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Historical Perspective

Bravais lattices

concept of valence, chemical bonds in hydrocarbons
A.S. Couper; F.A. Kekulé (v. Stradonitz); A.M. Butlerov

J.J. Loschmidt

368 molecular structures, inel. 120 afomatic compounds (&.9.

viinyl, allyl, ete.)
benzene structure
(Kekulé)
rotational constraints about C-C bonds
J.H. van't Hoff; J.A. LeBel, C.A. Bischofi
Bragg's law
Crystallographic space groups
(C. Hermann, C.V. Mauguiin)




Historical Perspective

early 1900's  concept of force field in analysis of spectioscopy
harmmonic potential (Hooke's law)

1929 potentials named after P.M. Morse and J.E. Lennard-
Jones

(model vibrational excitaitions)
1946 molecular mechanics

use Newton's equations and forece fields to solve foir molecular
conformations (Hill, Westiheimer, Mayer, ete.); eventually
leads to modein diug design

1953 Mionte Caflo simulations’

during Manhattan project to comjpuite thermodynamic
properties (Metiopolis, van Neuman, Teller, Feiinmi)

TN. Metropolis, A.W. Rosenbluth, M.N. Rosenbluth, A.H. Teller and E. Teller, J. Chem. Phys. 21, p. 1087 (1953)
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Historical Perspective

1957 hard-sphere molecular dynamics simulations™

Yij potential hon-differentiable, no foice caleulations, fiee flight
between collisions, Mmamenitum balances (Alder and
Waiinwirigini)

@9

I’|J

1964 Lennard-Jones molecular dynamics'

! potential differentiable, solve Newton's eguation of motion,
aceurate trajectories (Rahmain)

I’|J

* B.J Alder and T.E. Wainwright, J. Chem. Phys. 27, 1208 (1957)
TA. Rahman, Phys. Rev. 136A, 405 (1964)
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Historical Perspective

1970's simulation of liquids (e.g., water, molten metal, molten
salts)
Rahimain, Stillinger, ete.
simulation of ionic crystals — development of algorithms
to handle long-range Coulomb interactions
Boin-Mayei-Huggins potential (BMIH)
implemenitation of Ewald summation metihod
Singet, Catliow, etc.
1976 first simulations of silicate melts using BMH potential
achieves tetrahedral coordination (SiO,-units)
Woodcock & Angell, Soules, etc.
1980  Andersen constant-pressure algorithm?
1980 Rahman Parrinello constant-pressure algorithm™*

TL. V. Woodcock, C. A. Angell, and P. Cheeseman, J. Chem. Phys. 65, 1565 (1976)
8 H.C. Andersen, J. Chem. Phys. 72, 2384 (1980)
* A. Rahman and M. Parrinello, Phys. Rev. Letters 45, 1196 (1980) 8 g
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Historical Perspective

1985 Car-Parfinello quantum mechanical MDT
1990's improvement of interaction potentials
Muilti-body
Stillinger-Weber, Vashishta, Garofalini, etc.
Charge-transfer reactive force fields
Goddard, Mintmire, Kieffer, ete.

e while Mohr’s law keeps changing the playing field
Today massively parallel computing platforms ...

1979 (~250 atoms) 1990 (~1000 atoms) 2000 (~104-10° atoms)

TR. Car and M. Parrinello, Phys. Rev. Letters 55, 2471 (1985) 9 g




Questions?
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Simulation methodologies

B Theoretical background

B Monte Carlo simulation

B Molecular dynamics simulation
B Reverse Monte Carlo
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Theoretical Background

B We explore simulated systems in the framework of

statistical thermodynamics
2 provides well-defined formalisms that govern the behavior of
the system, e.g.,
@ Hamiltenian description of phase space
@ Lagrangian description of phase space
> provide a multitude of formalisms to conduct statistical
analyses and extract structural information and dynamic
propetfties:
@ spatial coirelations (structure)
® ensemble averages (thermodynamic properties)
@ time corfelation functions (transport and rate coefficients)

© 29
Virtua ass Course — ( 0 :




Phase space ...

... Is defined by the set of independent coordinates that determine
the system’s thermodynamic state. For N classical particles in three
dimensions, this corresponds to N coordinate vectors, r,, and N
velocity vectors, 1, i.e., 6N total coordinates.
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Lagrange’s formulation
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Hamilton’s formulation
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The Monte Carlo Method

B The Monte Carlo simulation method is a very popular metihod fior
studyjiing tihermodynamic and structuial propeities of materials.

B Itis named in reference to the gamibling casines in Mente Carlo
because of the use of randonm numibess.

B The method complements molecularr dynamics (MD) and otiherr particie-
based simulation techinigues and is often used in conjunction with these
metihods ol as an alternative to these metihods.

B MC may be used to simulate models of materials that are highly
aceurate (e.9. explicit atom models) as well as models that are more
coarse-grained and use particles to represent gioups of atoms..

B MC may be used with precisely tihe same force fields used in MD
simulations.

" 39
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The Monte Carlo Method

< MD: generate successive @@nfﬂ@uwamws by caleulating conservative
fiorces derived fiiom gradients in the potential energy and tihen solve
determiinistic eqguations off motion

> MC: generate configurations with a probability that depends on the
potential energy of a new configuration comipared with the previous
one; neither forces nor Mmomenita aire calculated

B Both can generate precisely the same ensemblie off
configurations, but in different ways.

- 29
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The Monte Carlo Method

B The technique used to perfoim the fifst compuiter simulation of &
molecular system.

B Generates configurations of a system by making randoinm change
the positions (and/or ofientations and/oi confoimations, as @ppmpm@lt@))
of the atoms or molecules or particles over and over agaiin.

B In molecular simulations, “MC simulation” almest always rrefr@rrs to
simulations performed using a technigue called imporiance Samipliny
which generates staites in a smairt way that allows &Ih@mm@dwn@mm @lndi
stiuctural properties to be computed accurately and efficiently.

© 29
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The Monte Carlo Method

B Ina MC simulation, the potential eneigy and othel quantities aie
calculated from the positions of the atoms.

i iR & MC simulation, in contrast to

MD (ii.e. m Ikm@ltn@ @h@l@y) B

B Thus MC samples fiom a 3N-dimensional space, not a 6N-dimensional
space (i.e. positions only!).

So how cain & MC simulation be used 1o calculate hermodynamic
quantities, given that pnase space i3 GIN-dimensional?

» 2
Virtual Glass Course — ( :




The Monte Carlo Method

The probability of finding a system in a state
characterized by an energy E;

n, _ exp - E [k,T ]

N QNVT

Where QIS the canonical partition function for the
system




The Monte Carlo Method

B The canonical partition function for a system of N
identical particles of mass m:

Hamiltonian =
/ total energy
Q - L ”dedrNe p}__H(pN’rN)—}
I X
SR A I kT ]

/

Indistinguishable Planck’s constant

particles
2

v,
tuot)

Hp'.r')=2

=1 2m
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The Monte Carlo Method

B Key point: the double integral can be separated™ into two
integrals, one over momenta and one over positions:

NN

I T U(rw)w|

2
| - |P| |Id _
NtR" eXpL 2mk,T | ' eXpL k,T |

— 7 — 7
Y Y

(2nmkgT)3N2 Configuration integral Z

For ideal gas, U(rN) = 0, so Zy,,+ = VN.

*if U(rN) does not depend on velocities.

= 2
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The Monte Carlo Method

B The partition function may be written as the product of an ideal gas part
and a part due to deviations firom ideal behavior:

— ideal excess

QNVT B QNVTQNVT

| vV (27 7 )V
o = —| ———]
N ! h
N - I )T
excess— d
T (v

B Thus thermodynamic guantities, such as the fiee energy
A = kg T In Qyr ¢2N be written as a sum.

ideal excess — ideal excess —

_k TanNVTQNVT __kBT 11IIQNVT _kBT 1IlQNVT _A

% g
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The Monte Carlo Method

B Upshot: all deviations fiiem ideal gas behavior are due to interactions
between the atoms of molecules o particles in the system, as
caleulated fiiom the potential energy.

B The potential eneigy depends only on particle positions, not Mamenta,
and thus a MIC simulation can calculate the excess contributions tihait
give fise to deviations fiom ideal gas behavior.

B Thus, MC simulations can explore configurational phase space and
reproduce thermodynamic and stiucturall propesties and behavior.

= 2
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The Monte Carlo Method

B The average potential energy can be calculated fiiom the integral:
<U (rN )> = .[drNU (rN )H (rN)

ol )/kBT | Boltzmann
/ factor

zZ = .‘-drNexp[_U(rN)/kBT}

W This is a multidimensional integral over the 3N degrees of fireedom off
the N particies of the system, (i) is the probability of obtaining the
configuration N, and Z is the configurational integral defined earlier.

I (rN): cXp

= 2
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The Monte Carlo Method

B How to evaluate integials im multi-dimensional space?

.[drNU (rN)H (rN) and jdrN exp[_U(rN)/kBT}

B Numerical integiation:

> st evaluate Bolizman factiors, etie., for a range off values forr each phase space
dimension

> Themuse, 9., tiepezoid ik ..... f(r) 3

B ... oo time consuming

Virtual Glass Course — (
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The Monte Carlo Method

B Monte Carlo integration scheme is more efficient: .....
> Shoot randem daits at a suiface
O The firaction that hit is pieportional e its surfaece
B Example: the suiface of the ciicle relative o the encasing square is

mi2I(2r)2 = w4

3.8

3.6

A\

©

° 3.2 /\/\f/\/\\ A,
W

(]

®

T

2.8

2.6

10 100 1000 10" 10°

number of trials




“Simple” Monte Carlo

2nerdy for a system of N atoms

using the “simple” MC method:
1. Obtain a @@mﬁ@uwamn of the system by randomly generating 3N
coordinates for tihe particles.

2. Caleulate the potential energy U(i) of the configuration.
3. From U(i), calculate the Boltzmann factor exp(-U/kgT).

4. Add the BF to the accumulated sum of BFs and PEXBF 19 iis
accumulated sum and return to step 1.

5. After N, iterations, calculate the average PE:
fUi(rN)exp v oy /i 7]
<U(rN)>= L
zxexp [_Ui(rN)/kBT]

» 29
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“Simple” Monte Carlo

B The problem: not a feasible appioach.

B Why? There are a very large numiper of @@nfﬂ@umaltlms tihat would lbe
randomly generated that have effectively zero Bolizmann \welah due to
high-energy overlaps between the particles.

B This reflects the nature of phase space, mMost of winich corfesponds to
non-physical configurations witih very high energies. Onlly a very smail
pioportion of phase space coliesponds o low-eneigy configurations
Wwiith o overlepping pariicies and wihere tihe Bolizmann fcior has an
apprecianie value. These low-energy states are the physically
observed states we need o sample.

% g
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“Smarter” MC: Importance Sampling

B How can we more efficiently sample (explore) phase space?
> Generate physically observable states (those with an appreciable
weight & thus contiribution (o ltlhu@ Suin).
B This is the strategy adlapited iy 1o ,_. olta i
essence of the Wetiog VIC metihod desc:ﬂbed by Metropolis,
Rosenbluth, Rosenbluith, T%llllelr andl Teller in 1953.
B The Metiopolis MC method is often simply called MC.

B Key feature of Metropolis MC: it biases the generaiion of
configuraiions towaids those thal malke tihe Mmosit Signifiicant
contribuiion o the iintegial.

O Simple MC generates each state witih equal probability and then
assigns a weight exp(-U(MN)ksT) to each state.

> Metiopolis MIC generates states with a probability
exp(-U(MN)kgT) aind then counts each state equally.

“ 2
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Implementing Metropolis MC

A MC simulation of a matefial is easy to perform.
B At each iteration of the simulation, a new configuration is

generated. This is usually done by making a randorm change to
the coordinates of a single randomly chosen particle usnng a

random number generator (RNG)).

E.g. Yoo = Yo ¥ MyOimay
Ynew = Yo * M@ pae

Here m = 2&-1 and & is in the range (0,1). Ar,,, is the maxirmuim

allowed displacement in any direction.

Zoew, = Zojgy * MO ipag
B A unigue random number is generated for each direction.

@ g
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Implementing Metropolis MC

B The potential energy of the new configuration is then calculated.
> Since the change fiiom the previous configuration invelves the
motion of a single particle, only these conitiibuitions 1 the eneigy
resulting firom tihe particle’s new position need to be recalculated.
O Iff periodic boundaries are used, tihe minimum image convention
must be invoked in caleulating the energy (moiie on this later).

» 2
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Implementing Metropolis MC

B If the new configuration is lower in energy tihan tihe previous
configuration, then the new configuration is retained as the starting
point for the next iteration.

B [f not, then the Boltzmann factor xp(-[U,.,-Yyul/ksT) is calculated and
comipared o a random number between 0 and 1.
O Iff the randem Puirmiber is less than o equall to the Boltzmainn factor, the: Rew
configuration is acceptied.
O Iff the: randem numiber is gieatierr than tihe Boltizmann factor, the new
confiigurration is rejected and the pievious configuiration is etained for the
next iteration.

The acceptiance criterion can be wiitien as: ’
rand(0,1) < expl-AU(YkeT) \

p(-2U/k T)
B

acgept \\\\
| e o @adéa’
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Detailed Balance

B The acceptance @lﬁt@lﬁu@n i Metur@pdlns M@lnte Carlo is derived by
imposing the congd f de ala
B |t assures unigue limiting pmlbabnllﬂty dll@tmulbuitlm

N possible states
P(E) Probability that state I is occupied:
pi = exp[-UikgT]
Probabllity distribution of states
P = (1 P2 P3s -5 P 5 P ==+ PN)

Transition matrix
7. = probability that system transitions
E from state m to n
Stochastic matrix o.:
= probability that algorithm seeks
transition from state mto n
Editor note: Lecture 19 ends here . g
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