CHERN-SIMONS FORMS ON ASSOCIATED BUNDLES, AND BOUNDARY
TERMS

DAVID L. JOHNSON

ABSTRACT. Let E be a principle bundle over a compact manifold M with compact structural group
G. For any G-invariant polynomial P, The transgressive forms 7' P(w) defined by Chern and Simons
in [4] are shown to extend to forms ®P(w) on associated bundles B with fiber a quotient FF = G/H
of the group. These forms satisfy a heterotic formula

dPP(w) = P(Q) — P(¥),

relating the characteristic form P(2) to a fiber-curvature characteristic form. For certain natural
bundles B, P(¥) = 0, giving a true transgressive form on the associated bundle, which leads to the
standard obstruction properties of characteristic classes as well as natural expressions for boundary
terms.

INTRODUCTION

In their groundbreaking paper [4], S-S Chern and James Simons explain that their theory of what
are now known as Chern-Simons classes

grew out of an attempt to derive a purely combinatorial formula for the first Pon-
tryagin number of a 4-manifold. ... This process got stuck by the emergence of a
boundary term which did not yield to a simple combinatorial analysis. The boundary
term seemed interesting in its own right and ....

Their “boundary term” was in fact a geometric realization of the transgression co-chains which
appear in the Leray-Serre spectral sequence of a principal bundle [1], and their importance has
grown out of the fact that, on the base manifold, they measure finer geometric information than
the primary characteristic classes of the bundle. The main result of this article is the natural
extension of the Chern-Simons forms to forms on associated bundles B — M rather than on the
principal bundle, whose differentials give a correspondence between the characteristic classes of the
bundle and a characteristic form involving the curvature of the fibers. In certain cases, when the
fiber-curvature term vanishes, these Chern-Simons forms on the associated bundle serve as true
transgressions, and not only give similar secondary characteristic classes for the bundle, but also
produce natural boundary terms for the traditional characteristic forms, providing simple proofs of
the primary obstruction properties of these characteristic classes. Interestingly, one of the results
established below re-constructs a form in the unit tangent bundle originally constructed by Chern in
1944, in conjunction with his version of the generalized Gauss-Bonnet theorem [3], which pre-dates
the topological interpertation by Borel. That construction of Chern is interpreted here in terms of
his and Simons’ later work in a broader context.
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1. ASSOCIATED BUNDLES AND CHERN-SIMONS FORMS

Let M be a compact, n-dimensional manifold, and let 7 : E — M be a principal bundle over M
with compact structural group G. Real characteristic classes of E can be determined by forms
P(Q2), where P € Z(g) is an adjoint-invariant polynomial on the Lie algebra g of G, and 2 is the
curvature form of a connection w on E. Such forms P(2) are horizontal, invariant forms on E, so
are naturally defined as forms on M itself.

Invariance properties of these polynomial forms, along with the Bianchi identity, traditionally are
used to show that these forms are closed on M (cf. [7]). Moreover, the forms P(£2) in the cohomology
of E itself are exact, which not only verifies that P(2) are closed on M but also implies the existence
of forms T'P(w) on E, primitives of the characteristic forms P(2). Given a connection w on E,
Chern and Simons derive in [4] an explicit formula for these transgressive forms.

Theorem 1. [Chern-Simons|. Let w: E — M be a principal bundle over a compact n-manifold M
with compact structural group G. If P € TF(g) is

k—1
TP(w) =Y AP(w,ww]’, Q1
1=0

is a G-invariant form on E satisfying dT P(w) = P(Q), where A; :== (—1)'k!(k — 1)1/2¢(k + 1)!(k —
1 —14)! a degree-k, adjoint-invariant polynomial on the Lie algebra g of G, and if w is a connection
on E, then the (2k — 1)-form

k—1
TP(w) =Y AP(w, ww]’, Q1)
=0

is a G-invariant form on E satisfying dT P(w) = P(S), where A; := (—=1)%k!(k — 1)!/2(k + i)!(k —
1 —14)! and P is realized as a symmetric, multilinear functional P : g x --- x g — R by polarization.

Let now my : B — M be an associated bundle to the principal bundle 7 : E — M as before,
with fibers F' which are homogeneous spaces, quotients of the structural group G by the isotropy
subgroup H of the right action of G on F'. The primary example of this situation is when E' is the
bundle of oriented frames of an oriented Riemannian manifold M, and B the unit tangent bundle
of M. In that case G = SO(n) and H = SO(n — 1).

Note. It is not strictly necessary to restrict to bundles with homogeneous fibers, but the construction
of these classes does depend upon all isotropy subgroups of the action of G on F' being conjugate.

The two bundles are related, and in fact the total space of E is a principal bundle with group H
over B:

™
E — B
(1.1) T | m |
M = M
Decompose the connection w in terms of the G-equivariant distribution h := ker((m1)«) on E,

w = ¢+ 1, where ¢ = w| ker((r1).)- ¢ 1s the connection induced from w on the principal bundle
m : E — B with structural group H. Since H is a reductive subgroup, if (by choice of bases) at
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peFlE w|ker((m)*) : ker((m)s) — b, then ¢ takes values in a reductive complement p to h. Also,
[1,] has values in b, and [, ¢] takes values in p.

If H represents the t-horizontal projection (and subspace), the curvature of the two connections
are related by ¥ = dip + 1), 9] and

1
Q = dw+§[w,w]

(1.2) = Ao+ [ 6]+ 510,6] 4 ¥

= Ao+ T+ 500.6]

In particular, restricting to the subalgebra b, Qp = ¥ + %[gb, ¢lp. The t)-covariant differential
dy¢ = do + [, ¢] is the restriction of d¢ to 1-horizontal tangents. Similarly, by the Bianchi
identity,

Ay = dQ+ [0, Q)]

= [Q,w]+ [y, 9]
= [ w]-[2y]
[€2, 6.

Theorem 2. Let m : E — M be a principal bundle over a compact n-manifold M with compact
structural group G. Let P € TF(g) be a degree-k, adjoint-invariant polynomial on the Lie algebra g
of G, and let w be a connection on E. For an associated bundle mo : B — M with fiber G/H as
above, the form

k—1k—1—i

(I)P(w) = Z Z AZ]P(¢7 [¢a (b]i’\pj’Qk_i_j_l)a

where A;j 1= (—1)z21(1(;:]7)'](51;5(1131?),],, 18 a w1 -horizontal, Adg-invariant form on E, thus represents

a form on B. In addition,

(1.3) dDP(w) = P(Q) — P(T).

Proof. That ®P(w) is mi-horizontal and Adg-invariant, and so is a form on B, follows by the
definitions of ¢ and W, and the fact that P is invariant under Adg. Also, for any invariant poly-
nomial P and equivariant, i-horizontal forms aq,...,ap of degrees pi,...,px, respectively, it is
straightforward (cf. [4]) that, on B,

dP(Oél, PN ,Oék;) = Z(—l)pl—’—m—’—pi_lp(oq, ey O, d')-[al', (07 U ,Oék).

i
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We now show that there are constants A;; satisfying 1.3, and that they are well-defined. For any

choices of A;j,

k—1k—1—1
dePw) = > Z AyidP(¢, [, ]!, W QF17I-1)
=0 j=
k—1k—1—1 ‘ ' o
= Ay P(dng, (9. ¢, W7, QF17970)
i=0 j=0

—iAjjP(¢,2[dy e, ¢, (¢, ¢]' 1, W, QI
—jAP(), [0, 0] dp T, BI~H QFTITIL
—(k =i —j = 1Ay P(6,[6, ], 17, dy 2, QF17772)
k—1k—1—1 1 ' | N

B AiiP(Q— U — ~[,¢],[¢,¢]", W, QF 1771
;; P S[6.9].(6.9] )

1 o

—iAi;P(¢, 200 = ¥ = Z[6, 6], 6], [¢, ¢, W, Q4T
—j A P(6, ¢, 8]',0, WI~1 QF—i=i-T)
—(k—i—j—1)Ay;P(,[¢,0]", ¥, [Q,¢], Q" 772)

k—1k—1—i

= D0 > AyPs,e), 0,0

i=0 j5=0
i . il 1 i . il
_AZJP([¢a ¢] 7\Il]+179k J 1) - §AZ]P([¢7 ¢] +17 \I/Jij J 1)

—2iA;; P(6, [, 9], (6, 9] L, W, QI
+22A1]P(¢a [\Ija ¢]’ [¢a ¢]i_1a ‘Ilja Qk_i_j_l)
—(k—i—j—1)A;P(¢,[6,¢]", V7, [Q,¢], QF7I72),

Re-grouping by the powers of [¢p,¢] and ¥, and using the identity from [4] which comes from
invariance of the polynomial,

0= (—1)PP([a1,d],,...,01) + -+ (=1)PT TP P(ay, ... [, ¢]),
so that, in particular,

P(l¢, ', W7, Q") = —jP(¢,[¢, ], [W, 0], W, QF)
—(k—i—§)P(¢,[¢,¢) " W, [Q, ], Q")
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for ¢ a g-valued 1-form, (setting A; ; = 0 if either ¢ or j is negative, or if i +j > k — 1)
k—1k—1—i

dPW) = 3 Y (Ai—Aijr - ; i—1,7)P([¢, ¢, 07, QF7T)

i=0 j=0
(2 + (k=i = ) A1) P(6. 0.0 7, [0, ], 95

+22A2,j—1p(¢7 [¢7¢]Z 17[ 7¢]7\I]] 179k - J)
k—1k—1—1

= Z Z (Az'j_Ai,j—l ; i 17]) ([#, ¢] \I;j’Qk;—i—j)

i=0 j=0
(@i + (k — i~ ) A1 )P(6. 6.6, W, [0, ¢], 9FI )
—2idi wi=ly 1 ( (¢, ¢] \II]’ Qk_i_j) + (k—i—J)P(d,[¢, ¢]i_1’ \Ilj’ (2, 4], Qk_i_j_l))

k—1k—1—1 1

< i o
= Z Ajj1— 5141'71,]' - 23Ai,jfl)P([¢a o]t WI QFi7d)

=0 7=0

,_.

i(k—i—3j L i
(%ﬁAi,jfl)P(gba [¢’ ¢]Z 1’ \Ijja [Q’ ¢]a Qk J 1)'
We will have d®P(w) = P(Q2) — P(¥) if the coefficient of P([¢, ¢]*, ¥/, Qk_ifj) is1fori=j=0and
-1for i =0, j =k, and 0 otherwise, as well as the coefficients of P(¢,[¢, ¢]", ¥/, [Q, ¢], QF—=7~1)
vanishing. That is, for (4, j) # (0,0),

—(QiAij + (k? — 17— j)Aifl,j + 2

J+ 24 1
0 = Ay~ (F——)Aij-1— 54i-1,
k—ij—
0 = QZAZJ + (kﬁ -7 — j)Al 1, t+ 2u14@'7j,1
or
j(k —Jj)
Ajiq = -2 T aA
g1 2i(k+4)
(i+5)i+7—k)
A = A 1.
g < 2i(k + 1) L
There is a necessary consistency condition, in that two recursive formulas must be consistent, that
is
_( i+5)i+]5—Fk) _ (45 +j—k) ik=3)\ .
Aiy1j1 = . . Ajj1= . . - S Ay
20+ 1)(k+i+1) 20+ 1)(k+i+1) 2i(k +1)
versus

Mrgr =g o)y i) (Wb

20+ D) (k+i+ 1" 20+ 1)(k+i+1) 2i(k + 1)
which indeed do give the same expression, so that the double recursion defining A;; is consistent.

From the second recursion, setting Ago = 1, we obtain

_ (=K,
Ai,O = (W) Azfl,O
(- i—-1-k\ ,
- (2(k+i)> (2(k+i — 1)> Ai-20
(—1)'k!(k — 1)!
2i(k —i— 1)k +1q)
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exactly agreeing with the terms A; of [4], as expected. Now, using the first recursion,

o 2+t
ij = — ](k‘—]) i+1,j—1
e (2 )R+ (26 +2)(k+Hi+2)Y
= = ( j(k = 5) )((j—l)(k—Hl))A’“’j_Z

e (2GR Dk +i+2))
= ( G- Dk =Nk —j+1) )AZ”’”
G200+ Uk + i+ )k — j - 1)!

A

= ik + i)l (k — 1)! Aitjo
_ (_1)j2j(i+1)!(k+z'+j)!(k—J'—1)! ()R —1)!

ik + i)k — 1)! 2 (k—i—j — DIk +i+j)
_ () (i+ )k —j — 1)k!

2i(k —i—j — 1)tk + )50
which is of course the general term.

The nature of the recursion will guarantee that the coefficients of P([#, ¢]*, W7, QF~=7) will be 0
except when i = j = 0, or j = k, and that the coefficient of P(QF) will be 1, because Ay = 0if
either i or j is negative. Also, the coefficient of P(¥*) will be —Agx_1 (recalling that A;; = 0 if
i+j>k—1). Now,

(k—1)k!

A g =
OR=L = Tk — 1) ’
as claimed. O

The right-hand side of (1.3) is not, unfortunately, exactly the characteristic form P(2) that one
might hope for. Fortunately, though, in certain circumstances it can be shown that P(¥) = 0, for
which bundles B the form ®P(w) will represent a secondary characteristic form of P(2) on the
associated bundle. This occurs in particular for the Gauss-Bonnet integrand on the unit tangent
bundle, which gives the connection between the Chern-Simons class Te(w) of the Riemannian con-
nection of an even-dimensional Riemannian manifold M and the formulas for the boundary term

described by Chern in [3].

It is not the case that ®P(w) is the 1-horizontal part of T'P(w), which instead is only the terms in
®P(w) with j = 0. The additional terms, those involving the curvature ¥ of ¢, can be expressed
in terms of €2, ¢, as explained below.

Remark 3. The formula (1.3) of Theorem (2)
dPP(w) = P(Q2) — P(D)

is a general version of the heterotic formula dH = Tr(F A F) — Tr(R A R) of [10], in that, in the
case of a tensorial bundle, the curvature term €2 is related to the curvature of the base manifold,
and the curvature W is a curvature of the fibers.

2. OBSTRUCTIONS

For specific bundles, the characteristic classes P(2) are obstructions to the existence of global
sections. Using the forms ®P(w), following Chern’s original construction, the characteristic classes
P(€2) can be explicitly computed as obstructions. The same proof, applied to integration over chains
rather than cycles, gives relative versions of each of these classes. The boundary term in general
will depend upon a choice of section on the boundary. In the case of the Euler class of the tangent
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bundle, however, the normal field of the boundary gives a canonical section of the tangent bundle
over the boundary.

2.1. The Euler class. This first result, in the case of a cycle, is of course classical, and the method
of proof is essentially that of [3]. In the general case, the result does follow from Chern’s result,
but was not stated as such by him. Several authors have presented proofs of the general result,
usually just for the tangent bundle of a manifold-with-boundary, such as [5, 6, 9]. The formulations
differ from case to case, but each basically recovers Chern’s transgression form, as does the current
version.

Proposition 4. Let £ be a rank-2k, oriented vector bundle over a compact manifold M, with a
smooth metric. Let w be a metric-compatible connection on &. Let o be a smooth singular 2k-chain
in M, and let o be a generic section of £&. Then

/ae(sz) _ éaj—i—/aaé’*(@e(w)),

where {p1,...,pm} are the zeros of o|,, with a; the index of the zero of o at pj, and s := o/ ||o|.

o’

Proof. For an oriented, rank-2k vector bundle £ over M, and for w a metric-compatible connection
on &, the naturally-associated intermediate bundle B is of course the unit (2k — 1)-sphere bundle
S(€) of & Within S(£), dPe(w) = e(Q2), since e(V) = 0, ¥ lying in so(2k — 1).

Since o is generic, we can assume that the zero-section of ¢ will have intersection with o a fi-
nite collection of points {pi,...,pm} in the interiors of 2k-simplices of «, with nonzero, finite-
degree singularities. Then, for any ¢ > 0 sufficiently small, s := o/||o|| defines a section over
Supp(a)\{B(p1,€)U---UDB(pm,€)}, where B(p1,¢) is the e-ball within the appropriate 2k-simplex,
and

/ Q) = lim / 5 (dBe(w))
«a €l0 a\B(p1,€)U--UB(pm,€)

= lim / @e(w)+/ 5" (Pe(w)).
elojz‘; 5:(0B(p; ) da

Since each singularity of o is of finite, nonzero degree a;, lim.|o s.(0B(p;,€)) ~ ajm 1 (p;) (homolo-
gous) where 7 : S(§) — M is the bundle projection. Since Q is 7 : S(§) — M horizontal, using the
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form of ¥ above in equation (1.2) and the fact that [¢, ¢] has image contained in b in this case,

=2 / Ly 2 Aike1-i€(0: [0, 011, W)

m _1\k—1—i
= Z:a,j/7r ZA@',JC1¢(2,1€)_71_2-6(¢7 [6,¢]* ")

- _ k— 1k ~
- Za’j /7r1(p]-) A (_1)k 12k—1(k(+ Z)'(l)ﬁ— 1 _Z.)!e(ﬁb, [¢a ¢]k 1)

< —1)k 1k
= Yo Gimmae b

since the integral, being restricted to a fiber on which the behavior of ¢ is independent of M, can
be normalized by applying it to the singularities of the longitudinal flow on the sphere S2. O

If { = To(M) and M is a 2k-manifold with boundary 0M, then the usual Gauss-Bonnet-Chern
theorem, with boundary, can be recovered by taking ¢ to be the unit normal field to OM C M, and
of course the Poincaré-Hopf theorem.

2.2. Chern Classes. Since Chern classes are defined, by the splitting principle, from the Euler
class [7], the situation is quite similar for Chern classes as for the Euler class. For a complex rank-k
vector bundle ¢ — M, the transgression of the the j* Chern class ¢;(€) will be naturally-defined
on the Stiefel bundle B := Vj,_;11(§) of (k — j + 1)-frames on &, with fiber U(k)/U(j — 1). Within
Vi—j+1(§), d®cj(w) = ¢j(Q), since ¢;(V) = 0 for ¥ lying in u(j — 1).

Proposition 5. Let £ be a rank-k, complex vector bundle over a compact manifold M, with a
smooth hermitian metric. Let w be a metric-compatible connection on €. Let o be a smooth singular

2j-chain in M, and let (01,...,0,—;) be a unitary (k — j)-frame of {]Supp(a). Let o be a generic
section of £/Spanc{oi,..., 05—} = &L with no zeros on da. Then
m
[a@ = Sa+ [ soe)
« =1 Oa
where {p1,...,pm} are the singularities of s := (01,...,04—j,0/||c||) as a section of the Stiefel

bundle Vi_j1(£)|,,, with a; the index of the singularity of o at p;.

a7
Proof. Let « be a smooth singular 2j-cycle in M. Since rankg(§) > 2j, there is a unitary (k —
j)-frame (o1,...,04—;) of &g,y Let o be a generic section of the orthogonal complement
et =~ &/Span{oy,...,05—;}. Since o is generic, we can assume that the zero-section of o will
have intersection with Supp(«) a finite collection of points {pi,...,pm} in the interiors of 2j-
simplices of «, with nonzero, finite-degree singularities. Then, for any € > 0 sufficiently small, s :=
(01, Ok—jy1), with o _j 11 := 0/ ||o]|, defines a section of Vj,_;11(§) over Supp(a)\{B(p1,€)U- - -U
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B(pm,€)}, where B(p1, €) is the e-ball within the appropriate 2j-simplex, and, since d®c;(w) = ¢;(£2)
on B =Vj_;11(¢),

/cj(Q) = lim/ 5" (dPcj(w))
o €l0 oz\B(pl €)U---UB(pm,,€)

= lim / )+/ §*Pc;(w).
ELOZ (OB(py.€) dar ’

Since each singularity of o,_;11 is of finite, nonzero degree a; as a section of the unit sphere
bundle in &/Span{o,...,04—;}, limeo5.(0B(pi,€)) = a;S(p;) where S(p;) is the (2j — 1)-sphere
in Vi—j+1(§)|, defined by fixing o1,...,0%—; at p;, and varying o%—;11(p;) among all unit vectors
orthogonal to the span of {o1,...,0,_;}. Since Qis 7: Vj_;11(§) — M horizontal, using the form
of ¥ above in equation (1.2),

lim / (w) = al/ Ocj(w)
€10 Z 5. (OB(1,6)) IZE i)
= Z / Z Az J—1— ch [¢7 ¢]Zv \Ijjilii)

H(m) i=o
Jj—i—1 . o
_ / ZA,J S N P N
Hp) =0

|
Mg T Mg m

arg,

N
Il
—

again by normalizing the integral on a test case, such as the sum O(1) @ --- @ O(1) of j copies of
the line bundle with ¢; = 1 on CP", which has ¢; = 1, the standard generator of H? (CP"). O

2.3. Pontryagin classes. Since the j* Pontryagin class P; of a real, rank-k vector bundle § is
just the 2 Chern class of ¢ ® C [7], the form ®Pj(w) will be defined on the Stiefel bundle
B = Vj_2;11(§®C) of complex (k —2j+ 1)-frames of { ® C as the form ®cy;(we), using the natural
extension of the connection w to F(§ ® C). However, there is an interpretation of the Pontryagin
classes in at least one case, P;, which is independent of a complexification of &.

Let £ be a real, oriented, rank-4 vector bundle over M. Then, £ is a rank-one, quaternionic vector
bundle over M, that is, the bundle F'(€) of oriented frames of £ defines a bundle of (non-integrable)
quaternionic structures on £. Each frame, that is, each quaternionic structure of &, determines 3
complex structure tensors on &, I, J, and K, with IK = —J. I is defined by I(e1) = es, I(e3) = ey,
and of course I(ez) = —ejand I(e4) = —es. Similarly, K is defined at the same frame by K(e1) = e3
and K(e2) = ey, and J is defined by J = K. This bundle of quaternionic structures produces 2
complementary bundles of complex structures (corresponding to I and K, to be specific). If H;
and Hs are the two subgroups of SO(4) corresponding to the complex-linear automorphisms with
complex determinant 1 with respect to I and K, respectively, each being a representation of SU(2) in
SO(4), then the associated bundles By := F'(§) X g0(4) SO(4)/Hy and Bz := F(§) X so(4) SO(4)/Ha
are each RP3-bundles over M. In general, of course, the complex-structure tensors I and K will not
be well-defined on all of M, but if so, such as for the tangent bundle of a hyperkihler manifold of
real dimension 4, then they would give two dual complex structures on £. Such complex structures
would correspond to global sections of By and Bs.
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Now, it will not be the case that, for either bundle, the term P;(¥, V) = 0 as was the case in the
previous situations. However, since

-1
1
= @(912912 + o 4 Q34034)

1

i<j

for Q € so(4), and since, in this situation, the decomposition so(4) = h; @ p1 = pa @ hy =
su(2) @ su(2) splits as Lie algebras rather than just as a reductive complement, then, for either
Bj or By the decomposition w = ¢; + 1; of the connection satisfies [¢;, ¢;] C p; (that is, the form
takes values in p;) and [¢,;] C b;. Thus, by the decomposition of ¥; = Qy, — %[(bi, ®ilp, = Qp,, 50
P(V;, ;) = Pi(Qy,,,), denoting by ¥;, i = 1,2, the corresponding curvature forms, for Bjand
Bs (both of which can be viewed as forms in F(§) having values in so(4)), then

Pl(\Ill, \Ill) =+ Pl(\Ilg, \Ifg) = Pl(Q, Q),

so that while neither one of the transgressive forms has differential the Pontryagin class, their sum
does,

d<I>P1(w1) + d(I)Pl(u.)Q) = Pl(Q),

where of course wy and wy refer to the two distinct decompositions of the bundle of frames into
associated bundles (even though w is the same in both cases).

Proposition 6. Let £ be a real, oriented, rank-4 vector bundle over a compact manifold M. Let By
and By be given by By := F(§) Xgo4) SO(4)/H1 and By == F(§) Xg04) SO(4)/Hz as above. Let
a be a smooth singular 4-chain in M. Choose generic sections o1 of By and oo of By with a finite
set of singular points {p;}, singular for either o1 or o2, or both, interior to 4-simplices in o, with
nondegenerate singularities of indices aq; and ag; at p;. Then,

/P1(Q) = Z(a1l+a2l)+/a 01(P1(w1)) + 03 (DP1 (w2)).

=1

Proof. Let a be a smooth singular 4-cycle in M. B and By give rise to two R*-bundles on M, which
as above will have generic sections with a discrete set of nondegenerate zeros on «, corresponding
to sections o1 of By and oy of By with a finite set of singular points {p;}, singular for either oy
or o3, or both, interior to 4-simplices in «, which are limits of maps o; : dB(p;,e) — RP? of
finite degree when lifted to o; : dB(pj,e) — S, i = 1,2, that is, for € > 0 sufficiently small,

L~

(Filasy) . * Hs(@B(p;,€) — Ha(r(py) given by [0B(pj,0)] = asle (o)), iy € 2. As
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above, with the projections 7w : By — M and 7o : By — M,

/Pl(Q) = lim O'T(dq)Pl(wl))+O‘§(d‘bP1((d2))
a €l0 a\B(p1,6)U---UB(pm,€)

= lim / CDPl(wl)—i—/ (I)Pl(wg)
€l0 ; (01)+(0B(p1:€)) (02)+(0B(p1:€))

+ [ o1 (@Pi(w1)) + 03(PPr(w2))

= Zall/ ) ‘1)P1(w1)+a21/ O Py (w2)
w1 (p) 5 ' (p1)

+ [ 01 (@Pi(w1)) + 03(PPr(w2))

[eJe%
m 1
= Zau ZAzl P, o1, d1],, 170 +
=1 T (pl i=
1
+ay . > Air-iPi(¢a, [¢a, o), U5 )
7T2 pl 1=0

+ [ i@Piw) + o3P (w2)
Ja
= Zau/ Ao Pi( ¢1,[¢1,¢1])+a21/ o AoaPi(92; (92, 62])

2 (pr)
[
=1

A1,0P1(¢1,th)+a21/ ) A1 0P1(¢1,8,)

™ (pl) 772_ (Pl)
+/ oH(BPy (1)) + 03 (B P, (w2))
Oa
= Pi(é1, o1, + Py (g2, [p2,
;au /ﬂll(pl) 1(d1, (61, 01]) + ag /ﬂ21(pl) 1(B2, (P2, B2])
+0

_f_/a JT(@Pl((Ul)) + U;(q)Pl(wQ))’

since the integration is over 7; *(p;), and Q is m;-horizontal.

Since the form P (w,|w,w]) has integral periods and generates the transgressive first Pontryagin
form of H3(SO(4),R) = H3(SU(2),R) ® H3(SU(2),R), the projection SO(4) — SO(4)/H; pulls
the generator of H3(SO(4)/Hy,R), which is Py (¢1, [¢1, $1]), back to P;(w, [w,w]), and so

/1 Pi(¢1,[¢1,41]) =1
T (p0)

similarly with the other projection as well. Thus

/pl(sz) = Zau+a2l+/ i (DP(w1)) + 03 (DPL(w2)).
« =1 da
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Example 7. As an example of this decomposition, let ¢ be the tangent bundle to S*. Since
S4 = HP!, S* admits a global quaternionic structure, though it admits no global almost-complex
structures. However, if p is the South pole, p = (—1,0,0,0,0), on S*\{p}, there are certainly global
almost-complex structures. The standard complex structures can be described by parallel transport
of a given pair of complex structures at the North pole n := —p, corresponding to the canonical
frame, along longitudes. For these sections o1 of By and o9 of Bs, there is only one singular point,
for both sections, at p. The section 1], __ f==: S3 — Bilgs = S3 x RP?, as a map 015% — RP?,
lifts to a map o7 : S3 — S3 of degree 2, and o9 similarly lifts to a map of degree —2.

Remark 8. An eventual goal of these relative classes would be to construct a combinatorial procedure
to determine the Pontryagin classes of a closed manifold, since it is well-known that they are
topological invariants [8]. It is possible to begin the procedure for an oriented 4-manifold M based
on this result, but the details are not apparent. Given such a manifold M?*, each 4-simplex of
a fixed triangulation of M admits a standard hyperkédhler structure, with prescribed behavior at
the boundary (given as that of the boundary of the 4-ball in quaternionic 1-space), so that the
computation reduces to the 3-skeleton. The boundary terms cancel on the interiors of the 3-simplices
due to reversal of orientation of the sections, so the remaining calculations should lie on the 2-
skeleton.

3. SECONDARY CHARACTERISTIC CLASSES

One of the most extensive uses which has been made with the construction of [4] has been the
construction of secondary characteristic classes. If P is a polynomial of degree k so that P(2) is
integral for all 2, that is, if it has integral periods, then when w is a connection for which P(2) =0
(as a form, not just as a cohomology class), the Chern-Simons transgression T'P(w) will be closed,
generating a cohomology class in H?*~'(E,R). Of more interest is the construction, from that
class, of a cohomology class in the base M modulo integral classes. In the case of a principal bundle
the existence of such a class follows by passing to the universal bundle, where every cocycle is a
coboundary on the total space, and so the mod-Z reduction of T'P(w) will be a lift of a cocycle on
the base.

The forms ®P(w) can, in some cases, be more directly seen to be lifts, using the obstruction
information determined by the characteristic class P(€2). Note that the method of proof used by
Chern and Simons will not work in this situation, and that the forms ® P(w), and so the secondary
characteristic classes determined by them, are not always the same as the Chern-Simons classes.

Theorem 9. If £ is either a rank-2k real oriented vector bundle, or a rank-k complex vector bundle,
over a compact manifold M, and if, respectively, the form e(Q) =0 (resp., ¢;(Q2) = 0 for some j),
then the corresponding form ®e(w) (resp., ®cj(w)) is well-defined as an element of H**~1(M,R/Z)
(resp., H¥=1(M,R/7Z)).

Proof. For the Euler class of an oriented rank-2k vector bundle, where B is the sphere bundle: if
e(©?) = 0 as a form, of course Pe(w) will be closed, and for any section o over the 2k-skeleton,
o*(Pe(w)) will be a closed form on M which lifts to ®e(w), defining a secondary characteristic class
on M modulo the choice of section o.

The Gysin sequence of the (2k — 1)-sphere bundle 7 : B — M,

T e * T e

- — H"(M,R) — H""?*(M,R) — H""?*(B,R) — H""\(M,R) — |,
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for r = —1 yields the split short exact sequence (for any section o)

T

7T*
_ H™YB,R) - R.

0 — H*'(M,R)

*

g

The map m, is integration over the fiber [2, p. 178], so in the case that R = R the image o*(®e(w))
is well-defined modulo 7, (®e(w)) = [f], where f(z) = fﬂ_l(:v) $e(w) is an integer-valued (hence
constant, since it is continuous) function by the fact that the integrand over each fiber is integral,
since @e(w)|jep(x,) is the (normalized) volume form on the fibers. Then, with the coefficient ring
R = R/Z, ®e(w) € ker(m,), thus there is a unique U € H?*~1(M,R/Z) so that 7*(U) = ®e(w),
and since 7o = 1, U = o*1*(U) = 0*(Pe(w)), independent of choice of o.

In the case of a rank-k complex vector bundle, if the form ¢;(2) = 0 then, as for the Euler class,
there will be a section o : M2 — Vj_;.1(€) of the Stiefel bundle of unitary (k — j + 1)-frames of
& over the 2j-skeleton of M. The Stiefel bundle splits as a tower of sphere bundles

Viejs1(§) = -+ = Va(8) = S(z*(vh)) — S(&) — M,

where V5(€) is the sphere bundle of the orthogonal complement bundle v+ — S(&) with fiber over
v € S(§) the orthogonal complement of {v,7v} in the fiber {,(,). The fiber at each stage is §2k=21=1
l=0,...,k—7j. Applying the Gysin sequence at each stage, with » = 2(j — k) — 1 in the first stage
through » = —1 at the last, gives

H*7 (M, R) = HY7/(S(¢), R) = --- = H (Vi (¢), R),

and a split exact sequence (using H*~1(Vj_;(£), R) = H%~!(M, R)) for any section o over the
2j-skeleton of M:

7T*

Tk
0 — H*Y(M,R) _ H* (Vi j11(€),R) — R.

O.*

The proof then proceeds as in the first case, noting that 7, can still be viewed as integration over
the fiber, but over the fiber of the S~ bundle Vi_;1(&) — Vi—;(€). O

3.1. Invariants of odd-dimensional manifolds. For a compact 3-manifold M, one of the more
intriguing results in [4] is the equivalence of the existence of a critical connection (or metric) for
the functional w — [, %T P;(w) as an R/Z-valued form on the space of Riemannian metrics on M,
to the Poincaré conjecture. While we do not draw such connections for the forms ®P;(w) (which,
in particular, may not be conformal invariants, a key property used by Chern and Simons), we can
show that, as a secondary characteristic class ®P;(w) on the sphere bundle of the tangent bundle
of a compact (4k — 1)-manifold M will define a cohomology class in H?*~1(M,R/Z).

For a compact, oriented (4k — 1)-manifold M, since the Euler class vanishes there will always be
a section o0 : M — T1(M) of the tangent sphere bundle. By simple dimension, rather than any
assumptions on the characteristic forms or Theorem (2), the pullback ¢*(®Py(w)) from the sphere
bundle will satisfy do*(®Py(w)) = 0, so will define a cohomology class depending upon the section

0. Since d®Py(w) = —Py(¥) in the sphere bundle, then the mod-Z reduction §® Py (w) = 0 because
the differential has integral periods. Apply the Gysin sequence again with R/Z coefficients:

*

Ty eN 1 Ty eN
- — H'(M,R/Z) — H**"Y(M,R/z) ~ H**"Y(B,R/Z) — H"(M,R/Z) — .

O_*
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In this case the Euler class will be 0, leading to, for r = 0, the split short exact sequence

*

T
Tk
0 — H*% Y(M,R/Z) : H* YB R/Z) — H'(M,R/Z) — 0 ,
0_*

—~—

indicating that, in particular, the class o*(® Py (w)) will be independent of the section o for a simply-
connected manifold M, so that, a prior:, for these manifolds there is a H 4kil(M ,R/Z)-secondary
class. More generally, again since the form ®Py(w)|, () Testricts to (an integral multiple of) the

—_—

volume form on the fibers 7=!(z) for # € M, then ®Py(w) will lie in the kernel of the map T,
which is integration over the fiber (in R/Z coefficients). By the short exact sequence, that implies

—~—

that ® P, (w) is in the image of the pullback map 7*. However, any o* will be a left inverse of 7*,

~——

so on this subgroup (the image of 7*), o* will indeed be the inverse of 7*, so that ¢*(® Py (w)) will
be independent of the choice of o. This establishes the following fact.

Proposition 10. If M*~1 is a compact, oriented manifold, with B — M the unit tangent bundle
of M, and if w is the Riemannian connection of a given Riemannian metric on M, then the forms

0" (PP (w)) are well-defined as secondary characteristic classes in H*~Y(M,R/Z), depending only
upon the metric.

3.2. Examples. As a simple example of the kind of information that can be measured by these
secondary characteristic classes, and how they differ from the original classes of Chern and Simons,
consider a compact 3-manifold M. Since the tangent bundle is trivial, both the Chern-Simons
classes TP;(w) and the forms ®P;(w) determine secondary characteristic classes in H3(M,R/Z).
Start with the trivial (flat) connection wg on M x SO(3), which is simply the Maurer-Cartan form
on the fibers, wol(, ;) = g ldg, where g : SO(3) — M(3 x 3,R) is essentially the identity map
recognizing g € SO(3) as a matrix. In this notation, any connection w on M x SO(3) can be given
as w = wo+g 7 (a)g, where a € E1(M, 0(3)) is arbitrary. It is a simple computation to show that
the curvature Q is given by Q = g~ 'n*(da+aAa)g. If o(3) = p@ b is the standard decomposition
of o(3) corresponding to the projection SO(3) — S?, with h = I ® SO(2) C SO(3), then the
connection decomposes as above into w = ¢+1) where ¢ = g~ !my(7*()) g and ¢ = g~ (7% (@) g.
Since the polarized first Pontryagin polynomial is P;(A, B) = #TT(AB), Pi(p,h) =0, and so, for
o: M — M x SO(3) the obvious map z — (z,e€),

¥ (®P(w)) = 0" (ApPi(d,Q) + A P, ) + A1 Pi(o, [b, ¢]))
= 8_—7T12 (Tr(ﬂ'pa A(da+a o))+ Tr(mpa NV) — éTT(TFpa A [mpar, Wp&]))
= 8_—71'12 (Tr(ﬂ'pa A(da+aNa))+0-— %TT(TFPCM A [mpar, ﬂ-pa])> .

In addition, since my(c) is a 1-form with values in an R?, the last term will vanish. Writing

0 ar ag

o = —a 0 b y
—as —b 0
we have
0 ay ag
mpa= | —ay 0 0 |,

—a 0 0
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and so a direct computation yields that

1
0*(<I>P1(w)) = m (a1 Aday + as Adags — 2a1 A ag A b) .

On the other hand, the Chern-Simons form of this same connection will be

o*(TP(w)) = 0" (AgPi(w,Q) + AP (w, [w,w]))

= 23 (Tr(a A(da+a A a)) — éTT(O‘ A e, a]))

-1

= 33 (Tr(a Ada) + ;Tr(a A (A a))>

1
= m(alAdal+a2AdaQ+bAdb—2alAazAb).
These can clearly be seen to differ modulo forms of integral periods, if, for example, b is non-closed
with b A db/4n2 # 0 in H3(M,R/Z).

3.3. Conformal metrics. If g; = e?! g is a conformal family of metrics on an arbitrary n-manifold
M, for some A : M — R, then the Riemannian connections w; of the family of metrics, as a
connection form on the orthonormal frame bundle F(M), varies according to the following Lemma.
Note that this differs somewhat from Chern and Simons’ formula [4], but their version is as a form
on the full bundle of bases, relative to a fixed local basis, whereas this version uses a family of
moving frames {e;(t)} = {e e;}.

Lemma 11. Let M be an arbitrary Riemannian manifold, with metric g =<, >, and let g; := e?rg

be any conformal family of metrics. Then, if w](t) is the Riemannian connection one-form of the
family of metrics g, relative to the moving frame {e;(t)} = {e " e;}, we have

Wl (t) = w! + te; (T*N)07 — te; (T N)6",

(2

where 7 : F(M) — M is the bundle projection and {67} are the solder forms.

Proof. By a direct computation, identifying A on M with the pull-back 7*(\) on F(M), and X with
an arbitrary lift of X under 7,

X)) = (V(t)xei(t),e;(1)),

= % (X (ei(t), e;(t)), +eilt) (X, e;(t)), —e;(t) (X, ei(t)),
+ <[X’ ei(t)] ’ej(t»t - <[X’ ej(t)] ’ei(t)>t - <[ei(t)’ej(t)] ’X>t)

= % (X (ei,e)) +le;(N) (X, e)) + e ((X,e;)) —tej(A) (X, e;) —e; ((X,e;))
—tX () ((ei, €))) + ([ X, e] . ej) + X (N) ([X, €] . e) — ([ X, e;] , ;)
+tei()\) <ejaX> - tej()‘) <ei’X> - <[ei’ej] ’X>)

= W(X) + te;( N (X) — te; (N6 (X).

The result follows. O

Now consider a more specific situation, where M is the 3-manifold S! x S' x S! with g being the
flat metric. If now ®P;(w(t)) is the corresponding family of transgressive forms on the unit sphere
bundle, from the previous subsection and Lemma (11) we have that w(t) = wo + g~ '7*(a)g where,

with respect to the standard frame {ej, ez, es} being the unit tangent fields to the factors, with
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coordinates {z,y,z} and A = A(z,y, z) being any triply-periodic function with periods 27 in each
variable,

0 t%dy—t‘g—;‘dx t%dz—t%dx
o= ta)‘d +ta’\d:c 0 t‘g—;‘dz—t%dy ,
tagd +tazdac —t5dz + 132 dy 0
so that
1 oA oA O\ O\
(PP = — -z Dy — 22
o* (PP (w)) 4%2( <8d 6)dnv)/\d<8 dy 8dm>
oA o\ oA o\
2 _ _
+t <8d 6d>/\d<8xdz 6d>
oA oA oA oA oA oA
—2t3 dy — =—d Zdz — ——dz dz — ==d
<8x dy :c> <8x T o > <8y 0z y))
1 oA oA 02\ 02\ 02\ 0’
= m( <8xd _8_yd> (8 sdx /\dy_aszdy/\dz+82d x A dy —i—ayazdx/\dz)
oA o\ 02\ 02\ 02\ 0%\
t* | =dz — —d dr A d dy A d dr A d dr A d
+ (8.%'2 3zx) (62x/\ Z+38 Yy N z+62x/\ z+6zayx/\ y)
oA oA oA O\ oA O\
_9¢3 _ - dy - 22 _ 2z
2t (ad adm) <8 dz 8d> (8 dz 8dy)>
_ P (APN VPN DA PA PN, (VNN DAY,
N Oy 0x0z Ox 0ydz 0z 0xQy  Ox 020y Oxr 0z 0y Oy Oz 0z 4
2 (ON 9N OX 9%\
= (a—yaxaz - &awﬁ dz A dy 1 dz,
and

2 (0N ®A O\ 9%
*(@P = 2 \ 9y 9z drdyd
/MJ (PPy(w)) /M 472 (ayax(‘?z 0z 8335?J> B
t2 [OX 0%\
= [z (5 g ) e
g 07

which follows from writing A in terms of its Fourier series, A\ =Y, pamm’pei(mmj%“pz).

This leads to the following conclusion:

Proposition 12. If g is a conformally-flat metric on a compact 3-manifold M, then o*(®P;(w)) =
0.

Remark 13. It can similarly be shown, by a direct calculation, that < |0 <I>P1( (t))) will be exact,
if w(0) is the standard Riemannian connection on the round 3—sphere so that at least infinitesimally

o*(®P;(w)) will be conformally invariant there as well.
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