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Abstract

We establish presumably optimal rates of normal convergence with respect to
the Kolmogorov distance for a large class of geometric functionals of marked Pois-
son and binomial point processes on general metric spaces. The rates are valid
whenever the geometric functional is expressible as a sum of exponentially stabi-
lizing score functions satisfying a moment condition. By incorporating stabilization
methods into the Malliavin-Stein theory, we obtain rates of normal approximation
for sums of stabilizing score functions which either improve upon existing rates or
are the first of their kind.

Our general rates hold for functionals of marked input on spaces more general
than full-dimensional subsets of R?, including m-dimensional Riemannian mani-
folds, m < d. We use the general results to deduce improved and new rates of
normal convergence for functionals whose variances re-scale as either the volume
or the surface area of an underlying set. In particular, we improve upon rates
of normal convergence for the k-face and ¢th intrinsic volume functionals of the
convex hull of Poisson and binomial random samples in a smooth convex body in
dimension d > 2. We also provide improved rates of normal convergence for (i)
statistics of nearest neighbor graphs and high-dimensional data sets, (ii) estimators
of surface area and volume arising in set approximation via Voronoi tessellations,
(iii) the number of maximal points in a random sample, and (iv) clique counts in

generalized random geometric graphs.
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1 Introduction

Let (X, F) be a measurable space equipped with a o-finite measure Q and a measurable
semi-metric d : X x X — [0,00). For all s > 1 let P; be a Poisson point process with
intensity measure sQQ. When Q is a probability measure we let X,, be a binomial point

process of n points which are i.i.d. according to QQ. Consider the statistics

Hy = hy(Py) =Y &(x,Py), s>1, (1.1)
z€Ps
and
H), o= ho(X,) = ) &(z,X,), neN, (1.2)
xeXn

where, roughly speaking, the scores £(x, Ps) and &,(x, X,,) represent the local contribu-
tions to the global statistics Hy and H), respectively. Functionals such as H; and H,
which are in some sense locally defined, are called stabilizing functionals. The concept of
stabilization and the systematic investigation of stabilizing functionals go back to the pa-
pers [29, 30]. In the following we are interested in quantitative central limit theorems for
stabilizing functionals, whereas laws of large numbers are shown in [27, 30] and moderate
deviations are considered in [14]. For a survey on limit theorems in stochastic geometry
with a particular focus on stabilization we refer to [41]. Statistics Hs and H, typi-
cally describe a global property of a random geometric structure on X in terms of local
contributions exhibiting spatial interaction and dependence. Functionals in stochastic
geometry which may be cast in the form of (1.1) and (1.2) include total edge length and
clique counts in random graphs, statistics of Voronoi set approximation, the k-face and
volume functional of convex hulls of random point samples, as well as statistics of RSA
packing models and spatial birth growth models.

Functionals Hy and H] sometimes involve marked point processes. To handle this
generality we consider the product of (X, F,Q) with an external probability ‘marks’
space (M, Fy, Qu), and we attach to each element of the point process an independent
random mark.

Throughout this paper we denote by N a standard Gaussian random variable and by

dg (Y, Z) :=sup |P(Y <t)—P(Z <t)| (1.3)

teR



the Kolmogorov distance of two random variables Y and Z. For a sum S, = > | Y; of
n i.i.d. random variables Yi,...,Y, such that E|Y;]® < oo it is known from the classical

Berry-Esseen theorem that

. (Sn—ESn ><CE|Y1—]EY1|3 1
K VVar S, ’ - Var YV VVar S,

with C' € (0,00) a universal constant. By considering special choices for Y;,...,Y,,, one
can show that the rate 1/y/Var S,, in (1.4) is optimal. The main contribution of this paper
is to show for exponentially stabilizing functionals Hy and H] bounds similar to those
at (1.4), with rates 1/v/Var H and 1//Var H}, respectively. Here the scores (£;)s>1
and (&,),>1 have uniformly bounded (4 + p)th moment, the analog of the assumption
E|Y;|? < oo at (1.4). In contrast to the summands of S,,, the summands of H, and H,

neN, (1.4)

are dependent in general, but nevertheless by comparison with the classical Berry-Esseen
theorem, one can expect the rates 1/y/Var Hy and 1/\/WH;L to be optimal.

In stochastic geometry, it is frequently the case that (H, — E H,)/+/Var H, converges
to the standard normal, and likewise for (H) — E H},)/+/Var H),. However up to now
there has been no systematic treatment which establishes presumably optimal rates of
convergence to the normal. For example, in [9] a central limit theorem for functionals
of nearest neighbor graphs is derived, but no rate of convergence is given. Dependency
graph methods are used in [1] to show asymptotic normality of the total edge length
of the nearest neighbor graph as well as of the Voronoi and Delaunay tessellations, but
lead to suboptimal rates of convergence. Anticipating stabilization methods, the au-
thors of [20] proved asymptotic normality for the total edge length of the Euclidean
minimal spanning tree, though they did not obtain a rate of convergence. In the papers
[7, 26, 29] abstract central limit theorems for stabilizing functionals are derived and ap-
plied to several problems from stochastic geometry. Quantitative bounds for the normal
approximation of stabilizing functionals of an underlying Poisson point process are given
in [5, 28, 31, 32, 50]. These results yield rates of convergence for the Kolmogorov dis-
tance of the order 1/y/Var H, times some extraneous logarithmic factors. For stabilizing
functionals of an underlying binomial point process we are unaware of analogous results.
The paper [11] uses Stein’s method to provide rates of normal convergence for functionals
on binomial input satisfying a type of local dependence, though these rates are in the
Wasserstein distance.

Recent work [23] shows that the Malliavin calculus, combined with Stein’s method
of normal approximation, yields rates of normal approximation for general Poisson func-
tionals. The rates are in the Kolmogorov distance, they are presumably optimal, and the
authors use their general results to deduce rates of normal convergence (cf. Proposition

1.4 and Theorem 6.1 of [23]) for Poisson functionals satisfying a type of stabilization.



That paper states that ‘the new connection between the Stein-Malliavin approach and
the theory of stabilization has a great potential for further generalisations and applica-
tions’, though it stops short of linking these two fertile research areas.

The first main goal of this paper is to fully develop this connection, showing that
the theory of stabilization neatly dovetails with Malliavin-Stein methods, giving presum-
ably optimal rates of normal convergence. Malliavin-Stein rates of normal convergence,
expressed in terms of moments of first and second order difference operators [23], seem-
ingly consist of unwieldy terms. However, if &, is exponentially stabilizing and satisfies
a moment condition, then our first main goal is to show that the Malliavin-Stein bounds

remarkably simplify, showing that

H, - EH, C
dp| BN ) < —— s> 1, 1.5
K( v Var H, ) — /Var H, ° (1.5)

as explained in Corollary 2.2. These rates, presumed optimal, remove extraneous loga-
rithmic factors appearing in [5, 28, 31, 32, 50].

Our second main goal is to show that (1.5) holds when Hj is replaced by H}, thus
giving analogous rates of normal convergence when Poisson input is replaced by binomial
input. Recall that the paper [22] (see Theorem 5.1 there) uses Stein’s method and differ-
ence operators to establish rates of normal convergence in the Kolmogorov distance for
general functionals of binomial point processes. Though [22] deduces rates of normal con-
vergence for some statistics of binomial input in geometric probability, it too stops short
of systematically developing the connection between stabilization, Stein’s method, and
difference operators. Our second goal is to explicitly and fully develop this connection.
As a by-product, we show that the ostensibly unmanageable bounds in the Kolmogorov
distance may be re-cast into bounds which collapse into a single term 1/4/Var H/. In
other words, when &, has a a radius of stabilization (with respect to binomial input X,)

which decays exponentially fast, then subject to a moment condition on &,, Corollary

2.2 shows N
H —EH' C’

d| 22— N)< —— n>0. 1.6

K(W )—m ne (1.6)

The main finding of this paper, culminating much research related to stabilizing
score functionals and captured by the rate results (1.5) and (1.6), is this: Statistics
(1.1) and (1.2) enjoy presumably optimal rates of normal convergence once the scores
and &, satisfy exponential stabilization and a moment condition. In problems of interest,
the verification of these conditions is sometimes a straightforward exercise, as seen in
Section 5, the applications section. On the other hand, for statistics involving convex
hulls of random point samples, the verification of these conditions involves a judicious

choice of the underlying metric space, one which allows us to express complicated spatial



dependencies in relatively simply fashion. This is all illustrated in Section 5, where it
is shown for both the intrinsic volumes of the convex hull and for the count of its
lower dimensional faces, that the convergence rates (1.5) and (1.6) are either the first of
their kind or that they significantly improve upon existing rates of convergence in the
literature, for both Poisson and binomial input in all dimensions d > 2.

Our third and final goal is to broaden the scope of existing central limit theory in
such a way that:

(i) The presumably optimal rates (1.5) and (1.6) are applicable both in the context
of volume order and of surface area order scaling of the variance of the functional. By
this we mean that the variance of H, (resp. H!) is of order s (resp. n) or s'~%/? (resp.
n'~1/4) after renormalising so that the score of an arbitrary point is of constant order.
The notions volume order scaling and surface area order scaling come from a different
(but for many problems equivalent) formulation where the intensity of the underlying
point process is kept fixed and a set carrying the input is dilated instead. In this set-up
the variance may be asymptotically proportional to the volume or surface area of the
carrying set. Surface order scaling of the variance typically arises when the scores are
non-vanishing only for points close to a (d — 1)-dimensional subset of R%. As shown in
Theorem 5.4, this generality yields improved rates of normal convergence for statistics
arising in Voronoi set approximation. It also brings improved rates of normal convergence
for the number of maximal points in a random sample.

(ii) The methods are sufficiently general so that they bring within their purview score
functions of data on spaces (X, d), with d an arbitrary semi-metric. We illustrate the
power of our general approach by establishing a self-contained, relatively short proof
of the asymptotic normality of statistics of convex hulls of random point samples in a
smooth compact convex set as discussed earlier in this introduction. Our methods also
deliver rates of convergence for statistics of k-nearest neighbors graphs and clique counts
on both Poisson and binomial input on general metric spaces (X, d), as seen in Theorems
5.1 and 5.15.

We anticipate that the generality of the methods here will find further non-trivial
applications in the central limit theory for functionals in stochastic geometry.

This paper is organized as follows. In Section 2 we give abstract bounds for the
normal approximation of stabilizing functionals with respect to Poisson or binomial
input, which are our main findings. These are proven in Section 4, which we prepare by
recalling and rewriting some existing Malliavin-Stein bounds in Section 3. In Section 5
we demonstrate the power of our general bounds by applying them to several problems

from stochastic geometry.



2 Main results

In this section we present our main results in detail. We first spell out assumptions on
the measurable space (X, F), the o-finite measure Q and the measurable semi-metric
d: X xX — [0,00). By B(z,r) we denote the ball of radius » > 0 around z € X| i.e.
B(z,r) = {y € X : d(z,y) < r}. In the standard set-up for stabilizing functionals, X
is a subset of R? and Q has a bounded density with respect to the Lebesgue measure
(see, for example, [26, 31, 50]). To handle more general X and Q, including Q having
an unbounded density, we replace this standard assumption by the following growth

condition on the Q- surface area of spheres: There are constants 7, £ > 0 such that

lim sup Q(B(xz,r+¢)\ B(x,r))

<k’ r>0,zeX (2.1)
e—0 9

Two examples for measure spaces (X, F,Q) and semi-metrics d satisfying the as-

sumption (2.1) are the following:

e Example 1. Let X be a full-dimensional subset of R? equipped with the induced
Borel-o-field F and the usual Euclidean distance d, assume that Q is a measure on
X with a density g with respect to the Lebesgue measure, and put v := d. Then
condition (2.1) reduces to the standard assumption that ¢ is bounded. Indeed, if
9llco = Supgex |9(z)| < oo, then (2.1) is obviously satisfied with & := ||g||cokd;
where kg := 7%2/T(d/2 + 1) is the volume of the d-dimensional unit ball in RY.
On the other hand, if (2.1) holds, then Q(B(x,r)) < kr¢ as seen by Lemma 4.1(a)
below. This gives an upper bound of x/k, for g since, by Lebesgue’s differentiation

theorem, Lebesgue almost all points = in R¢ are Lebesgue points, that is to say

r—0

gla) = limGear®) [ o )y = Bar) QB ) < i

In case of an unbounded density (2.1) could be satisfied with some vy < d.

e Example 2. Let X C R? be a smooth m-dimensional subset of R?, m < d, equipped
with a semi-metric d, and a measure QQ on X with a bounded density g with respect
to the uniform surface measure Vol,, on X. We assume that the Vol,,_; measure
of the sphere J(B(z,r)) is bounded by the surface area of the Euclidean sphere
S™=1(0,r) of the same radius, that is to say

Vol,,_1(0B(z,7)) < me,r™ ', € X, r>0. (2.2)

When X is an m-dimensional affine space and d is the usual Euclidean metric

on RY, (2.2) holds with equality, naturally. However (2.2) holds in more general



situations. For example, by Bishop’s comparison theorem (Theorem 1.2 of [40],
along with (1.15) there), (2.2) holds for Riemannian manifolds X with non-negative
Ricci curvature, with d the geodesic distance. Given the bound (2.2), one obtains
(2.1) with £ = ||g]|cc’m and v = m. This example includes the case X = S™, the

unit sphere in R™*! equipped with the geodesic distance.

In order to deal with marked point processes, let X = X x M, put F to be the
product o-field of F and Fy, and let @ be the product measure of Q and Q. When
(M, Fu, Qu) is a singleton endowed with a Dirac point mass, X reduces to X and the
‘hat’ superscript can be removed in all occurrences.

Let N be the set of o-finite counting measures on X, which can be interpreted as
point configurations in X. Thus, we treat the elements from N as sets in our notation.
The set N is equipped with the smallest o-field A/ such that the maps my : N —
NU{0, 00}, M ~— M(A) are measurable for all A € F. A point process is now a random
element in N. In this paper we consider two different classes of point processes, namely
Poisson and binomial point processes. For s > 1, update the notation P, to represent a
Poisson point process with intensity measure s@. This means that the numbers of points
of P, in disjoint sets Ay,..., A, € F , m € N, are independent and that the number of
points of Py in a set A € F follows a Poisson distribution with mean s@(A). In case Q
is a probability measure, we denote similarly by X, a binomial point process of n € N
points that are independently distributed according to @ Whenever we state a result
involving the binomial point process X,,, we implicitly assume that @, and hence @, are
probability measures.

As mentioned in the first section, we seek central limit theorems for Hy and H),
defined at (1.1) and (1.2), respectively. We assume that the scores (£)s>1 are measurable
functions from X x N to R. To derive central limit theorems for H, and H, we impose
several conditions on the scores. For s > 1 a measurable map Ry : X x N — R is called
a radius of stabilization for &, if for all & := (z,m,) € X, M € N and finite A C X with
|.Z| < 7 we have

&(2, (MU {2} UA) N B(z, Ry(&, MU {2}))) = &2, M U {E} U A), (2.3)

where E(y,r) = B(y,r) x M for y € X and r > 0.

For a given point x € X we denote by M, the corresponding random mark, which
is distributed according to Qy and is independent of everything else. Say that (&;)s>1
(resp. (§n)nen) are exponentially stabilizing if there are radii of stabilization (Rj)s>1 (resp.
(Ry)nen) and constants Ciap, Cstans Qstap € (0, 00) such that, for z € X, r > 0 and s > 1,

P(Rs((x, M), Ps U{(x,M,)}) > 1) < Csap exp(—csmb(sl/wr)amb), (2.4)



resp. forz € X, r >0 and n > 9,
]P)(Rn((x7 MCC)? Xn—8 U {(.CE, Maz)}) 2 T) S C’stab exp<_cstab(n1/’yr)a3tab)a (25)

where 7 is the constant from (2.1).

For a finite set A C X we denote by (A, M) the random set obtained by equipping
each point of A with a random mark distributed according to Qy; and independent of
everything else. Given p € [0, 00), say that (&s)s>1 or (&,)nen satisfy a (4 4+ p)-moment
condition if there is a constant C,, € (0, 00) such that for all A C X with |A| <7,

sup sup B [&((2, My), Py U {(z, Mz)} U (A, Ma))|"" < C, (2.6)
s€[1,00) z€X
or
sup supE |&,((w, M,), X, s U {(x, M)} U (A, M))[*P < O, (2.7)

neN,n>9 zeX
Let K be a measurable subset of X. By d(z, K) := infycx d(z,y) we denote the
distance between a point z € X and K. Moreover, we use the abbreviation d(-,-) :=
s'/7d(-,-), s > 1. We introduce another notion relevant for functionals whose variances
exhibit surface area order scaling. Say that (&)s>1, resp. (§n)nen, decay exponentially
fast with the distance to K if there are constants C, cx, ax € (0,00) such that for all
A C X with |A| <7 we have

P(&((x, M), Ps U{(z, M)} U (A, My)) #0) < Ck exp(—ck dg(z, K)F) (2.8)
for x € X and s > 1 resp.
P& ((x, My), X s U{(z, M)} U (A, My)) #0) < Cxexp(—ck dp(x, K)*%)  (2.9)

for x € X and n > 9. For functionals whose variances have volume order we will make
the choice K = X, in which case (2.8) and (2.9) are obviously satisfied with Cx = 1.
Later we will have that X is R? or a compact convex subset of R? such as the unit cube
and that K is a (d — 1)-dimensional subset of R?. This situation arises, for example,
in statistics of random convex polytopes and Voronoi set approximation. Moreover,
problems with surface order scaling of the variance are typically of this form.

The following general theorem gives rates of normal convergence for H; and H)
in terms of the Kolmogorov distance defined at (1.3). This theorem is a consequence
of general theorems from [23] and [22] giving Malliavin-Stein bounds for functionals
of Poisson and binomial point processes (see Theorems 3.1 and 3.2 below). Let a :=
min{ agqp, x b and

I = S/Xexp ( — mln{Csta;(jC.Kjfjs(iC, K) ) Q(dx), s=>1. (2.10)

Throughout this paper N always denotes a standard Gaussian random variable. The

proofs of the following results are postponed to Section 4.
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Theorem 2.1. (a) Assume that the score functions (§5)s>1 are exponentially stabiliz-
ing (2.4), satisfy the moment condition (2.6) for some p € (0,1], decay exponen-
tially fast with the distance to a measurable set K C X, as at (2.8). Then there is
a constant C' € (0,00) only depending on the constants in (2.1), (2.4), (2.6) and
(2.8) such that

H,—EH Iy I )
de [ 22— N ) < ¢ LE Ko Ko T Ke ) g>1.0 (2.11)
/Var H, Var H,  (Var H,)3/2 = (Var H,)?

(b) Assume that the score functions (§,)nen are exponentially stabilizing (2.5), satisfy
the moment condition (2.7) for some p € (0,1], decay exponentially fast with the
distance to a measurable set K C X, as at (2.9). Let (Ixn)nen be as in (2.10).
Then there is a constant C € (0,00) only depending on the constants in (2.1),
(2.5), (2.7) and (2.9) such that

(i =EH N af( Ve Ik e+ I
" /Var H! Var H!,  (Var H,)3/? = (Var H!)?

Assuming growth bounds on I s/ Var Hg and Ik ,,/ Var H},, the rates (2.11) and (2.12)
nicely simplify into presumably optimal rates, ready for off-the-shelf use in applications.
Notice that if K = X, then (2.8) and (2.9) hold with cx = 0. Thus, we have

), n>9. (2.12)

Ixs =s5Q(X), s>1, and Ix,=nQX), neN. (2.13)

Corollary 2.2. Let the conditions of Theorem 2.1 prevail. Assume further that there
is a C € (0,00) such that sup, Ix s/ Var H; < C. Then there is a C" € (0,00) only
depending on C and the constants in (2.1), (2.4), (2.6) and (2.8) such that

H.—-EH C
de| =—— N | < ——— > 1. 2.14
K(m’ )—WTHS’ o= (2.14)

If there is a C € (0,00) such that sup,>, Ik .,/ Var H), < C, then there is a C" € (0,00)
only depending on C' and the constants in (2.1), (2.5), (2.7) and (2.9) such that

H —EH %
dy (u N) <Y s (2.15)

/Var H ' VarH T

This corollary is applied in the context of the convex hull of a random sample of points
in a smooth convex set in Section 5.4. In this case, the variance is of order ST (n% in

the binomial setting), and we obtain rates of normal convergence of order (Var H,)™1/2 =
Q(s~@=D/CEHD)) (vesp. (Var H.)~Y2 = Q(n~(4=D/C@+D)) " which improves upon rates

obtained via other methods.



In the setting X C R?, our results admit further simplification, which goes as follows.
For K C X C R%and r € (0,00), let K, := {y € RY: d(y, K) < r} denote the r-parallel
set of K. Recall that the (d — 1)-dimensional upper Minkowski content of K is given by

— lg( K
M 1(K) := lim sup Vod—(r).

r—0 2r

(2.16)

If K is a closed (d — 1)-rectifiable set in R? (i.e., the Lipschitz image of a bounded set
in R471)) then md_l(K ) exists and coincides with a scalar multiple of H? (K, the
(d — 1)-dimensional Hausdorff measure of K. Given an unbounded set I C (0, 00) and
two families of real numbers (a;)ier, (b;)ier, we use the Landau notation a; = O(b;) to
indicate that limsup;cr; o [as|/|bi] < oo. If by = O(a;) we write a; = Q(b;), whereas if
a; = O(b;) and b; = O(a;) we write a; = O(b;).

Theorem 2.3. Let X C R? be full-dimensional, let Q have a bounded density with respect
to Lebesgue measure and let the conditions of Theorem 2.1 prevail with v = d.

(a) Let K be a full-dimensional compact subset of X with M‘H(aK) < o00. If Var Hy =
Q(s), resp. Var H), = Q(n), then there is a constant ¢ € (0,00) such that

d (—HS_EHS N><—C > 1 d (—HQ_EH;‘ N)<—C >9
, < —, s>1, resp. , < , n>0.
M\ VVar i, NG b oK \/Var H/, NLD
(2.17)

(b) Let K be a (d—1)-dimensional compact subset of X with Md_l(K) < oo. If Var Hy =
Q(s9=1/4) resp. Var H! = Q(n'@=V/4) then there is a constant ¢ € (0,00) such that

dp (e BHs ) o ¢ >1 d(Hn =B ) ¢ >9
s S s S~ 1, TeEsp. s s n -~ J.
N\ VWVar I, o b R\ NVar i

N

(2.18)

Remarks. (i) Comparing (2.17) with existing results. The results at (2.17) are applicable
in the setting of volume order scaling of the variances, i.e., when the variances of H
and H] exhibit scaling proportional to s and n. The rate for Poisson input in (2.17)
significantly improves upon the rate given by Theorem 2.1 of [31] (see also Lemma 4.4
of [26]), Corollary 3.1 of [5], and Theorem 2.3 in [28], which all contain extraneous
logarithmic factors and which rely on dependency graph methods. The rate in (2.17)
for binomial input is new, as up to now there are no explicit general rates of normal

convergence for sums of stabilizing score functions &, of binomial input.

(ii) Comparing (2.18) with existing results. The rates at (2.18) are relevant for statistics
with surface area rescaling of the variances, i.e., when the variance of Hy (resp. H))
exhibits scaling proportional to s'~/¢ (resp. n!7'/4). These rates both improve and

extend upon the rates given in the main result (Theorem 1.3) in [50]. First, in the case

10



of Poisson input, the rates remove the logarithmic factors present in Theorem 1.3 of [50].
Second, we obtain rates of normal convergence for binomial input, whereas [50] does not

treat this situation.

(ili) Eztensions to random measures. Up to a constant factor, the rates of normal con-
vergence in Theorem 2.1, Corollary 2.2, and Theorem 2.3 hold for the non-linear statis-
tics Ho(f) = D ep, f(0)&s(x,Ps) and H),(f) = > cx, [(2)én(, &y), obtained by inte-
grating the random measures ) _p &s(7,Ps)d, and Y o &u(z, A,)d, with a bounded
measurable test function f on X. For example, if K = X, Var(H(f)) = Q(s), and
Var(H! (f)) = Q(n), then there is a constant ¢ € (0, 00) such that

K(-Hs(f) —EH(f)
Var H,(f)

C
N| < — >1 2.1
V)= sz (2.19)

and

H,(f) —EH,(f) c
dK( =) ,N) < 7" > 0. (2.20)

The rate (2.19) improves upon the main result (Theorem 2.1) of [31] whereas the rate
(2.20) is new.

(iv) Extensions to the Wasserstein distance. All quantitative bounds presented in this
section also hold for the Wasserstein distance (see also the discussion at the end of Section
3). The Wasserstein distance between random variables Y and Z with E|Y|,E|Z| < oo
is given by

dw(Y,Z):= sup |Er(Y)—-Eh(Z)|, (2.21)

heLip(1)
where Lip(1) stands for the set of all functions h : R — R whose Lipschitz constant is
at most one. Since we believe that the Kolmogorov distance dg is more prominent than

the Wasserstein distance, the applications in Section 5 are formulated only for dg.

(v) Subsets without influence. Assume that there is a measurable set X C X such that

the scores satisfy
E(a, M) =1, c0&(2, MNX), MeN,zeM,s>1,

where M N X stands for the restriction of the point configuration M to X. In other
words, the sum of scores )\, &s(x, M) only depends on the points of M which belong
to X. In this case our previous results are still valid if the assumptions (2.1)-(2.9) hold
for all z € X.

(vi) Null sets. In our assumptions (2.1)-(2.9) we require, for simplicity, that some in-
equalities are satisfied for all x € X. In case that these only hold for Q-a.e. z € X, our

results are still true. This also applies to comment (v).
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3 Malliavin-Stein bounds
For any measurable f: N — R and M € N we define
D f(M) = f(IMU{&}) - f(M), @€X,
and
D3, 1, f(M) = f(MU {i1,82}) = fMU{#1}) = (MU {@2}) + f(M), 1,82 €X.

Our key tool for the proof of the bound (2.11) is the following marked version of a result
from [23] (see Proposition 1.4 and Theorem 6.1 in [23]) for square integrable Poisson

functionals.

Theorem 3.1. Let s > 0 and let f : N — R be measurable with E f(Ps)* < co. Assume

there are constants c¢,p € (0,00) such that
E D) f(Ps U{(A, MAOM|*P <e¢, Q-ae ze€X,ACX|A <1 (3.1)

Let F := f(Ps). Then there is a constant C' := C(c,p) € (0,00) such that

F_-EF
di | ———=,N | < C(S; + Sy + S3), 3.2
K(m)<123) (3:2)

with
Ly i=s [ BD@u f(P.) £ 0)55 Q(do)
X

1/)3(‘7;17'%2) ::P<D(2$1,le)7(-’172,M12)f(738> ?é O>m7

Sl :VaiF\/ o 77ZJ‘9(:L‘1V772)2 QQ(d(‘ThIQ))v

Sy 1= VarF\// /% T1,T2) dﬂ?z)) Q(dwy),
5/4 3/2

S, = I's™ +2I'

VarF * (Var F)3/2 N (Var F')2

Proof. In case that there are no marks, this is Theorem 6.1 in [23]. The marked version
can be obtained in the following way: In Theorem 1.2 in [23] one can use the product
form of @ and Holder’s inequality to bring the marks under the expectations. Evaluating
this new bound along the lines of the proof of Theorem 6.1 in [23] yields (3.2). O

For the case of binomial input, we do not have the same ready-made bounds at our
disposal. We fill this lacuna with the following analogous bound, bringing [22] and [23]

into a satisfying alignment.
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Theorem 3.2. Letn > 3 and let f : N — R be measurable with E f(X,)* < co. Assume

that there are constants c¢,p € (0,00) such that
E |D(ac,Mx)f<Xn—l—\A\ U {(.A, MA)})’4+p <ec¢, Q-ae reX ACK, ’.A| <2 (3.3)

Let F := f(X,). Then there is a constant C := C(c,p) € (0,00) such that

F—-EF
de (=2 N) < (8 + 8, + 5, 3.4
K(\/m ) (1 2 3) ( )

with
L i [ PO (%) # 0557 Qlde),
X

vile )= sup P, wannf (Xnaopa U (A M) # 0)=,
cX:|AIL

s, :=V;F\/ | o) @),
S im \/ [ ([ e 0@m) atan,

D VRV VAR VRNV
VVar F (Var F) Var F

Before proving Theorem 3.2 we require two auxiliary results, the first of which in-

volves some additional notation. For a measurable f : N — R extend the notation
f(x1, ..., xy) = f{z1,...,24}) for z1,...,2, € X

For a fixed n > 1 let X := (X4,...,X,), where X1,..., X,, are independent random
elements in X distributed according to @ Let X', X be independent copies of X. We
write U “2" V if two variables U and V satisfy P(U = V) = 1. In the vocabulary of [22],
arandom vector Y := (Y;,...,Y,) is a recombination of {X, X/, X} if for each 1 < i < n,
either V; = X;)Y; 2 X/ or V; & )?Z For a vector = (x1,...,x,) € ?AQ’, and indices
I:={iy,...,i,} C[p] :={1,2,...,p}, define % := (z;,j ¢ I), the vector x with the

components indexed by I removed. For 7, j € [n], introduce the index derivatives

D;f(X) :

(X) = f(X7)
D7, f(X) -

f
FX) = f(XT) = f(X7) + f(X™) = D}, f(X).

We note that the derivatives D and D obey the relation D; f(X) = Dy, f(X?).

13



We introduce, for n-dimensional random vectors Y, Y’ and Z,

Ywz(f) =E [1{D§’2f(Y)7é0}D2f(Z>4]
E

._ 4
= [1{1332,0(1/)7&0, 2, f(vn20yD2f(Z) }
f) :==sup{yv.z(f); Y, Z recombinations of {X, X', X}

Theorem 5.1 of [22], simplified by [22, Remark 5.2] and [22, Proposition 5.3], gives the

following:

Theorem 3.3. Letn > 2, f: N — R measurable with E f(X,)? < oo, and F = f(X,).

Then there is a constant ¢y € (0,00), depending neither on n nor f, such that

» (% N) < co [VﬂF (VAB.() + VP BL() + VED, F(X)Y) (3.5)
8D Bl (0) - BRD0) ]+ !le(X)\3] |

where the supy runs over recombinations Y of {X, X', )~(}.

To control the fourth centered moment of F' := f(X,,), we use the following bound.

For a similar bound for Poisson functionals we refer to [23, Lemma 4.2].

Lemma 3.4. For a measurable f : N — R, n € N and F = f(X,) assume that
Var F' = 1. Then

E(F -EF)* < 9max { (32n/X \/E (Dt f(Xno1))* Q(dx))z, AnE (D1 f(X)* + 1}.

Proof. The Efron-Stein inequality implies that for measurable g : N — R and n € N
such that E g(X,)? < oo,

Var g(X,,) < 2nE (D1 g(X,))*.
Using Var F' = 1 and the Efron-Stein bound in this order gives
E(F —EF)* = Var ((f(X,) —EF)?) + 1 < 20E (Dy((f(X,) —EF)?)* + 1.

Combining the identity

Di(g(X,)%) = 9(X,)* — g(X,)? = (9(X,) + D1g(X,,))* — g(&,)?
= 29(X, )D1g(X,) + (D1g(X,))?

14



with Jensen’s inequality, we obtain
E(F -~ EF)' <20E [(2Df(X,)(f(X}) — EF) + (D1 f(%,))*)°] +1
< 4nE [4(Dy f(X,))X(f(X)) —EF) + (D f(X,))'] + 1.

Holder’s inequality and a combination of the triangle inequality and Jensen’s inequality

imply that
E (D1 /(X)) *(f(X}) ~E F)?
< [ VEGEUGY - D) Q) VE ) ~EF)
< [ VB (D1 (X)) Qo) 2B ~EF) -+ VEDFE))).

Combining the above estimates we arrive at

E(F~EF)' <320 | /B (Dpan (X)) Qo) (VE(F ~EFY + VE D))
+ 4nE(Dy f (X)) + 1,
which implies the asserted inequality. O
Given Lemma 3.4, we deduce Theorem 3.2 from Theorem 3.3 as follows.

Proof of Theorem 3.2. 1t suffices to show that each of the five terms in (3.5) is bounded
by a scalar multiple of S|, S5, or S;. We first show that the terms in (3.5) involving
B,(f) and B(f) are bounded resp. by scalar multiples of S and Sj. Let us estimate
first B,(f). By Q"1Y2%1.% we denote the joint probability measure of Y3, Y2, Z1, Z» and
by Q¥1¥2:21:22 the joint probability measure of Y;,Ys, Z;, Z, without marks. By Holder’s
inequality, the fact that @Y“YQ’Z“ZQ factorizes into QY1Y2%1:22 and a part controlling the

marks, the independence of Y7, Y5, and (3.3), we obtain that
Yz(f) =E [1{Di2f(y)¢o}(D2f(Z))4]

= [ E [1{D§1 ng(ylﬂ);éo}(Dézf(Zl’Q U {21}»4] @YI’YZ’ZI’Zz(d(@h Yo, 21, 22))
X4 :

< [ B(D} 1 F(V12) # 0% B (IDs (20 U L)) 7]
QAR (A(, G2, 21, 22))

< [ Bt ) £ OFF B (1D, (2 U {1, M) ] 5
QU2 (dA(yy, yo, 21, 22))

< it /X P(D2, a1, oty (Xa2) # 0)757 Q3(d(y, ).
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This implies that
4
Yy,z(f) < ¢t / W (Y1, y2) Q3 (d(y1, v2)),
XZ

which gives the desired bound

vn
Var F'

nB,(f) < 7 VaZF\/ | o) @) < Clen)s:

To estimate B (f), let Q1++23) be the joint probability measure of
(Yi,..., Y3, Y/ ... )Y 7y, ..., Z3)

and let Q("1-%) be the corresponding probability measure without marks. By similar

arguments as above, we obtain that
Wy z(f) =E L2, vyz002 vy (Daf(2))Y]

- /S@ E[Lipz ,,s0rasuimpo Lins, |, sornasuggyzo) (Daf (2057 U {21, 21)']

Q% (d(fh, ..., 2))
< /gg P(D2 , f(Y 23U {fs}) # O)S%pp(pg/ A,f(y'172,3 UL} £ 0)5
E[|D=, /(247U {21, 2:1)[*7)755 Q7 (d( G -, 24)
= / PDY, a1, f (X U { (95, My)}) # 0715
P(Diy.a1, i, M, />f(?fnf3 U {(y5, Myy)}) # 0)5+2

HD(@MZQ)f( s U {(21, My, (28, Moy 1)|*7] 75 QY7 (d(ys, . 23)

If Y, “2 Y/, this simplifies to

Voyr o (f) c4+p/ (/lp 2.2') dx)) Q(dz).

If Y7 and Y] are independent, the Cauchy-Schwarz inequality leads to

) et ( [ w;u,x')@?(d(x,x'))) <t [ ([ unteaaar >) Q(dz).

Thus, we obtain the desired bound

D) < cﬁpVZjF\/ [ ([ otemroun) e < cens;
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We now show that the remaining terms in (3.5) are bounded by a scalar multiple of
S5. For 1 <m <4 and Q-a.e. z € X, Hélder’s inequality and (3.3) lead to

4+p—m

E D i) f(Xn )™ < B[ Donin) (X)) 555 P(Dig sy f (Xn1) # 0) 457
SC4+1)P( xMI)f( n— 1)7&0)‘““’

where we have also used that 42’; = > - For 1 <m <4 and u € [1/2,1] we derive
from (3.6) that

(3.6)

u mu _up_ FI
| EIDer)) Qas) < o / B(Dio i /(o) # 075 Q(dr) < 8572,
X X
(3.7)
This implies immediately that, for 1 < m < 4,
m p m F,
BIDU (0P < % [P0 f(Xems) £ 00 Q) < 512,
X
This gives for m = 3 and m = 4 that the third and fifth terms in (3.5) are bounded by
nE[Df(X)F | vVEDF(X _ i, i /T ,
5 + < C(e,p)Ss.
(Var F) Var F (Var F)2 Var F

Lastly, we bound the fourth term in (3.5) by a scalar multiple of S}. Let Y be a

recombination of {X, X', X}. Noting that ¥ @

E[(f(X) = EF)(Duf(Y))’|
(f(X') —EF + D1 f(X)) (D1 f(Y))*|

IE

/ CEF||Dyean, FY)F] Qdy) +E [[Dyf(X)] D1 f (V)]
E((/() ~EF)T | B [(Daas f(Xr)']
(EI(#(X) ~EFY} +E[DCONT) [ B [(Diasy (X)) ] Qo) 47t 2

X

X, let us estimate

IN

[0

IN

Q(dz) + E (D f(X))*

IN

By (3.7) we have
/X E (Dot f(Xa1))*]
(3.7

From Lemma 3.4 and (3.7) it follows that

B2 <omas{ (20 [ D@y aa))

E (D1 f(Xn))*

1024c75 ()2 dces T, X
(Var F)2 7 (Var F)?

< 9max{
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All together, the fourth term in (3.5) satisfies the bound

nE|(f(X) —EF)(D.f(Y))’|
(Var F')?
. cﬁpr;LQ . (ﬂmax{zl.@cm,/r;?ﬁcmr;i +1}+ ?zxipr’,;ll ) cier I,
(Var F) Vv Var I’ Vv Var ' nivVar F/ (

< C(¢,p)S;. O

3

Var F)2

Remark. The bounds in Theorem 3.1 and Theorem 3.2 are still valid for the Wasser-
stein distance given in (2.21). This follows from the fact that the underlying bounds
in Theorem 6.1 in [23] and Theorem 3.3 (see also Remark 4.3 in [22]) are true for the

Wasserstein distance as well.

4 Proofs of Theorem 2.1 and Theorem 2.3

The bounds in Theorems 3.1 and 3.2 are admittedly unwieldy. However when F'is a
sum of stabilizing score functions, as in (1.1) and (1.2), then the terms on the right-hand
side of (3.2) and (3.4) conveniently collapse into the more manageable bounds (2.11)
and (2.12), respectively.

We first provide several lemmas giving moment and probability bounds for the first
and second order difference operators. Throughout we assume that the hypotheses of
Theorem 2.1 are in force. We can assume without loss of generality that Cyqp, = Cx =: C,

Cotap = Ci =: ¢ and gy = Qg =: QL.
Lemma 4.1.

(a) For any v € X and r > 0,
Q(B(z,1)) < k1. (4.1)

(b) For any v > 0 there is a constant C, € (0,00) such that
—(B8Y7q v d <@ —(BY "\ /9 4.9
exp(—=(8/7d(z,9))") Q(dy) < — exp(=(8/"r)"/2) (4.2)
X\B(z,r) B

forall>1, x €eX andr > 0.

Proof. We prove only (b) since (a) can be proven similarly. For any monotone sequence

(n)nen With 71 > r =: g and lim,,_, o 7, = 0o we have

oo

/X\B( )exp(_(ﬁl/v d(iE,y))”) Q(dy) < ZeXp(_(ﬁl/vrn_l)u) Q(B(x,rn) \ B(x,rn_l)).
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For sup,,cy |7 — rn—1] — 0 assumption (2.1) as well as compactness arguments and the

properties of the Riemann integral imply that

/ exp(— (87 d(z,))") Q(dy) < / exp(—(8Y7u)") kyu? ! du
X\B(z,r) r

= % exp(—w”) kyw" ™! dw.

B/

Now a straightforward computation completes the proof of (b). O

Throughout our proofs we only make use of (4.1) and (4.2) and not of (2.1) so that
one could replace the assumption (2.1) by (4.1) and (4.2).

Lemma 4.2. Let M € N and 3,791,792 € X. Then, for s > 1,

Dyhy(M) = &(5, MU{G}) + Y Dyés(a, M)

zeM

Dzl yzh (M) y1fs(92aMU{yz}) _I_Dyzfs(ylvMU{yl + Z Dyl yzfs(xaM)-

reM

Proof. In the following let h := hg and £ := &. By the definition of the difference

operator we have that

Dih(M)= 3 gl MU{Gh) - 3 &, M)

zeEMU{G} zEM

=, MULH + Y (E(@, MU} — &z, M)

zeM

= (@MU} + ) Dylx, M).

reEM

For the second-order difference operator this implies that

D3, 5, h(M)
= (0, MU, 02}) + Y Dy, MU{n}) — (5o, MU{Ga}) = Y Dy,é(x, M)
zeMU{g1} reEM
ylé(y2?M U {y2}) + Dyzg(be U {yl + Z y2€ z, MU {yl}) @2€($’ M))
zEM
Dy, §(G2, MU A{G2}) + Dy, (91, MU {71 }) Z Dy1 i
zeM
which completes the proof. O

If a point y € X is inserted into M € N at a distance exceeding the stabilization
radius at & € M, then the difference operator D; of the score at & vanishes, as seen by

the next lemma.
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Lemma 4.3. Let M € N, (z,m,) € M, A c X with \le\| <6, y,y1,y2 € X and

My, My, , My, € M. Then, for s > 1,

~

D(y,my)gs((m7mx)a MU A) =0 Zf Rs«m?mx):MU{(xa ma:)}) < d(ZE, y)
and

D? E((x,my), M) =0 if Ry((x,my), MU{(z,m;)}) < max{d(z,y1),d(z,y2)}.

(ylvmy1)7(y27my2)
Proof. Note that R := R, and & := &. Moreover, we use the abbreviations z := (z, m,),
g = (y,my), th = (y1,my,) and ¥z = (yY2,Mmy,). Recall that B\(z, r) stands for the
cylinder B(z,r) x M for z € X and r > 0. It follows from the definitions of the difference
operator and of the radius of stabilization that
Dyé(#, MU A) = &3, MU AU {3}) - £(& MU A)
= £(2, (MU AU{3}) N B(z, R(&, MU{2}))) (43)
— (&, (MU A) N Bla, R(&, MU{i}))).
If R(z, M) < d(x,y), we have
(MUA U{g}) N B(z, R(z, MU{#})) = (MU A )N B(z, R(&, MU{z}))

so that the terms on the right-hand side of (4.3) cancel out. For the second order

difference operator, we obtain that
D}, 3, €(& M) = £(&, (MU {g1. 52}) N B(x, R(@, MU{2}))
= &(@, (MU {i}) N B(x, Rz, MU{2}))
= &(2, (MU {5}) N B(x, R(z, MU{2}))
+&(&, M N Bz, R(&, MU{2}))).
Without loss of generality we can assume that d(x,y;) > d(z,y2). If R(Z, MU{Z}) <
max{d(z,y1),d(z,y2)} = d(x,y1), we see that

(MU {y1,52}) N B(, R(&, MU{2})) = (MU {y}) N B(z, R(&, MU{i}))

(4.4)

and

(MU {5}) 1 Bla, B(#, MU{i})) = MO B, R(#, MU{}),
whence the terms on the right-hand side of (4.4) cancel out. O

We recall that M, x € X always stands for a random mark distributed according to
Qwm and associated with the point x. Moreover, we tacitly assume that M, is independent
from everything else. For a finite set A C X, (A, My) is the shorthand notation for
{(z, M,) : x € A}. The next lemma shows that moments of difference operators of the
scores decay exponentially fast. In the following p € (0,1] and C, > 0 come from the

moment assumptions (2.6) and (2.7), respectively.
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Lemma 4.4.
(a) For any ¢ € (0,p) there are constants C.. é. € (0,00) such that
E | Dy, a1,)&s((2, M), P U {(, M)} U (A, Ma) )| < Ceexp(—2z dy(a,9)°)
foralls > 1, x,y € X and A C X with |A| < 6.
(b) For any e € (0,p) there are constants C., é. € (0,00) such that
E | Dy, nty)énl(, M), X U {(, M)} U (A, Ma) )|* < Ceexp(—¢- du(2,y)°)
foralln >9, z,y € X and A C X with |A| <6.
Proof. 1t follows from Holder’s inequality, (2.6), Lemma 4.3 and (2.4) in this order that
E | Dy, (2, M), Ps U (A, Ma U {(, M) }))|*+*
< E 1D, & ((0,M) PoUA MU (M) 1) 0}

[€s((@, My), P U (A, Ma U {(2, M) 1))

44e yaws
< 24—}—5 C[;Hp P(D(y,My)gs((l‘7 Mm)>Ps U {(1’, Maz)} U (.A, MA)) 7é O)M
dte

< 27 O P(Ry((, M), Py U {(2, M,)}) > d(z,y))

i c(p—¢)
< 2%t O O ex (— dy(z, a),
S P p A+ p (z,9)

which proves (a). Part (b) follows in the same way from (2.7), Lemma 4.3 and (2.5). O

Lemma 4.5. For any € € (0,p), there is a constant C. € (0,00) only depending on the
constants in (2.1), (2.4), and (2.6) such that

E | Dyt hs(Ps U{(A, M)} < Ce
foryeX, AC X with |A| <1 and s> 1.

Proof. Fix y € X. We start with the case A = (). It follows from Lemma 4.2 and Jensen’s
inequality that

E [ Dy.a1,)hs(Ps)|
4+¢

= E|6,((y. M,), P U{(y. M)}) + 3 Diyasy&sle, P)

zE€Ps

4+-¢
< 2B |6 ((y, M,), Py U{(y, )N + 227 E| D Dyl Py)

xEPs
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Here, the first summand is bounded by 2%7¢(C), + 1) by assumption (2.6). The second
summand is a sum of Z := ) 5 1{D(ya,)&s(7, Ps) # 0} terms distinet from zero. A

further application of Jensen’s inequality to the function z — x**¢ leads to

4+¢ 4+
Z D(y,My)gs(xa Ps) S Z4+6 Z Z_ID(y,My)§s<x7,Ps>
z€Ps zE€Ps
S Z4+€ Z Zﬁl’D(y,My)gs(x>Ps)|4+E
3367)5
<z Z |D(y,My)§s(xa,PS)|4+e'
(EEPS

By deciding whether points in different sums are identical or distinct, we obtain that

EZ* ) [Dyar&s(a, P = I + 151, + 2515 + 101, + I,

zE€Ps

where, for i € {1,...,5},

L=E Y UDyu&la;Ps) #0,j=1,...,i} [Dyyar&s(ar, P

By P!

S

~ we denote the set of i-tuples of distinct points of Ps. It follows from the

multivariate Mecke formula and Hoélder’s inequality that

1 :si/AEl{D@vMy)ss(xj,Psu{xl,...,xm £0.5=1,...i}
1Dyt s, Ps U {ay, .z, ) Qi(d(x, ., 2)

/ [ (Dym&s(@j, Ps U {(z1, My,), ..., (i, x)})7g0)41+m]

=1

J
(B Dy a1, Po U {1, May), - (0, Mo D) 360 QU (d(a, -, 1)),

Combining this with (2.6), Lemma 4.3 and (2.4) leads to

I; < 24+EC£J’E’Si/ Ci+r Hexp ( —<) dg(zj,y)* ) QZ( (1,...,2;))

4i +pi

ate e c(p—¢) i
— od+e ity ditpi _ a
=2""C, <SC + /Xexp< T ds(z,y) )Q(dx)) :

Now (4.2) with » = 0 yields that the integrals on the right-hand side are uniformly

bounded and thus the first asserted moment bound holds.
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Next we assume that A = {z} with z € X. Lemma 4.2 and a further application of

Jensen’s inequality show that

E |D(vay)hS(,Ps U {(Z, Mz)})‘4+5
=E|&((y, My), Ps U{(y, M), (2, M2)}) + Dyoa,)€s((2, M), Ps U{(z, M) })
- Z D(y7My)§s($,775 U {(z, Mz)})|4+€

z€Ps
< 3E[&, (5, M,). P U{(y. My). (2. Mo P

+ 33+EE ’D(y,My)gs((za MZ)> 7)8 U {('27 MZ)})’4+E
44-¢

> Diyatyés(@, P U{(z, M.)})

z€Ps

+ 33+6E

The last term on the right-hand side can be now bounded by exactly the same arguments
as above since these still hold true if one adds an additional point. As the other terms

are bounded by (2.6) and Lemma 4.4, this completes the proof. |

Lemma 4.6. For any € € (0,p), there is a constant C. € (0,00) only depending on the
constants in (2.1), (2.5) and (2.7) such that

E |Dyn,) i (Xn—1-1.4) U (A, M) < .
foryeX, ACX with |A] <2 andn > 9.

Proof. Let X, 4 = X114 U(A, M 4). It follows from Lemma 4.2 and Jensen’s inequality
that

E | Dy az,)hn (X )|
44-¢

fn((% My)7 XA U {(y> My>}> + Z D(y,My)fn<x7 Xn,A)

xeXn—l—\A\U(AvMA)

< AR |6 ((y, My), Xua U {(y, )N + 457 Y E | Dyanal(w, M), X[
z€A

=E

4+4-¢

+ 43+6E Z D(vay)fn(:L‘, Xn,A)

TEXn 1|4

On the right-hand side, the first summand is bounded by 43*¢(C), 4+ 1) by assumption
(2.7) (after conditioning on the points of X,_1_|4 \ X,_s) and the second summand is
bounded by 2 - 437C. by Lemma 4.4. A further application of Jensen’s inequality with
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7 = eranlf\A\ H{ Dy m,)én(w, Xna) # 0} leads to

4+e
Z D(y,My)gn(xa Xn,.A) S ZB+E Z |D(y,My)§n<x7 XTL,A) ’4+€
TEXn 1|4 TEX, 14|
<z Z | Diy,n,)6n (T, Xn,A)|4+E-
TEX, 1|4

By deciding whether points in different sums are identical or distinct, we obtain that

EZ* Y |Dyarba(@, Xy a)|* =L + 151 + 2515 + 101, + I,

TEX, 1|4

where, for i € {1,...,5},

I, =E Z L{Dy1,)6n (5, Xna) # 0,5 =1, i} Dyt nl@r, Xo )|

—1-|Al#
It follows from Holder’s inequality that

(n—1—|A]!

[4:
Co(n—1-1]A =)

/VA. E 1{D(y,My)£n(mj; ani,.A U {xl, .. ,Il}) # O,j = 1, .. ,Z}
XZ
‘D(y,My)fn(xb ani,.A U {xla s 7xi})‘4+€ @Z(d($1> s axz))

<nl / T PO en (@, Ma)), Xomi a U { (1, M), (2, Moy }) # 0)3550
ijl

4+e

(E |D(vay)§n((x17 Mfl)v Xn—z’,A U {(Ilv M331>7 ) (xi’ Mz )}>|4+p) e
Qi(d(ﬂfl, . ,ilj'l))

Combining this with (2.7), Lemma 4.3 and (2.5) leads to

41 + pi

pies pe c(p —¢) i
_ od+e va+p ditpi o «
=270, (nC’ + /Xexp ( T dn(x,y) ) @(dx)) :

I < 24“0312711/ Cir Hexp ( clp—¢) dn(zj,y)” ) Q'(d(wy, ..., 2))

Now (4.2) yields that the integrals on the right-hand side are uniformly bounded. O
Lemma 4.7.

(a) Forz,z € X and s > 1,

P(Dz,n,)Es((2, M), Ps U{z, M.}) # 0) < 2C exp(—cmax{ds(z, 2),ds(2, K)}*).
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(b) For x1,29,2 € X and s > 1,
P(DE, ) oy & (20 M), Py U {(2, M2)}) # 0)
< AC exp(—cmax{ds(z1, 2),ds(x2, 2), ds(2, K)}¥).
Proof. We prove part (b). By Lemma 4.3 the event
D?xl,Mml),(xz,Mw)gs((z, M), Ps U{(z,M;)}) # 0

is a subset of the event that the points x1, 5 belong to the ball centered at z with radius
Rs((z, M), PsU{(z, M,)}), i.e., Rs((z, M), PsU{(z, M,)}) > max{d(zy, 2),d(zq, 2)}. By
(2.4) this gives

P(Doy Moy (005 ((2 M), PeU{ (2, M) }) # 0) < Cexp(—cmax{d,(w1, 2), ds(w2,2)}7).
By (2.8) we also have
P(D%m,le),(xz,Mmg)fs((Z’ M.,),PsU{(z,M.)}) #0) < 4Cexp(—cds(z, K)%).
This gives the proof of part (b). Part (a) is proven in a similar way. O
Lemma 4.8.
(a) Forz,z € X andn > 9,

sup ]P)(D(x,Mz)gn((Za Mz)a anQf\A\ U {(Za Mz)} U (-Aa MA)) 7& O)
ACX,|AI<2

< 2C exp(—cmax{d,(z, 2),d,(z, K)}%).

(b) For xy,x9,2 € X and n > 9,

sup P(D(Qxl,le),(xz,Mw)gn«z» M), X34 U {(z, M.)} U (A, My)) # 0)
ACX,|AI<1

< 4C exp(—cmax{dn(xl, Z)7 dn(x% Z)u dn<z7 K>}a)

Proof. By Lemma 4.3 and (2.5) together with similar arguments as in the proof of Lemma

4.7, we obtain

P(De,y at,, ) wa M) (2 M), Xy a) U { (2, M2)} U (A, Ma)) # 0)
<P(R,((z, M), X, s U{(z, M,)}) > max{d,(z1, 2),ds(z2, 2)})
< Cexp(—cmax{ds(z1, 2), ds(ze, 2) }¥).

It follows from (2.9) that

IP(D(QILMM)7(3327M12)fn((z7 Mz)7 Xn—3—|./4| U {(Z, Mz)} U (A7 MA)) 7é 0)
S 40 exp(—C dS(ZJ K>a)7

which completes the proof of part (b). Part (a) is proven similarly. O
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Lemma 4.9.

(a) Let B € (0,00) be fizred. Then there is a constant Cz € (0,00) such that

8/P(D(le,le),(m,Mzg)hs(Ps) # 0)? Q(dwz) < Cgexp(—cf dy(x1, K)/477)
X
for all x; € X and s € [1,00).

(b) Let B € (0,00) be fized. Then there is a constant Cg € (0,00) such that

n [ s BDh e (Baso U (A M) # 0 Qldz)
X ACK,|A|<1

< Cgexp(—cf dg(z, K)/4%h)
for all x1 € X and n > 9.

Proof. By Lemma 4.2 we have

D(211,le)v(12,Mz2)hs(Ps> = Doy )6 (22, My, ), Py U { (22, Ma,)})
+ D($27Mzg)§5((‘r17 Mml); Ps U {(xh Mﬂ?l})
+ Z D%xl,le),(a:27Mz2)€s(Z7 Ps)

zEPs

so that the Slivnyak-Mecke formula leads to

P(D(Zml,le),(IQ,MIQ)hS(PS> #0)
< P<D(z1,Mx1)£S((x27 M22)>,PS U {(x27 Mrz)}) 7£ 0)
+ P(D(zz,Mzz)&((xla My,), Ps U {(21, My,)}) # 0)

s / PO, v mntnol (2 M), Py U {(2, M) }) # 0) Q(d).

N J/

g

::Txl,xg,s

Here, we use part (a) of Lemma 4.7 to bound each of the first two terms on the right-hand
side. We may bound the first term by

P(D 2y n1,)Es (2, My, ), PsU{ (72, My,)}) # 0) < 2C exp (—cmax{d,(z1, z2), ds(z2, K)}7).
Observing that dg(zq, K) < 2max{ds(xs, K),ds(z1,x2)} we obtain

P(D($1,Mxl)£8((x27 Mzz)v Ps U {(x27 M902>}) # O)
S 20 exXp <_Cmax{ds(x17 372)7 ds(xb K)? ds(an K)}a/2a) :
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We bound P(D(a, ar,,)8s((21, Mz, ), Ps U {(z1, My, )}) # 0) in the same way. It follows
from part (b) of Lemma 4.7 that

Tormas < 408/exp(—cmax{ds(xl,2),ds(w’27Z),ds(zyK)}“)@(dZ)-

X
Assume that dg(x1, K) > dg(xe, K) (the reasoning is similar if dg(zq, K) > ds(z1, K))
and let r = max{d(x, K),d(z,22)}/2. For any z € B(xy,r) the triangle inequality
leads to max{d(z, z3),d(z, K)} > r. This implies that

Toings < 405/ exp(—cmax{ds(z, z2),ds(z, K)}*) Q(dz)

B Ve
(21,7) e

+4Cs/ exp(—cdg(zq,2)*) Q(dz).
X\B(z1,r)

Recalling from (4.1) that Q(B(z1,7)) < k7, we have
403/ exp(—c(s77)) Q(dz) < 4Cskr” exp(—c(s'/ 1)) < Oy exp(—c(s/77)*/2)
B(z1,r)

with a constant C € (0, 00) only depending on C, ¢, v and a. On the other hand, (4.2)
yields

405/ exp(—cdg(z1,2)*) Q(dz) < Cq exp(—c(sl/vr)a/Q)
X\B(z1,r)

with a constant Cy € (0, 00) only depending on C, ¢, v and «. Hence, we obtain
Ty o < (C1 4 Co) exp(—cmax{d, (w1, K), (9, K), ds(z1, 29) }* /2T

and
IP’(D(%ELMH)7($2’M12)hs(7)s) #0) < Cyexp(—cmax{d,(zy, K),dy(x9, K),ds(21, 29) }*/2°1h)
with C5 := C} + Cs + 4C'. Consequently, we have

5 | BDR st e (P 0 Q)

< s / exp(—cBd, (x2, K)*/2°71) Q(dzs)

B(z1,d(z1,K)/2)
+ 053/ exp(—cf dg(z2, 1) /2°T) Q(das).
X\B(z1,d(z1,K)/2)
Using the same arguments as above, the right-hand side can be bounded by
Cpexp(—cf dy(K, )" /42T
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with a constant Cz € (0,00) only depending on 3, Cs, ¢, v and a. This completes the
proof of (a).

Similar arguments show for the binomial case that

SUp  P(DPy, a,, o,y P (X2 U (A, Mag)) #0)
ACX,|A[<1

S sup ]P(D(:pl,le)Sn((m% ng)a anQfl.Al U {(x% sz)} U (Aa MA)) 7é O)
ACX,|AI<1

+ sup P(D(M,ng)fn((xla Mwl)v Xn—2—|A| U {(xh Mxl)} U (-’47 MA)) A 0)

ACK,AI<1
i [ s PR g (5 M), Ao U (2 M)} U (A, M) 7 0) Q)
X ACX,|A|<1
Now similar computations as for the Poisson case conclude the proof of part (b). 0

For a, 7 > 0 put
Igs(a,7) = s/exp(—T ds(z, K)*) Q(dx), s>1.
X

Lemma 4.10. Let 5 € (0,00) be fizred. There is a constant éﬁ € (0,00) such that for
all s > 1 we have

2
S/ <S/ P(D(Z”“’le)v(%M@)hS(PS) #0)° Q(d$2)> Q(day) < Cplk o(a, /2%,
L (4.5)

[ PRt et is(P) # 0 Q2o 22) < ColicalaeB/4°) (46)
XZ
and

s /X B(Dioaiyhs(Ps) # 0)° Q(de) < Gl (v, cB/21). (47)

Proof. By Lemma 4.9 a) the integrals in (4.5) and (4.6) are bounded by

C’gs/ exp(—cBds(zy, K)*/22T) Q(dx,) = Cg[k,s(a,cﬁ/QQ"“)
X

and
s / exp(—cBd,(z1, K)* /47 Q(da1) = Cllp s(av, cB/4°H),
X

respectively. In order to derive the bound in (4.7), we compute P(D, a,)hs(Ps) # 0) as
follows. By Lemma 4.2 and the Slivnyack-Mecke formula we obtain that

P(Dans)hs(Ps) # 0)
< P(&((w, M), Py U{(w, My)}) #0) + E D 1{ Do arés(2, Ps) # 0}

2673‘5
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P, (( Ma), Py U {( Ma)}) £ 0)
w5 [ PO 62 M), P U {(I))) £ 0) Q)

By (2.8) and Lemma 4.7 a) we obtain that for all z € X and s > 1,
P(Dz a1,)hs(Ps) # 0) < Cexp(—cds(z, K)%)
+ 203/ exp(—cmax{ds(z, z),ds(z, K)}¥) Q(dz).
X

Letting r := d(x, K)/2, partitioning X into the union of X\ B(x,r) and B(z,r), and

following the discussion in the proof of Lemma 4.9, we obtain
QCs/XeXp(—cmax{ds(:c, 2),ds(z, K)}*) Q(dz) < C) exp(—cdg(x, K)*/2°T)
with a constant C; € (0,00). Consequently, for all x € X and s > 1 we have
P(D(z,n,)hs(Ps) # 0) < (C + C4) exp(—cds(a, K)* /20t

and

S/ P(Dy,p,)hs(Ps) # 0)” Q(dx) < (C + Cy) Ik s(a, e/2°HY),
X
which was to be shown. d

Lemma 4.11. Let 5 € (0,00) be fized. There is a constant Cz € (0,00) such that for

allm > 9 we have

2
n/ <n/ sup P(D(Qthﬁ)7(x2’M$2)hn(Xn_2_|A| U (A, My)) #0)? Q(dm)) Q(dzy)
X X

ACX,|AI<1

S CB[K,n(aa 05/22a+1)7

(4.8)
7’L2/ sup ]P)(D(Q:cl,le),(mg,Mzz)hn(‘Xn727|A| U (Av MA))) 7& 0)6 Qz(d(‘rla .1'2)
X2 ACK,|A|<1 (4.9)
< Oplgp(a, cB/42Hh)
and

n/ sup  P(Dasyhn(Xu—1-14) U (A, M) # 0)° Q(dz) < Colgn(a, cB/2°T).
X ACK,|Al<2
(4.10)
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Proof. The bounds in (4.8) and (4.9) follow immediately from Lemma 4.9 b) and the
definition of Ik (o, 7). By Lemma 4.2 we obtain that, for z € X,

sup  P(Dear,) hn(Xn1-14) U (A, My)) # 0)

ACX,|A|<2
< sup P(gn(('x? M$)7 Xn—1—|A| U {(:L‘, MJC)} U (A7 MA)) 7é 0)
ACK,|A|<2
+ sup E > L(Dmr,)én(z, Xpm1—ja U {2} U (A, My)) #0)
ACX,|A|<2

Z€EX, 1| 4|U(AMA)

S AC§;1|3|<2]P(€H((:E> Mx)a anlf|A| U {(1‘, Mx)} U (-’47 MA)) 7é 0)

+ sup > P(Danénl(z, M), Xy U{(2, Mo)} U (A, Ma)) #0)
ACK,|AI<2 £

T s on / P(Dotn(2: Ms), g ) U {(22 M)} U (A, M) # 0) Q(d2).
ACX||A|<2 X

Combining the bound from Lemma 4.8 a) with the computations from the proof of
Lemma 4.10 and (2.9), we see that there is a constant C; € (0,00) such that for all
z € X and s > 1 we have

sup  P(D(gns,)hn (Xn—1-14) U (A, My)) # 0) < Cyexp(—cdy(z, K)*/20th),
ACX,|A|<2

Now (4.10) follows from the definition of If ,(c, 7). O

Proof of Theorem 2.1. We start with the proof of the Poisson case (2.11). It follows
from Lemma 4.5 that the condition (3.1) with the exponent 4 + p/2 in Theorem 3.1 is

satisfied for all s > 1 with the constant C, /. In the following we use the abbreviation
I.s = I s(a, cp/(36 - 421h)).

Together with Lemma 4.10 (with 5 = p/36) it follows from Theorem 3.1 that there is a
constant C' € (0, 00) depending on C’p/36,0p/2 and p such that

dK(—HS =i N) < é( Vi N N Ii +[§(/’§)
VVar H, ' — \VarH, (VarH,)3? (VarH,)? )’
which completes the proof of the Poisson case.

For the binomial case (2.12) it follows from Lemma 4.6 that the condition (3.3) in
Theorem 3.2 is satisfied with the exponent 4 + p/2 for all n > 9 with the same constant
Cpj2 > 1. Using the abbreviation

I = Ixcn(a, cp/(18 - 42T1)),
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we obtain from Lemma 4.10 (with 8 = p/18) and Theorem 3.2 that there is a constant
Ce (0, 00) depending on C’p/lg, Cp/2 and p such that

H —EH' - /Ty o, I I [n3/2
dK(—" ”N)§C< = Kn g It ) )

V/Var H!, ' Var H!, = (Var H/,)3/2 (Var H,,)?

which completes the proof. O

Before giving the proof of Theorem 2.3 we require a lemma. We thank Steffen Winter
for providing the essential argument. For K C R?, recall that K, := {y € R?: d(y, K) <
r} and that M* ' (K) is defined at (2.16).

Lemma 4.12. If K is either a full-dimensional subset of R with Mdil(aK) < 00 or
a (d — 1)-dimensional compact subset of R with Mdil(K) < 00, then there ezists a

constant C' such that
HIYOK,) < C(A+ 7Y, r>0. (4.11)

Proof. By Corollary 3.6 in [34], the hypotheses yield 1o, C; € (0, 00) such that
HIHOK,) < Oy, r e (0,70).
By Lemma 4.2 in [34], for any 0 < a < b there is a constant Cy := Cs(a, b, K') such that
HILOK,) < Cy, 7 € (a,b).
Fixing a € (0,79) and b € (diam(K), co) it follows that
HTHOK,) < max(Cy,Cy), r € (0,b). (4.12)

By Kneser’s lemma for parallel sets (cf. [47]), we have for any ¢ € (1,00) and € > 0,
VOld(Ktb) — Vold(Kt(b,E)) < td_l VOld(Kb) — V01d<Kb_5)

te - €
Letting € | 0 gives for all t € (1,00) that (Volg)'_(Ky) < t41(Voly)'_(K3), where we use
that left-derivatives of the volume function r — Voly(K,), here denoted (Voly)'_, exist

everywhere.
The derivative of the function ¢ +— Voly(Ky) is the limit of
VOld(Ktb) — VOld(Kt(b,e))
te
as € tends to zero. Fix t € (1,00). As noted in Section 2 of [34], since tb € (diam(K), co),

it follows that the stated left-derivatives coincide with derivatives, and are respectively
equal to H Y (OKy) and HEY(OK,) (cf. Corollary 2.5 in [34]). Putting r = tb gives

Y

HIHOK,) < rT YT OK,), 1 e (b, 00). (4.13)
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Putting Cy := b~ H4"1(9K,) and combining (4.12) and (4.13) gives (4.11) with C :=
max(C’l, Cs, 03) U

Proof of Theorem 2.3. Note that we have the same situation as described in Example 1
in Section 2. In the following we evaluate [k s, which allows us to apply Corollary 2.2.
It suffices to show that if K is a full d-dimensional subset of X, then I, = O(s), while
Ix.s = O(s*71/4) for lower dimensional K. Indeed, put ¢ := min{cap, cx }p/(36 - 441),

so that
lico = [ expl(-ed. (o, K)*)gla) do
X

< ||g||oos/ exp(—csa/dd(x, K)*)dx + ||g||003/ exp(—csa/dd(x, K)%)dx
K X\K

= (|9l Vola(K)s + [1gllocs / / exp(— s/ ) 1O (dy) dr
0 oK,
< ||glloo Volg(K)s + CHgHoos/ exp(—csa/dra) (1+ Tdfl) dr
0
< llglloeVola(K)s + Cllgllocs' ™ / exp(—cu®) (1+ 5~ ') du,
0

where the second equality follows by the co-area formula and where the second inequal-
ity follows by Lemma 4.12. If K is a full d-dimensional subset of X, then the first

integral dominates and is O(s). Otherwise, Vol;(K') vanishes and the second integral is
O(S(d—l)/d). 0

5 Applications

By appropriately choosing the measure space (X, F,Q), the scores (&s)s>1 and (&, )nen,
and the set K C X, we may use the general results of Theorem 2.1, Corollary 2.2 and
Theorem 2.3 to deduce presumably optimal rates of normal convergence for statistics
in geometric probability. For example, in the setting X = R? we expect that all of
the statistics Hs; and H described in [7, 26, 29, 30, 31] consist of sums of scores &;
and &, satisfying the conditions of Theorem 2.3, showing that the statistics in these
papers enjoy rates of normal convergence (in the Kolmogorov distance) given by the
reciprocal of the standard deviation of H, and H/, respectively. Previously, the rates in
these papers either contained extraneous logarithmic factors, as in the case of Poisson
input, or the rates were sometimes non-existent, as in the case of binomial input. In the
following we do this in detail for some prominent statistics featuring in the stochastic

geometry literature, including the k-face and intrinsic volume functionals of convex hulls
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of random samples. In some instances the rates of convergence are subject to variance
lower bounds, a separate problem not addressed here.

We believe that one could use our approach to also deduce presumably optimal rates
of normal convergence for statistics of random sequential packing problems as in [42], set
approximation via Delaunay triangulations as in [19], generalized spacings as in [8], and
general proximity graphs as in [16]. We mention here additional potential applications
of our general results. The list is far from exhaustive and is meant to illustrate the wide
applicability of Theorem 2.1 and the relative simplicity of Corollary 2.2 and Theorem
2.3.

5.1 Nearest neighbor graphs and statistics of high-dimensional

data sets

a. Total edge length of nearest neighbor graphs. Let (X, F,Q) be equipped with a semi-
metric d such that (2.1) is satisfied for some v and k. We equip X with a fixed linear
order, which is possible by the well-ordering principle. Given X € N, k € N, and z € X,
let Vi(z,X) be the set of k nearest neighbors of z, i.e., the k closest points of = in
X\ {z}. In case that that these k points are not unique, we break the tie via the fixed
linear order on X. The (undirected) nearest neighbor graph NG1(X) is the graph with
vertex set X’ obtained by including an edge {z,y} if y € Vi(z, X) and/or x € Vi(y, X).
More generally, the (undirected) k-nearest neighbors graph NG (X)) is the graph with
vertex set X' obtained by including an edge {x,y} if y € Vi(z, X) and/or z € Vi (y, X).
For all ¢ € R define

N, X) = Y p (), (5.1)

YEVi(2,X)

where p9(z,y) := d(z,y)?/2 if x and y are mutual k-nearest neighbors, i.e., 7 € V;(y, X)
and y € Vi(z, X), and otherwise p'@(y,z) := d(x,y)?. The total edge length of the
undirected k-nearest neighbors graph on X with gth power weighted edges is

LY (X) =3 €9z, x).
xeX

As usual Py is a Poisson point process on X with intensity measure sQ and X, is a
binomial point process of n points in X distributed according to Q. We assume in the
following that (X, F, Q) satisfies (2.1) and

inf Q(B(x,7)) > cer?, 1€ [0,diam(X)], (5.2)

zeX

where v is the constant from (2.1) and ¢ > 0.
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Theorem 5.1. If¢ >0 andVar(L%)Gk (Py)) = Q(s'24/7), then there is o C := C(k)e (0, 00)
such that

L(Q) Ps _ ]EL(q) Ps A
e | 2P = N, (P g%, s> 1, (53)
Var L]\?Gk(]DS)
whereas if Var(Lg\?)Gk(Xn)) = Q(n'=24/7), then
(q) (9) ~
L X, —EL X,
dr va, () NG, ),N < %’ n> 9. (5.4)
Var LY, (X,) "

Remarks. (i) Comparison with previous work. Research has focused on central limit
theorems for ng')ak (Ps),s — oo, and L%)Gk(z\f'n),n — 00, when X is a subset of R?
and where d is the usual Euclidean distance. This includes the seminal work [9], the
paper [1] and the more recent works [28, 29, 31]. When X is a sub-manifold of R?
equipped with the Euclidean metric on R, the paper [32] develops the limit theory for
Lg\?)Gk(PS),s — 00, and L%)Gk(Xn),n — 00. When X is a subset of R? the paper [23]
establishes the presumably optimal O(s~/?) rate of normal convergence for Lg\?)Gk (Ps).
However these papers neither provide the presumably optimal O(n~'/2) rate of normal
convergence for LS\C,’)Gk(Xn) in the di distance, nor do they consider input on arbitrary

metric spaces. Theorem 5.1 rectifies this and also allows Q to have an unbounded density.

(ii) Binomial input. The rate for binomial input (5.4) improves upon the rate of conver-

gence in the Wasserstein distance dy, given by

; LY, (X,) —ELY, (%) v o KAS2P el s
" (@) T\ e T -6/ ) :

as in Theorem 3.4 of [11] as well as the same rate in the Kolmogorov distance as in
Section 6.3 of [22]. Here 7, := E[n7¢@W (X, X,)|P and p > 8. For all € > 0 we have
P(nt/7¢@ (X, &,) > ¢) = (1—Ce/n)" and it follows that ﬁ;/p 1 00 as p — oo. Thus by
letting p — 0o, we do not recover the O(n~'/2) rate in (5.5), but only achieve the rate
O(n~'%(logn)™) with some 7 > 0.

(iii) Variance bounds. When X is a full-dimensional compact convex subset of R¢, then
v = d, Var(LY), (P)) = ©(s"247), and Var(Lye, (X)) = O(n'~29/), which follows
from Theorem 2.1 and Lemma 6.3 of [29] (these results treat the case ¢ = 1 but the
proofs easily extend to arbitrary ¢ € (0,00)). Thus we obtain the required variance
lower bounds of Theorem 5.1. If Var(ng)Gk (Ps)) = Q(s'724/7) does not hold, then the
convergence rate in (5.3) is replaced by (2.11) with I s set to s, with a similar statement
if Var(Lyg, (X)) = Q(n'=24/7) does not hold.
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(iv) Extension of Theorem 5.1. The directed k-nearest neighbors graph, denoted NG} (X),
is the directed graph with vertex set A obtained by including a directed edge from each
point to each of its k nearest neighbors. The total edge length of the directed k-nearest
neighbors graph on & with ¢th power-weighted edges is

NG, Z{ (x, X)

reX

where
f(q (z,X) Z d(z,y)?
yeVi(z,X)
The proof of Theorem 5.1 given below shows that the analogs of (5.3) and (5.4) hold for

LE\?)G;C (Ps) and LJ\?)Q (X,) as well.

Proof. In the following we prove (5.3). We deduce this from Corollary 2.2 with &(z, Ps)
set to s¥7¢@ (z,P,), with €@ as at (5.1) and with K set to X. Recalling the termi-
nology of Corollary 2.2, we have Hy := sq/VL%gk (Ps) = > uep, &s(x, Ps), with Var H, =
Var(s97 Y p €9 (z, Py)) = Qs), by assumption. Recall from (2.13) that I, = ©(s).
We claim that Rs(x, X U{z}) := 3d(z, zpny(z, X U{z})) is a radius of stabilization for
&s(x, X U{x}), where xpny (2, X U{x}) is the point of Vi (x, X U{z}) with the maximal
distance to x. Indeed, if a point y is a k-nearest neighbor of x, then all of its k-nearest
neighbors must belong to B(y,2d(z, zxnn(x, X U{z}))), since this ball contains with x
and its k — 1 nearest neighbors enough potential k-nearest neighbors for y.

We now show that Rs(x,Ps U {x}) satisfies exponential stabilization (2.4). Notice
that

P(Rs(z,Ps U{z}) > 1) =P(Ps(B(z,7/3) < k)), r>0.

The number of points from P, in B(x,r/3) follows a Poisson distribution with parameter
sQ(B(x,7/3)). By (5.2) this exceeds cs(r/3)7 if r € [0, 3 diam(X)]. By a Chernoff bound
for the Poisson distribution (e.g. Lemma 1.2 of [25]), there is another constant ¢ € (0, 00)
such that

P(Rs(x,Ps U{x}) > r) < kexp(—csr”), r € [0,3diam(X)].

This also holds for r > 3 diam(X), since P(Rs(x, Ps U{z}) > r) = 0 in this case. This
gives (2.4), with asiep = 7, Cstap = €, and Cgqp = k. We may modify this argument to
obtain exponential stabilization with respect to binomial input as at (2.5).

For all g € (0, 00), the scores (&5)s>1 also satisfy the (4 + p)-moment condition (2.6)
for all p € [0, c0) since

&z, PaU{z} UA) < ks d(x, v (z, Py U {z}))?
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for all A C X with |A| < 7, and the above computation shows that s%/7 d(z, zxyn (2, PsU
{z}))? has an exponentially decaying tail. The bound (5.3) follows by Corollary 2.2. The
proof of (5.4) is similar. This completes the proof of Theorem 5.1. |

b. Statistics of high-dimensional data sets. In the case that X is an m-dimensional C*
sub-manifold of R¢, with d the Euclidean distance in R?, the directed nearest neighbors
graph version of Theorem 5.1 (cf. Remark (iii) above) may be refined to give rates of
normal convergence for statistics of high-dimensional non-linear data sets. This goes as
follows. Recall that high-dimensional non-linear data sets are typically modeled as the
realization of X, := {X1,..., X,,}, with X;,1 < i < n, i.i.d. copies of a random variable
X having support on an unknown (non-linear) manifold X embedded in R?. Typically
the coordinate representation of X; is unknown, but the interpoint distances are known.
Given this information, the goal is to establish estimators of global characteristics of
X, including intrinsic dimension, as well as global properties of the distribution of X,
such as Rényi entropy. Recall that if the distribution of the random variable X has a
Radon-Nikodym derivative fxy with respect to the uniform measure on X, then given

p € (0,00), p # 1, the Rényi p-entropy of X is
Hy(fx)i= (1= ) o | fela) do
X

Let X be an m-dimensional subset of R?, m < d, equipped with the Euclidean metric
d on R%. Let Q be a measure on X with a bounded density fx with respect to the uniform
surface measure on X. We assume X satisfies condition (2.1) with v := m (recall that
Example 2 (Section 2) gives conditions guaranteeing (2.1)). Henceforth, assume X is
an m-dimensional C' submanifold-with-boundary (see Section 2.1 of [32] for details and

precise definitions). Assume fy is bounded away from zero and infinity, and
inf Q(B(x,r)) > ™, r € [0,diam(X)],

with some constant ¢ € (0,00). The latter condition is called the ‘locally conic’ condition
in [32] (cf. (2.3) in [32]).

Under the above conditions and given Poisson input Ps with intensity sfx, the main
results of [32] establish rates of normal convergence for estimators of intrinsic dimension,
estimators of Rényi entropy, and for Vietoris-Rips clique counts (see Section 2 of [32]
for precise statements). However these rates contain extraneous logarithmic factors and
[32] also stops short of establishing rates of normal convergence when Poisson input is
replaced by binomial input. In what follows we rectify this for estimators of Rényi en-
tropy. The methods potentially apply to yield rates of normal convergence for estimators

of Shannon entropy and intrinsic dimension, but this lies beyond the scope of this paper.
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When fx satisfies the assumptions stated above and is also continuous on X, then
na/ m_lLS\?)G,1 (X,) is a consistent estimator of a multiple of [, fx(z)'~%™ dz, as shown in
Theorem 2.2 of [32]. The following result establishes a rate of normal convergence for

LE\?G;C(X”) and, in particular, for the estimator nq/mflLS\?)G,l (X,).

Theorem 5.2. If k € N and q € (0,00), then there is a constant ¢ € (0,00) such that

(q) B ()
. LNG; (X,) ELNG;(X”) N < _c n>09. (5.6)
Var L%)G; (Xn) vn

A similar result holds if the binomial input X,, is replaced by Poisson input.

Remarks. (i) We have to exclude the case ¢ = 0 since Lg\?)G/l(Xn) = kn if n > k. For

the Poisson case a central limit theorem still holds, but becomes trivial since we have
Ly (Ps) = KIP| i [Py] > k + 1.

(ii) In the same vein as Remark (ii) following Theorem 5.1, Theorem 3.4 of [11] yields
a rate of normal convergence for LE\?)G,1 (X,) in the Wasserstein distance dy, given by the
right-hand side of (5.5). However, the bound (5.6) is superior and is moreover expressed
in the Kolmogorov distance dx.When the input &, is replaced by Poisson input Py, we

obtain the rate of normal convergence O(s~%/2), improving upon the rates of [31, 32].

Proof. Appealing to the method of proof in Theorem 2.3 of [32] and the variance lower
bounds of Theorem 6.1 of [29], we see that Var Lgf‘;)% (X,) = ©(n'~24/™) and Var Lg\?)% (Ps)
O(s'724/™). The proof follows now the proof of Theorem 5.1. 0

5.2 Maximal points

Consider the cone Co = (RT)¢ with apex at the origin of R Given X € N, z € X
is called maximal if (Co @ ) N X = z. In other words, a point z = (z1,...,24) € X
is maximal if there is no other point (z1,...,24) € X with z; > x; for all 1 < i < d.
The maximal layer mg,(X) is the collection of maximal points in X. Let Mg, (X) :=
card(mco(&X)). Maximal points are of broad interest in computational geometry and
economics; see the books [33], [12], and the survey [46].
Put
X:={ze€[0,00)*: F(z) <1}

where F : [0,00)% — RT is a strictly increasing function of each coordinate variable,
satisfies F'(0) < 1, is continuously differentiable, and has continuous partials F;, 1 < i <
d, bounded away from zero and infinity. Let QQ be a measure on X with Radon-Nikodym

derivative g with respect to Lebesgue measure on X, with g bounded away from zero
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and infinity. As usual, P, is the Poisson point process with intensity sQ and X, is a

binomial point process of n i.i.d. points distributed according to Q.
Theorem 5.3. We have

dK MCO<PS) _]E’MCO(PS>
Var Mo (Ps)

,N) <csztau, s> 1. (5.7)

Assuming Var Mco(X,) = Q(n4=V/9)  the binomial counterpart to (5.7) holds, with P,
replaced by X, .

Remarks. (i) Existing results. The rates of normal convergence given by Theorem 5.3 im-
prove upon those given in [5] for Poisson and binomial input for the bounded Wasserstein
distance and in [6] and [50] for Poisson input for the Kolmogorov distance. While these
findings are also proved via the Stein method, the local dependency methods employed
there all incorporate extraneous logarithmic factors. Likewise, when d = 2, the paper
[2] provides rates of normal convergence in the dj distance for binomial input, but aside
from the special case that F' is linear, the rates incorporate extraneous logarithmic fac-
tors. The precise approximation bounds of Theorem 5.3 remove the logarithmic factors
in [2, 5, 6, 50].

(ii) We have taken Co = (R*)? to simplify the presentation, but the results extend to

general cones which are subsets of (R*)? and which have apex at the origin.

Proof of Theorem 5.3. We only prove (5.7) for Poisson input, as the proof for binomial
input is similar. We deduce this theorem from Theorem 2.3(b) and consider score func-

tions

1 if (Copz)NX)NX =z,

0 otherwise.

C(z,X) = {

Notice that Mco(Ps) = > cp. C(,Ps).

Put K := {z € [0,00)¢: F(z) = 1}. The assumptions on F imply Mdil(K) < 0.
Taking a = d, we get Irc, = O(s{9"D/4) as shown in the proof of Theorem 2.3. Thus
we only need to show that the scores (s = ( satisfy the conditions of Theorem 2.3(b).
First, ¢ is bounded and so satisfies the (4 + p)-moment condition (2.6) for all p € [0, o).
As shown in [50] (see proof of Theorem 2.5 in Section 6), (s also satisfy exponential
stabilization (2.4) with a., = d with respect to Poisson input Ps. Also, we assert that
the scores decay exponentially fast with the distance to K with ax = d. To see this, let
r(z) := d(x, K) be the distance between x and K and note that (Co @ z) N X contains
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the set S(x) := B(z,r(x)) N (Co @ x). It follows that

P(((x,PsU{z}) #0) =P((Codz) NX)NPs = z) = exp (—s /(c - Xd@)
< exp(—sQ(S(2))) < exp(—cdy(z, K)7)

with some constant ¢ := ¢(Q) € (0,00), and thus (2.8) holds with ayx = d.

We now show Var Mg, (Ps) = O(s(4=1/4). The hypotheses on F imply that there are
N = O(s\¥ Y/} disjoint sets S; := (Co @ x;) N X,i = 1,..., N, with 2; € X, such that
Q; =0, 53’1/‘[] @ x; C S; Given z;, for 1 < 7 < d define d sub-cubes of );

x [0, gs_l/d) X (—s

d—j
3 ; 58_1/(1 S¥ X,

20 g 1/d 541
ii = 5 /d]
@ = (3 ’

as well as the central cube Q; := H?Zl[gs_l/d, 23‘55_1/61] @ z;. All cubes thus constructed

are disjoint. Say that 5;,1 < i < N, is admissible if there are points
Dij epstijv 1§] Sda

which are maximal and QZ\QZ contains no other points in P,. Given that .S; is admissible,
we assert that the maximality status of points in P, N Qf is unaffected by the (possibly
empty) configuration of P, inside Q;. Indeed, if z € P, N Q¢ N Q;, then z € {pi 19,
and so (Co @ z) N Q; = 0, showing the assertion in this case. On the other hand, if
€ PsN Qf N QS and if (Cod z)N Qi # 0, then Co @ 2 must contain at least one of the
cubes @);;, thus Co @ x contains at least one of the points {pij}?zl and hence ((z, Ps)
vanishes. Let I be the indices i € {1, ..., N} such that S; is admissible.

Let F, be the sigma algebra generated by I and P, N (X \ Uje;Q;), including the
maximal points {{pi;}}_, }ie;. Conditional on F;, note that {(x,P;) is deterministic for

z € Py N (X \ Uie;Q;). The conditional variance formula gives

Var Meo(Py) > E Var[ Y ((x,P,) + > ((x, P)| F]

T€PsNUie1Q: 2€PsN(X\UierQ:))

—EVar(}" Y @ P A

el z€Ps ﬂ@i

=E Y Var[ Y ((z,P)| F]

el ;I?E'PsﬂQi

where the last equality follows by independence of erpm@ ((x,Ps),i € I. The bounds
on g imply that there is a set of positive probability, so that on this set and condi-
tional on F, there are either one or two maximal points in Q;. In other words, on

this set the random variable ) _p (5 ((z,Ps) exhibits non-zero variability, showing

39



Var[Y, ep.no, C(x,Ps)| Fs] = ¢ > 0 uniformly in i € I. Since Ecard(I) > cs™D/? the
asserted variance lower bound follows. Theorem 2.3(b) gives (5.7).

The proof method in [50] is for Poisson input Py, but it may be easily extended to
show that the ((,)n,>1 are exponentially stabilizing with respect to binomial input and
that ((,)n>1 decay exponentially fast with the distance to K. Thus the conditions of
Theorem 2.3(b) are satisfied, and so (5.7) follows from (2.14), concluding the proof of
Theorem 5.3. |

5.3 Set approximation via Voronoi tessellations

Throughout this subsection let X := [—1/2,1/2]¢,d > 2, and let A C int(X) be a full-
dimensional subset of R%. Let Q be the uniform measure on X. For X € M and z € X
the Voronoi cell C'(z, X) is the set of all z € X such that the distance between z and z is
at most equal to the distance between z and any other point of X. The collection of all
C(z,X) with x € X is called the Voronoi tessellation of X. The Voronoi approximation
of A with respect to X is the union of all Voronoi cells C(z, X),x € X, with x € A, i.e.,

AX) = |J Cla,x).
reEXNA
In the following we let X be either the Poisson point process Ps, s > 1, with intensity
measure sQQ or a binomial point process X,, of n € N points distributed according to Q.

We are now interested in the behavior of the random approximations
Ag:=A(Ps), s>1, and A :=A(X,), neN,

of A. Note that A, is also called the Poisson-Voronoi approximation.

Typically A is an unknown set having unknown geometric characteristics such as
volume and surface area. Notice that A and A, are random polyhedral approximations
of A, with volumes closely approximating that of A as s and n become large. There
is a large literature devoted to quantifying this approximation and we refer to [22, 50]
for further discussion and references. One might also expect that H4 1(9A,) closely
approximates a scalar multiple of H4"1(9A), provided the latter quantity exists and is
finite. This has been shown in [50]. Using Theorem 2.3(b) we deduce rates of normal
convergence for the volume and surface area statistics of A; and A,, as well as Vol(A;AA)
and Vol(A4,AA). Here and elsewhere in this section we abbreviate Vol; by Vol. The
symmetric difference UAV of two sets U,V C R? is given by UAV = (U\V)U(V \U).

Theorem 5.4. Let A C (—1/2,1/2)% be such that A satisfies ﬂdil(ﬁA) < 00 and let
F € {Vol, Vol(-AA),H*"1(D)}. If DA contains a (d — 1)-dimensional C* submanifold
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then there is a constant ) such that

N

| /\
CI)
»
\
—_

—
ot
oo

~—

F(A
( \/VaT ’

and

IA
Qz

N

F(A)—EF(A)
n- n>9. (5.9)

\/VarF An) ’

Additionally we have

IA
Qz

s> 1, (5.10)

J<e-
(Vol — Vol(A >

,N
\/ Var Vol(A

i (Vol(A’n) —Vol(4) )

and

_1)

Cn~ 22, n>0. (5.11)

IN

Var Vol(A!)

Additionally, if F' = Vol and A is compact and convez, then all of the above inequalities

are in force.

Remarks. (i) The bound (5.10) provides a rate of convergence for the main result of [44]
(see Theorem 1.1 there), which establishes asymptotic normality for Vol(Ay), A convex.
The bound (5.10) also improves upon Corollary 2.1 of [50] which shows

1(As) —EVol(A 1
i Vol(A,) — E Vol( S>,N _0 <(logs)3d+1 S >> .
Var Vol(Aj)

Recall that the normal convergence of H%~!(9A;) is given in Remark (i) after Theorem 2.4
of [50] and the bound (5.8) for F' = H?~1(9-) provides a rate for this normal convergence.
(ii) The bound (5.11) improves upon the bound of Theorem 6.1 of [22], which contains
extra logarithmic factors, and, thus, addresses an open problem raised in Remark 6.9 of
[22].

(iii) We may likewise deduce identical rates of normal convergence for other geometric
statistics of Ay, including the total number of k-dimensional faces of A, k € {0,1,...,d—
1}, as well as the k-dimensional Hausdorff measure of the union of the k-dimensional
faces of A, (thus when k = d — 1, this gives H?!1(0A,)). Second order asymptotics,
including the requisite variance lower bounds for these statistics, are established in [48].

In the case of geometric statistics of A/, we expect similar variance lower bounds and

central limit theorems.

(iv) Lower bounds for Var F'(A) and Var F'(A))) are essential to showing (5.8)-(5.11).
We expect the order of these bounds to be unchanged if Q has a density bounded away
from zero and infinity. We thus expect Theorem 5.5 to remain valid in this context

because all other arguments in our proof hold for such Q.
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Proof. We first prove (5.8) for F' = Vol and F' = Vol(-AA). The proof method extends
easily to the case when Poisson input is replaced by binomial input and we sketch the
details as needed. To deduce (5.8) from Theorem 2.3(b), we need to (a) express sF(A;)
as a sum of stabilizing score functions and (b) define K C X and show that the scores
decay exponentially fast with respect to K.

(a) Definition of scores. As in [50], for X € N, z € X, and a fixed subset A of X, define

the scores
vz, X) = Vol(C(a, &) N AY) ?fxeA
+Vol(C(z, X)NA) if z € A°.

Define v=(x, X) := sv*(x, X). By the definition of v* at (5.12) we have

(5.12)

sVol(A) = > vy (x,Ps) +sVol(A)  and  sVOl(AAA,) = > vf(z, Py).
z€Ps z€Ps

The arguments of Section 5.1 of [27] show that the scores v have a radius of stabilization
R,(x,Ps U{x}) with respect to P, which satisfies (2.4) with v = d and agap = d. The
scores v also satisfy the (4 + p)-moment condition (2.7) for all p € [0, c0).

As remarked in [50] and as shown in Lemma 5.1 of [27], the scores v have a radius
of stabilization R, (x, X, _sU{x}) with respect to binomial input &,, which satisfies (2.5)
with v = d and ag = d.
(b) Definition of K. We set K to be JA. As noted in the proof of Theorem 2.1 of [50],
we assert that the scores v decay exponentially fast with their distance to dA, i.e. they
satisfy (2.9) and (2.8) when K is set to A and with ax = d. To see this for Poisson
input, note that

P(vs(z, Ps U{z}) # 0) < P(diam(C(x, Ps U {x})) > d(z, K)).

Since diam(C'(z, PsU{z})) < 2Rs(z, PsU{z}) and since Rs(z, PsU{z}) has exponentially
decaying tails, the assertion follows.

We deduce (5.8) from the bound (2.18) of Theorem 2.3(b) as follows. If either
DA contains a (d — 1)-dimensional C? submanifold or A is compact and convex then
s Var Vol(A4,) = O(s\¢1/?); see Theorem 1.2 of [44], Theorem 1.1 of [48] and The-
orem 2.2 of [50]. All conditions of Theorem 2.3 are satisfied and so (5.8) follows for
F = Vol. Replacing Vol(A;) with Vol(AAA;), the analog of (5.10) holds if A contains
a (d — 1)-dimensional C* submanifold. This assertion follows since the stated condi-
tions imply s% Var Vol(AAA,) = ©(s(4~1/4) as shown in Theorem 2.2 of [50]. See also
[48]. We may similarly deduce (5.9) from the bound (2.18) of Theorem 2.3(b). If either
OA contains a (d — 1)-dimensional C? submanifold or A is compact and convex then
n? Var Vol(A!) = ©(n4=1/4) as shown in Theorem 2.3 of [50]. Thus (5.9) follows for
F = Vol. Considering now F' = Vol(-AA), and appealing to the variance lower bounds of
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Theorem 2.3 of [50], we see that when A contains a (d— 1)-dimensional C* submanifold,
all conditions of Theorem 2.3(b) are satisfied in the context of binomial input, and so
the bound (5.9) follows for F' = Vol(-AA).

To deduce (5.10) from (5.8), we need to replace E Vol(A;) with Vol(A). As shown in
[21, Theorem 2], if the random input consists of n i.i.d. uniformly distributed random
variables then |E Vol(A!) — Vol(A)| < ¢" for some ¢ € (0,1). A similar statement holds
for Poisson input Ps: If |Ps| is the cardinality of P, then

|E Vol(As) — Vol(A)| = ZP(|PS| =n) |EVol(A)) — Vol(A)| < exp(s(c — 1)).
neN
Given either Poisson or binomial input, the variance and centered expectations thus have
a subpolynomial decay. This exponential bias allows one to replace E Vol(A;) by Vol(A)
in (5.8) and similarly for [E Vol(A). This gives (5.10) and (5.11).

We now show (5.8) for ' = H%1(9-) and that it also holds when Poisson input
is replaced by binomial input. Given X € N and a Borel subset A C R? define for
x € X N A the score a(z, X) to be the H4™! measure of the (d — 1)-dimensional faces of
C(z,X) belonging to the boundary of J, cyn4 C(w, X); if there are no such faces or if
x & XN A, then set a(z, X) to be zero.

Put a,(z, X) := s V/a(2, X). Recalling the notation (1.1), the surface area of
s'/? A, is then given by

STV OA,) = ha(Po) = > au(z, Py).
z€P;
We want to deduce (5.8) and (5.9) for FF = H*! from Theorem 2.3(b) with K set to
OA. Note that I, = O(sd-D/d),

As shown in the proof of Theorem 2.5 of [50], the scores a; are exponentially stabi-
lizing with respect to Poisson and binomial input. In other words they satisfy (2.4) and
(2.5) with v = d and agq, = d. They also satisfy the (4 + p)-moment conditions (2.6)
and (2.7) for all p € [0,00). As noted in the proof of Theorem 2.5 of [50], the scores o
decay exponentially fast with their distance to JA, i.e. they satisfy (2.8) and (2.9) when
K is set to 0A. We note that

Var H 1 (0A,) = O(s~ D/, (5.13)

as shown in Theorem 1.1 of [48]. The conditions of Corollary 2.2(b) are satisfied and
(5.8) for F' = H4! follows from (2.15).

Recalling the notation (1.2), we also have

nlVIHIN QAL ) = h(X) = D an(@, ).

CEEXTL
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We assert that Var H?1(9A") = ©(n~(¢=1/4), This may be proved by mimicking the
methods to prove (5.13) or, alternatively, with Z(n) denoting an independent Poisson
random variable with mean n, we could use Lemma 6.1 of [50] to show | Var h,, (Xz(,)) —
Var h,,(X,)| = o(n!@=Y/4). This gives (5.9) for FF = H™!, as desired. |

5.4 Statistics of convex hulls of random point samples

In the following let A be a compact convex subset of R with non-empty interior, C-
boundary and positive Gaussian curvature. By Q we denote the uniform measure on
A. Let Py, s > 1, be a Poisson point process with intensity measure sQ and let A,,
n € N, be a binomial point process of n independent points distributed according to
Q. From now on Conv(X) stands for the convex hull of a set X C RY The aim of
this subsection is to establish rates of normal convergence for statistics of the random
polytopes Conv(Ps) and Conv(X,). We denote the number of k-faces of a polytope P
by fi(P), k € {0,...,d — 1}, and its intrinsic volumes by V;(P), i € {1,...,d}.

Theorem 5.5. For any h € {fo,..., fa_1,Vh,...,Va}, there is a constant C} also
depending on A such that

h(Conv(Ps)) — E h(Conv(Ps)) S
( v/ Var h(Conv(P)) 7N) = G, ezt (5-14)
and
h(Conv(X,)) — Eh(Conv(X,)) i
e < v/ Var h(Conv(X,)) 7 ) G 0 =" (515)

Remarks. (i) Previous work. The asymptotic study of the statistics h(Conv(P;)) and
h(Conv(AX,)), h € {fo,.--, fa1,Vi,...,Vy}, has a long and rich history, starting with
the seminal work of Rényi and Sulanke [37, 38]. Reitzner’s breakthrough paper [35],
which relies on dependency graph methods and Voronoi cells, establishes rates of normal
convergence for Poisson input and h € {fy,..., fa—1, Va} of the order P ln(s)2+d%1
(Theorems 1 and 2). Still in the setting h € {fo, ..., fa_1, Va}, but with binomial input,
for d > 3, Theorem 1.3 of Vu’s paper [49] provides a rate of convergence n~!/(d+1)+o(1)
n (5.15), which contains extraneous powers of n. For d = 2, both Reitzner (Poisson)
and Vu (binomial) obtain the rate n~/6+°(1) which is still slower that (5.15). When
h € {fo, -, faie1,V1,-..,Va}, Theorem 7.1 of [10] gives a central limit theorem for
h(Conv(Ps)), with convergence rates involving extra logarithmic factors. We are unaware
of central limit theorem results for intrinsic volume functionals over binomial input.

(ii) Extensions. Lower bounds for Var h(Conv(&,,)) are essential to showing (5.14) and
(5.15). We expect the order of these bounds to be unchanged if Q has a density bounded

away from zero and infinity. Consequently we anticipate that Theorem 5.5 remains valid
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in this context because all other arguments in our proof below also work for such a

density.

In the following we may assume without loss of generality that 0 is in the interior
of A. The proof of Theorem 5.5 is divided into several lemmas and we prepare it by
recalling some geometric facts and introducing some notation.

For a boundary point z € A we denote by T, the tangent space parametrized by
R41 in such a way that z is the origin. The boundary of A in a neighborhood of z
may be identified with the graph of a function f, : 7, — R. It may be deduced from
[35, Section 5] that there are constants ¢ € (0,1), ¢ € (1,00) and 7 € (0,00) such that
uniformly for all z € A,

E||? < f.0) <B|v|?, veT.nBYH0,r). (5.16)

For v > 0 we define
A, ={ye A:d(y, A°) < u},

where A := R\ A. It follows from (5.16) that there is a ¢ > 0 such that all points
x € A_3, have a unique projection Ilg4(z) to OA. For 30 > 7 > r > r> 0 it also holds
that

OA_+ C (0A_, ® (T —7r)B%0,1)) and 0A_,C (0A_, @ (r —1)B%0,1)). (5.17)

We denote by d,,., the metric

dmax(xvy) = max{H;E - yH> \/’ d('r’ AC) - d(?J?AC)'}v T,y € Aa
and define for x € A_y, and r > 0
Bdmaz(.%ﬂ") = {y € A—Q : dmax(xay) < T}'

The following lemma ensures that the space (A, B(A),Q) and the metric d,,q, satisfy
condition (2.1) for z € A_,, with vy =d + 1.

Lemma 5.6. There is a constant k > 0 such that for all x € A_s, and r >0

lim sup Q(Bdmaz (.CE, r+ 8)) - Q(Bdmaz (f, T’))

£—00 g

< k(d+ 1)re.
Proof. We define for x € A_5, and r > 0

Um,r = Bdmw(l’ﬂ”) N {y € A*.Q : HiL‘ - y” = 7”}
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and
Viw i= Ba,,..(x,7)N{y € A_, : |d(x, A°) — d(y, A°)| = r*}.

It follows from (5.17) that
Q(Bdma,z ('CC? r + 8)) - Q(Bdmaz ('I7 T))

lim sup
e—00 €
B0,1 2 1BY0,1
< limsup 2Wrr @840, 1)) + QVe, & (21 + %) BY0, 1))
E—0Q €

< 2HTYU,,) + 4rHTH(V, ).

For r sufficiently small, we obtain sub- and supersets for A_(q(; ac)—r2) N B(x,r) and
A_(d(z,4¢)4r2) N Bi(z,r) by taking the inner parallel sets with respect to the paraboloids
given in (5.16). Consequently, U, , is contained in a strip whose Euclidean thickness is
of the order 2. This implies that H?1(U,,) < cxr? for all r > 0 with some constant
ca € (0,00) only depending on A.

Since V, is the union of the intersection of the boundaries of the convex sets
A_(d(z,40)++2) and A_(q(z, 4¢)—r2) With B%(z,7) we have that H* (V) < 2dkqr®!, which
completes the proof. 0

We let u, := (Ilga(z) — )/||Ilpa(z) — z|| be the unit normal at = € A_3, pointing in
the direction of the boundary. For z € A and r > 0 we define the hyperplanes

H, ={ye A: (llga(z) — x,y) = (llga(z) — z,x)}

and the parametrized family of sets

Conv((H, N BY(z,r/¢)) U{x + riu,}), r < y/d(z, A¢),
A\ Conv((A\ Bé(z,r/c)) U{x}), r > /d(z, A°).

The sets A,, have the following important properties. When r > /d(z, A°) we note

A:v,r =

that x is an extreme point of A, ,.
Lemma 5.7. a) There is a constant cg € (0,00) such that
Q(A,,) > cor'™, xe€ A, rel0,1].
b) There is a constant e, € (0,00) such that A, C Ba,,,. (%, Cmaar) for any r >0
and x € A_; with ¢ := min{1/(8¢?), o}.

Proof. We denote the epigraphs of v + c?||v||*> and v + ¢*||v||> by P, and P,. For

r < y/d(z, A¢) we have Q(A,,) = rg_1r1/(de™"). For z € A and r > /d(z, A°) let

z = Ilga(x). Since

Conv((A\ B(z,7/c)) U{z}) C Conv((A\ BY(z,1/c)) U{z}),
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it follows that A,, D A.,. Additionally
A., D P.\ Conv({z} U (P, \ B(z,7/c))).

A longer computation shows that the volume of the set on the right-hand side can be

4+1 which gives part a).

bounded below by a non-negative scalar multiple of r

To prove part b) it suffices to consider only the situation r € [0,1]. It follows
immediately from the definition of A, that A,, C B(z,r/c) for r € [0,1]. For z € A
with d(z, A) < 1/(82%), r < y/d(z, A°) and y € A,,, we obtain by a direct but longer
computation that

d(z, A9) > d(y, A°) > d(x, A°) — 4c%%.
On the other hand, for r > \/d(z, A¢) and y € A, ,, we have with z = IIy4(z) that

Ay A< sp d(z A < aup (. A%)
2€Conv(0ANBY(z,r/c)) 2€Conv(P,NB%(z,r/ct+d(x,Ac)))
< sup d(z, A°) <& (1/c+ 1)*r?

2€Conv(P,NBY(z,(1/c+1)r))

This implies that A,, C {y € B40,1) : /| d(z, A°) — d(y, A9)| < &(1/c + 2)r}, which
completes the proof of part b). O

For k € {0,...,d—1} and X € N let F;(Conv(X')) be the set of k-dimensional faces
of Conv(X). To cast fr(Conv(X)), k € {1,...,d— 1}, in the form of (1.1) and (1.2), we
define

1
gk(l’,X) ::k’——i-l E 1{:E€F}, T e X.
FeFi,(Conv(X))

Note that f(Conv(X)) = > .y &(z, X).

To cast the intrinsic volumes V;(Conv(X)), 7 € {1,...,d — 1}, in the form of (1.1)
and (1.2), we need some more notation. Given the convex set A and a linear subspace E,
denote by A|E the orthogonal projection of A onto E. For z € R4\ {0}, let L(z) the line
spanned by x. Given a line N C R? through the origin, and for 1 < j < d, let G(NV, )
be the set of j-dimensional linear subspaces of R? containing N. Let then v (+) be the
Haar probability measure on G(N,j). Let M C A be convex. For j € {0,...,d — 1},
r € R\ {0}, and L € G(L(x), ) define

P (@) = Leamany
and, as in [10], define the projection avoidance function Hf’M . R4\ {0} ~ [0,1] by

A,M ) L(x
oM () == / FH(@) v @ (aL).
G(L(x),5)

The following result generalizes [10, (2.7)] to non-spherical compact sets, with arguments

similar to Lemma A1 from [17]. The proof is in the appendix.
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Lemma 5.8. Let M C A be conver subsets of RY. For all j € {0,...,d — 1} there is a

constant Kq; depending on d,j such that

Vi(A) = V5(M) = Hd,j/ 0, (@) l| =) A < kg (M)~ (Va(A) = Va(M),
A\M
(5.18)
where (M) is the radius of the largest ball centered at O and contained in M.

For X € N and F' € Fy_1(Conv(X)) put cone(F) :={ry: y € F,r > 0}. Define for
je{l,...,d—1}

Shd,j —(d—4) pA,Conv(X
Guln ) =T S ey | -0 )
FEF,_1(Conv(X)) Cone(F)N(A\Conv(X))

for z € X, s > 1. Lemma 5.8 yields

s(Vi(A) = Vi(Conv(X))) = Y &(, X) (5.19)
reX
if 0 is in the interior of Conv(X’) and if all points of X" are in general position. For z € X
and s > 1 define

S
FeF,_1(Conv(X)) Cone(F)N(A\Conv(X))

Here we include the multiplicative factor s, since when X is replaced by P, we get
that &;4(z, X) is of constant order. Without multiplying by s, the defect volume at a
vertex is of order s=! =5~ 2/(d+Dg=(d=1/(d+1) i o " roughly the product of its width and
its (d — 1)-dimensional surface area. The same comment applies to & ;.

If 0 is in the interior of Conv(X’) and all points of X" are in general position, we have

as well

sVy(A\ Conv(X)) = Z Eas(z, X).

zeX
The definitions of the scores and (5.18) show that for X € N, z € X, s > 1 and
je{0,.d—1}

Eio(, X) < r(Conv(X)) e, (2, X). (5.20)

Since 0 € int(A), we can choose py € (0, 9) such that B(0,2p,) C A. For a score £
we denote by §~ the modified score

{(z, X) =1z € A—po}g(x’ (xXn A—QO) u{0})
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for X € N and x € X. Our strategy of proof for Theorem 5.5 is to apply in a first step
Corollary 2.2 to these modified scores, putting X := A_, and K set to 9A. Thereafter
we show that the result remains true without truncating and without adding the origin
as an additional point.

For a score £ and X € N we define

Se(X) =) &(, X).

Lemma 5.9. For any & € {&o, ... &1-1,&15,- - -, Eas} there are constants Cy, ¢y € (0,00)
such that

max{P(Se, (Ps) # S, (Ps)), P(B4(0, po) ¢ Conv(Py)),
|E Se, (Ps) — ESg (Ps)|, | Var Sg, (Ps) — Var Sg (Ps)}
< Cpexp(—cos)
for s > 1 and
max{P(S¢, (X,) # Sz, (X)), P(BY(0, po) ¢ Conv(X,,)),
|E S, (X,) —E Sén(Xn”v | Var S¢, (X)) — Var Sgn(/'\?n)|}
< Cpexp(—con)
forn > 1.

Proof. One can choose sets Ay, ..., A, C {x € A: dpa(x, A°) < po} with non-empty
interior such that, for any X € N with A;NX £ 0,i € {1,...,m},

conv(X) D{x € A: dpae(, AY) > po}.

Using B(0,2p9) C A, this inclusion yields B(0, py) C Conv(Xx). The event Sg (X) #
Se,(X) is also a subset of the event 4; N X =0 for some i € {1,...,m}. These observa-
tions yield the probability bounds.

.....

| X971 Sz (X) — Se, (X)| < Cys|X|? for some universal constant Cy € (0,00), and

Holder’s inequality, we obtain the asserted expectation and variance bounds. O

The results of [35] show that for & € {&o,...,&—1,&4s} one has

1 d—1

Var S, (Ps) = O(s4+1) and VarSg, (X,) = O(n+1). (5.21)

u

For & € {&15, - - ., &a—1,5} and taking into account scaling (5.19), we know from Corollary
7.1 of [10] and from Theorems 1 and 2 of [3] that

d—

Var S¢, (Ps) = O(s+1) and Var S, (&,) = O(nd). (5.22)

-
Y
|
—
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Hence, Lemma 5.9 implies that for £ € {&o,. .., &a-1.&15,-- -5 Eas )
d—1 d—1
Var Sz (Ps) = ©(s#1) and VarS; (&) = O(nd1). (5.23)

For a point x € A let ]51'171, o 7]Z[z7zd71 be a decomposition of H, into solid orthants
with z as joint point and let H,; := H,,; + Span(z) for i € {1,...,2% 1},

Lemma 5.10. Let &, € {éo,...,éd_l,él,s,...,fd,s} and let v € A, r >0 and X € N
be such that v € X and X N A,, N H,; # 0 fori € {1,...,2%'}. Then, és(x, X) is
completely determined by X N A, i.e., thus by X N Ba,,,. (T, Cmaz”) With Cpes as in
Lemma 5.7.

Proof. Let d(x, A°) < o9 < 1/(8¢?) since, otherwise, the assertion is trivial. By as-
sumption there are yy,...,ya1 such that y; € X N A,, N H,; for i € {1,...,2971}.
Let Cyyy,.. 9, be the cone with apex x generated by the points 0,yi, ..., ypa—1. If
Corrpa = R? we have * € Conv({0,9,...,¥ysa1}), whence & (z,X) = 0. If
Corio, Yyd1 £ R4 (this implies that r > \/M), no point in the interior of Cy ;. Yy
can be connected with z by an edge. Since Conv((A\ B*(z,r/c)) U{x}) C Cayy,..ypu s>

all points in A\ A,, are irrelevant for the facial structure at x. Consequently the

d—1

scores & are completely determined by X N A,r. In view of Lemma 5.7 b) we have

A, C Ba,,,.(T, Cmagr) so the same is true for X N By,,,, (%, Cmaa’)- O
We define the map R : A x N — R which sends (z, X) to
R(z, XU{zx}) :=
Crae f{r >0: XNA, NH,; #0 fori € {1,...,297}}, ze€ A,
0, ¢ A,
The next lemma shows that all fs € {éo, e ,gd_l,gm, . ,§d7s} satisfy (2.4) and (2.5)
with agy = d + 1.

Lemma 5.11. R is a radius of stabilization for any & € {0, ..., E4-1,E1, ..., Eas} and
there are constants C,c € (0,00) such that forr >0, x € A
P(R(z, P U{z}) > ) < Cexp(—csr®™), s>1,
whereas
P(R(z, X,_s U {z}) >7r) < Cexp(—cnr®™), n>0.
Proof. 1t follows from Lemma 5.10 that R is a radius of stabilization. Using Lemma 5.7
a), we see that
P(R(z,PsU{z}) >r) <PEie{l,....2 "} : PyN Ay /e N Hay = 0)

< 29 exp(—scor®™ Jcdtl).

The proof for the binomial case goes similarly. O
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The next lemma shows that all &, € {fo, o Ea, 5175, o ,édﬁ} satisfy (2.8) and (2.9)
with aye = (d+1)/2.

Lemma 5.12. For any & € {50,---,éd—1,€1,s,--~,éd,s} there are constants Cy,c, €
(0,00) such that forx € A, AC A with |A| <7

P(és(x, P, U{z}UA) #£0) < Cpexp(—cps dpaz (2, Ac)d+1), s>1,
whereas
]P’(én(a:, XosU{z}UA) #0) < Cpexp(—cpn dpaz(, Ac)d+1), n>9.

Proof. Forz € A, X € N and A C A with |A| < 7 we have that & (z, Y U{z} UA) =0
if R(z, X U{z}) < /d(z, A¢). Thus, the assertions follow from Lemma 5.11. |

Lemma 5.13. For any q > 1 and és € {50, .. ,éd,l,él,s, . ,éd’s} there is a constant
C, € (0,00) such that for all A C A with |A] <7,

supsup E |&,(z, P, U{z}UA)1 < C, and sup supE|&,(z, X, sU{z}UA) < C,.
s>1 z€A neN,n>9 zeA

Proof. The assertion for &, . ..,&;_, can be shown similarly as in Lemma 7.1 of [10]. It
follows from Lemma 5.11 that the product of s and the length of the longest edge
emanating from x in any of the (d — 1) spatial directions has exponential tails. It also
follows from Lemma 5.11 that the product of s#1 and the width of the defect volume
in the radial direction has exponential tails. These observations prove the assertion for
€45 For the intrinsic volumes §;,,5 € {0, ...,d — 1}, the bound (5.20) shows that the
g-th moment of éjvs is bounded by a constant multiple of the ¢-th moment of édﬁ plus
s'P(B(0, po) ¢ Conv(Xy)), which by Lemma 5.9 is bounded by s?Cyexp(—cps). This
completes the proof. O

Lemma 5.14. For any &, € {&, ... ,{Nd_l,&s, . ,&78} there is a constant C' € (0,00)

such that
dK S S
Var Sg, (Ps)

d—1

,N) < Cs 2@ 0, g>1,

and

i (sén(xn) ~ES; (&)

,N) < C~'n_2(dd111>, n > 9.
Var Sén(‘)(")

Proof. By Lemmas 5.6, 5.11, 5.12, and 5.13 all conditions of Corollary 2.2 are satisfied
for X := A_,, and K := QA. Note that Iy, = O(s'9"D/(@+1D) These observations and
Remark (v) after Theorem 2.3 complete the proof. O
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Proof of Theorem 5.5. For any pair (X, X ) of square integrable random variables satis-

fying Var X, Var X > 0, a straightforward computation shows that

X -EX
de | =2 N
K(\/VarX )
X-EX 5
<dg| mQ—= N ) +P(X #X
= K(m ) (X#X)

X-EX EX-EX VarX -
<d Y , )| +P(X £ X
B K<\/m ( VVar X VarX)) (X 7 X)

X-EX EX -EX X .
< dK(—UN) +dK(N,N< Yar ~>) L P(X £ X)
v/ Var X vVar X  Var X

X-EX EX -EX X .
g@(———fﬂg+| |+CWH~—4+MX¢X)
v/ Var X v Var X Var X

Applying this to the pairs (X, X) := (Se,(Ps), Se.(Ps)) and (X, X) := (S, (X,), Se. (X)),
respectively, together with Lemma 5.9, Lemma 5.14, (5.21), (5.22), and (5.23) completes
the proof. O

5.5 Clique counts in generalized random geometric graphs

Let (X, F,Q) be equipped with a semi-metric d such that (2.1) is satisfied for some -y and
k. Moreover, let M = [0, 00) be equipped with the Borel sigma algebra Fy := B([0, o))
and a probability measure Qy on ([0, 00), B([0,00))). By Q we denote the the product
measure of Q and Qy. In the following let P, be a marked Poisson point process with
intensity measure s@, s > 1, and let &}, be a marked binomial point process of n € N
points distributed according to @

Given X € N, recall that N is the set of point configurations in EA{, and a scale
parameter 3 € (0,00), consider the graph G(X,/5) on X with (z1,m,,) € X and
(x9,my,) € X joined with an edge iff d(xy,25) < fmin(my,,m,,). When m, = 1
for all x € X', we obtain the familiar geometric graph with parameter 5. Alternatively,
we could use the connection rule that (z1,m,,) and (x9,m,,) are joined with an edge
iff d(zq,22) < fmax(my,, ms,). A scale-free random graph based on this connection
rule with an underlying marked Poisson point process is studied in [18]. The number
of cliques of order k + 1 in G(&X, 3), here denoted Cx(X, /3), is a well-studied statistic in
random geometric graphs. Recall that k& + 1 vertices of a graph form a clique of order
k + 1 if each pair of them is connected by an edge.

The clique count Ci(X, ) is also a central statistic in topological data analysis.
Consider the simplicial complex R”(X) whose k-simplices correspond to unordered (k +

1)-tuples of points of X such that any constituent pair of points (x1, m,,) and (x2, m,,)
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satisfies d(xy, z2) < Bmin(my,, m,,). When m, = 1 for all x € X then R”(X) coincides
with the Vietoris-Rips complex with scale parameter § and Ci(X, ) counts the number
of k-simplices in RP(X).

When Q is the uniform measure on a compact set X C R? with Vol(X) > 0 and
v = d, the ungainly quantity Cj(Ps, 3s~'/7) studied below is equivalent to the more
natural clique count Ck(ﬁl N st/4xX, B), where ﬁl is a rate one stationary Poisson point

process in R? and P; N s¥/9X is its restriction to sY/2X.

Theorem 5.15. Let k € N and 5 € (0,00) and assume there are constants ¢; € (0,00)
and ¢y € (0,00) such that

Cc2

P(M, >r) <cexp(—), z€X, re(0,00). (5.24)

&1

If inf 51 Var C(Py, Bs~Y/7) /s > 0, then there is a constant C' € (0,00) such that

—1/7\ _ -1/ 0
dK(@U%ﬁs ) — ECi(Ps, Bs {N> Cooast (5.25)

< )
\/Vaer(Ps,ﬁsfl/W) T s

Likewise if inf,>9 Var C(X,, fn~7)/n > 0, then there is a constant C' € (0,00) such
that

— \/ﬁ?
Remarks. (1) When X is a full-dimensional subset of R and when M, =1 for all » € X

i.e., Q is the Dirac measure concentrated at one, a central limit theorem for the Poisson

; (ckm, fn1) — ECy(X,, /)
K

N < S s (5.26)
\/Var Cr(X,, Bn=1/7)

case is shown in [25, Theorem 3.10]. Although the result in [25] is non-quantitative, the
method of proof should yield a rate of convergence for the Kolmogorov distance. Rates
of normal convergence with respect to the Wasserstein distance dy, are given in [13].
(ii) The contributions of this theorem are three-fold. First, X may be an arbitrary
metric space, not necessarily a subset of R? Second, the graphs G(P,, 3s~'/7) and
G(X,,n~'/7) are more general than the standard random geometric graph, as they
consist of edges having arbitrary (exponentially decaying) lengths. Third, by applying
our general findings we obtain presumably optimal rates of convergence for the Poisson
and the binomial case at the same time.

(iii) The random variable Cj(Ps, Bs~1/7) is a so-called Poisson U-statistic. In the case
M, =1, bounds for the normal approximation of such random variables were deduced,
for example, in [36] and [22] for the Wasserstein distance and in [45] and [15] for the
Kolmogorov distance. These results should also yield bounds similar to those in (5.25).
(iv) The assumption inf,s; Var Cy(P,, 8s71/7)/s > 0 is satisfied if X € R? is a full d-

dimensional set and g is a bounded probability density, as noted in the proof of Theorem
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2.5 in Section 6 of [32]. If this assumption is not satisfied then we would have instead

d Ck(Ps, 58_1/7) — ECk(PS, 68_1/7) N
® \/ Var Cy (P, Bs~1/7) ’

IN

C Vs + i + 57 s>1
Var Cp.(Ps, Bs=1/7) — (Var Ci (P, Bs=1/7))3/2 ~ (Var C(Ps, Bs71/7))% )’ '

A similar comment applies for an underlying binomial point process in the situation
where inf,>q Var C,(X,, Sn~1/7) /n > 0 does not hold.

Proof. To deduce Theorem 5.15 from Corollary 2.2, we express Cp,(X, f57/7) as a sum
of stabilizing score functions, which goes as follows. Fix 7,s, 5 € (0,00). For X € N
and z € X let gb,(fg (z, X) be the number of (k + 1)-cliques containing = in G(X, 3s~/7)
and such that x is the point with the largest mark. This gives the desired identification

WX, BT = Z ¢
zeX

Now we are ready to deduce (5.25) and (5.26) from Corollary 2.2 with the scores & and
&, set to gbgfg and qzﬁ,(fz, respectively, and with K set to X. Notice that Ix s = O(s), as
noted in (2.13). It is enough to show that ¢,(f 3 and qﬁ,(f % satisfy all conditions of Corollary
2.2. Stabilization (2.4) is satisfied with agq, = a, with the radius of stabilization

Ry((2, M), P U {(x, My)}) = Bs™ M,
because M, has exponentially decaying tails as in (5.24). For any p > 0 we have

E|6)) ((x, M,), Py U {(z, M,) U (A, M) })|*7
< E |card{P, N B(z, Bs Y M)} + 7|4k < C(8,p,~) < 00

for all z € X, s > 1 and A C X with |A| < 7 and so the (4 + p)-moment condition (2.6)
holds for p € (0,00). The conclusion (5.25) follows from (2.14). The proof of (5.26) is

similar. d

6 Appendix

Here we provide the proof of Lemma 5.8.

Proof. The second inequality in 5.18 follows since ; < 1, and so we only need to prove
the first inequality. We need some additional notation. Throughout the proof, x is a
constant depending on d, j, whose value may change from line to line. For L some linear

space, let /X the Lebesgue measure on L, G(L,q),q < dim(L) its space of g-dimensional
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subspaces, and u,f the Haar probability measure on G(L,q). Note G(RY,j) = G(d, j)
and v; = &’ Theorem 6.2.2 from [39] yields

Vi(A) = V(M) = H:/G(d ')(Vj(AIL) = V;(M|L)) v;(dL)

=K /G w /L fE(x) ¢4 (dw) v;(dL).

The Blaschke-Petkantschin formula (Theorem 7.2.1 in [39]) over the ¢* integral shows
that the right-hand side equals

R/G(dm /G(LJ)/NJ[L(:C)HmHj1€N(dx) vi(AN) v;(dL).

Fubini’s theorem and Theorem 7.1.1 in [39] yield that the last expression is

. / » / . / FE@) el € (d2) v (dL) 11 (AN)
—/{/dl / / . )| vV (dL) £V (dx) v (dN)

- /G " /N 2l /G o 1) VMO (dL) ¢ (dz) 1 (AN)
:K/C}(d,l)[vf($) N (dz) vy (dN) (6.1)

with f(z) = |||/ *1fG 2).9) fE () ]-L(x)(dL) because N = L(x) in the second line. An
independent application of the Blaschke-Petkantschin formula with g(z) = f(x)||z| =V

/Rd 7) £'(da) / o / o) €Y (dz) 1 (AN)
= /G w /N f(x) N (dx) v (dN)

whence (6.1) is equal to [, fG(L fL( )|z 0D VjL(x)(dL) ¢?(dz), which com-
pletes the proof. O

for each L yields
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