢ in M, f(2%) = 2%+ for 1 < j < r, and 2" accompanies
2k=1 This sequence of 2%’s must eventually accompany 2! because otherwise it
would cycle, and be in Case 2. The matrix M is paired with one in which all the 2%’s
are moved up or down within their column, while the 27’s with &k — 1 < j < e are
interchanged between the columns containing the 2¢ and the 2¥~1, with other entries

remaining fixed. We illustrate with a case r =2, e = k 4 2.

2k+2 > L2 {2t2’ 2]{?—17 2k7 2k+1} {21&1’ 21@—17 2k7 2k+1} ceo 9tz L 2k+2
( ott ... 9t2 .. k-1 ) AN ( k-1 12 N 1) ) :
|

Proof of Lemma 3.5. Assume that f has no such T. Let m = max{|f~!(s)| : s € S}.

For ¢ > m, let P({) denote the following statement: there exist distinct sq, ..., S5

such that
Sm 1<7<m
Fls;) = {s]u: m —I—jl <j <.
The statement P(m) is true since, letting f~'(spmy1) = {s1,..-,8m}, if f(Smy1) €
{s1,...,8m}, then T'= (f(Sms1), Smy1) works (i.e., contradicts the assumption of no
T of the claimed type.)

Assume P({) is true. If f(sp11) € {S1,---,8m}, then T = (f(Se11)s Smtts- -+ Set1)
works. If f(spy1) = sj form—+1<j </{+1,then T = (sj,..., sp41) works. Therefore
we can choose spy0 = f(sp41), and P(¢ + 1) is true. Therefore P(|S]) is true by
Induction, yielding |S| + 1 elements in S, a contradiction.

The second part of the lemma is proved by induction on |S|. It is true for |S| = 2.
Assume it is true for |S| — 1. If f71(s) = {s}, then f: S — {s} — S — {s} has some
t with f(t) =t and [f'({t})|>1. W

4. RELATIONS WITH DICKSON INVARIANTS

In this section, we discuss the relationship between our polynomials p,; and the

Dickson invariants. Most of the results in this section were suggested by a referee.
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Let V be an Fy-vector space with basis x1, ..., x, and S(V) its symmetric algebra.
The general linear group GL(V) acts on S(V), and the ring of invariant elements
is called the 2-primary Dickson algebra Dj. Dickson showed in [4] that Dy is a
polynomial algebra on classes ¢; of grading 2¥ — 27 for 0 < j < k — 1. We suppress
the usual k£ from the subscript, as we did with our p’s, since it is fixed throughout
this paper.

If M is a Vandermonde determinant in x4, ...,z with distinct 2-power exponents,
then M is invariant under the action of GL(V'). This is easily proved using linearity
of determinants and that (3 a;2;)% = 3. a;2?. Since our polynomials p,; in (1.2)
are ratios of Vandermonde determinants with distinct 2-power exponents, they are
elements of Dy, and one might seek to express them in terms of the generators c;.

Our first result is that our polynomials py ; (i.e., those with ¢ = k) are exactly the

generators c;.

Proposition 4.1. For 0 < j <k —1, py; = ¢;.

Moo 95, k-1

Proof. By [10, Prop 1.3a}, ¢; = ’2k, which by (1.2) equals p; ;. W

m20’m72k—1
The following corollary is now immediate from Theorem 1.5.

Corollary 4.2. The Dickson invariant usually called cj; over Fy is the sum of all

monomials of degree 28 —27 in xy, ...,z in which all nonzero exponents are 2-powers.

This result was certainly known to some, but we could not find it explicitly stated in
the literature. One place that essentially says it is [1, Prop 3.6(c)].

Some of our elements py ; are related to one another in the following way.

Proposition 4.3. For { > k + 1, we have pyy = copl?fl’kfl. In particular, pri10 =

C()Ciil .
Proof. The denominator in (1.2) equals ¢y, so we have

2 2,2
CoPe,o = Mot ok—19¢ = Myo k-2 ge-1 = CoPp_1 k1

The second part follows from Proposition 4.1. W
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There is an action of the mod-2 Steenrod algebra on S(V') and on Dy, and the

following complete formula was obtained in [5].

Proposition 4.4. ([5]) In the Dickson algebra Dy, for 0 < s <k —1,
Cr 1 =2°=2"

ey 1=2F—20425 9" r<s<t

2 =2k

0 otherwise.

Sq' ¢y =

Without using that formula, we can easily obtain the following result.

Proposition 4.5. For0 <j <k —1,

i Py i—j—1
g 2 o »J
4 Peg {0 i1, i<k—1.

Proof. For i < k—1, qui(mgo,,,.72k71) = 0 since each term with factor Sq* (22)22™ is
paired with an equal term x?iﬂ SqT(:z:fi). Using the Adem relations, it follows that

Sq" (mgo,. gr-1) = 0 for 0 < n < 2571 Similarly, for 0 <i < k — 1,

2 N — 20,...,29—1  2k—129¢
Sq (m207m’2j7“"2k—172£) - {O

The result follows from applying the Cartan formula to

i=j—1

otherwise.

mZO,...,Zk_lpf,j = m207._.,2/\j7“_’2k—172£ .

This result meshes nicely with the following one.
Proposition 4.6. For (> k,

_ 20 2k 1 97
Pey1,k—1 = E Cj Sq Pek—1-
J

Proof. We have
(4.7)

2t 2t
Sq (Copé,k—l) = 5q (m20,.‘.,2k—2,2€) = Moo ok—220+1 = CoPp+1,k—1-
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As a special case of Proposition 4.4, we have, for i > 0,

St e — d G0 i=2k— 2
4= 0 otherwise.

Applying the Cartan formula to the LHS of (4.7) and cancelling ¢, yields the result.
|

In principle, iterating Propositions 4.5 and 4.6 enables us to obtain complete for-
mulas expressing our polynomials py ; in terms of the ¢;’s. For £ = k, this was initiated
in our Proposition 4.1. Here we do it for / = k+ 1 and k£ + 2. For ¢ > k + 3, the

formulas become unwieldy.

Theorem 4.8. For 0 < j <k —1,

_ 2 2 .
a. Pry1j = Cj_1 T CjCh_y;

b. Prrag = ¢jch_y + GGy + GGy + G-
Proof. (a). By Propositions 4.1, 4.6, and 4.4, we have
Pr+1k—1 = Z Cj quj Prk—1 = Z Cj qu Ck—1

J J

= ot Ch1-Cry.
Assume the result true for j. By Propositions 4.5 and 4.4,
j—1
Drk+1j-1 = Sq” (032;1 + C]'Cifl)

= (Sq” )+ Z(SQQH_M ¢;)(Sq™ 1)

_ 2 27—1 2
= Cj_o+ (Sq Cj)Cry
2 2

= Cjo Tt Ci-1C 1,

extending the induction.
(b). Applying Proposition 4.6 to part (a), we obtain

- 2k427 /9 3
Dk+2,k—1 = E ¢; Sq (Chg +Chy)
J

k— — k I —2m m
— E ¢;(Sq? '+ 1ck,2)2+ g ;i (Sq® T 2™ ¢p 1) (Sq™ cx1)?.
7,m

J
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Using Proposition 4.4, the first sum equals ¢,_o¢i_5¢3 ; + ¢x_1C4_o, while the second

equals

4 2 2 2 4 7
Cr—g t+ Ck—2C;_1Cl3 T Cj_9Cp_q T Cp_q-

Combining these yields the result for j = k — 1. The result for arbitrary j follows by

decreasing induction on j, similarly to part (a). W
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