MINIMAL TORI WITH LOW NULLITY
DAVID L. JOHNSON AND OSCAR PERDOMO

AsstrACT. The nullity of a minimal submanifold M C S™ is the dimension of the nullspace of the
second variation of the area functional. That space contains as a subspace the effect of the group
of rigid motions SO(n + 1) of the ambient space, modulo those motions which preserve M, whose
dimension is the Killing nullity kn(M) of M. In the case of 2-dimensional tori M in S*, there is an
additional naturally-defined 2-dimensional subspace that contributes to the nullity; the dimension
of the sum of the action of the rigid motions and this space is the natural nullity nnt(M). In this
paper we will study minimal tori in S® with natural nullity less than 8. We construct minimal
immersions of the plane R? in S® that contain all possible examples of tori with nnt(M) < 8. We
prove that the examples of Lawson and Hsiang with kn(M) = 5 also have nnt(M) = 5, and we
prove that if the nnt(M) < 6 then the group of isometries of M is not trivial.

1. INTRODUCTION

Let p: M — S® be a minimal immersion of an oriented surface without boundary M in the unit
three dimensional sphere S3 C R* Let N : M — S® be the Gauss map, i.e. N(m) L T;,M
and (N(m),m) = 0. For any m € M, a(m) will denote the nonnegative principal curvature of
M at m and Wi(m) and Wa(m) will denote two unit tangent vectors such that dN,,(Wi(m)) =
—a(m)Wi(m) and dN,,(Wa(m)) = a(m)Wa(m). When M is a torus, it is known that for every
m, a(m) is positive |2, therefore in this case we can choose Wi (m) and Wa(m) so that they define
smooth vector field on M. In the following, for M a torus, W; and Wy denote such unit tangent
vector fields and a : M — R will be the smooth function given by the positive principal curvature.
Since M is minimal, M is a critical point of the area functional. Since M < S3 has codimension
1, any variation of the surface M is given by a function f € C°°(M). The second variation of the
area function at this critical point is given by the stability operator

J:C®(M) — C>®(M) given by J(f):=—Af —2d>f — 2f.

The nullity of a minimal surface is defined as the dimension of the kernel of the operator J and will
be denoted by n(M). Elements of the nullity are infinitesimal variations of M which, up to order
2, do not change the area of M.

1.1. Killing nullity. Given a fixed matrix B € so(4), define fp : M — R by fp = (Bp(m), N(m)).
It is clear that fp satisfies the elliptic equation J(fp) = 0 because, when we move the immersion
M by the group of isometries eB! : $3 — 93 we induce a family that leaves the area and second
fundamental form constant; fp is the function associated with this family.

In [3], Lawson and Hsiang classify all the minimal surfaces that are invariant under under a 1-
parametric group of isometries in S2. One way to see this classification is the following: Define the
Killing nullity by setting KS := {fp : B € so(4)} to be the space of all variations arising from
SO(4), and the Killing nullity is defined as kn(M) := dim(KS). We have that kn(M) < n(M)
and in general the Killing nullity is expected to be 6 since the dimension of so(4) is 6. Lawson and
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Hsiang classify all the examples of surfaces with kn(M) < 6, i.e. they classify all minimal surfaces
with not full Killing nullity. More precisely, their classification can be described in the following
way,

Ks={M c S%: kn(M) = 3},

which is the set of totally geodesic spheres. Up to rigid motions there is only one example.

Ky={M C S3: kn(M) = 4},
is the set of Clifford tori, and

Ks={M C S%: kn(M) =5},

is a collection of immersed minimal tori. There are infinitely many non-isometric examples in Kj.
One of the goals of this paper will be to provide a better understanding of this set.

1.2. Natural nullity. Minimal tori in S3 will have a potentially larger nullity than the Killing
nullity. For a minimal torus, since W7 and W5 are globally defined, we can define hyp : M — R as the
directional derivative of —2a~2 in the direction cos(0)W1+sin(0) Wy, that is, hg = cos(G)a_%Wl(aH—
sin(ﬁ)af%Wg(a). For tori, HS = {Ahg : A € R, 6 € S'} form a subspace of ker(J), which follows by
a direct computation. In general, dim(HS) := hn(M) is expected to be 2. Recall that the functions
fB defined above also satisfy J(fp) = 0, that is, they represent infinitesimal variations of the M
through minimal torus. The functions fp are not only infinitesimal variations but actually generate
a family of minimal tori, namely the family ¢ — e’M. The functions hy are also infinitesimal
variations of M through minimal immersions since J(hy) = 0, however, the authors have not yet
been able to determine whether or not the functions hy generate a family of minimal tori.

The principle focus of this paper is to study the space K.S+ HS := NS, the subspace of the nullity
arising from these two natural sources. We call the natural nullity of the space M nnt(M) :=
dim(NS). In this paper we classify all minimal tori with nnt(M) < 8.

The Lawson-Hsiang examples, beyond the Clifford torus, will be shown by a Liouville argument
to be the immersed minimal tori with dim(HS) = 1, as well as those having Killing nullity 5.
We also show, using a result by Ramanathan about isometries of a minimal surfaces of S3, that if
dim(HS) =1 then M € K5. In other words, we have that

NNs ={M c S*:nnt(M) =5} = K5 = Hy,

where Hy = {M C 83 : dim(HS) = 1}.

We construct every possible torus with nnt(M) < 8 by building, for any angle # € S' and any
skew-symmetric matrix B, an integrable distribution Dpg in SO(4) x R? with the property that
the projection onto the first column in SO(4) always defines a smooth minimal immersion of R2. If
M is a torus with nnt(M) < 8 then there is a B and 6 for which M is the image of such a leaf. In
particular, by our previous result we have that if M € K5 then dim(HS) = 1, so hy = 0 for some
f. This observation tells us that K5 can be obtained as coming from examples in the distribution
Dpgy. We prove that if M € K5 then h9+% € KS. i.e., we prove that not only is kn(M) = 5 but
also nnt(M) = 5.

To describe our last result we point out that if M € K5 then nnt(M) =5 and M is invariant under

infinitely many isometries (a 1-parameter group to be precise). We prove that if nnt(M) = 6 then
M has some nontrivial isometry.
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2. PRELIMINARIES

This section reviews some known results that will be used later on. The first result, due to Blaine
Lawson, has already been used in the introduction in order to define the unit tangent smooth vector
fields W, and W5 in an immersed minimal torus of S3.

Theorem 2.1. [Lawson [2|] If M C S? is a closed minimal surface and a : M — R denotes the
nonnegative principal curvature function, then a is positive everywhere if and only if x(M) = 0.

The next theorem also was mentioned in the introduction in order to define the natural nullity for
tori. Even though this is a known result, for completeness sake we will provide a proof at the end
of this section.

Theorem 2.2. If M C S3 is a minimal immersed torus, and Wi : M — S3 and Wy : M — S® are
unit vector fields that define the principal directions, then the functions

ho,hz : M — R given by ho = a~2Wi(a) and hz = a™ 2 Wa(a)

satisfy

J(ho) = —Ahg — 2hg — 2a*hg = 0 = J(hz).
There is a correspondence between constant mean curvature (CMC) surfaces in Euclidean space and
minimal surfaces in S2. The proof of the Theorem (2.2) for the case of CMC surfaces in Euclidean
space is established in sections §2 and §3 of [5].

[VE]

In section 4 we construct a family of minimal immersions of the plane into S3. The following theorem
will be used to show that Lawson-Hsiang examples correspond to a subfamily of those immersions.

Theorem 2.3. [Ramanathan [6]] Let p: M — S be a minimal immersion of an oriented compact
surface. Suppose that M admits a one parameter group of isometries ¢ : M — M with respect to
the induced metric. Then, there exists a one-parameter family of orientation preserving isometries
®; of S? such that po ¢y = 40 p for all t € R.

The next theorem is a consequence of the uniformization theorem applied to a minimal torus in S3.

Theorem 2.4. For every minimal immersion of a torus p: M — S3, there exists a covering map
7 :R%2 = M, a doubly periodic conformal immersion p : R? — S3, a Gauss map v : R? — 53, and
a fized angle o, so that

p(u, U) = ﬁ(T(u7 U))v V(u7 U) 1 p*(T(u,v)R2)7 V(u7 U) 1 p(“’? ’U),

and

9?p ordp Ordp o

92 —%%"{'%%-{—COS(QO()V—G p
2

Op = ordp _9ordp _ cos(20)v —e " p

o2 oudu Ovdv

—82'0 = —ﬁ@ - &@ — sin(2a)v
uov ~ dvou ouov
O oo + anoo
9 — ¢ ( COS(QOé)au +sm(2a)av)
D iz s cos(oo PP
3 = © (sin(2c) 90 + cos(2a) 81))

where e~ = <%, %) = <%, %). Moreover, Ar + 2sinh(2r) = 0.
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Proof. The idea of the proof is the following: the existence of the conformal map p and the covering
7 follows from the uniformization theorem, the existence of the constant « follows from the fact

that
2

2
) = flutiv) = (2L oy i (22 )

— v — v
ou?’ Audv’

is an analytic, doubly periodic function in the whole plane, and therefore is constant. Clearly this

constant function f is not identically zero otherwise M would be totally geodesic. By scaling the

coordinates u and v by a constant, we can make f(u + i) = cos(2a) + isin(2«) for some constant

angle a.

To complete the proof, the equations for the second derivatives of p are just the standard compu-
tation of the Christoffel symbols, and the elliptic equation of r follows from computing the Gauss
curvature using the Christoffel symbols and setting it to 1 — e, i.e, this elliptic equation follows
from the Gauss equation. O

Remark 2.5. We can change the angle o to any value by rotating the coordinates v and v.

Corollary 2.6. Using the same notation as in Theorem (2.4), the principal directions of the minimal
immersion are given by

Vi = e’"(cos(a)% - sin(a)%) and Vo = eT’(Sin(a)% + COS(Q)%)-

More precisely,
dv({dpaup} ' (Wio7)) = —eVi  and dv({dpp)} (WaoT)) =e*Va.

Moreover, it follows from the last expression that the principal curvatures are +a where the function
a: M — R is defined by a(t(u,v)) = e* V). We also have that hy o T = 2% and hopz 0T = 2%,

Proof.
—dv({dppun} T (WroT)) = e dv(— cos(oz)2 + Sin(a)g)
() ou ov
op . op ) i dp
_ 3r¢ _ il P el
= e’ (—cos(a)( COS(ZOz)au + sin(2«) av) + Sln(oz)(sm(Zoz)au + cos(2a)
— e2rV1
Similarly, dv({dp.)} ' (W2 0 7)) = e*'V3. In the same fashion,
hooT = (62’")_% (cos(a) Vi (e®") + sin(a)Va(e?))
_ op . op ) ) op op
_ 3r .r O YN (a2r -~ PN (a2r
= e “"e" (cos(a) (cos(a) 90 sm(a)av)(e ) + sin(«) (sin(a) 90 + cos(a) 81))(6 )
or
= 2%7
and Rz 07':2%. O

Proof. [Of Theorem (2.2)] Take maps p, Vi, Va,v : R? — S3 7 :R? - M and r : R? — R such
that they satisfy the condition of Theorem (2.4) with o = 0, i.e., with Vi(u,v) = Wi(7(u,v)) =
er(“’”)%(u,v) and Va(u,v) = Wa(1(u,v)) = er(“’”)%(u,v). Since Agzr + 2sinh (2r) = 0, we obtain
that 5 5
ARZ—T + 4 cosh (2T)8_Z =

ou 0-

dp

ov

)
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Since %(u,v) = e "Vi(u,v) = e "Wy (7(u,v)) and a(7(u,v)) = e*" %) we have
1 1
o = a7 TWi( In(0)) = §a_%W1(a).

Denote by Ay the Laplacian in the surface. Since the metric induced by p in R? is given by
ds? = e~ (du® + dv?), we obtain that,

1 _s or 1,1 _s
An(5a72Wi(@) = alge(5-) = —a(2(a +a ') (Ga 2 Wi(a)))
Therefore the function hy = a_%Wl(a) satisfies J(ho) = 0. J(hz) = 0 follows similarly. O

3. MINIMAL TORI WITH hn(M) < 2

The Lawson-Hsiang torus examples are characterized as those immersed minimal tori in S3 that are
preserved by a l-parameter group of ambient isometries [3|. It is clear that if for some B € so(4),
M C S? is invariant under the group of isometries {5 : $3 — 83 : t € R}, then the function fp
vanishes. This is because the function fp is the function associated with the variation M; = eBt g
and, under our assumption, M; = M for all ¢, therefore this variation is constant and fp must be
identically zero. We will start this section showing the converse of this observation.

Proposition 3.1. If p: M — S® is an immersed closed minimal surface, such that fg: M — R
vanishes for some B # 0, then p(M) is invariant under the group {e'® : t € R}, so that M is one
of the examples of Hsiang-Lawson.

Proof. Let X : S — R* be the tangent vector field on S® given by X (p) = Bp. Since 0 = fg(m) =
(Bp(m), N(m)), then X induces a unit tangent vector field on M. Therefore the integrals curves
of the vector field X that start in 5(M) remains in p(M), i.e. if p(m) € p(M) then e'Bp(m) €
p(M). O

We continue this section showing that if M is an example in K5, then hn(M) = 1.

Proposition 3.2. If 5 : M — S is a minimal immersion of a torus in the set Ky, then, for some
angle 0, hg : M — R vanishes, and therefore hn(M) = 1.

Proof. Since M € Kj;, fp vanishes for some B € so(4). As in the previous proposition, the
vector field X (m) = Bp(m) defines a tangent vector field on M. Since the function a is invariant
under isometries and X is a Killing vector field, then the function X (a) is identically zero. We
will prove the proposition by showing that for some fixed angle 8 and some fixed real number A,
X = )\a_%(cos(e)Wl + sin(@)Ws). Choose maps p, v, V4, Vo : R? — S3 a covering 7 : R? — M and
a function r : R> — R using Theorem (2.4), and its corollaries, such that

Wi(r(u,v)) = Vi(u,v), Wa(r(u,v)) = Va(u,v) and N(7(u,v)) =rv(u,v).

With this special parametrization of this torus and having in mind that a(r(u,v)) = ") we
have that oo = 0 and

_ s0p
V1 = ¢ 8’&7
_ 9
V2 = e ov’
_ 3r(u,v) or
Wi(a)(r(u,v)) = 27" —(u,v) and

Wala)(r(u,v)) = 23— (u, v).
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Using the previous identities and the Theorem (2.4) we can check that

WQ(CL) Wl(a)
24 24

Since X is a tangent vector field, X (7(u,v)) = f(u,v)Vi(u,v) + g(u,v)Va(u,v) for two doubly
periodic smooth functions f, g : R> — R. Since, moreover, X is a Killing vector field,

Wa(a) of or

<VW1X7 W1>(T(u,’l))) = Vl(f)(“?”) - T(T(uﬂ)))g(u??)) = er(% - g%) =0,

(3.1) VW1W2: W1 and VW2W1: 2.

Wi(a)
2a

(o) F s w) = (22— 197 0, and

(Vi X, Wa) (7 (u,v)) = Va(g) (u, v) — v ou

(<VW1X7 W2> + <VW2X7 W1>)(T(u7v)) = Vl(g)(uvv) + —a(T(u,v))f(u,v) +

Vo)) + 1D (), 0)
dg ar  Of or
out o0t 30 95

= eT’(
= 0.

A direct verification gives that the three equations above imply that the function h(u + iv) =
(e f)(u,v) +i(e"g)(u,v) is an analytic function. Since h is doubly periodic in R?, and in particular
is bounded, then we get that the function h is constant. We can write this constant as A cos(6) +
iAsin(@) with XA # 0. Since f = e "Acos(f), g = e "Asin(f) then X = )\a_%(cos(H)Wl +sin(0)Ws).
Since X(a) = 0 vanishes, then hg = A\~la='X(a) also vanishes. Notice that hn(M) has to be 1,
otherwise M would be a Clifford torus. O

The previous proposition shows that if Hq is defined as in the introduction, then K5 C H;. The
following proposition shows that Hi is also a subset of K.

Proposition 3.3. Let j: M — S3 be a minimal immersion of a torus. If for some 6, hg : M — R
vanishes, then fp vanishes for some nonzero skew-symmetric matriz B. Therefore, M is either a
Clifford torus or a torus in Ks.

Proof. Define the vector field X by X = a2 cos(0)Wr + a2 sin(f#)Ws. Using equation (3.1) we
can prove the following identities which show that X is a Killing vector field on M.

1 1 ) 1
(Vw, X, W) = —§a_%Wl(a) cos(0) — a_%%Wg(a) sin(f) = —%h(g =0
1 . _11 1
(Vi, X, Wa) = —§a_%W2(a) sin(f) —a Q%W;[(a) cos(f) = —%hg =0
(Vi, X, Wa) = —%a_%Wl(a) sin(0) + a_%z—laVVg(a) cos(#)
1 1
(Vi X, W) = —§a_%W2(a) cos(6) + a_%%Wl(a) sin(f) = —(Vp, X, Wa).

Therefore the flow of the vector field X, ©x(¢,-) : M — M defines a 1-parameter group of isometries
in M. By Theorem (2.3), M is invariant under a 1-parameter group of isometries of S3, and therefore
fp vanishes for some nonzero B € so(4). O
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The previous two propositions show that H; = Kj5. For a minimal torus in K5, we have that the
space HS is one dimensional. What can we say about the function that spans this one dimensional
space? We will prove, in Section 5, that this function is contained in K5, i.e. we will show that
HS C KS.

4. MINIMAL TORI WITH NATURAL NULLITY LESS THAN &

In this section we find an integrable distribution that produces every possible minimal torus with
nnt(M) < 8. This distribution will be used to show that if kn(M) =5, then NS C K S and also
that whenever nnt(M) < 6, then the group of isometries of M is not trivial.

Remark 4.1. The condition nnt(M) < 8 is equivalent that for some 6 and some B € so(4), hg = 2f5.

Proof. Recall that nnt(M) = dim(N.S), therefore, if nnt(M) < 8, then, there exist constants A and
0 and a matrix B € so(4) such that
Mg —2fp =0

If the space K'S has dimension 6, then A cannot be zero and then we can rescale so that A = 1,
which will give us the relation hy = 2fg. On the other hand, if the dimension of KS is less than 6
then M is one of the Lawson-Hsiang examples, i.e. M is either a Clifford torus or a torus in K5. In
either of these cases there exists an angle 6 such that hy vanishes (3.2). Taking this 6 and the zero
matrix B, once again we obtain the relation hg = 2fp. O

4.1. Distributions that produce all examples of minimal tori with nnt(M) < 8. We define
the integrable distributions Dp g, depending upon B € so(4) and 0 € S1. that generate all minimal
immersions of the plane with nnt(M) < 8. As a bonus we will find a family of solutions the the
elliptic sinh-Gordon equation given by Ar + 2sinh(2r) = 0, where r : R? — R,

Dp is a 2-dimensional distribution in the tangent bundle
T (SO(4) x R?),

where, for a choice of B € so(4) and 0 € S, at (g,7,5) = ([p,v,V1,Va],7,8) € SO(4) x R
Z,W € X (50(4) x R?) spanning the distribution are defined by

0 0 —e "cos(f) —e "sin(f)
a 0 0 e’ cos(6) —e" sin(0)
Zgrs) = | 9] e eos(d) —e” cos(d) 0 —s ’
sm( ) €"sin(f) s 0
(Bp. >, cos(0)(BVa, e v — e?”p> —sin(0)(BV1,e”"v + ¢'p))
i 0 0 “"sin(f) —e " cos(h)
B 0 0 —e"sin(f) —e" cos(f)
@D Wars) = 9] _e=rsin@) e sin(0) 0 (Bp,v) |’
| e"cos(f) e cos(0) —(Bp,v) 0

s,e” " — e —sin(0)(BVa, e "v — €"p) — cos(0)(BVi,e v+ €e'p))

The following theorem will be used to generate the desired family of minimal immersions, and
provides a family of solutions of the elliptic sinh-Gordon equation.

Theorem 4.2. The vector fields Z and W commute, and if we define the map ¢ : R? — SO(4) x R?
to be the immersion of the plane so that ¢.(0/0u) = Z, ¢.(0/0v) =

@(U, U) = (@1 (uv U)a ¢2 (u7 U)7 ¢3 (u7 U))a
where ¢1 : R? — SO(4) and ¢o, 3 : R? = R, we have
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(1) The first column of ¢1(u,v), ¢1(u,v)(e1), gives a minimal immersion of R? into S® with
principal curvature function a = e
(2) The function r(u,v) = ¢a(u,v) solves the equation Ar + 2sinh(2r) = 0.

Remark 4.3. Not only will the first column of ¢ give a minimal immersion, but the Gauss map is
the second column and the third and fourth columns are the principal directions V4 and V5. So,
these immersions of the plane will also have the principal directions globally defined, and a > 0,
whether or not they are compact.

Proof. Commutativity of Z and W is a direct computation. Using the definitions from (4.1)

0 0 e "sin(f) —e " cos(H)
- 0 0 —e"sin(f)  —e" cos(h)
ZwW] = [Z(9)| _ - sin() e sin(6) 0 (Bp,v)
e "cos(f) e cos(d) —(Bp,v) 0
0 0 e "sin(f) —e " cos(h)
0 0 —e"sin(f)  —e" cos(f)
+gZ —eT Sin(e) e’ sin(@) 0 <Bp, l/>
e "cos(f) e cos() —(Bp,v) 0
r 0 0 —e"cos(f) —e Tsin(f) ]
0 0 e’ cos(0) —e" sin(0)
~Wig) e "cos(f) —e’ cos(h) 0 N
| e "sin(f) e sin(f) s 0 i
r 0 0 —e"cos() —eTsin(f) |
0 0 e’ cos(6) —e" sin(0)
—gW "cos(f) —e" cos(f) 0 -s 7
"sin(f)  e"sin(0) s 0 J

e
| e
Z (s) — W ((Bp,v)), (e_2r —e?" —sin(0)(BVa,e "v — e"p) — cos(0)(BVy,e v + e"p))
—W (cos(0)(BVa,e™"v —€"p) — sin(0)(BVi,e v +¢€'p))) .
Continuing, noting that Z(g) = Z, W(g) = W, Z(p) = e~ " cos(0)V1+e~ " sin(0)Va, etc., substituting
for the various derivatives and canceling massively, [Z, W] = 0.
We now show that r(u,v) = ¢2(u,v) is a solution of the elliptic sinh-Gordon equation. We have
that
o*r 0> 0 (Bp,v) O0s
Ar = o+ o=
" 02 " 902 ou oo
= (B(e "(cos(#)Vi +sin(0)V2)),v) + (Bp,e" (— cos(0) V1 + sin(0)V2))
—2sinh(2r) — sin(0)(BVa, e "v —e"p) — cos(0)(BV1,e v +¢e'p)
= —2sinh(2r).

That ¢ (u,v)(e1) is a minimal immersion of R2%into S? is straightforward. O

Theorem 4.4. If j: M — S? be a minimal immersed torus in S* such that, for some angle 6 and
some matriz B € so(4), hg = 2fp, then it is possible to choose a covering map T : R?> — M, maps
p:R? = 83 v:R2 = 83 Vi, Vo :R? = 53 and a function v : R — R using Theorem (2.4) and
its corollaries, so that

¢(u7 U) = (¢1 (u7 U)? o)) (u7 U)? ¢3 (u7 U)) = ((p(u, U)v V(uv U)v Vi (u7 U)? Vo (u7 U)) ) T(“? U)? %(u7 U))
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is a solution of the system (4.1) with matriz B and angle 6.

Proof. We can rotate coordinates so that the maps p, v, Vi, and V5 in Theorem (2.4) and Corollary
(2.6) satisfy

Vi(u,v) = Wi(r(u,v)), Va(u,v) =Wa(r(u,v)), v(u,v)=N(r(u,v)) and «a =20,

with a(7(u,v)) = e* . Since a = 0,

o dp dp e Op dp
V1 = ¢e"(cos(0) 95 ° n(0) (%) and Va=e (sm(@)au + cos(@)(%),
if 2fp = hg, then
_ Op op
_ 3r(.r e -~ 2r
2(Bp,v) = cos(f)e " (e (COS(0)8u 51n(6’)8v))(e )
+ sin(9)e‘3r(er(sin(0)% + COS(Q)%))( 2y

_ o0

T ou
so that
(4.2) 2(B y)—ZQ—h

: P, - ou = g
and, similarly,
or
(4.3) 25 =25 = hoy 3.
From the formulas for V5 and V5 in Corollary (2.6), we have that
% =e "(V1cos(f) +sin(0)V2) and % =e "(=V1sin(@) + sin(6) V).
Also, using the equation above and the formula for % and % in Theorem (2.4), we get that
% =e"(—cos(A)V; +sin(0)V2) and ? = e"(sin(8) V1 + cos(0)V3).
u v

A direct computation shows that derivatives of %‘3 combine with the above to satisfy the equations

for ¢ to be an integral submanifold of the distribution. In order to complete the proof of this
theorem, let us check the equation for %. We have that

0s O*r . o*r
% = w = -2 Slnh(27‘) — W
= —2sinh(2r) — %(B,o, v)
= —2sinh(2r) — <B%, v) — (Bp, %)
= —sin(0)(BVa,e™"v —€"p) — cos(0)(BVi,e v +€"p),
which verifies the equation in the system (4.1). The equation for % is similar. O

Remark 4.5. Arguing as in the proof of the previous theorem, if

o(u,v) = (p(u,v),v(u,v), Vi(u,v), Va(u,v),r(u,v), s(u,v))
is a doubly-periodic solution of the system (4.1) and M is the torus R%, then,
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_ 0 or
ou v
Moreover, for any 4 x 4 skew-symmetric matrix B, fau,v) = (Bp(u,v),v(u,v)). Finally, since ¢
satisfies the system (4.1), then hy = 2fp.

ho(u,v) (w,v) and  hgyz(u,v) =2-—(u,v) = 2s.

Note 4.6. It follows that doubly-periodic solutions of the system (4.1) induce minimal immersions
of tori with natural nullity less than 8, since for the B and 6 defining the distribution, 2fp = hy.
So far, the authors have not been able to find a method to determine which solutions are doubly
periodic.

The previous theorem shows that for any choice of B € so(4), § € S! and xg € SO(4) x R? we
have a solution of the sinh-Gordon equation. The following theorem shows that this solution and
its derivatives are defined in the whole plane and are bounded. Recall that % = s and that % is
an algebraic function of the component functions of (¢1(u,v), ¢2(u,v), ¢3(u,v)).

Theorem 4.7. The functions ¢1(u,v), ¢2(u,v) = r(u,v), and ¢3(u,v) = s(u,v) are defined in the
whole plane and are bounded in T, (SO(4) x R?).

The proof of this result appears in an appendix.

The main tool we use to study minimal tori with natural nullity less than 8 is that we have a
representation of them in term of integral submanifolds of the distribution Dpg (4.1). Recall that
by the Remark (4.1), for every torus M C S® with nnt(M) < 8 there exist § and B € so(4) such
that hg = 2f5.

4.2. Auxiliary identities. In order to simplify the study of the system (4.1) we give additional
relationships among components of the solutions.

Theorem 4.8. Let ¢1 := (p,v,V1,Va2) : (—€,€) X (—€,¢) = SO(4) and ¢, d3 := 1,5 :N(—e, €) X
(—€,€) = R be a solution of the system (4.1), that is, an integral submanifold of Dpg. If B € so(4)
s any skew symmetric matriz, and if we define the functions

51 = <§p7 V>7 52 = <§V17V2>7 53 = <§V17p>7 54 = <§V27p>7 55 = <§V17V>7 56 = <§‘67V>
then, the following identities hold

& 0 0 e"cos(f) —e"sin(f) e "cos(f) e "sin(0)
& 0 0 —e "sin(f) e "cos(f) —e"sin(f) —e" cos(f)
0 | & B —e"cos(f) e "sin(0) 0 s 0 0
ou | & N e"sin(d) —e " cos(h) —s 0 0 0
&5 —e "cos(f) e sin(f) 0 0 0 s
&6 —e "sin(f)  e"cos(h) 0 0 —s 0
and
[ & ] [ 0 0 —e"sin(f)  —e"cos(d) —e"sin(d) e Tcos(d) | [
&2 0 0 —e "cos(f) —e"sin(f) —e"cos(f) e sin(0)
d | & B e"sin(f) e " cos(h) 0 —(Bp,v) 0 0
v | & a e"cos(f) e "sin(f) (Bp,v) 0 0 0
&5 e "sin(f) e cos(h) 0 0 0 —(Bp,v)
| &6 ] | —e7"cos(f) —e"sin(0) 0 0 (Bp,v) 0 1L

Proof. This is a long direct computation.
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4.3. Solutions of the system with hn(}M) < 2 and natural nullity of the Lawson-Hsiang
examples. The following theorem characterizes the integral submanifolds of the system (4.1) that
contain every torus M with hn(M) < 2 in terms of the matrix B. Recall from equation (4.3) in the
proof of Theorem (4.4) that s(u,v) = %, so that s = 0 implies that hn(M) < 2.

Theorem 4.9. Let ¢ : R? — SO(4) x R2, ¢ = (¢1, ¢2, d3), be an integral submanifold of Dg g, and
let r(u,v) = ¢o(u,v) and s(u,v) = ¢3(u,v). Assume that ¢(0,0) = 20 = (I,79,0) and %(0,0) =0.
If
0 b1 by b3
-bp 0 by by
—by —by 0 bg |’
—b3 —bs; —bg O
then, s vanishes, and so hn(M) < 2, if and only if by = bg = 0 and

B =

(1) —e™ cos(0)by + €0 sin(f)bs — e~ "0 cos(0)by — e "0 sin(0)bs = 2sinh(2r),
(2) —e™sin(@)by — €™ cos(0)bs — e~ sin(0)by + e~ "0 cos(f)bs = 0, and
(3) —e " cos(0)by — e "0 sin(A)bg — €" cos(f)by + €™ sin(6)bs = 0.

Proof. We will use the identities of Theorem (4.8) with B = B. Notice that

bl = _51(070)7 b6 = _€2(070)7 b2 = €3(070)7 b3 = 54(070)7 b4 = €5(070)7 b3 = €6(070)
Assume that s(u,v) = 0 for every (u,v) € R%. The equation b; = 0 follows because we are assuming
that %(O, 0) = £1(0,0) = 0. Equation (1) in the statement of the theorem follows from the equation

%(O, 0) = 0. Equation (2) follows from the equation %(0,0) = 0. We now prove that s = 0 also
implies that bg = 0 and equation (3) in the statement of the theorem.

A direct computation shows the following two equations;

2s
E;iau = & (—2cosh(2r) + € (sin(6)&s — cos(0)Ez) + e (sin(0)&6 + cos(0)Es))
+s(— e"(sin(0)&3 + cos(0)&q) + e (sin(0)&5 — cos(0)&s)) — 2sin(20)&,
and
2s
% = s( — 4cosh(2r) + €"(sin(0)&y — cos(0)&3) + e " (sin(0)&g + cos(9)§5))

+&1 (" (sin(0)&3 + cos(0)€4) + e (cos(8)Es — sin(0)E5)) — 2 cos(26)&s.
From these equations we get that £2(0,0) = —bg = 0 and that %(O, 0) = 0 because £;(0,0) = 0,

and o 5
1 S
—(0,0) = =—(0,0) = 0.
5, (0,0) = >5-(0,0)
A direct computation shows that the equation (3) in the statement of the theorem is equivalent to
the equation %(0, 0) = 0. So we have shown one implication in the theorem.

We now show the other implication. Assume that equations (1), (2) and (3) of the statement of the
theorem hold, and also b7 = bg = 0. These 5 conditions are equivalent to the conditions

— —0. %000 = 200020200 = 9 (1 0) —
&1(070) - 07 €2(070) - 07 av (070) - au (070) - 07 av (070) - 07 and av (070) = 0.

Notice also that by assumption s(0,0) = 0. Using the identities of Theorem (4.8), the initial
conditions above imply that
9&i 9

(4.4) 7.(0.0) = 225(0,0) = 0, fori =2,3,5,6,
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and, also, by induction, given n > 1, k and [ non-negative integers such that k£ + [ = n, there exists
a polynomial P = P(ty,...,t9) such that

a"r .
8Ula'l)k:P(e,e )87517"'756)'
Along with the equations in (4.4), these equations imply that
a"s 8(%) OP(e",e™",8,&1,...,&)
—— " (0,0) = —2w (0, 0) = e N (0,0) = 0.
aulavk+1( ) ) v ( ) ) v ( ) )

In the last equation we also used the hypothesis that %(0, 0) = %(0, 0) = 0. We should point
out that we have used the fact that the function r is real analytic, which follows from the fact that
Ar + 2sinh(2r) = 0. O

The next theorem shows that for the Lawson-Hsiang examples not only is kn(M) = 5 but also
nnt(M) =5 by showing that the space NS C KS.

Theorem 4.10. If M C S® is an immersed minimal torus invariant under a one-parameter group
of isometries of S3, then nnt(M) = kn(M) and therefore the natural nullity nnt(M) < 5.

Proof. By Proposition (3.2) we know that for some angle 0, (cos(0)V; + sin(8)V2)(a) = 0 where
a: M — R is a positive function such that the principal curvatures of M at p are ta(p). Without
loss of generality, we can assume that
e1 € M, v(er) = eq, Vi(e1) = es, Va(er) = eq, Ina(e;) = 2rp, and Va(e;) = 0.

Therefore, M defines a solution of the system (4.1) associated with the matrix B = 0 and 6. Call
this solution ¢ : R? — SO(4) xR2. Without loss of generality we can assume that ¢(0,0) = (1,79, 0).
Define ¢ to be the solution of the system (4.1) associated with a matrix B = {b;;} that satisfies the
conditions in the previous lemma and 6 = 6 — 5. Moreover we will take the initial solution that
satisfies

¢(07 0) = (Iv 70, 0)
Now consider the map ¢ : R2 — SO(4) x R? given by

~

o(u,v) = ((ﬁ(u,v),ﬁ(u,v),vl(u,v),‘%(u,v)),f(u,v),§(u,v))

= ((16(_,07 U), I;(_Uv U), Vl(_vv U), VQ(_Uv u)) ) 7"~(—U, U), _<Bla7 7;>) s
where B 3 3
oa.5) = ((p(a,0),7(a,5), Vi (@,0), Va(a,9) ) ,7(3,7), 5(2, 9)) .
It is clear that QAS(O, 0) = (I,79,0). Notice that, by the way B was chosen, we have that § = 0 for
every (@,9) € R2. Also, a direct computation shows that ¢ is a solution of the system (4.1) with
B = 0 and the angle 6, therefore, ¢(u,v) = ¢(u,v), and so
or or

— =——=—(Bp,v).
This equality is equivalent to the fact that sin(f)u; — cos(6)ug = fp, where the functions u; =
ho, ug = hy/e, and fp are defined in the first section. This last equation implies that h9+% =—fB,

therefore, hy, which is identically zero, and h9+g are functions in {fc : C' € so(4)}. Then, both
functions u; and ug are also generated by the functions in the set {fo : C € so(4)}, i.e., the natural
nullity is 5. Recall that the space {uc : C € so(4)} is 5-dimensional for any torus invariant under
a l-parameter group of isometries in S3. ]



MINIMAL TORI WITH LOW NULLITY 13

The results in Section 3 show that for a torus, the condition kn(M) < 6 is equivalent to the condition
hn(M) < 2. Therefore, M is invariant under a group of isometries {e!® : t € R}, if and only if, the
function a : M — R is invariant under a constant direction with respect to the principal directions.
The following corollary establishes this relationship.

Corollary 4.11. If M is a minimal immersed torus in S°, then nnt(M) < 5 if and only if M is
one of the examples of Hsiang and Lawson.

Proof. If M has nnt(M) < 5, then kn(M) < 5. Therefore, for some nonzero skew-symmetric matrix
B, fp vanishes. By Proposition(3.1), M will be invariant under a 1-parameter subgroup of the rigid
motions of S3, which, following [3], implies that M is one of Hsiang and Lawson’s examples. On the
other hand, since any of the Hsiang-Lawson examples are preserved by a one-parameter subgroup
of SO(4), there is a B € so(4) for which fp = 0. Then Theorem (4.10) implies nnt(M) < 5. O

4.4. Symmetry of tori with natural nullity less than 7. In this subsection we will prove that
if the natural nullity of a torus is less than 7, then the group of isometries is not trivial. Let us start
with the following lemma.

Lemma 4.12. If for any solution of the system (4.1), the functions & ...&s defined in Theorem
(4.8) satisfy r(0,0) = 1o, £1(0,0) = s(0,0) = &(0,0) = 0, then r(u,v) = r(—u, —v).

Proof. A direct computation using the identities of Theorem (4.8) shows that the conditions £;(0,0) =
3(07 0) = &2(07 0) =0 give
0&; 0§

222(0,0) = =2(0,0) =0 for i=3,4,5,6.
au(’) 87](7) or 1 ) Y

Let C*(R?) be the set of analytic functions on R? and let Py be the ideal of C*(R?) generated by
the functions {e",e™", &9, &3, &5, &6 ). Given a nonnegative integer k, define Py as the set of functions
in C¥(R?) that can be written as a homogeneous polynomial of degree k in the variables s, £ and
& with coefficients in Py. A direct computation using again the identities in Theorem (4.8) give
us that if f € Py, then % and % are in P;. In the same way, if f € P, then % and % are in
Pyy1+ P;_1. Now with these observations in mind, we proceed to show that the function r satisfies
r(u,v) = r(—u, —v), by showing that all the partial derivatives of odd order of the function r vanish
at (0,0). To achieve this we first notice that the first derivatives of r, the functions &; and s vanish
at (0,0). Then, notice that the second derivatives of r, i.e. the first derivatives of s and &, are
functions in Fy. The last statement implies that the third derivatives of r are in P; and therefore
vanish at (0,0). Once we know that the third derivatives of r are in P; we get that the fourth
derivatives or r are in Py+ P,. If we continue with this process we notice that if k is a positive even
integer, then the k-th derivatives of r are functions in Py + P> + -+ 4+ Px_o, and in the case that
k is a odd integer greater that 1, then, the k-th derivatives of r are in Py + P3 + -+ + P;_o. Now,
since £1(0,0) = s(0,0) = £2(0,0) = 0, the odd derivatives of the function r vanish at (0,0). O

Theorem 4.13. Let M be a minimal torus immersed in S>. If nnt(M) < 6, then the group of
tsometries of M is not trivial.

Proof. Unless there is some nonzero B € so(4) for which fp = 0, in which case Proposition (3.1)
implies the existence of a one-parameter group of isometries of S% which restrict to isometries of M,
then nnt(M) < 6 implies that the span of {uj,us}, uy = a_%Wl(a) = hp and ug := a_%Wg(a) =
hz, will be contained in the span of {fB|B € so(4)}. Since then u; = 2fp for some B € so(4),
then M defines a solution ¢ of the system (4.1) associated with the matrix B and with § = 0. The
condition ug = 2f5 implies by Remark(4.5) that s = &1, for the identities of Theorem (4.8) associated
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with two distinct matrices B, B and 6 = 0. As before, we will assume that &(0,0) = s(0,0) = 0
and 7(0,0) = ro. Define the function f = s —&;. The hypothesis in the theorem is equivalent to
the condition that f is identically zero, in particular, 51(0,0) = 0, since f(0,0) = 0. The theorem
is a consequence of the previous lemma and will follow by showing that £(0,0) = 0. A direct
computation shows that

? =e "¢ — ey —e "6 — e
u
and
2 ~ ~
% = &(—e " el te " —e'E3)

+e (=885 +€e'&) — e (=883 — e &)

—e (=885 +e'&) —e' (=883 —e &)

—e"(s§g —e &) — €' (s6a —€"&1)

= &(-e "l —e"G —eG)

+s(—e 7" el —e g —e'ly)

+2€5 + 2 cosh(2r)€;.
From the last equation, using the fact that s(0,0) = £;(0,0) = & (0,0) and % = 0, we conclude
that £5(0,0) = 0, which implies, by the previous lemma, that r(u,v) = r(—u,—v). To finish the
proof of the theorem, we notice that the function A(u,v) = —(u,v) preserves the lattice in R? given
by the double-periodicity of the function ¢ and therefore induces a function in the torus 7(R?) = M,

since the first fundamental form of M in the coordinates u and v is ce™2"(du? + dv?) where c is a
positive constant, then, this function from M to M induced by A is an isometry. O

5. APPENDIX: FIRST INTEGRALS AND EXISTENCE OF GLOBAL SOLUTIONS

In this subsection we prove Theorem (4.7), that the integral submanifolds of Dpy are defined in
the whole of R2. The theorem will follow from the following lemmas.

Lemma 5.1. For a given solution of the system (4.1), the functions &1,...,& defined in Theorem
(4.8) satisfy the condition that
1
M= {&+- + &}

1S a constant.

Proof. A direct computation using Theorem (4.8) gives us that
68—]\;[ = fl%‘F”‘"i‘fﬁ%
= &1(e"(cos(#)&s — sin(0)Eq) + e "(cos(8)Es + sin(0)Es))

+&3(s&4 — e cos(0)&1 + e " sin(6)E2)

+&4(—s&3 + € sin(0)&1 — e " cos(6)Ea)

+&2(e" (= sin(0)85 — cos(0)&e) + ¢ (cos(6)&4 — sin(0)&3))
+&5(s&6 + " sin(f)&a — e~ " cos(#)&1)

+&6(—s&5 + € cos(0)&a — e " sin(0)&1)

I
e
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Similarly,

oM 0 0
- = §1£+ +§6

ov
= 51(— "(cos(0)4 + Sln(9)§3) + e~ "(cos(0)&s — sin(6)¢5))
+E&3(—&1&4 + €7 sin(0)& + e " cos(0)E)
+€4(61&3 + € cos(0)€1 + e sin(0)Es)
+&a(e™" (— cos(0)&§3 — sin(0)&4))
(—
(

56

+&5(—&1&6 + €" cos(6)Ea + e " sin(6)&1)
+&6(£185 — €"sin(0)Ey — e " cos(0)&1)

9

)

therefore, M is a constant. O

Lemma 5.2. For a given solution of the system (4.1),

o %{(p,p> + (Vi Vi) + (Va, Va) + (v, 1)}

1S a constant.

Proof. As in the proof of the previous lemma, a direct computation shows that %—5 = 8—E =0. 0O

Lemma 5.3. For a given solution of the system (4.1), the functions &1, ...,&s defined in Theorem
(4.8) satisfy the identity that

A =€"(cos(0)&3 — sin(6)E4) — e "(cos(8)E5 + sin(0)&g) + %s2 + cosh(2r) — % (&)?

1S a constant.

Proof. Similarly to the previous two lemmas, we prove that % =3, = 0.
Denote by
B = ¢€"(cos(0)&3 —sin(6)E4) — e " (cos(0)E5 + sin(0)Eg) and
0
0 = T = (cos(O)Es — sin(B)6a) + e (cos(B)Es +sin(6)éo).

Notice that B + 3s* — $&7 + cosh(2r) = A. A direct computation shows that

OB = 60+ eos(8) (s — ¢ cos(B)6 + ¢ sin(0)6a)
—sin(f)(—s&3 + e sin(0)€; — e " cos(6)&a)}
—e "{cos(0)(s& + €" sin(0)&s — e " cos(6)&1)
+sin(f)(—s&5 4 € cos(h)& — e " sin(6)€)}
= gl% + s(e" cos(0)&s + " sin(0)&3 — e™" cos(0)& + e " sin(0)&s)
+§2(Cos( ) sin(6) + cos(0) sin(f) — cos(é )sm ) — cos(6) sin(0))

)
+&1(—e* cos?(0)&4 — e sin?(0)&3 + e~ cos?(0) + e sin(6))
= {1 —=— — s— — 2&; sinh(2r)
u u

10¢2  10s*  Ocosh(2r)
20u  20u ou
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Therefore g—‘;‘ = 0. Similarly,

%—f = sC +e"{cos(0)(—&1&s + €"sin(0)&1 + e " cos(#)&2)
—sin(0)(—&1&3 + €" cos(0)&1 + e " sin(0)&2) }
e "{cos(0)(—&1&6 + " cos(0)&2 + e sin(0)&1)

+sin(0) (6165 — e sin(0)Ea — e cos(0)E1)}

= s(—2sinh(2r) — %) + &1 (—e" cos(0)&4 + e*" cos(6) sin(0)

—e2r sin(6’) cos(f) — e" sin(0)E3)
(0)& — e 2" cos(8) sin(f) — e " sin(6)&5 + e 2" sin(6) cos(6)
—{—52(0052( ) —sin?(6) + cos?(8) + sin (0))
10s? _ Ocosh(2r) n 1%
200 v 2 v’

(O3]

0

Lemma 5.4. Given a solution of the system (4.1). If M and A are the constants given by Lemmas
(5.1) and (5.8), respectively, if (ug,vo) is any point in the domain of the solution, and if R is a real
number such that

2
cosh(2R) > A+ 4M cosh(R) + M7 and R > |r(ug,vo)|

Then, |r(u,v)| < R and

1 M?
532(u, v) + cosh(2r(u,v)) < A+ - + cosh(2R)
for any (u,v) in the domain of the solution.
Proof. We have that
1 1
532(11, v) + cosh(2r(u,v)) = A+ 55% + e "(cos(0)&s + sin(0)&s) — e (cos(0)Es — sin(0)Ey)
M2
< A+ -5 + 4M cosh(r).

This inequality above shows that the result will follow once we prove that |r(u,v)| < R. We prove
that |r(u,v)] < R by contradiction. If, for some (u,v), |r(u,v)| = R, then, the inequality above
implies that at that (u,v),

M2
cosh(2R) < A+ T + 4M cosh(R).
This is a contradiction with the choice of R given in the hypotheses. O

Theorem (4.7) is a corollary of the previous lemmas, since the solution of the system (4.1) remains
bounded in SO(4) x R? for all (u,v), guaranteeing the existence of the solution for all (u,v).
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