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Abstract

We consider spatial models represented by marked point processes, which incorporate random-
ness through a random collection of points (referred to as sifes) in R% and random marks (referred
to as states) taking values in a general Polish space. Generally, the locations and states are as-
sumed to be dependent, and the states may also evolve over time, introducing spatially dependent
stochastic processes at these locations.

We focus on statistics (Hy,)nen of these models, which take the form of sums of locally depen-
dent score functions of sites and states observed within expanding windows W,:=[— %nl/ 4 %nl/ djd
C R?. Asn — oo, we establish Gaussian fluctuations for the centered and normalized statistics of
H,,, which need not necessarily be linear functionals of the underlying marked point process. Un-
der the additional assumption of stationarity and translation invariant score functions, we establish
the asymptotics of the mean and variance of these statistics, leading to a multivariate central limit
theorem for vectors of such statistics.

To achieve these general limit results, we introduce a foundational approach that captures
asymptotic independence in random spatial models via a new mixing condition on the correlations
of marked point processes. We also provide a more general stabilization paradigm, termed BL-
localization, for marks, which reinforces this new mixing condition. Both concepts rely on the
bounded Lipschitz metric applied to the Palm distributions of marked point processes. Notably,
our localization criterion is weaker than the classical stopping set stabilization—allowing for score
functions whose classical stabilizing radii need not be bounded—but strong enough to yield the
asymptotic normality of (H,,),en via factorial moment expansions and the cumulant method. Our
approach does not require the scores to be defined on the infinite window. In the stationary setting,
this also enables the derivation of expectation and variance asymptotics by showing existence of
distributional limits of scores in the infinite windows.

Spatial models falling within the scope of our general theorems include spin systems on spatial
random graphs, sparse networks of interacting diffusions, and particle systems with finite-time
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horizon. Interacting particle systems considered here include continuum versions of exclusion
models, generalized random sequential adsorption and ballistic deposition models, finite time-
horizon epidemic and voter models, and majority models. We also consider statistics of empirical
random fields and geostatistical models defined on spatial random graphs.
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Part 1
Introduction

This introductory part presents key examples motivating our study of statistics of marked point pro-
cesses and spatial random models. Besides these examples, Section 1 describes the new foundational
aspects underpinning the general limit theory developed here, provides a concise review of the relevant
literature, and outlines the overall structure of our work. Section 2 provides the basic terminology and
definitions.

1 Overview and contributions

This work considers the limit theory for statistics of spatial random models which are asymptotically
decorrelated over spatial domains, as the spatial domain increases up to R?. This encompasses Gaus-
sian fluctuations of sums of locally dependent score functions evaluated over expanding observation
windows, as well as asymptotic results for the mean and variance of these sums in the case of sta-
tionary models. The models involve multiple sources of randomness, namely the random collection
of sites in R?, their random initial states, and, in some cases, additional randomness stemming from
the evolution of these states. Our set-up is general and yields the limit theory for statistics of stochas-
tic geometric structures such as continuum spin systems, interacting diffusions, interacting particle
systems, geostatistical models and empirical random fields. To illustrate, in the following section we
present six models with differing interaction mechanisms, but nonetheless statistics of these models
may be handled with a common framework.

1.1 Motivating examples

The common input in our representative examples is a point process P = {z;}, namely a countable
set of random spatial locations in RY, also called sites in the case of particle systems. We may, for
example, take P to be either the Poisson point process on R¢, a Neyman-Scott or Matérn cluster
process on R, the Ginibre point process on R?, or a stationary alpha-determinantal point process with
an exponentially decreasing kernel. Given the sequence of windows W,, := [—in'/4 Ipl/d)d pn € N,
we denote the restriction of P to IV, by P,, := P N W,,. In many of our models there is an underlying
spatial random graph G(P) or G(P,,) defined on P or P, respectively, and called the interaction
graph. For example, one may take this to be the k-nearest neighbor graph, the Delaunay graph, or
the Gilbert graph, i.e., the random geometric graph. More generally, the spatial random graphs G(P)
have finite average degree and the edges are defined by local rules but are not necessarily uniformly

bounded.

Example 1.1 (Spin systems; Section 8). Consider a Gibbs random field defined on an interaction
graph G(P,), or equivalently a spin system {V, }.cp, defined with respect to an adjacency relation
in G(P,). Assuming the spin system satisfies an averaged version of weak spatial mixing, we show



that the total spin )
disagreement percolation methods to deduce that models such as the hard-core and Widom-Rowlinson

V. is asymptotically normal as n — oco. We use both combinatorial and

spin models on certain proximity graphs satisfy this version of weak spatial mixing, and consequently,

establish that their total spin H,, := ) V.. 1s asymptotically normal.

Iepn

Example 1.2 (Interacting diffusions; Section 9). Consider a system of interacting R? -valued dif-
fusions M(xz,t) = M(xz,t,P),t > 0, x € P, defined on the vertices of a locally finite graph
G(P). The diffusion at z € P interacts directly with only the diffusions at its neighbors in the
graph. Assuming that diffusions start inside a bounded ball in R? and the drift and diffusion coeffi-
cients satisfy Lipschitz conditions, we establish the limit theory for statistics of the diffusions, such as
H, =3 cp [|[M(x,t)|, where || - || is the sup-norm for functions in the interval [0, #].

Example 1.3 (Cooperative sequential adsorption on graphs; Section 10.3.1). With P as above, we
encode the interactions between the sites of P, by a proximity graph, such as the k-nearest neighbor
or Delaunay graph. The dynamics of the model go as follows. Let the initial state be M (z,0) =
M(x,0,P,) = 0,x € P,. Each site is equipped with a unit rate Poisson clock. When the clock at
site x rings, a particle arrives at site x. The particle is accepted at site  with a probability depending
on the configuration of occupied neighbors of z in the interaction graph. Once accepted the particle
stays forever. We let M (x,t) := M (x,t, P,) be the state of the site x at time ¢. Thus M (x,t) = 1ifa
particle is accepted at site = by time ¢, otherwise put M (x,t) = 0. Setting H,, = >, M(z,to) gives
the total number of accepted particles at time #,. We establish the limit theory as n — oo for (H,,)nen
and related statistics of the evolved system up to time ¢, € (0, c0); the general framework shows there
is a thermodynamic limit for the spatial average n~! H,, and that its fluctuations are Gaussian.

Example 1.4 (Continuum interacting particle systems; Section 10). As in Example 1.3, let P,, be
equipped with a local interaction graph (e.g., k-nearest neighbor or Delaunay graph), and assume that
each site carries a unit rate Poisson clock. Unlike cooperative sequential adsorption, the dynamics
now allows particles to move between neighboring sites according to an exclusion-type rule that may
depend on the local configuration of occupied neighbors. Initial states may be dependent. The system
is evolved on W, up to a fixed time horizon ¢, € (0,00). In the limit n — oo, we establish limit
theorems for additive spatial statistics at time ¢, such as the fraction of occupied sites, or the fraction
of occupied sites having a neighbor within a fixed distance.

This framework covers a broad class of continuum interacting particle systems, including exclu-
sion processes, ballistic deposition, majority dynamics, epidemic models (contact process, SIR, voter
models), and toppling dynamics (e.g., divisible sandpiles).

Problems in spatial statistics falling within the scope of our general theory include the following
two examples, each involving two independent point processes.

Example 1.5 (Empirical random fields; Sections 11.1-11.2). Let M = {M(z)},cre be a stationary
real-valued random field on R?, and let P be a stationary point process on R%, assumed to be indepen-
dent of M. The empirical random field of M sampled at the points of P over a window W, is defined
by {(z, M(z)) : « € P, }. Under suitable assumptions on the spatial correlation structure of P and M,
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we establish asymptotics for the expectation and Gaussian fluctuations of this empirical random field
as n — oo. As an immediate consequence, we obtain limit theorems for empirical distribution-type
statistics of the real valued random field M € R, suchasn™' Y _, 1(M(z) <7), 7 € R.

More involved statistics can also be considered. In particular, one may study a covariogram esti-
mator of the random field M of the form

1

o > [M(z) - M(y)
z,YyEPn

z—y€Bs(£h)

)

where pairs of points are selected whose displacement lies in a ball of radius § > 0 around +=h € R¢,
Under appropriate spatial correlation assumptions on P and on the random field M, we derive the
asymptotic behavior of the expectation and variance of this estimator, as well as Gaussian confidence
intervals for this estimator of the covariogram of M.

Example 1.6 (Geostatistical Gilbert disc models; Section 11.3). Consider a generalization of the
Gilbert disc model, in which balls are positioned at the realization of a stationary point process P
in R? with bounded but dependent radii determined by an underlying stationary real valued random
field M = {M (x)},cre Which is independent of P. In this variant of the Boolean model, two points
communicate with one another, i.e., are joined with an edge, if the balls at both points intersect,
thereby giving rise to a random graph G(P) on P with spatially correlated edge lengths. For example
the field value M (z), z € R?, may be determined by the position of = with respect to an independent
Poisson-Voronoi tesselation of R?. The total edge length in the random graph G(P N W,,) exhibits
Gaussian fluctuations and, after scaling, its average converges to an asymptotic limit as n — oo.

This work studies the afore-mentioned systems and rigorously establishes the above statements.
This is achieved by providing a general framework for establishing the limit theory for statistics of a
broad class of geometric structures, one encompassing the above examples among others.

The question of limit theory common to the above examples can be framed in terms of establishing
asymptotics for the sum of scores

Hy, = HS:= > &(#Pa), n— oo, (1.1)

LBGPn

where £(Z, 75n), assigned to the sites © € P,, is a family of real-valued characteristics. These char-
acteristics are referred to as scores, though they may also be called marks or states, depending on
the context. Here, P, = {(z, U(x))}.ep, represents the sites =, which may also be associated with
initial states or pre-marks U (z), collectively denoted as & = (=, U(z)). The configuration of sites and
their pre-marks (if present) induces the real-valued characteristics £(Z, 75n) in a potentially complex
yet localized manner. For instance, by making suitable choices of the pre-marks U, we may define
(i, Py) to coincide with V, in the case of spin systems, with || M (z,¢)|| in the setting of interacting
diffusions, or with M (z,t,) in the context of cooperative sequential adsorption. Analogously, £ can
be defined in other classes of models as well.



More generally, we seek limit theory for linear statistics of the associated (possibly) signed mea-
sures

o= ) E(F, P)by1ay, M= 00 (1.2)

Questions about spatial averages can be cast in terms of establishing expectation asymptotics as n —
oo for (1.1) and (1.2).

The set-up taken here allows for the following sources of dependencies, each of which brings extra
spatial correlations:

* the sites P may have spatial correlations and the initial states U,, z € P, may be dependent;

* the scores at sites depend on pre-marks (initial states) through an interaction graph whose edges
may not be uniformly bounded;

* the scores and pre-marks may also influence the scores of neighboring sites, introducing ad-
ditional dependencies among them, as in spin systems. In interacting diffusions or particle
systems, for example, updates at a site may also modify the states at all neighboring sites; this
locally synchronous updating condition is sufficient to cover many models.

* in case of interacting diffusions or particle systems, the updates at a site x need not be Marko-
vian, but may be a function of the entire time-evolved history at x and at nearby sites.

Furthermore, as mentioned in Section 12, there are potential applications to statistics of random
graphs and networks with dynamically changing geometry, shot-noise models on spatially correlated
input, dynamic Markov random fields in the continuum, as well as to population genetics models. We
do not develop these areas but leave them for future research.

1.2 Contributions of this work

The contributions of this work are three-fold. In addition to the already indicated diverse applications,
we put forward two new foundational aspects underlying the forthcoming general limit theorems for
the statistics (1.1) and (1.2):

* we introduce the new notion of mixing involving correlations for marked point processes, which
uses geometric criteria to systematically capture the asymptotic independence exhibited in vari-
ous spatial random models

* we provide a more general localization paradigm, termed BL-localization (with BL standing for
bounded, Lipschitz), for marks, which broadly reinforces this new type of mixing and which is
well suited for quantitatively describing dependence of scores on local data even in the presence
of unbounded model dependencies. A key mechanism connecting the localization and mixing
of correlations of marks is the systematic use of the bounded Lipschitz metric with respect to the
Palm distributions of these marks. In examples such as spin systems, we use a variant termed
BL cluster-localization.



In the following sections, we shed light on this framework and the proof ideas behind some of the
main results.

1.2.1 Mixing correlations of marked point processes

Dynamic geometric models have multiple sources of dependencies with each bringing in extra correla-
tions. To capture these spatial dependencies, we introduce the concept of mixing correlations of points
(sites) and marks (states), which quantifies the asymptotic decorrelation of marked point processes
{(z, (7, 75,1))};367)” and, as such, undergirds the entire work. Using the shorthand &;,, := &(&;, P,),
this new mixing property says that the expected value of the product of any two bounded Lipschitz
(BL) test functions f, g, when respectively evaluated on the marks of any two point sets {z1,...,2,}

and {xp41,...,Zptq} in Wy, and denoted by

E [z]zl7+q [f(fl,nv s 7£p,n)g(5p+1,n B 7fp+q,n)}p(p+q) (xla s 7xp+q)7

approximately factorizes into the product of two expectations E |, 1 [ fi-- )} p®(---) and

E p+1p+a [g(-- )] p9(- - -) calculated separately on these two groups of points, where E ... stands for
the Palm formalism involving expectations £ i of P,, given the considered locations 1, ..., Zpq4
and where pP*% denotes their correlation functions. We require that the additive error of this approx-
imate factorization decays to zero faster than any power of the separation distance

= | — ;]

between these two group of sites, uniformly over the windows (W), ),cn. Instead of the BL test func-
tions one could use the class B of bounded test functions. This gives rise to two mixing conditions,
one for each of the two classes BL and B, formally described in Definitions 3.1 and 3.6, respectively.

These two new types of mixing for marked point processes (called BL-mixing correlations in case
the test functions are bounded Lipschitz and B-mixing correlations for all bounded functions) are
inspired by the notion of ‘clustering of the correlation functions p®*® (x,... x,,,)" of unmarked
point processes introduced in statistical physics by Martin and Yalcin [107] and reprised in Nazarov
and Sodin [112], Btaszczyszyn et al. [21], and Fenzl [57]. The former, involving BL functions, can also
be interpreted as a variant of the (BL, #)-dependence for random fields indexed by Z, as discussed
in Bulinski and Spodarev [27, Section 10.1.6], albeit with less restrictive conditions on the decay
constants but stronger requirements on the decay rate. Our mixing property presented here serves as
an alternative to the classical mixing conditions considered by Heinrich and Schmidt [73], Heinrich
[71], Heinrich et al. [74], Heinrich and Pawlas [72], Ivanoff [79], Jenish and Prucha [83], among
others. Unlike these classical approaches, our criterion is formulated through geometric conditions,
which may in some cases be simpler to verify.

We prove in Theorem 3.3 that BL-mixing correlations of marked point processes along with
moment conditions suffice to prove asymptotic normality of the associated &-weighted measures
(18 )nen at (1.2). More precisely, for bounded measurable test functions f on W, the integrals
15 (f) :== [ fdus, centered and suitably normalized, converge to a standard normal distribution as

9



n — oo. This is because BL-mixing of correlations of the point process marked by ¢ implies the
Brillinger mixing of the random measures (u )<y provided ¢ satisfies moment conditions.

This approach is applicable for general point processes without stationarity assumptions on P.
The approach rests on establishing Theorem 7.2, a central limit theorem for a sequence of purely
atomic random signed measures. This theorem, whose proof depends on the cumulant method, appears
to have independent interest as it unifies and generalizes some of the earlier abstract central limit
theorems for statistics of point processes.

Mixing correlations of marked point processes arises whenever the points and marks separately
possess a decorrelation structure; see Proposition 3.7. Moreover, Theorem 4.9 shows that this ap-
proach extends to the analysis of more complex marks constructed functionally from simpler ones
(such as &, = &(7;, 75n) mentioned above in (1.1)), provided that the initial marked process P sat-
isfies stronger B-mixing correlations, in particular with the additive error decaying exponentially to
zero. For this, we use factorial moment expansion from Btaszczyszyn [17], Btaszczyszyn et al. [20],
together with localization or stabilization of scores (discussed in the next section) and moment condi-
tions on & .

1.2.2 BL-localization of marks and limit theory

We introduce a geometric localization criterion, here called fast BL-localization, for marks (scores) via
the bounded Lipschitz metric on the space of probability distributions, here denoted dg; . Specifically,
fast BL-localization means that for any localization ball B,.(z) of radius r, under the Palm expectation
E,, the dg_ distance between &(z, P, N B,(z)) and &(z, P,,) decreases faster than any inverse power of
r, uniformly in 7. This criterion appears to be new even in the setting of scores £(z, P) on unmarked
point processes P. Similar to the classical notion of stabilization via stopping sets, BL-localization
measures the dependence of marks on local (marked) data. However, this dependence is quantified
using the distributional metric dgy, rather than through stopping sets. Although weaker than classical
geometric criteria such as the existence of stopping sets or even L?-stabilization, the multi-site version
of BL-localization—where for each p € N, the joint distribution of the scores &(x1, Py), . . ., & (xp, P,)
under Ppy» depends only on the marked configuration inside Ehe balls B, (z;)—is still strong enough to
ensure that the family of marked point processes {(z, (%, P,)) }zep, exhibits fast BL-mixing corre-
lations uniformly in n, provided the base marked process P satisfies summable exponential B-mixing
correlations, as shown in Theorem 4.9.

Importantly, such BL-mixing of the newly constructed marking is a key condition in Theorem 3.3
for proving the asymptotic normality of the empirical measures (S ),cn. Therefore, BL-localization
or BL cluster-localization serve as a practical and verifiable criteria to guarantee asymptotic normality
for both (H,,),en and (148 ),en, as long as the score function ¢ satisfies suitable moment assumptions;
see Theorem 5.2.

The BL-localization criterion does not require any pathwise or realization-wise relationship be-
tween the scores and their truncated versions. Instead, it is formulated purely in terms of their prob-
ability distributions. This allows us to establish closeness (in the dg; metric) between the laws of
the random variables &(z, PN B, (x)) and £(z, 75n), even when their realizations are pathwise non-
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comparable. This is why we use the term ‘localization’, in contrast to ‘stabilization’, which involves
comparing specific realizations of these random variables—either exactly (via stopping sets) or ap-
proximately (in L9). This flexibility in BL-localization plays a key role in establishing asymptotic
normality for statistics of spin models and interacting diffusions on spatial random graphs.

Theorem 5.2 has wide applicability and in particular covers the case when the sites form a point
process having fast mixing correlations and the marks £ exhibit exponentially fast BL-localization
or BL cluster-localization. The approach requires neither that £ satisfy power growth conditions with
respect to the cardinality of the underlying point set, nor does £ need to be defined on infinite point pro-
cesses on all of R?; thus even in the setting of unmarked point processes and stopping set stabilization,
we improve upon existing results; cf. Section 5.4.

Subject to the stationarity of P and the fast BL-localization of £, we also provide expectation
and variance asymptotics of (H,,),ecn and (p5 )nen; cf. Propositions 5.3 and 5.5. Here again, unlike
previous limit results for (H,,),en and (18 ),cn, We require neither existence of & nor ‘some limiting
version’ of £ on the infinite point process but rather prove and use the existence of distributional limits
via Palm theory, which resembles the approach via local weak convergence.

Theorem 5.2 is a qualitative central limit theorem and we make no attempt here to assess the
proximity between (%)%N and the standard normal. In the special case that (H,),cy are func-
tionals of a Poisson point process P on a metric measure space, then Trauthwein and Yukich [151]
show that the Malliavin-Stein calculus, as developed by Last et al. [100], Trauthwein [150], yields
presumably optimal rates of convergence of (%)%N to the standard normal, assuming only fast
BL-localization of the score &, together with a fifth moment condition on £. The rates of convergence,
given in terms of the Kolmogorov and Wasserstein distances, improve upon Lachieze-Rey et al. [95]
which assumes that scores satisfy a stronger stopping set exponential stabilization criterion and which
assumes the underlying metric measure space is either Euclidean space or a space satisfying a growth
assumption on the measure of spheres.

1.2.3 BL-localization and stabilization in applications

To apply the general limit theorems for (1.1) and (1.2) in applications as described in Examples 1.1-
1.6, one needs to verify suitable localization and moment conditions for appropriate £ and thereby
establish asymptotic decorrelation of (15 ),cn. This constitutes a significant part of the article as these
applications are always not well explored in spatial settings and both the framework and verification
of localization needs to be tailored to fit within our general theory described above.

In case of spin systems as in Example 1.1, the BL cluster-localization of spins follows from an
averaged weak spatial mixing assumption of the spin system and good stabilizing properties of the
underlying interaction graphs. For bounded degree graphs, we rely upon bounds derived via the com-
binatorial approach in Sinclair et al. [145] and disagreement percolation methods of van den Berg and
Maes [153]. In case of unbounded degree graphs, we also use recent sharp phase transition results
from continuum percolation theory in Ziesche [161], along with disagreement percolation bounds to
show that weak spatial mixing holds with high probability and we show this suffices for our central
limit theorem. Spin systems are an example where the full reach of BL cluster-localization is exploited
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and where stronger notions of stabilization do not apply.

For interacting diffusions as in Example 1.2, we use Doob’s inequality and the It6 isometry to
establish a decorrelation bound with respect to the graph distance as in [97]. Using again the stabilizing
properties of the interaction graph, we obtain L>-stabilization for the scores or summands comprising
H,,, which is stronger than BL-localization.

In the case of interacting particle systems as in Examples 1.3 and 1.4, we establish classical stop-
ping set stabilization for functionals £(%,P,,) := h(M (,t, P,)icio.)) that depend on the time evolu-
tion of particle states, where h is a suitable function of the state M (z, ¢, 75n) at time ¢. This involves a
careful analysis of a graphical construction that captures the system’s full dependency structure. For
each site x, the history of a particle’s state is determined by a backwards in time cluster, defined via
chains in an oriented space-time graph. The diameters of these clusters exhibit exponentially decaying
tails, which yields the required asymptotic decorrelation. While the stabilization used here is classical,
the generality of the framework makes the results non-trivial to prove—even when site locations form
a Poisson process or the initial states are i.i.d.

Our general theory aligns naturally with empirical random fields or geostatistical marking as in
Examples 1.5 or 1.6, respectively, as the two point processes in those examples are independent. The
approach is advantageous as it only requires BL-localization of the random field ¢ with respect to the
underlying point process P for the limit theory to hold.

1.3 Existing literature

Many spatial random models have been investigated either in the mean-field regime or for Erdds-
Rényi-type random graphs; we do not detail these contributions here, as there is little overlap and still
less relevance. We shall focus instead on overlap with existing central limit theorems for models on
lattice-based or other discrete sparse graphs.

General limit theorems for marked and unmarked point processes: Up to now research on limit
theorems for sums of general score functions of point processes has focused primarily on scores with
strong (stopping set) stabilization assumptions and input with independent initial states, i.e. the study
of (1.1) and (1.2) with U(z) being independent marks (states) of points z (sites) given the ground
process P and ¢ satisfying certain strong stabilization criteria. In the case of Poisson input one typ-
ically obtains cleaner conclusions, often under weaker stabilization criteria. We recall these before
mentioning results on general point processes.

When the collection of sites P is a Poisson point process with independent initial states (marks),
the limit theory for the random measures at (1.2) is established in Baryshnikov and Yukich [10],
Penrose [117], and Penrose and Yukich [123, 124]. The seminal work of Last et al. [100] employs
the Malliavin-Stein calculus to establish quantitative central limit theorems for general functionals
on the space of Poisson input. Their work is extended and refined by Trauthwein [150]. Additional
works establishing quantitative central limit theorems for the functionals (H$),cn on both marked
and unmarked Poisson input include Lachi¢ze-Rey et al. [95], Lachi¢ze-Rey [92], Schulte and Yukich

12



[141], Lachieze-Rey et al. [96], Schulte and Yukich [142]; these papers assume that the scores ¢ satisfy
stabilization criteria.

The case of Gibbsian point processes is considered in Schreiber and Yukich [137], Xia and Yukich
[159] and Hirsch et al. [75], whereas the case of point processes satisfying classical mixing conditions
is handled in Heinrich [71], Heinrich et al. [74], Heinrich and Pawlas [72], Ivanoff [79], Jenish and
Prucha [83]. In Btaszczyszyn et al. [21], the limit theory for the measures in (1.2) is further extended
to include a ground process P (of sites) having fast mixing correlations; see also Fenzl [57] and Cong
and Xia [34] for independent (static) marks given such a ground process P. Recent work of Chen
et al. [32] uses Stein couplings to obtain Berry-Esseen types of bounds on normal approximation of
statistics of general random measures, but not necessarily those expressed as sums of marks.

The fast mixing correlations of ground processes is exhibited by point processes which are either
stationary a-determinantal or permanental point processes having a fast decreasing kernel, the point
process given by the zero set of a Gaussian entire function, certain rarified Gibbsian point processes
or some Cox point processes (see Blaszczyszyn et al. [21]). The general results of [21] extend those
of Soshnikov [147] and Nazarov and Sodin [112], who restrict attention to & = ¢, ¢ a constant, that
is to say restrict to the case when the random measures at (1.2) are counting statistics. The work of
Benes et al. [11] gives sufficient conditions for fast mixing correlations of a Gibbs particle process (a
point process on the space of compact sets of R%) and uses them to prove a central limit theorem for
U-statistics of such processes.

Spin Systems: The above-mentioned central limit theorems and ours have precursors in central limit
theorems for discrete random fields (i.e., fields indexed by graphs or lattices) which involve some
notion of mixing or quasi-association. Such theorems have a long history and we refer the reader
to Dobrushin and Tirozzi [44], Holley and Stroock [77], Kiinsch [91], Bolthausen [24], Bulinski and
Spodarev [27], Reddy et al. [130] among others. In particular, these theorems were also applied
for spin systems on fixed graphs such as lattices and again work in high temperature or low activity
regimes. In comparison, our notion of BL-mixing accounts for the randomness of the underlying
graphs.

The specific form of weak spatial mixing which we require is taken from Martinelli and Olivieri
[108], itself a modification of the well-known ‘Dobrushin-Shlosman uniqueness’ condition [43]; such
a condition is crucial when proving uniqueness, concentration inequalities, and fast mixing of Glauber
dynamics for spin systems, among other properties; see for example references in [43, 152, 153, 31,
145]. Many existing central limit theorems use mixing in one form or another (see [63, pg. 469]),
but as far as we understand, weak spatial mixing appears weaker than many of these notions. There is
considerable literature devoted to existence and phase-transitions in the infinite-volume limit for spin
systems on lattices [60, 48] but we bypass these aspects here.

To the best of our knowledge, there is relatively little literature on the central limit theorem for
spin systems on sparse random graphs, i.e., graphs with finite average degree. Giardina et al. [65, 66]
and Can [28] have proved asymptotic normality for Ising models on locally tree-like sparse random
graphs. They prove a random quenched central limit theorem and annealed central limit theorem for
rather general models of sparse random graphs but for an averaged quenched central limit theorem,
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which is what we study, they require restrictive assumptions on the underlying graphs. Their proofs
proceed by explicitly evaluating asymptotics for the second derivative of the cumulant-generating
function and also yields explicit variance asymptotics at volume-order scale. This proof strategy is
similar to that of Ellis [53, Section V7], who uses it to prove a central limit theorem on lattices. In
contrast, our approach for spin systems uses coarser information on the graph geometry and applies to
many graphs and spin models, though is subject to lower bounds on the growth of the variance.

An approach via a quantitative Marcinkiewicz type of theorem was recently used in Dinh et al.
[41] to prove normal approximation for continuous spin systems with a non-trivial external field on
lattices. This approach requires showing zero-freeness of the characteristic function of total spins
which relies upon zero-freeness of the partition function via the Lee-Yang theory. Zero-freeness of the
partition function is known to imply (or is equivalent to) strong spatial mixing in lattice models [42]
and some other examples [62, 103, 132] and hence it is in general stronger than the notion of weak
spatial mixing employed in our proofs.

Interacting particle systems: A significant part of the literature, see Liggett [102], is devoted to
existence, long-time behavior, and phase-transitions in particle systems on lattices or deterministic
graphs. Our investigation is focused on the evolution in finite-time horizons, as inspired by Penrose
[119]. The latter also considers existence of particle systems on the infinite Poisson point process,
whereas we consider only particle systems on large windows and hence sidestep the question of ex-
istence and long-term behavior. By restricting attention to large windows, this allows us to consider
more general particle system models than those in [119] or [102]. Understanding the existence in
the infinite volume limit as well as understanding the long-time behavior of our models on general
point processes is an intriguing question lying beyond the scope of this work, though the techniques
of [119, 110] combined with some of our derivations could be helpful in this direction.

Central limit theorems for interacting particle systems on lattices and transitive graphs have a long
history, going back to Holley and Stroock [77, 76], Brox and Rost [26], Rost [133] and, more re-
cently Doukhan et al. [46]. These works assume finite range interactions apart from other particular
assumptions on either the state space, the initial states or Markovian dynamics. Specific models in
the continuum, including random sequential adsorption, are treated in Penrose and Yukich [122], but
we are not aware of central limit theorems for general continuum interacting particle systems beyond
those of [119]. The papers Qi [127] and Onaran et al. [113, 114] give functional central limit theorems
for statistics of certain spatial birth death processes (and the latter incorporates diffusive dynamics as
well), albeit under different assumptions, whereas [119] establishes a functional central limit theorem
for more general time-indexed interacting particle systems, subject to finite range conditions and cer-
tain assumptions on the birth and death rates. For a more detailed comparison of proof techniques,
see Remark 10.2. The underlying point process in these works is the Poisson process and we are not
aware of any results on general point processes.

Concerning our other applications such as interacting diffusions or geostatistical marking, we are
not aware of existing central limit theorems. Central limit theorems for empirical random fields under
strong mixing conditions are given in [115].
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1.4 Organization of the work

After introducing some notation and definitions in the next section (Section 2), the rest of the work is
divided into two parts. Part II lays out the general framework of mixing correlations of point processes
and localization of scores, the main theoretical results on expectation, variance asymptotics and normal
convergence as well as their proofs. We introduce the twin notions of BL-mixing correlations and BL-
localizing score functions and use these key concepts to formulate our main limit theorems. The
applications of our general theorems to the aforementioned spatial random models are not immediate
and we reserve the entirety of Part III to separately and thoroughly investigate each model. While these
applications can be read independently of each other, the interactions in these models are commonly
described via a stabilizing interaction graph.

2 Notation, terminology and definitions

We frame our approach in the setting of marked point processes. Relevant notation is introduced
below, and additional background—including key definitions from Palm theory—is provided in the
following subsection. For more on point processes and random measures, we refer the reader to
[8, 84, 99]. Section 2.1 lists the commonly used notation whereas Section 2.2 elaborates upon the
definitions and terminology.

2.1 List of notation

* K, K’, M and L are Polish spaces, i.c. separable completely metrizable spaces.

e For integers 1 < a < b, denote by [2]° the vector (z,,...,2,) with elements z; in RY, K,
N0 :={0,1,...},or R x K, dependlng on the context. Denote the concatenation of such tuples
by 22 U []¢ = (24, -, 20, 20y - - -, 21y). We also write [k] := {1,2,...,k} for k € N.

* We consider a compatible metric dx on the Polish space K and we consider the /-product metric
die (7, PI7) = S0, d(us, v;) for [u]f, o]} € KP. The same applies to other Polish spaces.

* For a vector [z]] € (R?)?, we abbreviate B, ([z]) = |J/_, B.(«;), where B,(x) is a ball of radius
r > 0 centered at v € R%.

* B, := B, (R?)—the class of bounded Borel subsets of R,
» B(K?)—the class of real-valued, measurable functions f on K? with |f| < 1,p € N.

* BL(KP)—the class of Lipschitz(1) functions f : K? — R with supremum norm bounded by 1.
This is the class of f : KP — R such that

£~ S o
ol AL ST o <L
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where dx» is the 1-product metric on K? with respect to the given metric dix on K (i.e., dg» (2]},
WlY) = -7 dx(wxi,y;)) These functions are sometimes referred to as bounded (or double-
bounded) Lipschitz functions, where both the Lipschitz constant and the function values are
bounded. The underlying domain K will be omitted whenever it is implicit.

Given KP-valued random vectors [X]} and [Y]7, defined on possibly different probability spaces,
the bounded Lipschitz distance between the laws of [X]} and [Y]} is

deL (L(IX]1), L(V]Y)) = sup [Ef(IX]Y) — Ef(F]D)I-
fEBL(KP)
Abusing notation we often write dgp ([X]Y, [Y]}) for dg. (L([X]}), L([Y]})). Since K (and hence
KP) is a separable metric space, the bounded Lipschitz distance dg; metrizes convergence of
probability measures on K” (see Bogachev [23, Theorem 8.3.2]). Moreover, if dk (and hence
dxr) is complete, then this metrization is also complete (see [23, Theorem 8.10.43]). The

bounded Lipschitz distance dgy is also equivalent to the Fortet-Mourier distance (see Villani
[155]).

Given K-valued random variables X, Y, defined on possibly different probability spaces, the
total variation distance between the laws of X and Y is

dr(£(X), £(Y)) = %fiﬁé& Ef(X) — Ef(Y)].

When K is finite, we have

A (LX), £(V) = 5 37 [B(X = K) ~B(Y = k)|

keK

The collection of random sites P is a simple point process on R%.

We let P = > .cp 0z be a simple, marked point process on R x K, where Z := (z,U(z)) are
random elements in R? x K and for any = € R, the set {x} x K contains at most one element of
P. Elements = € R? are interchangeably referred to as points or sites, while U (x) are referred
to as pre-marks or initial states. The projection of P on R is the collection of sites P, also
called the ground process.

By P, := Pn W,,n € N, we denote the restriction of the ground process P to W, :=
[—1nt/d 1nl/d)d and, with a slight abuse of notation, P, := P N W, means the restriction of
the marked point process P whose ground points belong to IV,,. In certain contexts, we write

Py :=Pand P, = P.

Let Nga and Nya, x denote the spaces of locally finite subsets of R? and R? x KK, respectively,
equipped with suitable topologies and o-algebras. Let Nza and /\A/'Rde be the space of finite
subsets of R and R? x K respectively. Mo,to]xK denotes the collection of finite subsets of
[0, to] x K.

16



p®) ([]?)—the p th order correlation function of the ground process P; for a simple point process
P it vanishes whenever x; = x; for any ¢ # j.

&) (d[i]?)—the p th order factorial moment measure of P, where [i]? = [z, u” € (R? x K)P.

M (du]})—the Palm probability distribution on KP of the random marks [U]} = (U, ..., U,) =
r1),...,U(x,)) respectively at the fixed locations [z|; = (21, ..., Tp).
U Uz, ively at the fixed locations [z]! .

Pge, Ege—the Palm probability distribution and the corresponding Palm expectation of the
marked point process P given points [z]] and their marks [u} where [7]] = [z, u]] € (R? x K)?.

IP’W, ]E![i] ,—the reduced Palm versions and the corresponding expectation are such that the con-
1 1

ditioning points [z]? and marks [u]? are removed from P.

Eppl--] == [ Egpl---] Myp (dul})—the Palm expectation of P given points [x]} without fixing
their marks [u]}.

&gfp(d[ﬁ]ll)—the Palm factorial moment measures of P of order [ on (R x K)' under P![j]p, for
fixed [7]}.

pg?;—the p th order correlation functions of the ground process P under its reduced Palm ver-

sions IP’M,{ (without fixing marks).

G(X) and G(u) denote graphs on the vertex set X’ and the counting measure p on R, respec-
tively. The graph metric is denoted by dg () or dg(,) and the graph boundary for X’ C X is
denoted by X",

B (X") denotes the k-ball in the graph distance around X" C X.

GE];},(X) := G(B,(X")) denotes the induced sub-graph of G(X') on B, (X”), X' C X. Similar
notation is used for G(u).

For X C R¢, gﬁ;‘) (X) := G(XNB,(X")) denotes the induced sub-graph of G(X) on XYNB,.(X"),
the Euclidean r-ball around X’ C R¢.

7/ denotes a standard normal random variable.
A function ¢ : [0, 00) — [0, 00) is said to be fast decreasing if

limsup r™¢(r) — 0, Vm € N. (2.1

T—00

Further, ¢ is exponentially decreasing if there exists b € (0, 00) such that
limsup, . 7 °log ¢(r) < 0.

For k € Nlet wy : [0,00) — [0,00). The collection (wg)ren of functions is said to be an
increasing-decreasing family if for all k € N we have wy, < wy41 and w(s) | 0as s — oo.
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2.2 Formal definitions: marked point processes

» The collection of random sites P is a simple point process on RY; it is a random element in
the space Nga of locally finite subsets of R endowed with the evaluation o-algebra, i.e., the o-
algebra generated by the maps p — p(B) for all Borel subsets B. Let NRd denote the subspace
of Na consisting of all finite subsets of R?. We note that Nza is a Polish space under the vague
topology ([84, Lemma 4.6]) and that NRd is likewise a Polish space under the vague topology,
which is equivalent to the weak topology [84, Chapter 4].

c Welet? =, p
x € R? and where the marks U () are random elements in KK, a Polish space. The x are random
points and we note that 7 are random elements in R? x K and that P is a point process on R? x K;

d;z be a simple, marked point process, where T := (z,U(z)), with points

i.e., it is a random element in the space Nga, i of locally finite subsets of R? x K (interpreted as
counting measures) and endowed with the evaluation o-algebra, with any set {z} x K, z € R?,
containing at most one element of P. Recall that the U (x) are interchangeably referred to as
marks or initial states. The projection of P on R is the collection of sites P, also called the
ground process. As above, we take NRde to be the space of finite subsets of R? x K and this
again is a Polish space under the weak topology, while Ny, is also a Polish space under the
vague topology [84, resp. Lemma 4.5 and Lemma 4.6].

* For p € N, let P be the p-th factorial power of the simple point process P, i.e., the collection
of tuples (z1, ..., x,) of distinct points of P. It forms a point process on (R%)? with the mean
measure E[P®)(-)], known as the factorial moment measure of order p of P. If the factorial
moment measure of order p is locally finite, then the p-th order correlation function p® is
the Radon-Nikodym density (if it exists) of this factorial moment measure with respect to the
Lebesgue measure on (R?)?. For P simple this ensures p”([z]}) = 0 when z; = x; for any
i # j. For any non-negative measurable function f : (R%)? — [0, c0), we have

E[ >, fED= F(RID)p® () A(R]?).

(1,.eyxp) EPP) (R

We slightly abuse notation as the term [z]} on the left-hand side is a random p-tuple whereas the
term [z]} on the right is deterministic. Unless the context is specifically restricted, we assume

throughout that the correlation functions ,o(p), p € N, exist and are bounded. We also write
pl) = pV (), € RY.

« Extending this approach, we define the factorial power P®) of order p for the simple marked
point process P as the collection of p-tuples [i]? = [z, u]? of distinct marked points of P. Its
mean measure, &) (-) := E[P®)(.)], is the p-th order factorial moment measure of P, con-
sidered on (R? x K)P. The simplicity of the marked point process (i.e., P({z} x K) < 1)
implies that the factorial moment measures of P satisfy the same finiteness conditions as those

of the ground process P. Consequently, under the same moment assumptions as for P, for any
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non-negative measurable function f : (R? x K)? — [0, c0), we have

BY SE=EL Y sEuR)= [ R

(Z1,e0yTp)EP®) (Z1,e0yTp) EP®)
where in the middle expression we adopt the convention that U; = U(z;) for all i € N,
, U} = [(z, U)} = ((x1,U;), ..., (xp, Uy,)) and where again on the left-hand side [z]} = [z, U]}

is a random p-tuple of distinct marked points, whereas the term [7]] = [, ]} on the right is

deterministic.

For a fixed vector of distinct locations [z]} = (x1,...,7,) € (R?)?, the (marks-)Palm prob-

ability distribution M[(;]L(d[u]f ) on KP describes the distribution of the random marks [U]] =
1
(U, ..., U,) at these locations. It is defined by

a® (dfg) = M (dRd?)p () dfal?,

where &) is the pth order factorial moment measure of P, and [i]? = [r, 4} = ((z1, 1), ...,
(z,u,)). This disintegration holds since the boundedness of the correlation function p® en-
sures the o-finiteness of @® on the space K that is Polish; see [8, Theorem 14.D.10]. Thus the
Palm probability distribution Mg% (du)}) exists for almost every [z]} and is only meaningful for
distinct locations z;.

For fixed distinct marked locations [#]} = [z, ulj € (R?xK)?, we denote by Py the correspond-
ing Palm probability distribution of the (entire) process P given points [z]] and their marks [u]?.
These are again defined via a disintegration of the higher order Campbell’s measure C®)(- x -)
on (R? x K)? x Ngayk given by

CW (B x 1) = CP(B x L) = E[/ 1(@F € B)L(P € L) PP (d[)

(RIxK)P

with respect to the pth order factorial moment measure &) of P (from which C'® inherits
o-finiteness):
CP(A(T, ) = Py (din) a® (). (22)

The crucial existence of the disintegration in (2.2) follows again from [8, Theorem 14.D.10]
and the observation that NVya, is Polish. By Egr, we mean the corresponding expectation with
respect to the Palm probability distribution Ppr. These again are defined only for a® ae. [7]?

and only meaningful for distinct marked locations.

From the above definition, it follows that the Palm expectation satisfies the following identity
known as the Campbell-Little-Mecke formula. For a measurable f : (R? x K)? x Ngayg —
[0, 00), we have

Y SERPI= [ Bl AW e



* The reduced Palm versions ]P’![i]p and their expectations E![:ﬂ , are such that the conditioning points
1 1

(]} and marks [u]] are removed from P. These versions, which may be formally defined via

P (75 € ) = Py (75 - é 0z, € ) ,

satisfy the following modified Campbell-Little-Mecke formula. For a measurable f : (R? x
K)? x Npayxx — [0, 00), we have

p
B Y EP-Y = [ Eplf@ e, e
(&1,...,0p)EP®) i=1 (RExK)P
« Let Epp[..] == [i, Egel.] ./\/lg]’zl, (dfu)?) denote the Palm expectation of P given points [z]”

without fixing their marks [u]}. Under this notation, the Campbell-Little-Mecke formula can be
rewritten as

BY SERPI= [ Bl GRG0

We recall and clarify that, when using IP’W; or IEWf, we tacitly assume that the factorial moment
measure oP) of the ground process P is locally finite. In particular, this holds when its density
pP) exists (at least locally at [z]}).

« The Palm factorial moment measures of order [ (on (R x K)!) of P under IED o (for fixed [7]})

are denoted by dfl]p(d[y]ll). The existence of Palm correlation functions is guaranteed by the
following Palm algebra relation [8, Proposition 3.3.9]

AP (A L) = dygy (A (dE]),

for 7]} € (R x K)?, [g], € (R x K).. The above relation can also be rewritten in terms of
correlation functions and mark distributions as

M (@7 L et )p® 0 (Bl L ) = ag) e (dly, wl) M (AdD)p® (), (26)

where in /\/l p (o) P (d([)] U fw])})) we understand [u]}, ]! to denote the markings associated
to [2]7, [y} respectlvely Likewise, the Palm distributions (IP"[ ]p)'[ , of IP’[ jp exist and satisfy

(PL,)L, =P for almost all 7]} U [g]} with respect to 64(1"“)(d([:1:]117 U g4)).

z ]p)L'y] Bl uE

* The [ th correlation functions pg})p ([y)}) of the ground process P under its reduced Palm versions
1

]P![m]’f (without fixing marks). Formally, these functions are defined as the Radon-Nikodyn density

of the measure E![x]p [P (.)] with respect to the Lebesgue measure. Dropping marks in the Palm
algebra relation (2.6) we have

Pl U ) = ol (i) () @)



Part 11
Theory and Foundations

This part systematically develops the theoretical framework underpinning this work. In Section 3, we
introduce the key concept of asymptotic decorrelation of marked point processes P (not necessarily
stationary) as well as the notion of BL-mixing marked point processes. We state a general central
limit theorem for such point processes, one which implies most of our Gaussian fluctuation results.
Section 4 provides a general way to describe and construct asymptotically decorrelated point processes
having dependent marks via jointly BL-localizing score functions. Section 5 establishes the general
limit theory for statistics of these point processes. This includes central limit theorems, and, under the
additional assumption of stationarity and translation invariance of &, it provides the first and second
order limit theory for (15 (f))nen. The proof of the key mixing correlation bound from Section 4 is in
Section 6 whereas the proofs of the general limit theorems are in Section 7.
We make the following standing assumption.

Assumption 3.1.

(i) P denotes a simple point process on R? such that whenever for some p € N the correlation
function p® exists, it is uniformly bounded, i.e., k, = SUPpPe(Rd)p PP ([]?) < oo. We put ko =

max{ri, 1}.

(ii) Marked point processes P and (ﬁn)neN are assumed to be simple.

3 Mixing correlations of marked point processes

We define the main notion of asymptotic decorrelation of marked point processes, called ‘mixing
correlations’, and use it to formulate our fundamental result (Theorem 3.3) concerning Gaussian fluc-
tuations of some macroscopic characteristics of a large class of random spatial models. Next, in
Section 3.2 we elaborate upon the properties of mixing correlations, and in particular show that they
can be deduced from mixing correlations of points together with mixing correlations of marks. This
is useful when proving that the main mixing hypotheses follow from more elementary assumptions.

3.1 Mixing correlations and asymptotic normality

We formulate the main result of this section, a fundamental tool for studying the Gaussian fluctuations
of spatial models. Following the first lines of the Introduction, consider a ground point process P =
{z;} on R?, and denote P,, := P N W,,n € N, where W,, := [—1n!/4 1n!/9? Consider a family of
real-valued marked point processes (ﬁn)neN = ({(mz, fim)}xiepn)neN, where the ¢; ,, are real-valued
random variables, commonly referred to in the literature as scores. We are interested in establishing a
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central limit theorem for the random variables 15 (f) := [ fdu$,n € N, where

H = D GO, 3.1

T, EPp,

is a (possibly signed) measure on W, and where f € B(1/7) is a bounded test function on W}.

If (7571)”61\; are the respective restrictions to (W,,),en of a stationary ground point process P
equipped with i.i.d. scores, that is, {&; , }4,ep, are ii.d. given P, for each n € N, then, under suit-
able moment conditions on {¢;,,}, as noted in [57], straightforward modifications of [21] yield the
asymptotic normality of (15 (f))nen, for f € B(W;). Rather than imposing mixing conditions on
‘P via its underlying o-algebra, this approach—motivated by the notion of ‘clustering of correlation
functions’ in statistical physics—relies on the factorization (or mixing) of correlation functions of P;
see Definition 3.4.

However, this approach does not readily extend to the case of dependent scores, which com-
monly arise in models of interest. Indeed, viewing a marked point process P,, with real-valued scores
{& n}z:ep, as a (non-marked) point process in R? x R for the purpose of analyzing its correlation
functions is often inconvenient, especially when the scores depend on additional (possibly abstract)
sources of randomness. If one wishes to avoid delicate considerations involving the o-algebra of P,,
an approach adopted in this work is to define mixing correlations directly for abstractly marked point
processes, as follows.

By (P, = {(z,Ui(2))}sep)ien We mean a family of marked point processes sharing the same
ground point process P in R?, with marks U;(z) € K, x € P, taking values in a common mark
space K. These marks may depend on the configuration P and/or on auxiliary randomness, all defined
on a common probability space on which the processes (751) leN are constructed.

Definition 3.1 (BL-mixing correlations of marked point processes).

(i) A marked point process P = {(z,U(z))}sep has BL-mixing correlations if there exists a family
(wk)ken of functions wy, : [0,00) — [0, 00) with lim, o, wi(r) = 0 for all k € N and such that for all
p,geEN zy,... 2y, €RY and all f € BL(KP), g € BL(KY), we have

Eygota F(UD) g (U] 7 ) (7)) — Ew;[f([UVf)]p(p)([xH)Emgig (VD] p 2 (519
< wptq(9), (3.2)

where

s = d([]?, (P T?) = inf T — 4] 33
GRED = e 63)

We refer to (wy,)ren as the correlation decay functions for P and without loss of generality, we assume
that the collection (wy)ken is an increasing-decreasing family of functions, by which we mean that for
all k € N we have wy, < wyy1 and wi(s) L 0 as s — oo.

(ii) ‘P has fast BL-mixing correlations if in addition to (3.2), for all k € N, the correlation decay
function wy, is fast decreasing, in accordance with property (2.1).
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(iii) A family of marked point processes (751) 1eN, has BL-mixing correlations, if there exists a family
(wk)ken Of increasing-decreasing functions wy, : [0, 00) — [0, 00) and such that (3.2) holds uniformly
in | € N with respect to the Palm distributions of marks E g+ AU g([UEE)] of Py. The fam-

ily (751)161\1 has fast BL-mixing correlations, if the increasing-decreasing family of correlation decay
functions (wy,)ken is fast decreasing.

Examples of marked point processes P having BL-mixing correlations include point processes P
with mixing correlations and whose marks are generated either by spins, states of interacting diffusions
or interacting particle systems on stabilizing interaction graphs on P, as detailed in Part III. The
upcoming Proposition 3.7, respectively Corollary 4.10, provides general conditions under which a
marked point process P, respectively family of marked point processes, has BL-mixing correlations.

We have introduced mixing correlations for abstract marks, a concept which figures prominently
throughout the work. We now return to scores (which are real-valued marks), for which we aim to
establish Gaussian fluctuations of their sums. This is preceded by moment assumptions.

Definition 3.2 (Moment conditions of scores). The real-valued marks of
(Pr)nen = ({(zi, §i7”>}$iepn)n€N’ namely &; , € R, satisfy a p-moment condition, p € [1,00), if there
are constants M]f < 00 such that

sup sup  sup  Egye[max(l,[£,[")] < MS < oo, (3.4)
1<n<o0 1<q<p z1,...,xq €Wy, !
where &, ,, is the score of x1 under the Palm distribution of P,, given the ground points x1, . .. , T

Here and elsewhere, we adopt the convention that the sup with respect to [t]} is to be understood as
ess sup with respect to the factorial moment measures p® ([]%)d[z]? of the common ground process P,
where p®) is tacitly assumed to be uniformly bounded by kp. Without loss of generality we assume
that Mg is increasing in p whenever (3.4) holds.

The formulation of the p-moment condition (3.4) in terms of higher-order Palm distributions, re-
stricted to orders ¢ € [1,p|, is motivated by the cumulant method and justified by considering the
moments E[(le P, & )F] with k € N, of sums of scores over the window. Expanding these powers,
one is led to control expectations of sums of products of powers éf", with k; < k, taken over distinct
q < k points of the ground process. Such expressions are naturally related to g-fold Palm distribu-
tions. Consequently, by applying Holder’s inequality, it suffices to impose moment conditions of order
p = k + ¢ under Palm measures of order ¢ < p.

BL-mixing correlations, defined via the class of BL-test functions, are sufficient to establish the
central limit theorem for real-valued marked point processes.

Theorem 3.3 (CLT for sums of scores having fast BL-mixing correlations). Consider the family
(Po)nen = ({(s, &’”)}xiepn)neN’ &in € R, of real-valued marked point processes sharing the same
ground point process P in R%, all satisfying Assumption 3.1. Assume that (ﬁn)neN has fast BL-mixing
correlations as in Definition 3.1(iii) with scores &, satisfying the p-moment condition (3.4) for all
p € N. Furthermore, if f € B(W)) satisfies Var p&(f) = Q(n”) for some v > 0, then as n — oo,

(Var i (£) 772 (1S () — Bié () 2 2, (3.5)
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. : d e
where Z is the standard normal random variable and = denotes convergence in distribution.

Theorem 3.3, an umbrella central limit theorem, is proved in Section 7.2. It is a central limit the-
orem for triangular arrays with the summands of ué forming the entries of the n th row of the array,
n € N, and it does not require stationarity assumptions. The result encompasses the asymptotic nor-
mality of statistics of spin systems (Section 8), interacting diffusions (Section 9), interacting particle
systems (Section 10), as well as empirical random fields and geostatistical models (Section 11), with
all models considered on windows W,,, n — oo.

The main idea behind the proof is to show, together with moment conditions on the marks §; ,,, that

the correlation functions defined via Palm expectations E[x]zf =K, 2 by
m[k}’f“([x]zlﬂrq; n) = mFFord (g p )
= Eggora [(€10)" - (Eprg) 4] o) (I2) (3.6)

approximately factorize into mH ([z]?; n)mwzﬁ (k]b14;n) uniformly in 7 € N up to an additive error
decaying faster than any power of the separation distance s, defined at (3.3). Here x4, ..., 2,4, are
distinct points in R? and &y, ..., k,., € N. The approximate factorization (3.6) may be viewed as a
geometric mixing condition on correlation functions. It implies Brillinger mixing for the (possibly
signed) measures inem &in0y (see Lemma 7.1) and hence it implies a central limit theorem for
(18 )nen; see Theorem 7.2.

Our approach stands apart from others, where limit theorems for point processes with dependent
scores are typically established under mixing assumptions on both the ground process and the scores;
see, for example, [73, 71, 72,74, 79, 83, 115]. However, such assumptions can be difficult to verify in
practice.

In contrast, we assume an asymptotic independence condition formulated in terms of the corre-
lation structure of these models. While our Definition 3.1 of mixing correlations for marked point
processes may appear to be yet another form of mixing, it simplifies verification by allowing the
correlations of the ground process and the marks to be treated separately (see Proposition 3.7). Fur-
thermore, it facilitates the analysis of more complex marks constructed functionally from simpler ones
satisfying stronger mixing conditions (see Definition 3.6, Theorem 4.9, and Corollary 4.10).

3.2 Mixing correlations of points, marks, and marked processes

In this section, we again consider point processes marked by abstract marks. We recall from [21] the
definition of mixing correlation functions for the ground process P, introduce a corresponding notion
for the marks alone, and then show that, taken together, they imply the mixing correlations of marked
point processes as defined in Definition 3.1.

Definition 3.4 (Mixing correlations of the ground process P).

(i) The correlation functions p® ,p € N, of P are mixing if for all k € N there exists an increasing-
decreasing family of functions wy, : [0,00) — [0, 00) such that for all p,q € N, z1, ..., 2,1, € RY, we
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have
PO = o ) D EIEED] < ), G

where s := d(p}, []01%) is at (3.3). Denote Cy, := sup,wy(s) and observe that (C,)en is non-
decreasing.

(ii) ‘P has fast mixing correlations if wy, is fast decreasing for all k € N.

As seenin [21, Section 2.2] (see also Appendix A), point processes having fast mixing correlations
include determinantal and permanental point processes with a fast decreasing kernel, the zero set
of a Gaussian entire function, and rarified Gibbs point processes. Recall from Assumption 3.1 that
Kp i= SUPppe(ra)p p®) ([]?) and ko := max{xy, 1}. As noted in [21, (1.12)], fast mixing correlations
yields for all p € N

Ky < pCpkp. (3.8)

Recall that each point z € P is associated with a mark U (z) € K, K a Polish space. We formulate
the notion of BL-mixing correlations for the marks U (z) of a point process P, without assuming any
specific correlation properties of the ground process P itself.

Definition 3.5 (BL-mixing correlations of marks).

(i) The marks U of the point process P = YowepOn &= (2,U), x € R?, U € K, satisfy BL-mixing
correlations if there exists an increasing-decreasing family of functions wy : [0,00) — [0,2], k € N,
called correlation decay functions, such that for all p,q € N, z1,...,x,,, € R and all f € BL(KP),
and g € BL(K?) we have

Eggea [f (UR) g (WD) = Egge [f (U E gt lg (U D] < wpa(5), (3.9)

p+1
where s := d([a]}, Wb 71) is at (3.3).
(ii) The marks U have fast BL-mixing correlations if (wy )ren are fast decreasing.

Before formulating the intuitively appealing result that mixing correlations of the points (sites),
together with those of the marks (states) as developed in this section, imply the mixing correlations
of the marked point process (as in Definition 3.1), we introduce a stronger notion of mixing corre-
lations for the marks— and consequently for the entire process. Specifically, by replacing the class
of bounded Lipschitz functions BL(K) with the broader class of bounded functions B(KK), we obtain
the corresponding definitions of B-mixing correlations. This stronger form of mixing is instrumental
in the applications of Theorem 3.3. Specifically, if the sequence (ﬁn)neN exhibits B-mixing corre-
lations that decay to zero exponentially fast (see Definition 4.8 for more precise formulation of this
exponential decay), and if the marks &; ,, are functionally constructed from this initial marking—i.e.,

&in = &(x;, P,)—then the resulting marked process satisfies BL-mixing correlations, provided that &
fulfills certain localization or stabilization conditions; see Theorem 4.9.

Definition 3.6 (B-mixing correlations).
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(i) The marks U of the point process P = >wep 0 @ = (2,U), z € R%, U € K, satisfy B-mixing
correlations if (3.9) holds when BL is replaced by B; i.e., for all p,q € N, and all f € B(KP),g €
B(KY),

Egppra [f (UR) g (WD) — Egge [f (U E ot lg(UD]| < wprg(s)s @1, 2paq € RY,

p+1

-----

decreasing family of functions.

(i) A marked point process P = {(x,U(x))}sep has B-mixing correlations if (3.2) holds when BL
is replaced by B i.e., for all p,q € N, and all f € B(KP), g € B(KY),

Eggr+alf (U9 (U )]0 PO (RI) — Eggr [ (U] 0P (&) E s [g (U110 (k1)

i1

< Wptq(s), Ti,. .., Tprg € RY (3.10)

with s,wy,, k € N as in Item (i). Similarly, a family of marked point processes (P, )ien, has B-mixing
correlations if Definition 3.1(iii) holds when BL is replaced by B.

(iii) If (wk)ken are fast decreasing functions, then we respectively speak of the fast B-mixing of marks,
a marked point process, or a family of marked point processes.

To obtain BL-mixing, respectively B-mixing, correlations of marked point processes, we show that
it actually suffices to show BL-mixing, respectively B-mixing correlations, of the marks themselves
provided that the ground process alone already satisfies these properties. This opens up a wide spec-
trum of models, as the marks exhibiting these mixing correlations are numerous. Beyond the obvious
examples of independent marks on a ground process exhibiting mixing correlations, and marks de-
pending within a fixed deterministic distance of the points in a Poisson process, we can also handle
marks with dependencies governed by graphs on P that involve local interactions, which are made
precise through the concept of stabilizing interaction graphs, defined in Section 8.1.

Proposition 3.7 (Joint mixing correlations of points and marks). Let P be a marked point process
whose ground process P has mixing correlations as in Definition 3.4 with decay function w. If the
marks have BL-mixing correlations as in Definition 3.5 with mixing function w (or B-mixing cor-
relations as in Definition 3.6 (i) with mixing function w) then P has BL-mixing correlations as in
Definition 3.1(i) (respectively, B-mixing correlations as in Definition 3.6(ii)) with mixing function

Wk(s) = wi(s) + Ok (s) max(kpky : p+q = k,p,q € N).

Proof of Proposition 3.7. We are given mixing functions wj, and wy, of the ground point process and
of the marks, respectively. For all [t} € (R?), 2]?79 € (R?) the triangle inequality gives

‘Emgw U™ () — By [ (U1 (W) Egrta lg (U1 110 (BT 1)

< Byl OGN (72 () = o2 (1) (1552 )
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+ [Eggesa [F (U g (U £5)10® ([2]f) 0 (]} 1)

— B [F(UR)] 0P (W) B [9([U 1) 0 ([l 14)

p+1

Now f € BL(KP?) and g € BL(K?)) and the bound (3.7) implies that term I satisfies

< [p®* D (7™ = pP (W) D ()] < wpag(s)

where s := d(a]}, 18 11) is at (3.3). For term J, using (3.9) one obtains J < @pq(s)kpkg. This
proves Proposition 3.7. 0

4 Functionally constructed marks and their localization

In this section, we will consider marks associated with points x; € P, in particular real-valued scores
denoted by &; ,, in our umbrella Theorem 3.3, that are constructed as functions of P,,, and possibly also
of pre-existing marks of this input process. Theorem 4.9 provides the key link between the umbrella
central limit theorem and the forthcoming Theorem 5.2, which extends this result to functionally
constructed scores and greatly simplifies the verification of their BL-mixing correlations. Crucially for
this link, the approach relies on the concepts of localization and stabilization, presented respectively
in Sections 4.1, 4.2, and 4.3. Localization (in two versions) is based on quantitative distributional
convergence of scores/marks when evaluated on the ground point process restricted to balls increasing
up to R, whereas stabilization, a stronger property, relies on the stopping set structure of the marking
functions.

We emphasize that our two notions of localization—BL-localization and BL-cluster-localization,
which are central to our approach—contrast with stabilization in that they do not require the approxi-
mations (obtained by restricting the ground point process to growing balls) to eventually coincide with
the original scores for large balls, nor even to converge to them pathwise. Instead, only convergence
in distribution in the bounded Lipschitz metric is required.

More specifically, consider a (say ‘pre-marked’) point process P = {(z, U(x))}zep, with marks
in some general space K. The models considered here allow for a collection of new K’-valued marks
on P, represented as

&z, P), x=(z,u) €P
and formalized as follows.

Definition 4.1 (Marking function). A marking or score function is a measurable function ¢ : (R? x
K) x Npaxg — K or € : (R? x K) x Ngayg — K’ where K' is a Polish space. The value of the
function £((x,u), ft) is relevant only for T = (x,u) € [i and can be defined arbitrarily for (x,u) & [i.

Although the term ‘score function’ is more commonly used in the context of limit theorems, in this
section we adopt the terminology ‘marking function’ to emphasize a structural or modeling viewpoint,
in which £(Z,P), for x € P, is regarded as a mark attached to the point process P. In contrast,
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when studying limit results—such as central limit theorems—where & appears as a real-valued weight
in sums over the point process, we revert to the term ‘score function,” reflecting its analytical role.
Accordingly, we will occasionally use the terms ‘marks’ and ‘scores’ interchangeably, depending on
the perspective adopted.

4.1 Bounded Lipschitz localization

We introduce a form of localization for the marks &(Z, 75) taking values in a general Polish space
K’, which is weaker than those used almost ubiquitously in the models considered in the classical
theory of stochastic geometry, but which is still strong enough to insure limit theorems for statistics
of spin systems, interacting diffusions, and empirical random fields. This localization, termed BL-
localization, is understood in terms of rates of convergence in distribution with respect to the dgp
metric of the (r-)restricted version

(&, P) := &(71, P N Bo(21)) (4.1)

to £(Z1,P) as r — oo, provided £(Zy, P) is defined. Here B, (z) := {y : |y — x| < r} denotes the
closed ball of radius r centered at  and we shall slightly abuse notation by defining for ji € Ngay g
and B € B(R?) the restriction i N B := {(x,u) € i : ¥ € B}. B¢(x) will denote the complement of
B,(x) in R4,

Unlike classical stabilization, discussed in Subsection 4.3, this localization is well suited when
one can only control distributional convergence of marks on balls of increasing radius, and where the
balls do not necessarily constitute stopping sets. We use this criterion, here called bounded Lipschitz
localization, to establish asymptotic normality as n — oo as well as expectation and variance asymp-
totics for (ué(f))nen, f € B(W1), under appropriate moment conditions on ¢ ; see Theorem 5.2 and
Proposition 5.3.

Recall from Section 2.1 that dp; (X, Y") denotes the bounded Lipschitz distance between random
vectors X and Y. Furthermore, the vector of the values of the marking function £ evaluated at marked
points [Z]} = [(z,u)]} C fi, is denoted by

1@, 1) = (€@, ), - - ., £(Zp, 1)

This additional notation is necessary because the following localization is in terms of convergence
rates for the joint distribution of

TR, P) = (860, P OB (01)), - (5, P O By(x,)))

to [¢]%(z, P) as r — oo.

Definition 4.2 (BL-localization of marking functions). Let £ be a marking function and, depending
on whether P is a finite or infinite marked point process, £ is defined on either finite or infinite point
sets, i.e., £ : RY x K X Npagg — K or &€ : R? x K x Ngayxg — K.
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(i) We say that & is a bounded Lipschitz-localizing marking function (BL-localizing for short) on the
point process P if there is an increasing-decreasing family of functions p, : [0,00) — [0,1],p € N,
such that

sup dBL,[x]p([ﬂ]l)(*%v 75)7 E(T)]Zf(j775)) < 290p<r)7 r =0, (4.2)

where the extra notation [z]} in dpy i accounts for the distribution of the vector of scores € (z, P)
and )} (&, P)) under the Palm distribution Py of P.

(ii) We say that ¢ is BL-localizing on the finite windows of P if there is an increasing-decreasing
family of functions ¢, : [0,00) — [0,1],p € N, such that
sup sup dBL,h]g([é’}f(f, 75n), [f(r)]’f(i, 75n))) < 2¢p,(r), r > 0. 4.3)

1<n<oo x1,...,xpEWy

(iii) We say that & is fast BL-localizing on P, or on the finite windows of P, if (pp)pen are fast
decreasing.

(iv) Exponential BL-localization signifies that @, is exponentially decreasing to zero for all p € N.

As elsewhere, in (4.2) and (4.3) we adopt the convention that the supremum over [x]} is understood as

an ess sup with respect to the factorial moment measures of the common ground process P, which are
tacitly assumed to have the form p® ([t]?)d[x]} with pP) uniformly bounded by k.

Note that BL-localization requires that the marking function £ be neither bounded nor Lipschitz.
Furthermore, the condition ¢, € [0, 1] is not restrictive since if there exists a non-negative ¢/, satisfying
(4.2) or (4.3), then so does ¢, = min{1, 90;} and the decreasing or fast decreasing properties of ¢, are
preserved by ¢,,.

The BL-localization property, as observed in Remark 4.7 in Section 4.3, follows readily from ei-
ther classical (stopping set) stabilization or L?-stabilization, and therefore does not restrict the class of
models that can be treated. Moreover, the BL-localization criterion captures the closeness of proba-
bility distributions of €)% (z,P,), K]} (z, P,). and []2(z, P) if the latter is defined, which need not be
close in a pathwise sense. This weaker, purely distributional notion of localization provides additional
flexibility. A variant, introduced in the next section, is exploited in the study of spin systems in Part III,
and both are expected to be useful in a broader class of models.

Fundamentally, BL-localization of £ on P and P, yields

0@, Pa) = (EP), n— oo,

uniformly under all Palm measures IP,;», with a rate of convergence in the dp; |» distance governed by
4p,. Indeed, put X, := [2(%, Pn), Xpr = EE(2,P,)) , X, := EO(2,P), and X = [} (&, P)

777777 »d(z;, 0W,,) denoting the distance between [z]] and the boundary
of W,,. Then by (4.2) and (4.3) we have

dpL i (X, X) < dpp e (X, Xoyr) + dpr e (X, X)
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= dBL,[a:]’l’<Xn7 X)) + dpL,p? (X, X)

where equality holds since the random variables X, . and X, coincide when B, (x;) C W, for all
ie{l,...,p}.

This convergence can be extended to the expectations for real-valued £ under moment conditions
of order p = 1+ ¢€,¢ > 0 (as in (3.4) and with ¢, ,, representing &(Z;, P,) and £(#;, P)) with the rate

IE,[£(F,Pn)] — E.[£(F, P)]| < Const. x @y (d(]?, W)/ @+,

See Lemma 7.5 for details.

BL-localization on finite windows (namely condition (4.3), which does not require defining
&(x, 75) on an infinite marked point process on R?) allows one to establish distributional limits for
€% (2, P,,) toward certain probability kernels as n — oo, uniformly under all Palm measures Pppe,
with the same rate of convergence, as well as for their expectations. In this setting, these probability
kernels play exactly the role of Palm distributions of the (possibly non-existent) infinite-volume object
&(x, 75) in the analysis of expectation and variance asymptotics of the sums of these BL-localizing
marks, which will be developed further in Sections 5.2, and 7.3—7.4. This relaxation makes it possible
to study statistics of spin systems on finite windows, as discussed in Section 8, without requiring the
existence of an infinite-volume spin system.

4.2 Bounded Lipschitz cluster-localization

BL-localization of marks, as formulated in Definition 4.2, is sufficient for the theoretical foundations
and applications considered in Part 11, except for the spin systems studied in Section 8. These systems
involve yet another relaxation of the classical stabilization framework, related to the irrelevance of the
marking function itself in the notion of BL-localization.

Indeed, BL-localization of marks is a purely distributional notion: it does not refer to a specific
marking function &, but rather to certain laws of the vectors [ (%, P,,) for r > 0, which are re-
quired to be close to the corresponding laws of [¢]? (%, P,,), uniformly in n, and eventually to those of
€% (&, P), if the latter are well defined.

However for Gibbs models there is typically no canonical specification of the vectors [¢™]} (7, 75n)
for r > 0, i.e., the joint law of spins at [x]| given their separate local environments P, N B,(x;),1 <
i < p, which involve dependencies arising from overlap of balls B,.(z;). While this does not hinder
the proof of BL-localization condition (4.3) for p = 1, it is a major obstacle in proving BL-localization
for p > 2. The following version of BL-localization, called cluster-localization, is designed precisely
to prove (fast) mixing properties of correlations of ¢ despite the above complications. It considers the
vector

EYR (&, P) = (&, PO BRI), -+ E(Ep, P 0 By([]h))) 4.5)

whose components are the values of the marking function £ computed with respect to the input pro-
cess P restricted to the union of the respective balls B, ([t]}) = ._, B, (z;).
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Definition 4.3 (BL cluster-localization of marks). In the setting of Definition 4.2, we say:

(i) The marking function & is BL cluster-localizing on the point process P if there is an increasing-
decreasing family of functions ¢, : [0,00) — [0,1], p € N, and constants o, € [0, 00) such that the
following two conditions hold:

sup ddBL,[ﬂE]p([gH(‘fa 75)7 [ U(T)H(‘fa 75)) < 2(pp<r)7 r> 07 (46)

andforallp>21¢e€{l,....p—1}and x1,...,x, € R such that d([x]}, [z], ) > r°» we have
dBL,[l"]f (EU(T)]f(i>75)a (EU(T)]ll(i'a 75)7 [SU(T)]?—H(j?,]S))) S 290p(r)7 r 2 0. (47)

(ii) BL cluster-localization on finite windows, (iii) fast BL cluster-localization, and (iv) exponential
BL cluster-localization are defined mutatis mutandis as in Definition 4.2.

Remark 4.4 (BL-localization vs BL cluster-localization). Replacing [¢("}} in Definition 4.2 by [EV")]},
which corresponds to retaining only the first condition (4.6) of BL cluster-localization—a property we
sometimes refer to as BL union-localization —is often easier to verify. Moreover, condition (4.6)
alone already implies the distributional limits of [€°())?(z, P,) converge to [¢]?(#, P) and/or to the
probability kernels discussed in the previous section; see the detailed arguments in Section 7.3 and, in
particular, Remark 7.6.

However, BL union-localization does allow for cross-dependence between the neighborhoods
of distinct points x;, since these neighborhoods are taken jointly. As a consequence, BL union-
localization alone does not rule out long-range interactions between individual marks and therefore
does not, by itself, suffice to establish mixing correlations, nor even variance asymptotics for sums of
localized marks; see the counterexample given in Example 7.7 in Section 7.3.

From this perspective, condition (4.6) is complemented in Definition 4.3 of BL cluster-localization
by an additional cluster-level localization condition, namely (4.7), which enforces a cut-off of interac-
tions between groups of points separated at scales larger than r. Taken together, these two conditions
imply all the distributional limits developed in Section 5 for sums of BL-localizing marks, including
expectation and variance asymptotics in the stationary setting; see the details in Remark 7.8, Sec-
tion 7.4.

4.3 Stabilization via stopping sets

We consider marked point processes with marking functions satisfying stopping set stabilization, ver-
sions of which have appeared in [95, 142] in the setting of finite windows and also [21, 118, 125] in
the setting of infinite windows.

Definition 4.5 (Radius of stabilization). Given a marking function £ : W, x K X anxK — K,
n € NU {oo} (as usual for n = oo, we take Wy, := R%) and (x,u) € i € Ny, «xx we define the
radius of stabilization R%Vn ((z,u); ft) to be the smallest r € N such that

§((z, u), i N Br(z)) = £((z, ), (2N By (x)) U (7 N Bi(x))) (4.8)
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forall v € Ny, «xx. The definition is naturally extended to i € Nyayx by setting Rf,[,n((x, w); fi) ==
R”;Vn((x, w); N W),

For n € N the radius of stabilization satisfies the bound
Ry, ((w,u); fi) < [diam(W,,)]. (4.9)

Indeed, (4.8) holds for r = diam(W},). For n = oo we abbreviate Rj;, by R¢ and put R¢ := oo if no
finite r satisfies (4.8).

We refer the reader to the discussion below [118, Definition 2.1] for justification of measurability
of the radius of stabilization. By definition, whether the radius of stabilization satisfies the bound
R?,Vn((a:, u), i) < r is determined by the realization of i N B,(x) and not on the locations of other
points in W,, or their marks. In other words, B RS, (20) 1) (x) is a stopping set, that is to say for all
r >0,

{i € Nw.xx : x € u, R%Vn((x,u),ﬂ) <r}={i €Ny, x:2 €L R%Vn((x,u),ﬂ N B,.(x)) <r}
(4.10)
and analogously for W, with i € Ngayk.

Definition 4.6 (Stabilizing marking functions via stopping sets).

(i) We say that ¢ is stabilizing on the marked point process P if there is an increasing-decreasing
family of functions ¢, : (0,00) — [0,1],p € N such that

sup Py (RE(%1,P) > 1) < @p(r), 7 > 0. (4.11)

(ii) We say that £ is stabilizing on finite windows of P ifforall p € N there is an increasing-decreasing
family of functions ¢, : (0,00) — [0,1],p € N, such that

sup sup Py (R%;Vn(fﬁl, P,) > r) < @p(r), r>0. (4.12)

1<n<oo z1,..., TpEWn

(iii) We say that £ is fast stabilizing on P, or on finite windows of P, if (¢p)pen are fast decreasing.
Without loss of generality we always assume that ¢, < @1 forall p € N.

Remark 4.7 (Comparison between BL-localization and stabilization). We justify our earlier remarks
that BL-localization is weaker than stabilization via stopping sets and L?-stabilization.

(i) (Stabilization via stopping sets is stronger than BL-localization and BL cluster-localization). The
definition of the radius of stabilization gives
p

LG >|E[m1’f [F (52, P))] —Egp [f(E71EP)]| <2 Pup(RE(&:, P) > ).

fEBL((K!)» p
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Thus, stabilization implies BL-localization, fast stabilization implies fast BL-localization, and fast
stabilization on finite windows implies fast BL-localization on finite windows. The same line of
arguments extends to establish (4.6) and (4.7), namely BL cluster-localization.

The stopping set stabilization property, stronger than localization, confers benefits such as the
explicit construction of scores on the infinite window W, := R as well as weaker moment conditions
in the multivariate central limit theorem; this is described in Appendix B.

(i1) (L?-stabilization is stronger than BL-localization). Given ¢ > 1 and K’-valued marks £, the marks
satisfy L?-stabilization with respect to Pifforallp e N

sup  Eprlé(2, P) — (1, P N By(21))|* = 0

Z1,...,opERY

as r — oo. It, too, is stronger than BL-localization. Indeed

sup B e [ (E11(7,P))] = E gy [ (E7N (2, P))]|

fGBL((K’)")

< ZEW’ (23, P) — E(@i, P N By(x7))]] (4.13)

= ZE[I]P &(Zi, ) (%,PHB (z ))lq}l/q’

where in the first inequality we used the BL property of f with respect to the 1-product metric on RP.
L*-stabilization has been used by Lachiéze-Rey [92, (1.8)] to obtain rates of normal convergence
with respect to the Kolmogorov distance and variance asymptotics for geometric statistics of spatial
shot-noise fields of Poisson processes. In our approach, L!-stabilization, which is still weaker than
stopping set stabilization, provides a more natural representation of the limits of the mean and variance
established with the minimal assumption of BL-localization. See the first remark in Section 5.4 and
further developments in Appendix C.

4.4 Iterated functionally constructed marks

We furnish conditions showing how to verify the general assumptions of Theorem 3.3 when the marks
&i.n are constructed as a BL-localizing or BL cluster-localizing function of the input. This result is
established in Theorem 4.9 below, the main result of Section 4.

Given a marked point process P having mixing correlations as in Definition 3.1, we equip P with a
new set of functionally constructed marks via a marking function £ and establish that the new marked
point process retains its mixing correlations. To treat this case, we require however the following
strengthened version of B-mixing correlations of P (Definition 3.6), one controlling the growth rate
in terms of the argument s and the index k of the decay functions wy(s). This strengthened version is
a natural requirement when using FME expansions and the method of moments in general.

Definition 4.8 (Summable exponential B-mixing correlations of P and P).
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(i) The marked point process P, is said to have summable exponential B-mixing correlations if it has
fast B-mixing correlations as in Definition 3.6(iii) with functions wy(s) = Cré(s), k € N, such that
the Cy, are non-decreasing and where the wy,(s) satisfy the twin growth conditions

Ck
sup ——- < o0 4.14
rent kb 19
for some constant a € [0,1) and
1
lim sup —2 f(?“) € [~00,0), (4.15)
r—00

for some constant b € (0, 00).

(ii) Similarly, the family (P, = {(x,U(z))}zep)ien of marked point processes has summable ex-
ponential B-mixing correlations if (3.10) holds for functions wi(s) = Ciro(s), k € N, with non-
decreasing constants Cy, satisfying (4.14) and (4.15) that is to say for all I,p,q € N, and all
f € B(KP), g € B(KY), we have

Eprea [ (U g (U D107 (B — By [ UID]0W () Eygog [g (U1 D10 (1511
< Cpygd(s), Ti,. .., Tprq € RE (4.16)

(iii) The point process P has summable exponential mixing correlations if it has mixing correlations
as in Definition 3.4(i) with wi(s) = Cro(s), k € N, and where ¢ and (Cy)ren satisfy the above
conditions.

The ‘exponential’ in the terminology refers to the condition (4.15), whereas ‘summability’ refers
to (4.14) as it implies finite bounds on the sums Y, Cyw* /k!, w > 0. These are technical necessities
for our proofs; see Remark 6.6.

Appendix A and [21, Section 2.2] provide examples of point processes P satisfying summable
exponential mixing correlations. Equipping such P with independent marks yields a marked point
process P having summable exponential B-mixing correlations. Such point processes, which form
the foundation of the spatial models in Part III, are enough to get us started in the iteration proce-
dure and allows us to construct new point processes having valuable mixing properties. Indeed, if
the ground point process P exhibits summable exponential mixing correlations—or more generally,
if a ‘pre-marked” process P = 3", 50z = >, p O(x,0(x)) exhibits summable exponential B-mixing
correlations, in the sense defined above—then the process P = Y owep 5(%5(5’75)), obtained by equip-
ping points # € P with marks &(z, 75) € K’ that are fast stabilizing (resp. fast BL-localizing or fast
BL cluster-localizing), also exhibits fast B-mixing (resp. fast BL-mixing) correlations.

In other words, mixing properties of marked point processes are preserved under the construction
of additional marks. The proof of this result and its corollary is deferred to Section 6.2.2.

Theorem 4.9 (Fast mixing properties of point processes with functionally constructed iterated marks).
Let P be a marked point process on R% x K having summable exponential B-mixing correlations as
in Definition 4.8. Consider the functionally constructed mark V (x) := &(Z,P), with § : RY x K x

Npawx — K and set P = Y vep O,V (x)), a marked point process on R? x K'. Fixp,q € N.
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(i) If € satisfies fast BL-localization (4.2) on P Jor p,q and p + q, then P satisfies the fast BL-mixing
correlation condition for p and q, that is to say (3.2) holds for f € BL((K')?), ¢ € BL((K')?), and
some fast decreasing function w, .

(ii) Part (i) above remains valid if & satisfies fast BL cluster-localization—that is, conditions (4.6)
and (4.7)—on 75f0r p,q, and p + q.

(iii) If & is fast stabilizing on P as in (4.11) (via stopping sets) for p,q and p + q, then P has fast
B-mixing correlations for p and q, i.e., (3.2) holds for f € B((K')P), g € B((K")?), and some fast
decreasing function wy.

In all cases (i), (ii), and (iii), the fast decreasing function w,, associated to P depends on the func-
tions ,1, and ¢ as well as on the constants (Cy)52, and k4, related to £ and P, respectively. In
particular, there exist constants C' < oo, ¢ > 0 which depend on p, q, such that for all s > 0

Wpq(s) < Cexp(—cs’) + Cippyq s’V 2PTTHd) 4.17)
where a, b are as in (4.14) and (4.15), respectively.

Corollary 4.10 (Mixing correlations of families of point processes with functionally constructed iter-
ated marks). Assume that the family (ﬁn)neN of marked point processes in R x K has summable expo-
nential B-mixing correlations as in Definition 4.8(ii). Put V,,(x) = &(Z, 75n) and 75n =D wep, O(@,Va (@)
n e Nwith & : R x K X Npawg — K’ a marking function.

(i) If € is fast BL-localizing on finite windows 0f75, as in Definition 4.2(ii) and (iii), or fast BL cluster-

localizing as in Definition 4.3(i) and (iii), then the family (P, )nen has fast BL-mixing correlations as
in Definition 3.1 (i), (ii), and (iii).

(ii) If & is fast stabilizing on finite windows 0f75 as in Definition 4.6(ii) and (iii), then the family
(ﬁn)neN has fast B-mixing correlations as in Definition 3.6 (ii) and (iii).

Corollary 4.10 will help establish the upcoming Gaussian fluctuations in Theorems 5.2 and 5.4
for fast BL-localizing or BL cluster-localizing statistics of point processes with summable exponen-
tial B-mixing correlations. However, weaker assumptions suffice for marking functions having a
bounded interaction range, i.e. those which coincide with a restricted version £ for some r € (0, c0).
Score/marking functions having bounded interaction ranges include local U-statistics. Corollaries 6.7
and 6.8 and the discussion therein further develops these remarks.

Finally, the procedure of constructing new marks V' (z) and V,,(x), for x € P, from existing
pre-marks can in principle be iterated, yielding yet another family of marks on P. This procedure
could be referred to as iterated functionally constructed marks. However, a technical issue arises in
this iteration. In the original setting, the pre-marks are required to satisfy summable exponential B-
mixing correlations, encoded through conditions (4.14) and (4.15), with decay functions of the form
wi(s) = Cro(s). While the exponential decay requirement in condition (4.15) can be readily ensured
for the newly constructed marks by imposing explicit assumptions on the localizing or stabilizing
function ¢, , appearing in (4.17), the verification of the corresponding summability condition (4.14)
for the associated constants (C)xen is not always straightforward.
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S Limit theory for sums of BL-localizing scores

Having introduced the notions of marked point processes with mixing correlations and BL-localizing
marking functions (including the BL-cluster-localization variant), we now establish the limit theory for
functionally constructed marks that are localizing (in either sense) on point processes with summable
exponential B-mixing correlations. The general limit results established here form the foundation for
the models introduced in Section 1 and are further developed through applications in Sections 8—11 of
Part II1.

In Section 5.1, we state a central limit theorem for a sequence of statistics of marked point pro-
cesses constructed as sums of BL-localizing or BL cluster-localizing marks on expanding windows.
This result refines the central limit theorem of our general umbrella result, Theorem 3.3, using the
localization property of functionally constructed marks to guarantee their BL-mixing correlations. It
neither requires stationarity of the ground point process nor the existence of a marking function on
an infinite marked point process, thus making the result applicable in particular to the study of spin
systems and particle systems on growing windows.

When stationarity of the ground point process is assumed, we establish expectation and variance
asymptotics for sums of BL-localizing marks in Section 5.2. These results can equally be obtained un-
der the variant of BL cluster-localization—specifically tailored to applications to spin systems—but,
for the sake of simplicity of exposition, we state them only under the default BL-localization assump-
tion. Section 5.3 considers a variant of the above results when the marking function is defined on the
entire point process, rather than on a finite window.

Finally, we comment on the assumptions underlying our results (such as moment conditions and
variance bounds) and outline possible extensions in Section 5.4. That section shows that stronger
assumptions—such as stopping set stabilization or L!-stabilization—yield strengthened limit theo-
rems. This is in contrast with Sections 5.1-5.3, where the limit theorems are derived under the weaker
assumption of BL-localization.

5.1 Asymptotic normality for sums of BL-localizing scores

As in Section 4, consider a ‘pre-marked’ point process P = {& := (x, U(x))}pep, with marks U (-)
in a Polish space K. For a ground point process P on R<, we have set P,, := P N W,,,n € N, where

W, = [- %nl/ d %nl/ d]d_ Consider an real-valued marking function £(Z, P,,) applied to marked points
2 of P,,. Asin (3.1) consider (possibly signed) measures
1 =) E(E, Pu)by-1/ay, (5.1)
TEPy,

where the marking function £(Z, P,,) produces the (final) states &; ,, in (3.1).

Definition 5.1 (Moment conditions for scores on finite windows). We say that ¢ : R? x K x NRde —
R satisfies a p-moment condition with respect to P on finite windows if £(Z;, P,,) satisfy the p-moment
condition (3.4), that is to say

sup sup  sup  Epe[max(l, (31, Po)|P)] < M} < oo. (5.2)

1<n<oo 1<q¢<p x1,..., e €Wp
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We refine the Gaussian fluctuations of Theorem 3.3 for the sequence (uS (f))nen, f € B(W1).

Theorem 5.2 (CLT for sums of fast BL-localizing scores). Let P be a marked point process on R x K
having summable exponential B-mixing correlations, as in Definition 4.8. Let & : R%x KXNRde — R
be a marking function satisfying the p-moment condition on finite windows (5.2) for all p > 1. Assume
that & is fast BL-localizing on finite windows of P as in Definition 4.2 (ii) and (iii) or that £ is fast
BL cluster-localizing on finite windows of P as in Definition 4.3(ii) and (iii). If f € B(W)) satisfies
Var 16 (f) = Q(n") for some v > 0, then as n — oo, the sequence (1S (f))nen satisfies the central
limit theorem (3.5).

Proof. The proof is an immediate corollary of Theorem 3.3 and Theorem 4.9(i) for £ fast BL-localizing
or, respectively (ii), for ¢ fast BL cluster-localizing. Indeed, our assumptions on P and &, together with
part (i) or part (ii) of Theorem 4.9 and part (i) of Corollary 4.10 yields that the family of marked point
processes P, = {(z,£(%, Pn))Yaep,,n € N, has fast BL-mixing correlations as in Definition 3.1(i),
(ii), and (iii). By the assumed moment condition (5.2) on £ and assumed lower bound for Var ,ufl( f),
it follows that (15,(f))nen satisfies all assumptions of Theorem 3.3, thus yielding the central limit
theorem for (125 (f))nen- 0

Theorem 5.2 extends Theorems 1.13 and 1.14 of [21], the main results of that paper, by allowing
for a significantly broader class of input P and scores : (i) the point process P need not be stationary
(i1) P may carry dependent marks, (iii) the score £ need not satisfy stopping set stabilization, and (iv)
¢ need not satisfy a power-growth condition. These comments also apply to the upcoming theorems
and propositions in this section. Additionally, if we take £ = 1 in Theorem 5.2 then this gives the
main result of [112, Theorem 1.5], which establishes a central limit theorem for the ‘number count’
statistic of the zero set of a Gaussian analytic function. Such statistics are linear statistics of the ground
point process. We establish asymptotic normality for linear statistics of the marks themselves, a more
complex issue. Our applications usually take P to be stationary, but Theorems 3.3 and 5.2 do not
require this assumption.

In the context of Theorem 5.2, it is natural to inquire whether one could deduce a central limit
theorem under a (2 + ¢)-moment condition on ¢, instead of assuming that all moments of £ exist.
As seen in the upcoming Theorem 5.4, we may find general conditions (stationarity, volume-order
variance growth and translation invariance of £) under which a (2 + ¢)-moment condition on £ would
suffice.

5.2 Limit theory for sums of stationary BL-localizing scores

Our theorems so far have not used any stationarity assumption on the marked point process, i.e.,
invariance of the distribution of PP with respect to the translation of the sites. However, doing so yields
expectation and variance asymptotics and thus also a (multivariate) central limit theorem with explicit
limiting covariances. We establish the limit of the expectation and variance of linear statistics of the
measures (18 ),y defined at (1.2) under the stationarity of 7 and the assumption that £ is translation-
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invariant, i.e., for all y € R? we have (- + v, - +vy) = (-, -), where “- + 1" acts only on the locations
of the ground process on R?.

The results of Section 5.1 assume that the score function ¢ is well-defined only on finite point
processes, as is the case for example in spin systems and interacting particle systems. To develop
explicit asymptotics of & (92’,75,) on P, = PN W, asn — oo, one can use stopping set or L!-
stabilization as in Section 4.3 ; see the remarks (i)-(iii) in Section 5.4 and also Appendices B and C.
However, the weaker framework of BL-localization developed in Section 4.1 suffices to prove the limit
of the expectation and variance of linear statistics of the measures (1 ),cn.

Indeed, BL-localization facilitates the derivation of certain Palm distributional limits of £(z, 75n),
specifically for almost all € R? and for p®-almost all [z]? € (R%)?:

£(F,Pa) = To (5.3)

n—oo

(2@ P) = (631 P0). €02 P) 205 T = (Yool Toa2)). G4

n—oo

BL, [z]? T
where z = x5 — x1, the BL-convergence A represents the distributional convergence of the vector

n—oo

of scores [¢](#, P,) under the Palm distribution Pgyp of P. To demonstrate the existence of these
limits, we prove the Cauchy property of the corresponding sequences in the bounded Lipschitz metric
and exploit the completeness property of the metric; see Sections 7.3-7.4.

In contrast to stopping set stabilization, which insures a.s. convergence to a limit random variable
(cf. Appendix B), BL-localization provides only distributional convergence to asymptotic probability
distributions (more precisely probability kernels ') represented by the random variable Ty and the
vector Y o) := (Y(0.2)[1], T(0,2)[2]). However, these are sufficient to formulate the asymptotics of the
mean and variance as presented in the forthcoming Proposition 5.3. More precisely, the two moments
of these distributions correspond to the limits of two correlation functions of the scores & (interpreted
as marks of the ground process) evaluated on finite windows. As mentioned in Remark 4.4, the same
limits remain valid when BL cluster-localization is assumed.

Equipped with these asymptotic probability kernel representations of the mean and the correlation
function of £, we prove the expectation and variance asymptotics for the measures (8 ),cn. We em-
phasize that these asymptotics heavily depend on the stationarity of the point processes and the transla-
tion invariance of the score functions. We do not seek minimal hypotheses to ensure these asymptotic
results; this comment particularly applies to the assumed fast mixing of ¢ and the summable exponen-
tial B-mixing correlations of P. Refinements of these assumptions are discussed in Section 5.4.

Denote by p = p'!)(z) the intensity of the (stationary) point process P.

Proposition 5.3 (Asymptotic mean and variance). Let P be a stationary marked point process on
R? x K with non-null, finite intensity p. Let ¢ : R? x K x Ngaxx — R be a translation invariant
marking function.

'For a given order p € N, T, y» represents a probability kernel from (R4)P to RP. That is, for fixed [z]] € (R%)?, Tigp
represents some probability distribution on R? (representing the joint Palm BL-limit of the scores at the locations [z]}).
Furthermore, given a measurable f : R? — R, the mappings (R%)? 5 [¢]] — E[f(T},»)] € R are measurable. This is a
consequence of T;» being the limit of the Palm kernels of { (z, 75n) eR.
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(i) Let & be fast BL-localizing on all finite windows of P as in (4.3) for p = 1 and assume ¢ also
satisfies a (1 + &)-moment condition on finite windows as at (5.2) for some € > 0. Then for almost
all v € R% as n — oo the Palm distributional limit of &(1, 75n), given by Y in (5.3), exists and for all
feB(W)

nEW ()~ pB[Yo] [ () de| = O 5.5
Wi
If € satisfies (4.3) for p = 1 with @y only decreasing to zero, then the right-hand side of (5.5) is o(1).

(ii) Assume & is fast BL-localizing on finite windows of P as in (4.3) for p € {1,2} and assume &
satisfies a (2 + ¢)-moment condition on finite windows as at (5.2) for some ¢ > 0. Then for p'®-

almost all 1,7, € R% as n — oo the Palm distributional limit of (£(%1,P,),&(Z2,P,)) given by
Yoo,:) = (Yo,9)[1] Yi0,2)[2]), 2 = w2 — @1, in (5.4) exists.

Further, if P has summable exponential B-mixing correlations as in Definition 4.8 then for all

f € ]B(Wl)
lim n~"Var 8 (f) = *(T) f(z)*dx €0, c0), (5.6)

n—oo W1

whereas for all f,g € B(W;)

lim 2~ Cov (415, (f), 5, (9)) = o*(T) | J@(a)d, (5.7)
where
o*(T) = pE[T2] + /R d <]E [T(O,Z)mr(o,z) [2}} p(0,2) — p2E[T0]2) dz € [0, 00). (5.8)

The proof of the above result is in Section 7.4. Under stronger stabilization or localization assump-
tions, Eo[£(0, P)], Eo[€2(0, P)], and Eq . [€(0, P)E(E, P)], or variants thereof, can be used in place of
expressions E[Yo], E[T§], and E[Y(0..)[1]T(0,-)[2]], respectively. We elaborate in Remarks (i), (ii)
and (iii) of Section 5.4.

.....

statistics of different score functions &;, © = 1,...,m, on the same input process P, we need joint
BL-localization of these score functions. This means the vector € = (&1, ...,&,) € R™ must satisfy
the respective assumptions of Definition 4.2 (i), replacing £ € K’ therein by & € R™. Specifically,
joint BL-localization of & of (Palm) order p on finite windows means that condition (4.3) is satisfied
by ]} € (R™)P, where the bounded Lipschitz functions with respect to the ¢*-metric on (R™)? are
considered under the dpy j,;» metric on the probability measures on R™. Recalling that BL-localization
involves probability distributions and not specific realizations of random variables, it follows that BL-
localization of the marginals &; does not imply BL-localization of &.
Similar to (5.3) and (5.4), under the two orders p € {1,2} of this joint BL-localization, one can
establish the convergence of two Palm kernels of []2(#, P,,):
. =\ BLgz :
£(@.P) 25 Yo = (Tolil) (5.9)

n—oo

.....
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BL,[z]

g3@P) = (€601, 62 P)) 225 Yo = (Yoo L)y (Y0227 oy )

n—oo 0\ T Ty i

for almost all z and for p?-almost all []?, where z = x5 — ;.

The following result combines the Gaussian fluctuations established in Theorem 5.2 and the asymp-
totics of the mean and variance provided in Proposition 5.3 to establish a multivariate central limit
orem to some moment p > 2, following an approach suggested to us by Matthias Schulte. However,
this may result in a degenerate central limit theorem unless the variance is of volume order.

Theorem 5.4 (Multivariate CLT for statistics of point processes with fast BL-localizing scores under
a (2 + ¢)-moment condition). Consider a stationary marked point process P on R? x K with non-
null, finite intensity p, having summable exponential B-mixing correlations as in Definition 4.8. Let
& RYx K x NRde — R, 2 = 1,...,m be translation invariant score functions. Assume that the
vector & = (&1, ...,&n) € R™ is jointly fast BL-localizing on finite windows of P in the sense that for
all p € N, condition (4.3) is satisfied by [£]] € (R™)P. If for some ¢ > 0, &, i = 1,..., m satisfy the
(2 4 €)-moment condition (5.2) on finite windows, then for f € B(W7)

n71/2<:u7§11(f) - Eﬂil(f% e 7/’L§Lm(f) - E:uim(f)) :d> (Zb .- '7Zm)7 (511)

where (Z1,. .., Zy) is a multivariate normal random vector (with possibly zero components) having
zero mean and covariance

COV(Zi7Zj) = U%‘[Zaj] w f($)2dl’ < (_OO7OO>7

where the matrix (0%[i, j])1<i<j<m involves the vector Yo and the matrix X (o ) of probability distri-
butions given in (5.9) and (5.10):

oxli, j] == p]E[TOMTO[jH (5.12)

+ / (B[ Y0 L1 T00[2.5]] 02 (0,2) = PE[Tolil|E[Tolj]] ) d= € (—o0,00).

The proof is in Section 7.5. Under the stronger assumption of stopping set stabilization, it suffices
to assume stabilization under Palm conditioning only of order two, i.e., we only require that §;,1 <
i < m, satisfy (4.12) for p € {1, 2}; see Corollary B.3.

As seen in the proof in Section 7.5, Theorem 5.4 allows for possibly different exponents v; when
considering the variance lower bounds Var u$ (f) = Q(n*?) for scores &;,i = 1, ..., m. However such
a variant would require that &;,7 = 1, ..., m, satisfy the p-moment condition (5.2) on finite windows
for all p > 2. In particular, if v; < 1 for some 7 then this implies a vanishing limit in (5.6). As
a consequence, the normal vector (71, ..., Z,,) might have null components. If ; = 1 for some 1,
then the above result establishes the non-degenerate multivariate central limit theorem under only a
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p-moment condition for some p > 2. Extending the proof approach, we may establish multivariate
normal convergence for

02 (s () = Bugt (F)s oo (f) = Epg ()

for some v € (0, co) provided that for all 1 < i,j < m,
Tim 0™ Cov (s (f), 137 (f) = 00(&:, 5 f) € [0, 00).

One could likewise establish multivariate normal convergence for

n-v/? (/quz(fl) — Eﬂi(ﬁ)? o ,,ui(fm) - E:ufz(fm))

for some v € (0, 0o) provided that for all 1 < i,j < m,
JL%O”_VCOV(Mi(fi)#i(fj)) =0,(& fi, fj) €10,00).

5.3 Asymptotics for sums of scores on the infinite window

Unlike the previous section we now assume ¢ is defined on infinite inputi.e., £ : R XK x Ngayx — R.
This assumption may not always hold, as when considering statistics of spin systems and interacting
particle systems, but it does apply to certain interacting diffusions and to empirical random fields
considered in Part III. While the measures (/i ),y are defined in terms of the scores £(Z, P,,), we
now consider the measures induced by sums of scores £(Z, 75) with respect to input on the infinite
window, namely

i =) E(F P61/, (5.13)

2€Pn

Proposition 5.5 (Limit theory for marked point processes with scores on infinite windows). Let P
be a marked point process on R? x K having summable exponential B-mixing correlations, as in
Definition 4.8 and let £ : R? x K x Ngayx — R be a marking function on P.

(i) Let & be fast BL-localizing on P as in Definition 4.2 (i), (iii), and assume it satisfies the p-moment
condition
sup  sup  Epe[max(1, [§(Z1, P)[P)] < Mﬁ < 00 (5.14)

1<q<p x1,...,z4€ER?
forall p > 1. If f € B(W)) satisfies Var 5 (f) = Q(n”) for some v > 0, then as n — oo,
(Var i (F) 2 (i) — B (1) 2 2, (5.15)
where Z denotes a standard normal random variable.

(ii) If moreover P is stationary and & is translation invariant then the analogs of expectation, vari-
ance asymptotics and multivariate central limit theorems (as in Proposition 5.3 and Theorem 5.4)
hold for ({i§)nen where Eo[£(0, P)], Eo[€2(0,P)] and Eq,[£(0, P)E(Z, P)] can be used in place of
E[Yo), E[Y3] and E[Y (0,..)[1]Y (0.5 [2]], respectively, under a p = (1 + €)— or p = (2 + €)— moment
condition (5.14).

The proof of Proposition 5.5 is in Section 7.6.
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5.4 Remarks

In this section, we comment on the results in Sections 5.1-5.3. First, we detail how the ‘minimal’
representations of the limits of the two moments and the correlations of the score function &(z, P,,),
as n — oo in Proposition 5.3, available under BL-localization on finite windows, can be replaced by
the respective characteristics of some scores considered on the entire space R?. Next, we present more
detailed extensions and remarks regarding Theorems 5.2 and 5.4 as well as Propositions 5.3 and 5.5.

(i) (Asymptotic distribution of scores via L!-stabilization.) By assuming fast L!-stabilization of £ on
finite windows (see Appendix C), which is stronger than fast BL-localization, one may obtain a new
distribution of scores Y (x), x € P, attached to points of the entire ground process P, provided &
satisfies a p = 1 moment condition on finite windows. These new scores arise as the distributional
limit of the ground process marked in finite windows by the scores &(Z, 75n)

Y Sacany = D Swra-

zEPn zeP

It is important to note that these scores (marks) Y (x) are not obtained by applying some (existing or
extended) score function ¢ of the entire process. However, at least two Palm distributions of Y(z)
correspond to the two kernels T, and Y, .,), which are limits of the Palm kernels of (7, P,) as
n — oo, established using BL-localization; see (5.3), (5.4), and Lemma 7.4. In particular, under
respective moment conditions of £ on finite windows, their moments can be used in Proposition 5.3:
E[To] = Eo[Y(0)], E[T3] = Eo[T(0)%], E[Y(0.0)[1]T0.0)[2]] = Fo.[Y(0)T(x)]; see the precise
assumptions and formulation in Lemma C.1 in Appendix C.

(i) (Almost sure extension of £ via stopping set stabilization.) In the case that ¢ satisfies fast stabiliza-
tion with respect to stopping sets, as in Definition 4.6(ii), the idea consists of extending the function
£:R?x K x NRde — R to the infinite domain R? x K x Mgayk, denoted by &, and satisfying

Eocl, i) = Tim £(7, fin), (5.16)
provided the limit exists for all z (at least for those admitted by P with probability 1) and & € fi. This
condition can be met under the additional condition that the stabilization radii are uniformly bounded,
i.e., almost surely lim sup,,_, ., R%,n (Z,Pn) < oo. We develop these arguments further in Appendix B.
In particular, under this assumption, the extended score function £, is fast stabilizing (4.11) admitting
RE (%, P) := limsup,,_, ., R?,Vn (,P,) as the radius of stabilization and .. inherits the moment con-
ditions assumed for £ in finite windows (see Lemma B.1). Consequently, under the respective moment
conditions of & (on finite windows) Eq[€4.(0, P)], Eg[¢2,(0,P)], and Eg ,[¢x (0, P)éo (2, P)] can be
used in place of E[Yo], E[T}], and E [T (o .)[1] Y (0,-)[2]], respectively, in Proposition 5.3.

(iii) (Score function ¢ is defined on the infinite window.) This is perhaps a most natural scenario where
the initial score function is also well-defined on the entire input process P. If € is fast stabilizing on
the infinite window as in (4.11), then limsup,,_,, R?,Vn (Z,P,) < oo forall # € Pand & = € as.
(see Lemma B.1); this assumption was adopted in [21]. If £ is only fast BL-localizing on the infinite
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window as in (4.2) (this assumption is adopted in Section 5.3) then at least the Palm distributions of
BL, ]} [g]ll’(j,ﬁ) gl Tpye, where the equality

in distribution holds under Palm distribution of []?(#, P) given [z]} (see Lemma 7.4). Consequently,

¢ in finite windows converge to it, i.e., [¢(Z, Py) —

in both cases, under the respective moment conditions of ¢ (at least on finite windows) Eq[£(0, P)],
Eo[¢2(0,P)], and Eq . [£(0, P)&(7, P)] can be used in place of E[To], E[Y2], and E [ (o.)[1] Y (0,-[2]]»
respectively, in Proposition 5.3.

(iv) (BL cluster-localization.) Proposition 5.3, Theorem 5.4, and Proposition 5.5 remain valid when
the marking functions satisfy BL cluster-localization instead of BL-localization, in complete analogy
with the two admissible choices in Theorem 5.2. More details are in Remarks 7.6 and 7.8.

(v) (BL-localization via short-range scores.) Another generalization of the concept of BL-localization
consists in postulating, in Definition 4.2, the existence of a family of short-range marking functions
(€),50. By a short-range function—i.e., a member &) of this family for some r > 0—we mean a
marking function £ : R? x K x Ngayx — K’ satisfying

@, ) = €(F, AN B,(x)),  forall i € fi € Naayx-

The family (€I"),<q of short-range functions is said to BL-localize a given marking function ¢ if it
satisfies (4.2), respectively (4.3), with [E")]?(Z, P) replaced by

V(@ P) = (€@ P €7@, P) ).

Clearly, the r-restrictions (£("),~¢ of the original marking ¢ defined in (4.1), form a natural example
of such short-range functions. Thus, BL-localization via short-range scores extends Definition 4.2.
Moreover, under this alternative notion of BL-localization, based on real-valued short-range marks
(scores), Proposition 5.3, Theorem 5.4, and Proposition 5.5 remain valid, in complete analogy with
the admissible formulations in Theorem 5.2. This follows directly from the proof of part (i) of The-
orem 4.9, which shows that the required mixing correlation properties of the mark £ continue to
hold when BL-localization is defined via such ‘external’ short-range scores, replacing the short-range
scores generated via natural restrictions of &; see Remark 6.9. This relaxation is useful in situations
where the natural restrictions £(") (which are themselves short-range scores) do not satisfy (4.2) or
(4.3). A typical example arises when the truncation must account for the geometry of the observa-
tion window (e.g., balls B, (z) or windows W,,). For instance, Voronoi cells near the boundary are
unbounded, and one may wish to modify their associated scores according to their distance from
the boundary. A specific example concerning extreme points in Laguerre tessellations is developed
in [151].

(vi) (Local statistics.) In the case of scores which have a bounded interaction range, including local U-
statistics, one can prove limit theorems under weaker mixing correlation assumptions on P as in [21].
This point is further elaborated in Corollary 6.8.

(vii) (Quantitative CLTs—Rates of normal convergence.)
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(a) Poisson input. When P is either a Poisson or binomial point process equipped with independent
marks and when ¢ is exponentially stabilizing in the classical sense, i.e., when the decay functions
¢, in Definition 4.6 (i) and (4.11) are exponential functions, and when Varu$ (f) = ©(n), then one
obtains in Theorem 3.3, Theorem 5.2, and Proposition 5.5 a rate of normal approximation in the
Kolmogorov distance of O(n~'/2) as shown in Lachi¢ze-Rey et al. [95]. When When P denotes
Poisson input and when the scores are fast BL-localizing and satisfy a fifth moment condition, then
subject to the variance growth condition Varu$ (f) = ©(n), Trauthwein and Yukich [151] obtain
rates of normal approximation for (uS (f))nen in the Kolmogorov and Wasserstein distances of order
O(n~'/?). This extends the corresponding results of Lachi¢ze-Rey et al. [95] which is restricted to the
setting of exponential stabilization of scores with i.i.d. marks.

(b) Non-Poisson input. In the case of general non-Poisson P with i.i.d. marks and when the variance
Var$,(f) is of volume order, i.e., when Varyu$ (f) = ©(n), then Fenzl [57] refines the cumulant tech-
niques of [21] and uses the general results from Saulis and Statulevicius [135] (see also Doring et al.
[45]) to deduce rates of normal convergence and also moderate deviations. In their recent paper, Cong
and Xia [34] quantify the rate of normal approximation for scores on an independently marked ground
point process whenever the ground point process is S-mixing, which is slightly stronger than the fast
mixing of Definition 3.4. The work of Austern and Orbanz [5] can also be used to deduce normal
approximation in terms of mixing coefficients. Dinh et al. [41] have derived rates of convergence for
linear statistics of stationary a-determinantal point processes via a quantitative Marcinkiewicz the-
orem and Chen et al. [32] also deduce rates of convergence for ‘locally defined’ statistics using a
coupling of the stationary point process with its Palm version. In the case of Gibbs processes, this ap-
proach has been used to obtain more explicit bounds via ‘disagreement coupling’; see [75]. However
it is unclear how to extend these latter results to sums of localizing or stabilizing statistics of general
marked point processes.

(viii) (Moment conditions.) The moment conditions in Definitions 3.2 and 5.1 hold for a range of
input and scores. When the input is either determinantal, permanental, or the zero set of a Gaussian
entire function we refer to Sections 2.1 and 2.2 of [21] for sufficient conditions insuring the moment
bound (3.4) of Definition 3.2.

(ix) (Variance asymptotics.) The proof of variance and covariance asymptotics in (5.6) and (5.7) actu-
ally only requires BL-localization of £ for p € {1, 2} and the following fast BL-mixing correlations of
order 2 uniformly on P,,, n € N. Specifically, the marks U, (z;) := £(Z;, P,) must satisfy the bound:

gz [h1 (£(Z1, Po)) ha(E(F2, P))]p® (B7) — Bay [P (E(E1, Pa))| By [ (§(F2, Po))]p?| < wallzr—a),
(5.17)
for all hy, hy € BL(R) and a fast-decreasing function ws; see (7.31) below. The summable exponential
B-mixing correlations of P, assumed in Proposition 5.3 for presentational simplicity, ensures the
fulfillment of this condition, as per Theorem 4.9(i) and Corollary 4.10.

(x) (Variance growth rates.) The variance lower bound assumption in Theorem 3.3, Theorem 5.2, and
Proposition 5.5 is crucial. If 02(¢) > 0, then v = 1 in Theorem 5.2 and Proposition 5.5. If 02(£) = 0,
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then Varps (f) could depend on the properties of f; see Nazarov and Sodin [112, Section 1.5]. Even
in the simple case £ = 1, it is possible that for some f, Var pé(f) — 0 arbitrarily fast; see for example
Gabrielli et al. [61], Nazarov and Sodin [112], Mastrilli et al. [109], Lachieze-Rey [93]. However
for sets W C W of positive measure, one has Var 25 (1) = Q(n”) with v € {1, &1} (see [90,
(3.8)]) with explicit asymptotics in case of ‘nice’ sets W; see [146, 90, 81, 21]. These provide the
necessary variance lower bounds for Proposition 5.5 when f = 1y, W C W; of positive measure.
In the case of Poisson input P and exponentially stabilizing score functions &, Schulte and Trapp
[140] provide conditions under which o%(£) > 0. They survey previous work which establishes lower
bounds for lim inf,, ., Varu$ (f) and introduce a condition implying the strict positivity thereof, and
which amounts to checking that D, » (%, P,), z € W,,, is positive on a sets with strictly positive
probability, with D, being the difference operator as in (6.1).

(xi) (Covariance growth rates.) Observe that (5.7) provides covariance asymptotics only of volume-
order scale. If 0%(£) = 0, it is possible to have different scaling for covariance depending on the test
functions. Again for indicator functions, one can derive surface-order covariance asymptotics for /15 ;
see for example [90, Theorem 3.1], [146, Theorem 1.3] and [81] and the discussions therein. We refer
to [90] for more details concerning the possible variance and covariance asymptotics based on the
properties of f.

(xi1) (Binomial input.) We have assumed that P, is the restriction of a point process P to the win-
dow W,,. This assumption facilitates establishing expectation and variance asymptotics, but it is not
necessary when proving central limit theorems, provided that the family of marked point processes
(ﬁn)neN satisfy w-mixing correlations as in Definition 3.1(iv) and provided the scores are fast BL-
localizing on (ﬁn)neN as in Definition 4.2. When P,, is the realization of n i.i.d. uniform random
variables on W,, then the k-point correlations functions satisfy mixing, though with an extra error of
order O(n~1), bringing extra error terms in the subsequent analysis. A thorough study of the limit

theory for dependently marked binomial input constitutes a separate project.

6 Proofs of results on mixing correlations—Theorem 4.9

In this section we prove Theorem 4.9, our main result on asymptotic decorrelation of marked point
processes. Section 6.1 introduces the Factorial Moment Expansion (FME) for marked point processes
and Section 6.2 applies the FME to prove Theorem 4.9. These results go a long way towards showing
the factorization of mixed moments as at (3.6).

6.1 Factorial moment expansions of marked point processes

In this subsection, we first provide conditions ensuring the factorial moment expansion (FME), in-
troduced in Btaszczyszyn [17] and Btaszczyszyn et al. [20], for expectations of functions of point
processes with marks taking values in a Polish space. We then apply this general result to obtain the
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FME of a bounded function f of a p-tuple of score functions, each of which has a deterministically
bounded radius of stabilization.

Equip R? with a total order < defined using the lexicographical ordering of the polar co-ordinates.
A useful property of this order is that {y : ¥y < 2} C Bj;)(0) and thus such sets are bounded. For
i € Ngayxg and z € R?, define the measure fi,(-) := (. N ({y : y < 2} x K)). Note that since
fi is a locally finite measure and the ordering is defined via polar co-ordinates, /i, is a finite measure
for all z € R%. Let o denote the null-measure on R¢ x K, i.e., o(B) = 0 for all Borel subsets B of
R? x K. For a measurable function ¢ : Ngayx — R, [ € N, and [g]} = [y, w]}, with distinct locations
]} € (R?)! and marks [u)} € K!, we define the FME kernels [17, 20] as follows. For [ € N,

l

Dl (i) = Y (=1 > v, + Y6 ©6.1)
i=0 Jc (W) jeJ
= > =)y, + 3 65),
Jc[i] jeJ

where (") denotes the collection of all subsets of [I] := {1,...,} with cardinality 4, y. := min{y1, ..., u}
with the minimum taken with respect to the order <, and w, = w; with (unique) j € {1,...,} such
that y; = y.. For [ = 0, put D% (1) := 1(0). Note that Dl@]l1 Y(f) is invariant with respect to any joint
permutation of marked points in [j]'. For y; < y;_; < ... < ¥ the functional Dl[zﬂé ¥ (f1) is equal to the

[th order iterated difference operator (see [99, Chapter 18]):

DL = iy + ) = (i), Dy () = D(DLL, (7).
We say that v is <-continuous at oo if for all i € N we have
lim ¥ (fiy,) = ¥ ().
yToo

We shall require the following expansion for the expectation of functionals of marked point pro-

cesses. Recall from Section 2 that E!Lﬂ] , denotes expectations with respect to reduced Palm distributions
1

of P given points [y” and their marks [u]?.

Theorem 6.1 ([17, 20]; FME for functionals of marked point processes). Let P be a simple, marked
point process on R? x K and let 1) : Ngayx — R be <-continuous at co. Assume that for all | € N

[ B IGeP)) a0 < oo 62)
(REXK)!
and .
—/ EL, [DL (P aP(df]t) = 0asl — oco. (6.3)
0 gy 90k
Then E[1)(P)] has the following factorial moment expansion (FME)
- 1
E[p(P)] = v(0) + Y = Digi (o) &V (d[gl}). (6.4)



The expansion (6.4) is established in [20, Theorem 3.1] for K a locally compact, second countable
Hausdorff space and even earlier for unmarked point processes in [17, Theorem 3.2]. The assumption
on K in [20] is restrictive whereas Theorem 6.1 allows K to be Polish. Indeed, the extension follows as
the proof of [20, Theorem 3.1] depends only on the crucial existence and use of Palm distributions for
marked point processes in this more general setting; see Section 2. Hence, one can follow the proof of
[20, Theorem 3.1] to obtain Theorem 6.1 and so we shall not provide the proof here. The above FME
also follows from [88, Theorem A.1] but under (slightly) stronger conditions; see Remark 6.6.

Consider now a marking function ¢ and a p-tuple of distinct points 2]} € (R)? with their marks
]} € KP. Let £(7; 1) be a marking function with values in K’ (a Polish space), defined for 7 =
(x,u) € f1, with fi € Nga, k. The proof of Theorem 4.9 is based on the FME expansion for

E[:c]’f [f(f((l’l, Ul)v 75)7 EEE) 5((xp7 UP)? ﬁ))]p(p)([x]ll)>’ (65)

where f € B((K')?). Under Py the point process P has atoms at fixed locations z, ... , T, With
random marks Uy, .. ., U,, which complicates the form of its factorial moment measures. We address
this by considering these fixed locations and their marks as parameters of the following modified
functional

s ([0 ) = (xmﬁ}) %M+Z@J (6.6)

and to not count these marked points Z1,...,Z, in 73, i.e., to consider P under the reduced Palm
probabilities }P’![j]p. Obviously
1

g [f(€(@1,P), .oy (@, P))] = Eig [t (1 P))-

For all p € Nrecall that £, := Suppp e gay p®) ([]?) is the bound on the pth correlation function of P.
To justify convergence of some upcoming series expansions, we shall need to assume that the ground

process P satisfies
!

lim ooy = 0 (6.7)

I—oo {!
for certain values of k£ € N, w > 0.
Now, we state the following important consequence of Theorem 6.1. As usual, by 1 we denote the
natural projection of ji on R?. Let 6, := 7%2/T'(d/2 + 1) denote the volume of the unit ball in R%. We
recall for fixed [z]] € (R?)P, the Palm probability distribution M%’% (d[]}) on KP? of the random marks

U]} = (Uy,...,U,) respectively at the fixed locations [z]}, is defined via the identity
a® (dfEh) = M (dR?)p () d (),

where &®) is the p th order factorial moment measure of P. In the following expansion, the distribution
./\/l[z]p( [u]}) incorporates &.

Recall B, ([z]) := U, Br(z;) C R% is the union of balls of radius » > 0 centered at the
points [z]7.
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Lemma 6.2 (FME of a bounded function of a p-tuple of union-restricted marking functions). Consider
a marking function & defined on P € Ngayx. Assume P satisﬁes (6.7) for k = p and w = 2pfar? for
some v > 0. Then for any f € B((K')P), the functional ¥ ;([#]%; P N B,(]?)) at (6.6) admits for a®
a.e. [7]} € (RY)? the following FME

(A(R? U ) p ™ (B U ) d(B) (68)

where [t} = [, ulf, [} = ly, w]i.

Proof. Throughout we fix f € B((K’)?). The bound |f| < 1 makes our proof simpler than the
corresponding result in the unmarked case, which does not use this assumption; see [21, Lemma
3.2]. We prove Lemma 6.2 by first establishing the validity of the FME at (6.4) for E [¢ (27 PN

B, ([71))] p®@(k]?), with [i]} = [x, u]} fixed. We then use the resulting FME to derive (6 8).
Indeed, restricting & to P N B,([]}) implies ¢, is <-continuous at co. Regarding the integral
assumptions (6.2) and (6.3) (with ¢ replaced by v ([i]2; P N B,.(]?)) p® (k]?), E!Lﬂ]l replaced by

(B ]p)[y}l = E[ oy, and aW(dfj}) by 64%){) (d[g]})), we observe

/(R o Elgoy e [ Dhye s (7 P 0 Bo(l)|] g () o ()
z&(f)p digt (p) P
< [ P a7 )

=2 [ AR b
< (2p9drd)%p+l. (6.9)
The first inequality is justified since the difference operator ng]l vanishes as soon as yi ¢ B,.([]]) =

P B.(x;) for some k € {1,...,1}, thatis to say Dl@]lwf(r]’l’; fo N B,([z]})) = 0. On the other hand,

when {y1,...,y} € U7, Br(x:), we have Dy, oy ([l /1) < 2', using ¢, (B3 )] < 1 for |f] <1
and (6.1). The equality follows by noting that integration with respect to ]} in (2.6) yields

/K g () 7 (BF) = o0 (I LB

Finally, the last inequality in (6.9) follows from the bound p®*([z]} U [y}}) < k,+; which holds
uniformly in [z]} and [y]}, in view of Assumption 3.1.

The bound (6.9), together with the assumed finiteness of x,; and the assumed validity of (6.7)
for k = p, w = 2pByr?, justifies (6.2) and (6.3). Thus, the FME at (6.4) holds for E![i,]{, [ ([T PN

B, (I7)]p® ([]7).
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Now we establish (6.8). First, observe that

B [F(E (o1, U0), P 1 By (), s €((,Uy), P 1) B ()] ()
= [ Byl (1P 0 B MEH QP ). (6.10)

The terms in (6.4) for ]E![i]p [ (7 P N B,.(jz]}))] are integrals with respect to the I th order factorial

moment measures dg)u]p(d([y, w]})) of P under ]E'W The subsequent integration of these terms with
»HL 1
(p)

[l

Mg;&y} .. Indeed, the term-wise integration of the FME series of Eiﬂp [ (]2 P N B,(]?))] with re-
1 1 1

spect to M%E, (df]?)p® ([]?) is justified by the uniform bound (6.9) with respect to the marks [u)} and
1

hence the ‘remaining term’ (6.3) of the FME expansion for (6.10) goes to zero by the assumption (6.7).

This justifies (6.8) and completes the proof of Lemma 6.2. O

respect to M2, (%) p® ([]}), via (2.6), yields the integrals in (6.8) with respect to the measures

6.2 Proof of mixing correlation properties of point processes with iterated marks

Our goal in this subsection is to prove Theorem 4.9. Recall that parts (i) and (ii), respectively part (iii),
of this theorem states that summable exponential B-mixing correlations of P = {(z, U(x)) },ep guar-
antees fast BL-mixing, respectively fast B-mixing, correlations of P = {(z, {(z, P)) }scp provided the
functionally constructed marking function ¢ satisfies fast BL-localization or BL cluster-localization,
respectively fast stopping set stabilization. The proof has three main steps:

1. First, we establish in Lemma 6.3 a mixing correlation bound (6.12) for union-restricted marking
functions when P has B-mixing correlations. For this, we use the FME at (6.8) to prove the
mixing correlation bound. As a consequence, assuming that ¢ is a short-range mark, i.e. £ = £
for some r € (0,00), and that P has B-mixing correlations, we show that the marked point
process P inherits B-mixing correlations of the same type. This is established in Proposition 6.4;
see (6.13) below. In both statements, the decay constants and the decay function are given
explicitly.

2. When the point process P exhibits summable exponential B-mixing correlations, we demon-
strate that P also has fast B-mixing correlations. The assumption that ¢ is a short-range mark
¢ = €M for some r € (0,00) is relaxed to a fast stopping set stabilization assumption. To
achieve this, we leverage (6.13) in combination with a truncation approach to exploit these sta-
bilization properties of £. This constitutes the proof of part (iii) of Theorem 4.9.

3. If furtpermore fast stabilization of ¢ is relaxed to fast BL-localization or fast BL cluster-localization,
then P exhibits only fast BL-mixing correlations. This establishes the proof of parts (i) and (ii)
of Theorem 4.9, where bound (6.12) is crucial for part (ii).
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6.2.1 Proof of Theorem 4.9 for restricted marking functions

We recall the notation for the union-restriction operation introduced in (4.5). Given a marking func-
tion ¢ and points zy, . .., z, € R% we define

2@, P) = (6@ P N Bo(l). - €&, P 0 By(1l))),
where B, ([z]}) := J!_, B,(z;) denotes the union of balls of radius » > 0 centered at the points [z]}.

Lemma 6.3 (A mixing correlation bound for union-restricted marks). Fix p,q € N and r € (0, 00).
Assume that we are given

(i) a marking function &€ : R x K x Ngayxx — K', and

(ii) a marked point process PonRY x K having B-mixing correlations as in Definition 3.6(ii) with
correlation decay functions wi(s) = Crd(s), k € N, where (Cy)i>1 is a non-decreasing sequence
such that for some fixed € € (0,1), we have

1 (wo(1 + €)rg )t
Z(( )Fio )

1T Cl+p+q < 00, (611)

I=1
with wy = 4(p + q)04r? and where 1o = max{1, sup,ga p (1)} is related to the ground process P.

Then for all f € B((K')?), g € B((K')9) and for almost all [x]}™ € R¥P+9 sych that s :=
d([]f, elpi) > 4r we have

Bl FERE P g (e, PP ()
—wa[ms I, PY)]A (B10) By g (€O 2, PO (B2

Z 0 CHM o2 )CW < 0. (6.12)

Before proving the above proposition, we derive a simple but useful consequence for marked point
processes in which new (iterated) marks are functionally constructed via a restricted marking function.

Proposition 6.4 (Mixing correlations of point processes with short-range marks). Fix p,q € N and
r € (0,00). Assume that P satisfies condition (ii) of Lemma 6.3. Let £ : R% x K X Ngaxg — K’ be a
marking function such that £ (%, i) = €7z, i) = £(&, i N B,(2)) for all (7, ji) € R? x K x Npayk.
Consider the marked point process P = > vep O viay on RY x K where V(z) := £(Z, P).

Then, for all [ € B((K')?), g € B((K)9), for almost all p]}™* € RYP+D such that s :=
d(R], b i) > 4r, and with wo = 4(p + q)0ar" we have
L (VIDg(VIEDp" 0 (W7) — Egg [F(VID]PP (1) Epgoralg (VD1 (519

p+1

o
s wy 5, A

< 925(_) T — Cliprq = ¢(§)Op+q < 0. (6.13)

Thus the marked point process P satisfies the inequality (3.10) in Definition 3.6(ii) for s > 4r, with
Wpiq(s) := Cpiqp(s/2) where p, q, ¢ are as above.
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Proof. 1t is an easy observation that the union-restriction operation is neutral for a short-range mark
¢ =¢M, forsomer > 0: forall zy, ..., x, € RE EVIR(E,P) = K0 (7, P) = K1(F, P). Therefore,
the inequality (6.13) follows directly from (6.12), which completes the proof. O

We need another immediate extension of the bound (3.2) for the proof of Lemma 6.3.

Corollary 6.5 (Extended version of B-mixing correlations). If the marked point process P satisfies
B-mixing correlations as in Definition 3.6(ii) then the bound (3.10) also holds with the same w for all
functions f = f([(z, w)]}), g = g([(z, w)])i{) in B(R? x K)?) and B((R? x K)?), respectively.

Proof of Lemma 6.3. We will need to use the FME expansion of Lemma 6.2. We need to first verify
that our assumptions, together with the bound (3.8) for , and the non-decreasing sequence (C)x>1,
imply that P satisfies (6.7) for all k € {p,q,p + q}, w = 2k04r®. This is a straightforward exercise
which is left to the reader.

Now we are ready to apply Lemma 6.2. Again assume that » > 1 without loss of generality.
Consider a (p+q)-tuple [{5* = [, u)?*" of distinct points [i]? ™ € (R%)P*+4 with marks [u]? ™ € KP4,

For given functions f, g on (K')? and (K')?, respectively, define functionals of i € Npayk:

V(s ) = f(RIY), (6.14)
We (27 1) = g(pbi?), (6.15)
Vrg(EE % 1) = f(RIDg(RELD), (6.16)

where v; := f(xz,(/uﬁ—zxe[zbé)ﬂB ([]2)), witha = 1,b = pin (6.14),a = p+ 1,b = p+ ¢
in (6.15)and a = 1,b = p + ¢ in (6.16). Note that the assumptions of Lemma 6.2 are satisfied. Hence
we can represent each of the above three functionals as an infinite sum of difference operators, as in
the FME representation (6.8).

Let 277 be such that s := d([z]}, []51%) > 4r. We apply the FME (6.8) to ¢4, ([@]7 "% 1). Using
the definition of the FME kernels (6.1) and that the FME kernels D' vanish outside [ )} "9 B,(z;), as
noted in the proof of Lemma 6.2, we may crucially replace the integration domain (R%)! in (6.8), by a
product of B,([z]}) and B, ([]21%).

p+1
From the above vanishing property of difference operators, we obtain the following factorization

of 11, Given [y ] C B,([2]}) and [y ]J+1 C B.(jx ]gf{), together with sets J; C [j] and Jy C [I] \ [j], we
have the factorizations

Ve X o 05) = s (@ Xie s, 05000 (45 Xic s, 03

and

> ()R g () = D (=1 () Y (=) TRy (),

J1C[j], T2l [] J1Clj] J2C[I\[]

Further, we use the definition of FME kernels D' as in (6.1) to obtain
Eygpea £ (€22, P)g (VN1 (2, P)))p® ) (™)
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p+1

-y Xl: e
= I =DV S (B x (B (@)= Jrorat
=0 j=0 LN/ ™

D DR G VA (D DN

J2C[I\[]
X MU (@ U)o D 0 ) i, (6.17)

]p+qu[y]l

where ; = (y;, w;) and where we emphasize that the marks depend also only on [z];7?LIfy]}. Similarly,

B [£ (€2 (@, P)) Egora[g (€7 E (@, P))] o) (1) 9 (51

Y,
=5 = DUy ity Jeess Jgariss

P+1

X D (s e, 05.)
x ( 1>l ” |J2|w9([ ]ii‘f;zieb 5@/)

x ML (A o)) (. )

MU (@ U ) P I U ) B b (619)

L

These two derivations are the analogs of [21, (3.20) and the display preceding (3.23)], which were
derived for point processes which did not carry dependent marks.

We bound the difference between the FME expressions (6.17) and (6.18) as follows. We match
like terms in the two expressions and bound their difference termwise using the decorrelation (3.2) of
the underlying marked point process P, observing that

d(Bly U BR), B U b5 > dBdy, B3 — 2r > (B, BT — s/2 > 5/2.

The details go as follows. For sets .J1, J> in (6.18) consider functions

f=Fn=F@ ) ulywl,) =@ e, 6)
9= g5 = 9([(z, w)lid Uy, w)] ) = (i Yics, 03,

with f defined on (R? x K)P*!/1| and evaluated for marks [u)?, [u] 5, = (w; : i € Jp) and points
]t Wy, = (yi : @ € Ju1), respectively, and similarly for §. In the following derivation, the second
inequality is due to (3.2) (in association with Corollary 6.5) termwise for d([z]? L [y}, [z PR Yli1) >
s/2. We have

Byl £ (7R (2, P))g (€ (@, P)I ([ ™)

52



— Egp[F(ER(E, PP (W) Epera [g (711 (2, PP (W)

P+1

00 l 1
= Zzﬂ(l —J)! /(Br([:r] )i x (Br ([ Z Z

)i JiC[5] J2CU\[]

([C, )]} 1 [y, w)] ) 9([(, wlp i f U [y, w)l )

x M p?ffulfyl (d(Rdy™ U flt)) oD (T U )

- / F,w)lf U [y, w)] ) ME (U ff)p® ) (17 U )

S
by
e

—

HEITH

/KW @l vy, )l DM (A U ed)) o (S U )| dlh

[l 1UB5

=2 W/(Br([z] D)X (B () Poge>

1=0 j=0 P+l J1C[j] J2C[I\[]
X Eggpra [ 0 U w)] )9, wlid U [, w)] )| o0 (e 0 )
Eggpoggt [ )l U ()], 07 (1 0 )
% Egprage [0 ol U (. w))] o (5 U bk | didh
5 e O
<o) nts / bl
2 ;JZ:;W_J 'lec%ﬂ hczu\ (Br(Blf)) x (Br (1))
5 e O
l
<O(5) DY L (2p + g)bar?)
20 = = g =)
s\~ (4(p + )bar”)’
= ¢(§) ; N Cl+p+q7
where the identity E i=0 J—)! = ?—,l justifies the last equality. This establishes inequality (6.13) and
concludes the proof of Lemma 6.3. O

Before extending Proposition 6.4 in the next section to non-restricted marks (this result is formu-
lated in Theorem 4.9), we comment on the assumptions and the applicability of the present proposition.

Remark 6.6 (Summable exponential B-mixing ensures fast mixing of correlations). The decay con-
stants and decay function of the input process P are specified in a minimal way in Lemma 6.3
and Propositions 6.4. However, in most applications of this result we shall assume that P exhibits
summable exponential B-mixing correlations as in Definition 4.8. Indeed, it may be checked that the
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summable condition (4.14) of this definition implies the following condition

C’kwk
k!

<oo, Yw>0 (6.19)
k

and hence (6.11), for the constants C}, in Lemma 6.3 and Propositions 6.4. In addition, the fast na-
ture of this mixing of correlations is guaranteed by the assumption (4.15) on ¢ in Definition 4.8. The
assumption of summable exponential B-mixing correlations will be further used to relax the restric-
tion on the marking function £ in the next section. Also if P satisfies the summability condition
(6.19), then one could alternatively use the FME expansion from [88, Theorem A.1]; we have instead
required that P satisfy the weaker assumption (6.7) when proving the the FME in Theorem 6.1 via the
intermediate Lemma 6.2.

For real-valued short-range scores & = £ (viewed as short-range marks in Proposition 6.4), the
limit theory for (1S (f))nen stated in Section 5.1 can already be established using this proposition un-
der assumption (6.19) and merely fast B-mixing correlations of the input process P, without requiring
summable exponential-type mixing. Moreover, if £ take the form of local U-statistics, the same
conclusions hold under merely fast B-mixing correlations of P, as explained below.

Corollary 6.7 (Limit theory for short-range scores). Consider a marked point process PonR? x K
having fast B-mixing correlations as in Definition 3.6(ii) and (iii), with correlation decay functions
wi(s) = Crd(s), k € N, for ¢ fast decreasing, and such that the constants (Cy)ren satisfy the con-
straints (6.19). Assume that € is a real-valued, short-range score function, i.e., £(&, P,) = £7)(&, P,,)
for some r € (0,00) and all n € N. Then the marked point process P = > 5(%5(@_775)) has fast B-
mixing correlations. Consequently, with yS = >_ vep, & (z, 75n)5n_1/d$, all statements in Theorems 5.2
and 5.4, as well as in Propositions 5.3 and 5.5, hold under their respective moment, variance, and sta-
tionarity conditions.

Proof. The result follows from Remark 6.6 and, in particular, from the fact that condition (6.19)
implies (6.11) for all p, ¢ € N. Consequently, by Proposition 6.4 and fast decreasing ¢, the process P
exhibits fast B-mixing correlations.

The assumption of summable exponential B-mixing correlations of P, required in all statements
of the results mentioned in this corollary, serves solely to establish fast BL-mixing correlations of the
iterated scores (marks) &(&, P,,), £(Z, P,.), and £(Z, P) via Theorem 4.9. In the case where the scores
are of short-range type, with radius r € (0, o), Proposition 6.4, together with condition (6.19) and

fast B-mixing correlations of the input process P, is sufficient, as explained above. 0

Corollary 6.8 (Limit theory for local U-statistics). Consider a marked point process P on R x K
having fast B-mixing correlations as in Definition 3.6(ii) and (iii). Let the score function be a local
U-statistic of the form

£(#,P) = & (7, P) — 1 > h(E . E), (6.20)



for some k € N and a symmetric, bounded function h : (R4xK)* — R, satisfying h(Zo, &1 ..., Tp_1) =
<i< x; — To| > r for some v > 0, or x; = x; for some i #* J,14,] €
{0,...,k — 1}. Then the marked point process P := 3 04 ¢z, 5

tions. Consequently, with ji& == > 5 &(Z, P,)8,~1/a,, all statements in Theorems 5.2 and 5.4, as

py) has fast B-mixing correla-

well as in Propositions 5.3 and 5.5, hold under their respective moment, variance, and stationarity
conditions.

Proof. This is a marked version of the local U-statistics model considered in [21]. As observed in that
work, the FME expansion of U-statistics contains only a finite number of terms. Consequently, we do
not need the convergence condition (6.11) for the FME, since the series in formulas (6.17) and (6.18)
involve only finitely many terms, and the same holds for the series in (6.13). Hence, Proposition 6.4
applies without imposing any mixing condition on P beyond fast B-mixing. 0

6.2.2 Proof of Theorem 4.9 for general marking functions

Proof of Theorem 4.9. We first prove part (iii) and then adjust the proof to obtain parts (i) and (ii).

Proof of part (iii) of Theorem 4.9. For p,q € N consider again a (p + ¢)-tuple of distinct points
@]P*7 € (R?)P+9) with marks R7T € KPta, We recall s := d([x]}, []01%). Without loss of generality,
we assume s € (4,00). P has summable exponential B-mixing correlations (Definition 4.8) with the

exponents a € [0,1) in (4.14) and b € (0,d) in (4.15). Set

ri=r(s) = (Z)b(ka)/@(mwd)x (6.21)

Since s € (4,00) and p + g > 2, we easily have r € (1, s/4).
Define a short-range mark by truncating the domain of the score £ to the corresponding balls

E(F,0) == E(E, N B(x), &= (z,u)€fi (6.22)

For all f € B((K')?) and g € B((K')?), we consider the variants ¢} = f([v,]7), ¥} = g([v,,]gi‘{)
o = f(rl) (o ]ﬁi‘f) of the functionals 1, 10,, ¥, defined in (6.14)—(6.16) with & replaced by £
and v,.; == E(F, 1), 1 <i<p+q.

We set
A= E@z;[deJ’”)]p(P)([x]i’) (6.23)
wa [g(VIEDIP (1), (6.24)
C:=E p+q[f([V]’f)g([ DO (), (6.25)

and similarly A, B, C with [V]7* replaced by [V,]? "9, where V,.; := £")(2;, P),i=1,...,p+q.
To prove Theorem 4.9 (i), we need to show fast decay of |[AB — C| as s — oo. Towards this, we
observe first the following (general) inequalities :

|AB — C| < |AB — C| + |AB — AB| +|C — (|

55



and
|AB — AB| < |A(B - B)| +|(A— A)B| < (|A| + |B|)(|A - A| + |B - BJ).

Thus, we obtain
|AB — C| <|AB—C|+ (1 +|A|+|B))(|A— Al +|B - B| +|C - C)). (6.26)

In the following, we shall give bounds on the expressions in the right-hand side of (6.26). Note that
since | f| < 1, |g

< 1, we have
(14 |A| 4 |B]) < 14 kp + rq < 00, (6.27)

where £, 1= SUPpp e pay p®) ([2]?) < oo, by Assumption 3.1.
STEP 1: (Bound for |AB — C ). The marking function £() and P together satisfy the assumptions
of Proposition 6.4. Consequently, by (6.13) with r replaced by r(s) we have

AB - < o3) 3 Wt bl e,

b

< cpexp (—8—) Co eXp <c3(f)%> (6.28)
c1 4
for some positive, finite constants ¢y, ¢z, c3. Indeed, (4.15) implies ¢(s/2) < c; exp(—s®/c;) and the
bound (4.14) on Cj 4, by Stirling’s formula, gives the exponential bound ¢, exp(c3(s/4)%/2) on the
series in (6.28); for details, we refer the reader to the arguments in [21, display (3.26), page 872].
STEP 2: (Bounds for A 3|, and |C — C ). We use that ¢ satisfies classical stopping
set stabilization as in Definition 4.6 with r replaced by r(s) and for p, ¢, p + g. Specifically, observe

that if RE(%;, P) < r(s) forall 1,...,pthen £(i;, P) = £7)(&;,P) and A = A. Consequently,

|A—A| < 26, e ( max R®(&;, P) > T(S)>
< 2pkpp,(1(s)), (6.29)

which, by (6.21) and the fast decreasing property of ,, is a fast decreasing function of s. The same
arguments work for |B — BJ, and |C' — C|.

Collecting all inequalities (6.26), (6.27), (6.28), and (6.29), we observe that the doubly marked
point process P has fast B- -mixing correlations as in (3.10) (but for 73) with the decay function w4
depending on ¢, {Cy}32,, ¢p+q> and k,4,. Here we also use the assumption that max(p,, ©,) < ©piq
and max(r,, £p) < Kpyq for all p, g € N. This completes the proof of part (iii) of Theorem 4.9.

Proof of part (i) of Theorem 4.9. We follow the arguments of the previous part, now applied to the
BL-localizing marking function &, for which we again consider its short-range version £(") in (6.22)
with r as at (6.21). Since we want to show that the marks ¢ have BL-mixing correlations as in
Definition 3.1(i) and (ii), we consider only BL functions f, g respectively on (K")?, (K’)?. Given these
functions we consider the expressions A, B, C' as in (6.23)—(6.25) and their counterparts fl, B, C. The
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general bounds yield (6.26). The bound (6.28) holds by Proposition 6.4 since we have assumed P has
summable exponential B-mixing correlations. Indeed (6.13) holds for all bounded functions f, g and
in particular for our BL functions f, g. Thus STEP 1 goes through verbatim. Only in STEP 2 do we
need to modify the proof, since £ satisfies (the weaker) BL-localizing property. However, we may use
this property to obtain

A — Al < rip [Egge [F(VID] = Egge [F(VAIN]| < mpdiepgr (VI VD) < pp(r(s)), - (6.30)

where the last inequality follows directly from BL-localization (4.2) of the marking function & for p.
Using BL-localization (4.2) of the marking function £ for ¢ and p + ¢, the same argument extends

to | B — B| and |C — C/| respectively, thereby completing the proof, exactly as in part (iii). For >

we have also used the (K')P*™9 5 v = (v,,v,) — f(v,)g(v,) is BLif f and g are.

Proof of part (ii) of Theorem 4.9. We follow the proof approach as for parts (i) and (iii) but now choose

PP (),
B =Eplg(f” (”]Zi (@, P))] o (1),
FIEPTN @, P)g (PO (@, P))] o+ (™),

Also, modifying (6.21), we define

5P+q . b ]. - _
ro=r(s):= (Z) , Opiq 1= mm{ﬁ, aqu} : (6.31)

Here a1, € [0,00) denotes the exponent governing the separation of the two groups of points, as
postulated in Definition 4.3. By that definition, the bound (4.7) applies whenever

s = d(pff, [2T]) > rove

In the present setting, this condition is satisfied by the above choice of r. Indeed since s > 4 and

Spt+q > 0, we have r = (s/4)%+2 > 1. Moreover, by construction 8,4, < c,},, and hence
Opig (S ) Qp+¢Op+q < S -
r =(- — s
4 — 4 ’
which yields the desired inequality s > r®»+<. Furthermore, since H < 1, we have 0, < 1 and

thus
B <5>5p+q < S
"=\ 1

as in the proof of the previous parts of Theorem 4.9.

Observe now that (6.12) implies that |f~11§ —C | satisfies the bound (6.28) with our new definition
of A, B, and C given above. By (4.6) and following verbatim the argument in (6.30), we have that
|A — Al and |B — B| are bounded by x,,(7(s)) and x4, (7(s)), respectively. Second, we have

C = C1 < Fyrgdy oo (772, P), (X3, P), KU1 (3, P))
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< Kptqdyy, bt ([f]zl)ﬂ(f» P), Iz
+ Ky o (E2OR(E, ><[U T, P), XL P)) )
< Akiprgpre(T(8)),

where the second inequality follows from the triangle inequality and the third is due to (4.6) and (4.7),
in conjunction with the r(s) = (s/4)%+a.

Thus, combining the above bounds for |A — A|,|B — B|,|C' — C| and |AB — C| as in (6.26) and
along with (6.27), we have the requisite fast decreasing bound on |AB — C|. O

Remark 6.9 (Iterated BL-localized marks via short-range scores). Observe that the proof of part (i)
of Theorem 4.9 presented above applies verbatim when replacing the short-range scores (£(),>;
generated via natural restrictions of ¢ by a family of ‘external’ short-range scores (£[),, satisfying
BL-localization as explained in Remark (v) in Section 5.4.

Proof of Corollary 4.10. This proof closely follows that of Theorem 4.9 and makes use of the bound
(3.10) describing summable exponential B-mixing correlations for a family of marked point processes

with the family being (P, ),en. It suffices to note that the functions ¢, {pp}o2,, and the constants

_ p=1>
{Ck}21, {kptpe, related to (Pn)nen and € and appearing implicitly in the proof of Theorem 4.9
uniformly satisfy the definitions of the mixing correlations and localization, respectively, stabilization,
on the sequence (P, ),en. Indeed, these functions and constants can be tracked from the bounds in

(6.26)—(6.29). O

7 Proofs of the limit theorems

In this section we prove limit results for dependently marked point processes, as given in Sections 3.1
and 5, namely central limit theorems and expectation and variance asymptotics. The proof of the main
central limit theorem (Theorem 3.3) uses the classical cumulant method for integrals & (f) = [r dpit,
of random (possibly signed, atomic) measures defined in (3.1). A key argument of this method is
the approximate factorization (or ‘mixing’ in our terminology) of the correlation functions (3.6) of
these measures. This method was previously used in [21, Theorem 1.13], where the measures involve
real-valued scores ¢ functionally constructed on a non-marked point process. However, the cumulant
method applies to general, purely atomic random signed measures satisfying moment conditions and
exhibiting fast mixing correlations. We believe this result is of independent interest and present it in
Section 7.1, recollecting some of the arguments of the proof of [21, Theorem 1.13]. In Section 7.2, we
use this general central limit theorem to prove our main central limit theorem —Theorem 3.3. Next, in
Section 7.3, we show that if scores &(z, P, ) satisfy BL-localization then they have limits under Palm
distributions as the domain WV, increases up to R?. These limits determine the precise expectation
and variance asymptotics given in Theorem 5.3, whose proof is in Section 7.4. Section 7.5 proves the
multivariate central limit theorem (Theorem 5.4) whereas Section 7.6 establishes the limit theory for
scores on the infinite window, cf. Proposition 5.5.
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7.1 Cumulant method for asymptotic normality of purely atomic random signed
measures

We outline the cumulant method for random measures, but omit full details of some standard deriva-
tions, which may be found in e.g. [21, Theorem 1.13] and [112].

Let P = {(z;,&)} be a simple marked point process with ground process (locations of atoms)
P = {x;} C R? and real-valued marks (scores) &; € R. Consider the random, purely atomic, possibly
signed, locally finite measure m = Z(%&)Eﬁ & 0y, ON R?. (Conversely, any such measure can be
represented as a simple marked point process.)

For all p € N, let the ground process P admit bounded correlation functions p (densities of
the factorial moment measures). Then define the (generalized) correlation functions of m for all
ki,....,k, €N

mM () == By [&7 ... ] o7 (D), (7.1)

where §; are random marks (scores) of fixed, distinct locations of atoms 1, ..., z, € R< of P,, under
Palm probablhtles Ege, provided the expectations Ep; [51 ... &) are well defined. Let M?[(g, m)] :=

E[( [ga 9(x) m(dx))?] be the moments of integrals Wlth respect to m of bounded real-valued functions
g with bounded support. The correlation functions allow us to write

11

Mp[<gv m)] = Z /R|’Y ng RIOLES |’Y(|’Y|)|)((E1’ c. ,l’|7|)dl‘1 C dx|7|

v€Il[p]
1]

_ Z <® g\v(i)|m77 )\|7|>_ (7.2)
|

~€ll[p] =1

Here I1[p] is the set of all unordered partitions of [p] := {1,...,p}, and, given a partition v € II[p],
we let || denote the number of partition classes and for convenience, we order its elements v =
{7(1),...,7(|7])} according to the number of elements in (). Further, m? := m{7Wh-h(7DD -\l
denotes the Lebesgue measure on (R%)!, and ) denotes the tensor product of functions.
The correlation functions m1 give rise to the Ursell functions or truncated correlation functions
mk ]1 of m given by

vl

mi @ = 7 (=D - DHLLm® =Gy € @), 7.3)

Yy€EI[p]

provided mkii€)) < oo forall J C [p]; see [21, Section 4.4.1]. Ursell functions allow one to express
the p-th order cumulants S? of the integrals (g, m) in terms of integrals of Ursell functions just as
moments of (g, m) are expressed as integrals with respect to correlation functions mWY as in (7.2).
Indeed, for all p € N we have the relation

vl

SP[{g, m Z ®g|v(l )\|’7| (7.4)

vellp] =1
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provided m[’“]zfl < ooforall k; € N, by + ... 4+ ky < p; see [21, Sections 4.3.2] for the p-th order
cumulants SP[Y] of a random variable Y and [21, (4.36)] for the expresion of cumulants SP[(g, m)] in
terms of Ursell functions.

Next, we observe that the property of mixing of correlations functions mb is equivalent to a
diameter bound on the Ursell functions of m of these measures.

Lemma 7.1 (Mixing of generalized correlation functions of m is equivalent to a diameter bound on
Ursell functions of m). For a fixed collection of integers k1, . . ., ky, p > 2, assume that for all J C [p],

sup  mEI) (g5 5 € J) < 0. (7.5)
(z;)jes€RI

The following statements are equivalent:

(i) There exist fast decreasing functions ¢ = gEkl ,,,,, k, and constants C=C (k1,...,kp), such that for
any subset of integers J C [p),

J| > 2, a nonempty, proper subset I C J, and all configurations
{z;:j € J},z; € RY of distinct points we have

‘m(kj:je‘])(xj cjed) —m(kf:jel)(a:j cjel) m(kj:je‘]\l)(a:j cgeJ\I)| < CN'gE(s), (7.6)
where s .= d({z; : j € I}, {z;: j € J\ I}).

(ii) There exist fast decreasing functions éT = (/5’-? """ " and constants CT = éT(kl, ooy kyp), such
that for any subset of integers J C [p, |J| > 2 and all configurations x; € RY, j € J of distinct points

we have ,
7 (@ j € )| < CTr (diam(z; : j € J)) 7.7

where diam(z; : j € J) := max; jes(|x; — x4]).

Moreover, the bound (7.7) for J = |p| implies

sup / |m[ﬁ€([:c]i1’)\ dzy -+ -dz, < oo. (7.8)
z1€RE J (RA)(P—1)

Further, éT and C" in (ii) depend only on QNS C, the dimension d and the bound in (7.5) and similarly
the ¢ and C'in (i) depend only on ¢, CT and the bound in (7.5).

One may interpret (7.8) as Brillinger mixing for the random measure m and it can be shown to be
equivalent to volume order growth of cumulants. As we shall see shortly in Theorem 7.2, this suffices
to derive a central limit theorem. Brillinger mixing and its consequences have been studied for point
processes (see [79, Section 3.5], [73] and [14, Theorem 3.2]) and our results extend these to purely
atomic random signed measures.

Proof of Lemma 7.1. Under the (point-wise) assumption m(*7€/) < oo for all J C [p] one establishes
the following relation

m(Tkl ..... kp)(xh Ty) = ks kp)(xb ) — m(kj:jef)($j cjel) m(k’j:jeJ\I)(a;j cjeJ\I)
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o]

+ 3 IO a5 e v(0)), (7.9)

YEM[pl,|v[>1 =1
~ mixes {I,1¢}

where a partition y of II[p] is said to mix {7, ¢ := [p] \ I} when there exists an element v(i) € =
such that (i) N I # () and (i) N I¢ # (). The proof of the equivalence property follows now from
the fact that there exists constant 6‘TJ| (depending on the dimension d) such that for each configuration
{z;:j € J}, x; € R, there exists a partition {/, [} of J such that d({z; : j € I},{z;:j € I°}) >
élTL”diam(xl, ..., T,) and, trivially, for any partition {/,1°} of J, d({z; : j € I},{z; : j € I°}) <
diam(xy,...,x,). Indeed, for the first term in the right-hand-side of (7.9) we have

(k‘jleI) J]EIC

< Clkr, ...\ kp)n

—m mk kp(élTJldiam(xl, Ce X))

-----

Also, for each term of the sum } ... in (7.9) we consider (i) € v intersecting both [ and /¢ and
develop a similar bound by the induction, and using the uniform bounds (7.5) for other (i) € . This
way, | > ...| can be bounded by a finite sum of expressions C.¢- (&, diam(zy, . . ., x,)), with some
constants C’ < 00, ¢, > 0 and fast decreasing functions ¢v This justifies that (i) implies (i1). The
proof of the converse again uses the expression (7.9) in a similar way (but not requiring the induction).
For the proof of (7.8), fix z; € R? and partition (R%)?~* into sets (G})ie{ojun defined as follows:

Go :={(z2,...,2,) € R P=1 . diam(z4, . . . ) < 1}
Gy = {(xq,...,x,) € RV . 271 < diam(xy,...,1,) <2'}, €N,

Now use estimate (7.7) to bound the integral on the left-hand side of (7.8) as

o

Z/ ¥ (2] day - -z, < 0T 4 057 CT Y 24 DG (21 < oo,

=1
since ¢ is fast decreasing. 0

Theorem 7.2 (Central limit theorem for purely atomic random signed measures). Let (m,,),cn be
a sequence of purely atomic random signed measures and assume they admit correlation functlons
mH ([2]?) = m[k]p([ 1?:n) defined as at (7.1). Assume there exist fast decreasing functions ¢y, and
constants M, C’k, such that forallp > 2, ky,... )k, e N ki +... +k, =k

sup sup m(pfPin) < My < 00 (7.10)
nEN [z]] eRdp

and statement (i) of Lemma 7.1 holds for the functions qz; = gz;k and constants C = Cj, ( uniformly in
n € N). If the sequence (g, )nen of real-valued, measurable functions on R?, is uniformly bounded in
n (i.e., SUp,> ||gnllec < M < 00) and satisfies ||g,||1 = [za |gn(2)] dz = O(n") for some k. < oo,
and Var[(gn, m,)] = Q(n") for some v > 0, then

(Var[<gn,mn>])_l/2(<gmmn> - E[(Qn,mnﬂ) =d> A

where Z denotes a standard normal random variable.
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Proof. By the moment condition (7.10), the assumption of statement (i) in Lemma 7.1 implies the
statement (ii) therein. Hence, by (7.4) and (7.8), we obtain the bounds on the cumulants of the integrals
of order

SPgny ma)] < (L4 llgnllo)”™ Apllgnlls = (L + AP~ Apn”,

for some constants A, < co. In other words, cumulants have growth S*[(g,,, m,)] = O(n") for all
p > 2. The assumed variance lower bound Var[(g,, m,)] = Q(n") implies

57 [Var[(gmmn>]‘1/2 ((gn, M) — E[<gnamn>])} = O(nﬁ_pym)u

and hence the cumulants or order p € (2x/v, 00) in the left-hand side above vanish as n — oo. This

suffices to prove the central limit theorem by a classical result due to Marcinkiewicz (see e.g. [148,

Lemma 3]) which says that vanishing of cumulants of high-enough order implies normal convergence.
U

The above general CLT can be used to deduce CLTs such as [87, Theorem 4.1] for certain linear
statistics of point processes with fast mixing correlations and in fact, Brillinger mixing property (i.e.,
(7.8)) as in their paper also suffices. However, in case the moment bound (7.10) fails as in [109,
Theorem 3.9], the above approach needs to be suitably modified to derive appropriate cumulant bounds
and hence a CLT.

7.2 Proof of umbrella CLT in Section 3.1

We will use Theorem 7.2 to establish the central limit theorem stated in Theorem 3.3. To this end, we
first verify condition (i) of Lemma 7.1, which concerns the factorization of the correlation functions
mbr ([¢]*79; n) defined in (7.1), associated with the family of atomic measures

m, = Z fi,n 5;L’a

zE€Pn

where the scores §; ,, act as weights attached to the atoms of the ground process.

Recall that in our umbrella Theorem 3.3 these scores are given per se, whereas in applications
they are typically constructed functionally via score functions of the form &;,, = £(%;, 75n) In full
generality, we seek to show that there exist a family of fast decreasing functions (& )ren, Which
provide the following bounds for p, q, k1, ..., kpiq € N:

sup —sup |m B () — m (affs ) mB (Rl )| < Dnc(s), (7.11)
neN @y e (W )pta
where K = ki + ... + kg and s = d([]Y, []011) is the distance defined in (3.3). This bound will
be shown to be a consequence of the fast BL-mixing correlations (3.2) (with &, ,, representing U, (z;)
and f, g € BL) under a suitable moment condition. In other words, the existence of the function wg
in (7.11) is guaranteed under finiteness of the following moments

Mg epiq :=sup sup  sup Epyr [max(1, |§1,n|K(1+€))] (7.12)
neN r<p+q [z]7€(Wn)"
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for some € > 0 where, we recall, & ,, is the random score (mark) of the fixed point z; under the Palm
distribution P;-. The p-moment condition (3.4) for p = K (1 + ¢) implies the finiteness of My ;14
since Mk ¢ piq < Mf((He)
of (7.12) is upper bounded by the same expression with sup, ., , replaced by sup, < j(14) 1n (7.12).

. This last inequality holds since, in view of K > p + ¢, the right-hand side

Lemma 7.3 (Factorization of correlation functions under moments and BL-mixing conditions of
the scores). Let (P )nen = ({(zi,&m)}),, oy be a family of marked point processes on R? shar-
ing the same ground point process P, and equipped with real-valued marks (scores) &;,, € R. Fix
p.q, k1, .. kprg € Nwith K = ky + ... + kyiq. Assume that (ﬁn)neN satisfies the fast BL mixing
correlation condition (3.2) for p,q with fast decay function &,, (and replacing U(z;) with & ,, in
(3.2)) and for all functions f € BL(RP), g € BL(RY).

For some € > 0 we assume finiteness of the moment M, K.ep+q as in (7.12) associated to the marks
&in- Then there is a fast decreasing function Ok such that the correlation functions mH (P n)
of P, satisfy (1.11) uniformly inn € N and [} given ky+. . .4k, = K. The function &g depends
on the value of K, the function wg, and the constants Mé +o Ck, Ko related to § and P.

Proof. Fori € {1,...,p+¢} define the functions g;(u;) := u* on R. Consider the functions h, ([u}) =

I7_ gi(u;) and ho(fub 1) = TI27 gi(us), respectively, on R” and R?. By the definition (3.6) of

correlation functions m™ * the left-hand-side of (7.11) corresponds to

Eprealhi(§ams -5 Epn)ha(€prims - -5 Epign)] (7.13)
— By 71 (€uns - - Epan)10® (W) Eggr s [ha(Eprrms - - - Eprain) 0@ (W)

To use (3.2) with U(z;) = &, we have to truncate hy, hs in a Lipschitz way to fulfill the role of f, g
in the BL-mixing condition assumed to hold uniformly for all P,., n € N. For this purpose we choose

€ > 0 as in (7.12), we define the function a(s) = a,,,(s) 1= max{@, ,(s)~ /239 1} and we
truncate the functions g;, 1 < ¢ < p as follows :
_ 9i when [g;| < a(s)'/?
g; = ) ) (7.14)
sgn(g:)a(s)"’?  when [gi| > a(s)'/7.
Similarly, we truncate the functions g;,p + 1 <7 < p 4 q as follows :
_ 9i when |g;| < a(s)'/4
gi = 1 Y (7.15)
sgn(g;)a(s)? when |g;| > a(s)'/9.

We assert that each g;, 1 < i < p, is Lipschitz with Lipschitz constant k; - a(s)®*~1/®*) Indeed
notice for ||, |y| < a(s)/ k) by the mean value theorem

19:(@) = 5iW)| < o =yl - gi(a(s)/ ™)) = ki - a(s)® =D/

x —yl.
On the other hand, if |2| < a(s)/®%) < |y| then

19:(x) — Gi(y)| = |a" — Sgn(y)a(s)l/p| <k - a(s)(kfl)/(pki)

95—9’,
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which shows the assertion. Likewise, each g;,p + 1 < ¢ < p + ¢, is Lipschitz with Lipschitz constant
ki . a(s) (ki_l)/(qki) .

Put
hy =11, Gi(wi), he = Hpi§+1§i<ui).

7

Observe, h; < a(s) is a bounded, Lipschitz function (with respect to the #* norm on RP) with Lip-
schitz constant bounded by a(s)P~D/P 7P k; - a(s)*i=D/ k) = q(s) Y k; < Ka(s).? Similarly
hy < a(s), and is Lipschitz with Lipschitz constant bounded by Ka(s). Consequently h/(Ka(s))
and hy/(Ka(s)) are bounded Lipschitz functions useable in (3.2).

In the evaluation of the truncation error we simplify the notation by writing H; := hy (&1, - -+, &),
Hy := ho(Epiims - - - Epiqn) and similarly for H; := hy(...) and Hy := hy(...). With this notation, we
write the first expectation in (7.13) as the sum of three terms

Ty i= o0y ) Eygyea [ (Hy — H)),
Ty = p O (i) By (Hy — Hi) Ho),
Ty i= p+ () E gy va [H, ).
Write the second expectation in (7.13) as the sum of four terms:
Ty = P(p)([flf]f)ﬂ(q)([ff]ﬁ?)Em{[Hl]EMgig [Hy — H,
Ty = p® (7)o (bl o) By [y — LBy gorg[Ho],

pt+l
Ts 1= pP ()P (el 1) gy [ By [ ).

Applying (3.2) to the Lip(1) functions H,/(Ka(s)) and Hy/(Ka(s)), we find that the difference of
terms 73 and 7§ is bounded by

’T3 — T6| < K2a(3)2@p+q(8> < K2@p+q(s)e/(2+35)’

by choice of a(s). We now control the terms 7}, 75, T}, T, as follows. Put M, Ke = M, K.,ep+q- By the
Holder and the Markov inequalities and the bound on &, in (3.8) we have

T3] < KpaBypra L Ho1Gi € {p+ L p g} < [gi(6n)] > als))]
p+q
<3 bprqBygpral HL Hol Y 04 a() S O DE | g,(6,,) |10

1=p+1
< q,ﬁpﬂj\ﬂj?ge a(s) ¢/ @0+,
where we use the moment condition (7.12) twice (for Ep+q [|Hy H|'™€] and Egyr+a [|9i(&in)]]) in the
third inequality as follows. Specifically, we apply the Holder inequality to obtain

p+q p+q b/
Byl 1l ) < B [ Il 0] < [T By [max(t, ]
i=1 =1

? Indeed, a p-fold product of Lipschitz functions on R with respective Lip constants L1, ..., L, and common sup norm
. . N . P . . . ¥4 ) p—l . 1 P
= (2 .
bound S is a Lipschitz function on R? with Lipschitz constant equal to ) 7 ; L;SP~" with respect to the £* norm on R
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and
Epgrrallgi(€in)l] < Epgpro[max(1, €] < By

= (MK,e)ki/(K(He)) < MK’E.

pta [max(1, |§m|)(1+6)K]ki/(K(1+e))

By symmetry (interchanging the functions h; and hy as well as p and ¢ and using the bound |H5| <
|H2|) we also have
‘T2| S p/ﬁ:p+qM12(7€a(3)_€/(‘I(l+e)).

Applying the Holder and Markov inequalities as when bounding 77, we obtain
I Ta| < rophiqBygr [y [Eggea | o[ 1(3i € {p + 1, ,p+ g} = |ga(ua)| > als)'/7)]
where we used

P P
By (1£1]) = By | [T €inl* ] < By [ [T Imax(1, bl

=1 i=1
k.

P A
€ i+ Fkp
< [T Bag [ max(1, | 0400 57

s
I
—

k

gy [’ max(1, ’fl-7n‘)|(1+6)K} Byt Fkp

IA
'E@

s
Il
—

—~ k

(MK,€>m = MK,G?

IN
'z@

S
I
—

and mutatis mutandis for E[ﬂﬁ]ii‘{ [|Ho|0H+9)] < M, K, By symmetry,

IT5| < prighig M2 ca(s) ™/ #0+9),

By (3.8) we have kpry < (p+¢)*C) +q/-i€+q. Collecting all estimates above we the bound of expression
in (7.13) and using that a(s) > 1 and a(s) > @, 4(s)~ 9/ 239 we derive

T3 — T| + | T1| + |To| + [Tu] + | T5]

< (K* + A(p + )°Cp it M Ja(s) =/ K0+
< (K2 + 4K3O}2{R§M}2@e)@p+q(3)6/(K(2+36))

where the first inequality uses the fact that M, K. > 1 and the second uses p+¢q < K, and the increasing
property of @ (s) in the argument k. The fast decay of (K? + 4K3CEkl ME ), q(s)/ K@)
follows from the fast decay of w, completing the proof of Lemma 7.3. O
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Proof of Theorem 3.3. We deduce this result from Theorem 7.2 as follows. Recall that the correla-
tion functions mH? " (1]7%; n) of the atomic measures m, := > & 0, are defined at (7.1). (In
contrast to ,&fL, the measure m,, is not scaled to 1#;.) Under the moment assumption (3.4), the Holder
inequality implies that the correlation functions mMi ([ ]1; n) exist. Moreover, the scores &;,, have

finite moments as in (7.12) for any € > 0 (uniformly for P,) as M Keptq < M K(1+e) and that the mo-

ment assumption (3.4) holds for all p € N. By assumption, we have that (79 Jnen are fast BL-mixing
as in Definition 3.1(iii). Hence, applying Lemma 7.3 with hy ([]?) := [T%_, t;* and ho([]9) := []2_, t¥*
for p,q,k1,..., kprq € N,t; € R, we obtain the fast decay of the correlation functions m[k]zf(-; n)
uniformly inn € N, i.e., forany p, ¢, k1,. .., kyrq € Nand 2y, ..., 7,,, € R% we have
rm”f]f“qx]f*q- n) = M (s ) mB (W )] < 2 (5) (7.16)
where s := d([f}, [1]219), K := Y07 k;, and where & is a fast decreasing function for all K € N.
Thus the correlation funct1ons m[k} ( n) are fast mixing, uniformly in n € N, in accordance with
statement (i) of Lemma 7.1 by taking C' = 1 and ¢, .. k,(5) = Wk (s) where K = Y | k;. Hence,
we obtain the central limit theorem (3.5) from Theorem 7.2 with g,,(z) = f(n~"/x) and f € B(W}),

using the p-moment condition (3.4) to verify (7.10) and the assumed lower bound for Varps (f). O

7.3 Distributional limits for BL-localizing score functions

In this section, we justify the existence of distributional limits for £(Z, 75n) as n — oo under Palm
distributions as in (5.9) and (5.10), of which (5.3) and (5.4) are special cases. These are essential
when proving expectation and variance asymptotics (Proposition 5.3 and Theorem 5.4) in the next
subsections.

We operate under the premise that the score function ¢ exhibits fast BL-localization across all
finite windows of P, as in Definition 4.2 (ii). We start by presenting key findings concerning the
distributional limits resulting from BL-localization. While these limits hold for general marking func-
tions ¢ taking values in a Polish space (the setting in which BL-localization is originally defined), we
shall in the present context—where moments are considered too— restrict throughout this section to
real-valued scores &.

Recall the notation

€01, P) = (31, P 1 By(w1) and EOR(E,P) = (€(51,P 0 Bu(21)), . &(Ey, P 0 Bulay) ).

Lemma 7.4 (Distributional limits for vectors of BL-localizing scores). Let P be a marked point pro-
cesson RY x K. Let £ : R? x K x /\A/Rde — R be an real-valued score function, and assume that £ is
BL-localizing on all finite windows of P as in (4.3) for a given p € N (tacitly assuming the existence
of the uniformly bounded correlation function p ([z]})).

(i) For a given vector g% € (R%)P, the random vectors [€ )} (2, P) (under the Palm distributions Prye
of P) converge in the dgy pj» metric (and hence in law) as v — oo to a probability distribution on R,
represented here by the random vector Ty = (Tyr[1], ..., T [p]) € R, ie,

< BLJY

€Tz, P) —— Ty

r—00
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and the speed of convergence is bounded by the same decreasing function , as in (4.3), namely

sup  dyp e (K7 (E, P), Yype) < dgpy(r), v > 0. (7.17)

(ii) The probability distributions represented by T[m]ff are probability kernels from (R?)? to RP; for-
mally, for any measurable function f on RP, the function (RY)? > [} — E[f(Typ)] € R is measur-
able.

(iii) The convergence holds also for [} (z, Py):

BL,[z]?

(&, Pn) —— Ty (7.18)

n—oo

with the speed of convergence bounded by the same decreasing function p,, of the distance d([z]}, OW,,)
from {xy,...,x,} C W, to the boundary of W,:

di e (K15 (2, Pn), Tige) < 60, (d([l}, OW,)). (7.19)

(iv) If Pis stationary and £ is translation invariant, then the distribution of Y . is translation invariant:
i.e., for all y € R?
law
Tep = Ty = T@r-yoayp-v)-

(v) When ¢ is defined on R? x K x Ngayx and satisfies BL-localization (4.2) for some p > 1, then
for{zy,... ,x,} C W, we have

dpr gy (K (2, Pa), 12, P)) < 120, (d([2]}, OW)), (7.20)
and hence, under Py, [7(Z, P) has the law of Tip.

Proof. (i) Taking 0 < r < r’ and n large enough such that B,/ ([2]}) := J}_, By(z;) C W, by the
triangle inequality, BL-localization (4.2) and the decreasing property of ,,, we obtain
oo (VR P), KR, P)) (7.21)
< dygor (EVRE, P, B Pa) ) + o gy (R (E P, (53, P
< dgpp(r),

where ¢,(r) — 0 as 7 — oo. Under the Palm distributions P, this shows that any subsequence
of random vectors [£+))}(z, 75) where 7, — 00, is a Cauchy sequence in the dp > distance. This
justifies the first statement in (i). Indeed, R? is a complete separable metric space, and hence the weak
convergence of probability measures on it is completely metrizable by the dp; » metric (see [23,
Theorem 8.10.43]). To bound the speed of convergence, we take r, " as in (7.21) and by the triangle
inequality we obtain

dBL,[x]"f <[§(T)]]f(§:’ 75)7 T[ft]zl))
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< daw or (€1 P), €N P)) + dowgar (ECR(E P), Vi)
< 4y (r) + du gy (E7R(E P, Xyp).

When 7" — o0, the last term goes to 0 by the previous statement and we obtain (7.17).

(i1) This follows from the fact that Palm distributions are probability kernels. Indeed, for a bounded
measurable function f : R? — R, the mapping (R)? > [o]f — Egpr[f([€"]](z, P))] € R is measur-
able. Since the law of [)]?(Z, P) under Ppy» converges in the dg_ ,y» distance, and hence weakly, to
Typ for all ]}, the aforementioned mapping converges point-wise to (R)? 5 [o]f = E[f(Typ)] € R.
Consequently, the limit is measurable as a pointwise limit of measurable functions. Extensions to un-
bounded measurable functions f are straightforward.

(iii) Taking r = d([2]}, W,,), by the triangle inequality, BL-localization (4.3) and (7.17) we obtain

dBL:[I]f(E]IIJ<i’7 7571)7 T[x}’f)
< d gy (&, Po). KR P) ) + ooy (€1 Pa), Ty )

< 6p(r)

with the equality due to {xy,...,x,} C W, which gives (7.19) and consequently also proves the
statement of the convergence (7.18).

(iv) By the stationarity of P and translation invariance of ¢, the law of [)]?(%,P) (under Py is
invariant by the translation of the location [z]] with respect to any vector y € R?. Hence, the statement
of (iv) follows from the weak convergence in Part (i).

(v) Similarly as in the proof of part (iii), take r = d([z]}, OW,,) and use the triangle inequality

dBL7[$]f([£]11)(j> 7571)7 [5]217('%7 75))
< dur gy (73, P, Yo ) + o g (Yiaps EVR(E P) ) + oy (ER (@ P, R (. P) ).
< 12¢,(r),
where the last inequality follows from (7.19), (7.17) and BL-localization (4.3). 0

Now, we formulate and prove some results regarding the moment conditions. The key point is
that fast BL-localization of ¢ together with (p + €)-moments implies p-moments of Y. It’s important
to note this higher moment condition in the BL setting in comparison to the stopping set setting (cf.
Lemma B.1 (iii)).

Lemma 7.5 (Moment bounds on the distributional limits of BL-localizing scores). Let P be a marked
point process on R? x K with non-null, finite intensity p. Let & : R x K x Npixg — R be an
real-valued score function which is BL-localizing on all finite windows for Palm distributions of some
order q € N (that is (4.3) holds with p replaced by q, with uniformly bounded correlation function
p(q) ).
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(i) If € satisfies the (p + €)-moment condition on finite windows (5.2) for some p > q and some € > 0,
then the random variables T[I]q[ i], 1 <i < q have uniformly bounded p-moments, namely

sup  max Emax(1,|Tye[i][")] < M. (7.22)

X1, T ERdl 1,....q

(ii) Furthermore, under the assumptions of part (i) above, we also obtain the speed of convergence
of (natural) moments p € N; namely for x1,...,x, € W, we have

e By (67 Pa))P) = BI(Xuli])?)] < @M., + 6p)eg(d(BlE, 0W,))7CP+, (7.23)

i=1,....q p
where d([z]{, OW,,) is the distance between x, . .., x, € W, and the boundary of W,,.

(iii) If € is BL-localizing on all finite windows of Palm order q = 2 as in (4.3) and satisfies the (2+¢)-
moment condition on finite windows (5.2) for some € > 0, then the vector T2 has uniformly bounded

correlations, i.e.,
sup  E[max(1, [Ty [1] Ty [2]])] < M. (7.24)

z1,72€RY

(iv) Furthermore, under the assumptions of part (iii), the correlations have the speed of convergence:
B2 [€(Z1, Pa)é(#a, Pn)] — [Ty [1] T2 (2] ’ < (4M5,, p +12)pa(d(d7, OW,,)) /) (7.25)

where d([z]?, OW,,) is the distance between {x1, x5} C W, and the boundary of W,.

Proof. (1) It is well known that convergence in distribution of random variables, along with a uniform
bound on (p + €)- moments, implies the convergence of p-moments. In our specific case, as stated in
Lemma 7.4 (iii), this implies

Efmax(1, [Xpa[i]")] = lim Bygelmax(L, [6(2:, B,)P)] < Mg,

(ii) We use a truncation as in the proof of Lemma 7.3. For a function f, : R — R where a = a(r) > 1
(the specific value of a will be determined later), consider the following definition

falt) == {tp when [{| < a

sgn(t?)a? when |s| > a.
The function f,/(pa®) is a bounded, Lipschitz(1) function, and thus by the triangle inequality we have
Epge [(€(&s, Pa))P] — E[(Yggali])?)
<Epal|€(Zs P) PLUE s, Pr)| > @)] + B[ Tpga [i][P1(| Yo li]] > a)]
+ padyy gig (€3, Pa), Tyseli]). (7.26)

Using (7.19), the last term is bounded by 6paPy,(r) where r = d([z]{,0W,,). Next, let’s choose
P’ = p+ €/2. Both random variables £(Z;, P,,) and e [i] have p’-moments bounded by Mﬁ, (for the
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former by assumption and for the latter by the statement in point (i) with p replaced by p’). Therefore,

—€/2

using Holder’s inequality, both truncated moments are bounded by Méa and consequently

B (€&, Pn))?] — E[(Tpgg[d))]| < 2Mya(r)= + 6pa(r)Pio,(r).
Setting a(r) = (1) "% (2P*9) the right-hand side simplifies to:
(2M}, 5 + 6p)pg(d([]f, OW,,))/BrFe).

This completes the statement of part (ii).

(1i1) Using the same reasoning as in the proof of part (i), the convergence in distribution of the vector
€3 (z, 75n) to T2, as per the statement of Lemma 7.4 (iii) and the continuous mapping theorem, im-
plies convergence in distribution of the products &(iy, P, )& (&2, Py) to T2 [1] T py2[2]. Along with uni-
form (2 + €)-moments (5.2), by Holder’s inequality, these products possess bounded (1 + €)-moments:

sup sup Egpl|(F1, P )E(Fa, o) /] < oo
neN [7]2ew2

This implies the convergence of expectations Ep;2[|¢(71, Po)E (T, Py)|] to E[| g2 [1T2(2][)] asn —
oo. The explicit bound follows from (5.2) with p = 1, using Holder’s inequality.

(iv) We use the same reasoning as in the proof of part (ii), with the truncation of the product of
functions as in the proof of Lemma 7.3 with p = 2 and k; = 1, ¢« = 1,2. Specifically, consider a

function defined as:
£i(t) = t when |t| < a!/?
07 \sen(t)a?  when |t > al/2.

where the specific value of a = a(r) > 1 will be determined later. The product f,(t1)f(t2) :
R? — [0,00) is a function bounded by a and Lipschitz with constant 2a'/? (cf Footnote 2). Con-
sequently, 2af,(t1) f(t2) is a bounded Lipschitz function applicable to (7.19). This truncation, along
with Holder’s inequality used twice and (2 + ¢)- moment for &, leads to the following bound:

E[I]%[g(fl,,ﬁn)g(j%ﬁn)] - E[x]%[fa(f(j:la ))fa(g(x% ))} < 2M§+ /24 A

The same approximation by the truncation f, holds true for | Yy [1]T2[2]| because Yp2[1] and
T2[2] have (1 + ¢/4)-moments with the same bound Mt e/
the proof of Item (ii) with p = 1 + ¢/2 and p’ = 1 + ¢/4. Using the triangle inequality systematically

as in (7.26), also using (7.19) and collecting the developed bounds, we obtain:

Here, we use the same argument as in

B2 [€(F1, Pu)&(Ea, Po)] — B[ Yy (1] T2 [2] ‘ <AMS, 0=t + 12apy(r),
where r = d([z]?, 0W,,). Setting a(r) = o (r)~%/(4+9) the right-hand side simplifies to:
(4M 512 T 12)p2(d([z 13, OW,))/ ),

This completes the statement of part (iv). 0

70



Remark 7.6 (Distributional limits for BL cluster-localizing score functions). The statements of Lem-
mas 7.4 and 7.5 remain valid for [EY(]? (in place of [£™)]}) under the sole assumption of BL union-
localization (4.6), together with the corresponding moment conditions and/or stationarity assumptions.
The limiting probability kernels induced by BL cluster-localization may exist even in cases where BL-
localization fails; see Example 7.7 below. In situations where the score function ¢ satisfies both BL-
localization and BL union-localization, the two types of limits coincide. The proofs of these results
carry over verbatim, starting from the Cauchy property derived via the triangle inequality in (7.21).

Example 7.7 (BL union-localization without cluster-localization). We give an example showing that
it is possible for (4.6) to hold but not (4.7) in the definition of BL-cluster localization. This shows that
marking (score) functions may be neither BL cluster-localizing nor BL localizing.

Let x be a point process on R? and consider it = {(«, u;) } »¢,., @ marked point process in R?x [0, 1].
Define the marking function

(2, 1) = Sgn(u(ﬂl%d) > yepn Uy — 1/2) if puis finite
| sgn(ug —1/2) if yu is infinite,

where sgn(x) := z/|z| is the sign function with sgn(0) chosen arbitarily. Let 7 be a homogeneous
Poisson process equipped with random variables U,,z € P, which are i.i.d. uniform on [0, 1]. The
U,’s are continuous random variables and hence for all Borel sets B C R?, &(z, PN B),x € PNB ,
are symmetric Rademacher random variables and are independent iff |B| = oc.
£, PNB) =&, PNB)forall z,y € PN B.

For all n € NU {oo}, we have for all » > 0 that

day gy (€5, Pa), VO (2, Pa)) = 0,

that is (4.6) holds, whereas for all 7 < d([z]{, [+],, ) /2, there are constants a, such that

i gy (2R Po), (2O Po) O (7 Pa) ) = ay >0, (7.27)

and hence ¢ fails to satisfy BL cluster-localization. This is because the co-ordinates of [¢V)]?(z, P,,)
are all +1 or —1 but [¢V)!(z, P,) and [V)]? v (T P,) are independent. It can be verified similarly
that ¢ satisfies neither (4.2) nor (4.3), i.e., £ is neither BL-localizing on R nor on the finite windows
of R¢,

Further, HS = Y . &(7, P.) = |P.|X where X is an independent symmetric Rademacher
random variable. Thus E HS = 0 and Var HS = E|P,|*> = n? + n. The strong law of large numbers

1Illp11€S that as n — oo
I{f ;[n a.s
n X | | -$- ){,

v/ Var HS a vn?+n

Hy = X as n — oo. Thus the CLT fails in this case.

Y/ Var HS

and so
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7.4 Proofs of expectation and variance asymptotics in Section 5.2

Proof of Proposition 5.3.  The claims of existence of T and Yg . in Parts (i) and (ii) respectively
follows from Lemma 7.4 (i). We now prove the convergence claims in the two parts.

(i) We establish the mean asymptotics (5.5). Recall that Z = (z, U(x)). The Campbell-Little-Mecke
formula yields

n~ VAR LE (F) — pH R[] f( )dz
—(d-1) /d 1/d — I To d
B[ st (e P) —ngite] [ sGa)a

< n—(d—l)/dp/ |f(nY9)| |EL[€(3, Po)] — E[Y,] | dz

< (2M§1+€/2+6)Hf||oopn(dl)/d/ L(d(z, oW, ))e/(2+€ d.

n

Here, we used the distributional equality Y, faw To (see Lemma 7.4 (iv)) and in the last inequality, we
used the estimate (7.23) to bound ‘Ex (2, P,)] — E[T,] ‘ The fast decreasing property of ¢, gives

w4 [l W) a2 = 0(),

and thus (5.5) follows. If ¢, is a function decreasing to 0, but not necessarily fast decreasing (as
in (2.1)), then

n_l/ o1 (d(z, W) 9 dz = o(1).

(i1)) Now we establish variance asymptotics (5.6). Using the Campbell-Little-Mecke formula we obtain

Var i, (f) =B Y f(n /") (&, Py)

TE€Pn
+E Y ) f(n T y)E(E, PL)EG, Pa)
z,YEPn,x#Yy
- (B X g P
E€Pn

_ / F V) B (€23, P, )p du
ueWy,

+ / F V) f (7Y M) (mg) (u, v3n) — my (u; n)mg) (v; n)) dudv,
Wi xWh
(7.28)

where
ma)(u;n) == E&(a, 75n) p
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m(2)<uav;n) = Eum[f(fb,’])n)f( 75 )] (u U)

The first term in (7.28), multiplied by n~!, converges to
pE[T}] f(z)?dr < oco. (7.29)
Wi

Indeed, we employ similar arguments as in the proof of expectation asymptotics in point (i), now

using the estimate (7.23) with ¢ = 1 and p = 2 for )]E [£2(2,P,)] — E[Y2] ’ under the (24 €)-moment
condition.

1/d

For the second term in (7.28) multiplied by n~*, we set x = n~ "%, 2 = v — v = v — n"/?x and

we rewrite it as:

/ /d )f(z4+n~2) [m( y(n e Mgz P —my (M Po)my (0 a4z, Py) | dzda.
Wy JW,— nl

(7.30)
We claim now that (7.30) converges to the desired value:

F2(z) da x / (E[Y0m [T 0m[2]p2(0,2) - PE[Te?) dz <oo.  (1.31)
Wi R4

To establish this convergence as n — oo, we use the Lebesgue dominated convergence theo-
rem. Indeed, £(7, 75n) exhibits fast BL-mixing correlations of order two as in (3.2) withp = ¢ = 1;
specifically, it satisfies (5.17). The BL-mixing of correlations is guaranteed by Theorem 4.9 (i) and
Corollary 4.10 under the conditions of fast BL-localization of £ for p = {1,2} and summable ex-
ponential B-mixing correlations of P as in Definition 4.8. Then the (2 + €)-moment condition and
Lemma 7.3 ensure that the integrand in (7.30) is bounded uniformly for x € Wy, z € W,, — n/dx, and
n € N, by a fast-decreasing function &y(|2|), which is integrable over R,

Under the integral, we can exploit the point-wise convergence of the expectations and correlations

developed in Lemma 7.5 to obtain

—_—~—

lim E,1/a,[€(nV/d2, P,)] = lim E,1a,, . [E(nV/d2 + 2, P,)] = B[], (7.32)
n—oo n—o0
lim B /g [g(nfl@, Ptz + 2, P,)] = E[T o[l Y0, [2].  (7.33)

Specifically, the stationarity (refer to Lemma 7.4 (iv)), for any z, 2z € RY, we observe the following

law

equality in distributions: Ty ' T,1/a, = T,1/4,., which consequently holds for expectations as
well. Additionally, based on estimate (7.23), the differences

—_——

Enl/dm[g( 1/dx P )] [T 1/d ] and nl/dx-l-z[f( 1/dx+z P )] [T 1/d$+z]

are bounded by a decreasing function of the distance of n'/%z and n'/%x + z, respectively, to the

boundary of W,,. As n approaches infinity, this distance scales as n'/ for fixed = and z and thus we
have shown (7.32).
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Similar arguments can be applied to deduce the convergence of correlations in (7.33), utilizing
the stationarity for T ,1/a, ,,1/d;4 ) v T (o,-) and the bound (7.25). Again, this involves a decreasing
function of the minimum of the distances d(n'/%z, 0W,,) and d(n'/?x + z, OW,,).

Finally, the continuity of f would suffice for the convergence of f(x + z/n'/9) to f(z). In the
absence of this assumption, we employ the argument of Lebesgue points of f which is borrowed from
the proof of [117, Theorem 2.1] and was also used in a similar context in [21]. This completes the
proof of the variance asymptotics.

The asymptotic of the covariance follows from the polarization identity

(Varps,(f + g) — Varps (f) — Varus,(g)) -

N =

Cov(ps,(f), 15(9)) =
O

Remark 7.8 (Expectation and variance asymptotics under BL cluster-localization). For p = 1, BL-
localization coincides with BL cluster-localization— more precisely, with its first condition (4.6), re-
ferred to as BL union-localization. Consequently, Part (i) of Proposition 5.3 (the asymptotic behavior
of the mean) remains valid under BL cluster-localization.

The variance asymptotic, stated in Part (ii) of the same proposition, also remains valid under
BL cluster-localization, provided the localization holds for p € {1,2}. For p = 2, the Palm limits
and the required moment bounds already exist under the first condition (4.6), as noted in Remark 7.6.
However, the second condition of BL cluster-localization, namely (4.7), is genuinely required. Indeed,
the convergence in (7.33) relies on fast BL-mixing correlations of order two. Such mixing is ensured
only when the two conditions defining BL cluster-localization are satisfied jointly, as formalized in
Theorem 4.9(ii). Example 7.7 in Section 7.3 provides a counterexample illustrating the necessity of
the second condition.

7.5 Proof of multivariate central limit theorem in Section 5.2

Proof of Theorem 5.4. The asymptotics of the mean and variance of the random variables (&' (f))nen,
i =1,...,m follow from Proposition 5.3. Since (z,y) — f(x + y) is a bounded Lipschitz function
in the 1-product metric when f € BL(R), the sum &; + £; forms a new BL—localizing score function.
Further, BL-localization of order p = 2 suffices for us. Now the limiting covariance can be derived
from the variance-covariance identity,

(Var(u§ 5 (f) = Var(u§ (f)) — Var(u§ (), 1<i<j <k, (7.34)

DN | —

Cov(us (f), 157 () =

together with variance asymptotics (5.6) for &; + &;, §;, &; and the assumed (2 + ¢)-moment condition.

The proof of the multivariate central limit theorem for the vector (uS!(f), ..., ué"(f)) uses the
Cramér-Wold device and involves relaxing the moment conditions in Theorem 5.2 to some moment
p > 2. For this, we employ an approach suggested by Matthias Schulte, which focuses on reducing
the problem of asymptotic normality to establishing three variance asymptotics, specifically (7.35),
(7.38) and (7.39) below.
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Cramér-Wold linear combination: Consider a linear combination £ := Zzl t;&; of the score
functions &; with given fixed coefficients ¢; € R, ¢ = 1,...,m. We aim to prove the central limit
theorem for p(f) = >_i-, t;us (f) for some given function f € B(W;). Observe, by the joint
fast BL-localization of & = (&;,...,&,,) € R™ assumed in Theorem 5.4, the linear combination &
also satisfies fast BL-localization on finite windows on P as in (4.3) with fast decreasing functions
¢, (depending on coefficients ¢;, ¢ = 1,...,m) for all p € N. Consequently, by the assumption of
P having summable exponential B-mixing correlations, Theorem 4.9 (i), and Corollary 4.10, £ has
fast BL-mixing correlations as in (3.2) on this input process (with U replaced by &), with some fast

decreasing functions @y, (again involving ¢;, 7 = 1, ..., m). Clearly, £ inherits the stationarity of £ and
the p > 2 moment condition for &;, 2 = 1, ..., m (however, the values of the constants M]§ involve the
linear coefficients t;, 7 = 1,...,m).

BL-truncation of &: To bypass the requirement of all moment conditions for the central limit
theorem in Theorem 5.2, for a given M > 0 we define a function gy, : R — R by gy (x) =
&1z <pr +sgn(x) M1 ;= s and consider two auxiliary score functions which are transformations of &:

) = gu(€ >> ~

éM(x7 ( T,
n) = &2, P) = Ear(, Pa).

fAM(ﬂC,

I R

Observe the equivalent representation

Eant (7, Pn) = gan(E(x, Py)),

with ganr(x) := (z—sgn(z)M)1 > Since gas and gans are Lipschitz(1), we have fo@¥_, gar, fo
®?_, gam € BL(RP) for any f € BL(RP). Therefore, {); and {a satisfy the same fast BL-
localization properties (4.3) as does &, with the same fast-decreasing function ¢,, for all p € N,
uniformly in M > 0. Similarly, {5, and {a s have fast BL-mixing correlations as in (3.2) on this input
process (with U replaced by &, and &a s, respectively), with the same fast decreasing functions wy
as for &, uniformly in M. This is again a consequence of the fact that the functions f o @ , g,
go QL gu. fo QL gam, and g o @F_, ganr are Lipschitz(1), when f € BL(R?) and g € BL(RY).
Clearly, &y, and Eapy are stationary just like €. Furthermore, £, satisfies p-moment conditions (3.4)
for all p > 1, with constants MI§M < max(1, MP), while {a s has the same p > 2 moment condition
existing for £, with a bound M§aM < M because |gan ()| < |z].

Variance asymptotics of &, £y, and Eapr: By the above observations, the three score functions &,
&, and Eaypy satisfy the assumptions for the variance asymptotics formulated in Proposition 5.3 (ii).
We denote these limits by:

lim n~'Var 8 (f) =: 02, (7.35)
n—oo
lim n~'Var u84 (f) =: o3, (7.36)
n—oo
lim n~'Var pé24 (f) =: v, (7.37)
n— oo
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Moreover, by Theorem 5.2, u5M(f) satisfies the (possibly degenerate) CLT as n — oo. Thus, to
establish (5.11) for u&(f), we assert that it is enough to show the following limits

limsup v, — 0, (7.38)
M—o0
lim o3, — o°. (7.39)
M—o0

Central limit theorem for (115,(f))nen via three variance asymptotics: Before establishing (7.38)
and (7.39), we demonstrate how these limits and the asymptotic normality of (uM (f)),en implies
that of (1S (f))nen. Denote

F(f) o= () — B (),

and similarly 5 ( f) for &5;. The triangle inequality gives, for all m € N and 0% > 0,

dy. (775, (f), N(0,07)) (7.40)
< dp (75,(), 15 () + de (75 (f), N(0,03,)) + dL(N (0, 03,), N(0,0%)).

In view of
der (125, (f), 757 (f))
< B (f) — 75" ()] < \/n-Var(u (f) — 7 (f)) = \/n=1 Var i (),

we can rewrite (7.40) as

dgy (775, (f), N(0,07)) (7.41)
< \/nilvar M%AM(]C) + dBL(ﬁme(f)a N(Oa 0]2\4)) + dBL(N(Oa 0]2\/[)a N(07 02))'

With M fixed, we take lim sup,,_, ., of both sides of (7.41). On the right-hand side: the first term goes
to vy by (7.37), while the second term goes to 0 either by 02, = 0 or the asymptotic normality of

(715 (f))nen- Consequently,
lim sup dpL (725, (f), N (0,0%)) < var + dpL(N(0,0%,), N(0,0%)).

n—oo

Now letting M — oo on both sides and using (7.38) and (7.39) establishes (5.11) for (u5(f))nen. It
is therefore enough to show (7.38) and (7.39), as asserted.

Proof of variance limits (7.38) and (7.39): By (5.6) and (5.8), the asymptotic variance of £ can be
represented as

o? =o*(T) f(z)?da, (7.42)
Wh
with
o?(T) = pE[(Yo)’] + / (B[ [T 0 [2]p2(0.2) = fPE[Te]) dz, (743)



where Yo and Y (o) = (Y(0,2)[1], Y(0,-)[2]) represent the corresponding Palm distributional limits of
¢ defined in (5.3) and (5.4).

Analogously, o2, and v?, can be represented by (7.42)-(7.43) with T and T (o,-) replaced, respec-
tively, by Tg', T{g ., and Tg*, TG, representing the corresponding Palm distributional limits of
Enrand Eapy. Observe in (5.3) and (5.4), these limits are for the auxiliary score functions {,; = gas(§)
and Eanr = gam(€), which are produced by composing & with Lipschitz(1) functions gy, and ga -
Using the continuity of Lipschitz functions with respect to BL-convergence, it follows that with M
fixed, the Palm distributional BL-limits as n — oo of £, and £aps can be computed by applying the

corresponding Lipschitz(1) functions to the limit of &:

6n(0,P.) =2 T gar(To),
~  ~ o~ BL,(O,Z) aw
<§M(0,77n)a€M(Z,73n)) — T (0.2 e <9M(T(0,z)[1])aQM(T(O,z)[Q]))a

and similarly,
TEM 2 g ai(To),
law
T 2 (gan(Teo 1), 9am(Te0[2])).
Now, by the dominated convergence theorem and the p > 2 moment condition (see Lemma 7.5),

lim E[Y5Y] = E[ lim gan(Yo)] =0,

M—o0
A}gnooE[T(o i) = E[A}@WQAM(T(O 2l)] =0, i=1,2

and also
lim E[T(Oz)[ ]T(OZ)[ ]l =o.

M —o0

Analogously, we have for &);:

lim E[Y)] = E[A}lgl gm(To)] = E[To],

M—o0

lim E[Y{5 ] = E[ lim gu(Y 0[] = E[Yali]], i=12
A}ij}ﬂwE[T( [ ]T(o z)[ ” :E[T(O,z)[ ]T(O,z)[ H

To establish limits (7.38) and (7.39), it remains to justify the passage of lim,;_,., under the integral
fRd Jdz in (7.43). This is justified by the dominated convergence theorem, evoking, for both &),
and {a s, BL-mixing correlations uniformly in M > 0; that is, these properties involve the common
functions wy, in (3.2). Indeed, by Lemma 7.3 with p = ¢ = 1, K = 2, we have

E[Ti8 10T ,[20] 920, 2) — PE[TYP| < al2])

TAM | with a fast-decreasing function @, that depends on w, (and other constants)

and similarly for
uniformly in M.
This completes the proof of limits (7.38) and (7.39), and thus completes the proof of Theorem 5.4.

O
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Remark 7.9 (Bypassing the summable exponential mixing condition in the multivariate CLT). In
Theorem 5.4, which establishes a multivariate CLT for statistics of point processes with fast BL-
localizing marks under a (2 + €)-moment condition, the assumption of summable exponential mixing
correlations of the input process P can be relaxed to merely fast mixing of P, provided that one
can directly verify the fast BL-mixing correlations of the (iterated) marks &(&, P,) = (&1, ..., &m) €
R™ associated with . Indeed, the stronger assumption on P is only required in the application
of Theorem 4.9 to ensure the corresponding mixing property of these new marks. All the crucial
steps in the proof of Theorem 5.4—namely, the use of the Cramér—Wold linear combination £ and the
justification of the CLT for its BL-truncation £,—rely solely on the fast BL-mixing of & (of all orders),
while the derivation of the variance asymptotics depends only on the BL-mixing of £ of order 2.

7.6 Proof of limit theory for scores on infinite window in Section 5.3

Proof of Proposition 5.5. (i) Taking &, , = & = &(&, P), the central limit theorem for (25 (f) ) nen
is an easier version of the triangular array central limit theorem given by Theorem 3.3, where the
summands of /i5,, namely the terms &; ,, == £(;, 75), are equal for n € N. Indeed, the arguments in the
proof of Theorem 5.2 apply straightforwardly via Theorem 4.9. The assumptions on P and & imply
that the family of marked point process 7571 = {(x, (7, 75))}5,;679 has fast BL-mixing correlations as
in Definition 3.1(iv). Hence Theorem 3.3 yields the central limit theorem for (15, (f))nen-

(i1) For the limit of the expectation, observe by Campbell-Little-Mecke’s formula and substituting x
for n~ "%z that

E Zf(nl/dmf(fc,ﬁ)] = npEol(0.P)] | f(x)de.

TEPy, Wi

Hence, the right-hand side of (5.5) is equal to zero when Eq[£(0, P)] is substituted for E[Y].
For the variance, observe in the proof of Proposition 5.3 in Section 7.4 that for all n € N

may(u;n) = Eol€(0,P)] p and ma)(u, v; n) = Eo.[£(0, P)E(Z,P)] pP(0, 2) with 2 = v — u.
Consequently, the expression in the bracket [. . .] in (7.30) is equal to
]E’O,Z [E(ﬁv 75)6(2, ﬁ)p&) (Oa Z) - IEO [6(67 75)]2p2]a

which is integrable with respect to z on R¢ thanks to the fast mixing correlations of £ (1, 75) guaranteed
by Theorem 4.9 (i). Then, the limit of f(x + n~/9z) to f(x) under the integral relies on the same
arguments employed in proof of Propositions 5.3. 0
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Part 111
Applications

In this part, the theoretical framework developed in the previous parts is applied to various spatial
random models. The focus is on spin systems (Section 8), interacting diffusions (Section 9), and
particle systems on spatial random graphs (Section 10). Each application illustrates the practical
relevance of the theory, offering detailed examples and proofs of how these systems can be studied
within the framework established in Part II. This part also explores applications to empirical random
fields and geostatistical models (Section 11) as well as indicates applications to other spatial random
models (Section 12) highlighting the versatility of the methods introduced.

Carrying out these various applications requires establishing localization: either directly, as when
showing BL cluster-localization for spin systems, or BL-localization for certain empirical random
fields models or indirectly, as when showing BL-localization for statistics of other models by lever-
aging more classical stabilization techniques (such as L?-stabilization for interacting diffusions and
stopping set stabilization for interacting particle systems). Moreover, models originally defined on a
fixed graph, when considered in a random geometric setting, typically also require the use of stabi-
lization techniques for the associated graph structures.

For convenience, we recall our standing assumption from Part II.

Assumption 3.1.

(i) P denotes a simple point process on R% such that whenever for some p € N the correlation
function p'¥) exists, it is uniformly bounded i.e., K, := supypeway pP (B]}) < co. We put ko :=
max{ky, 1}.

(ii) All marked point processes in this article are assumed to be simple.

Our applications hold for many point processes and spatial random graphs with explicit assump-
tions made precise in the respective results. However, for simplicity and to get a quick understanding
of the applications, the reader may take P to be a stationary Poisson process or a determinantal process
with fast-decaying kernel, such as the Ginibre process, and one may take the spatial random graph to
be the Gilbert graph, k-nearest neighbor graph or Delaunay graph. Some of these applications—most
notably spin systems involving BL cluster-localization—are new even in the context of Poisson pro-
cesses. We also alert the reader that one may consider a more extended framework for random graphs
than the one investigated here. In particular, this could presumably include a random connection model
or a Boolean model with random grains in our framework. We remark on this in Section 12.

8 Spin systems on spatial random graphs

Spin systems (or Gibbs random fields) defined on spatial random graphs fall within the scope of our
main general result, namely Theorem 5.2. Specifically, we establish the asymptotic normality of
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the total sum of spins. Our Gibbsian models differ from those of Gibbs point processes (e.g., see
Dereudre [39]), where probability measures are defined on locally finite configurations of points, Nga.
In contrast, we consider a spatial random interaction graph on a point process. Given its realization,
we define a spin system (or Gibbs random field) on the points based on the adjacency relations within
the graph. This approach is inspired by lattice spin systems, except that here, the underlying graph is
random. Our models serve as spatial analogs to statistical mechanics models on (non-spatial) random
graphs, such as those studied by Georgii et al. [64], van der Hofstad [154], Duminil-Copin [48], and
Friedli and Velenik [60].

In Section 8.1, we introduce the spin model on spatial random graphs and two key assumptions:
stabilization of the interaction graph and averaged weak spatial mixing of spins on this graph. Stabi-
lization refers to the property that the construction of a random graph, based on an input process of
points (interpreted as graph vertices), is governed by the stopping sets of these points. In this context,
long-range interactions in the graph structure statistically decay at a fast rate. This property, which
also ensures sparsity, is a common characteristic of many proximity graphs. The second assumption,
averaged weak spatial mixing, requires that the dependence of spins on the boundary condition in a
spatial random graph (accounting for both the Gibbs measure and the randomness of the graph) decays
rapidly with respect to the Euclidean distance to the boundary, as the latter tends to infinity. This is an
adaptation of the classical weak spatial mixing property for deterministic graphs and typically holds
in the high-temperature or low-activity regime of Gibbs models.

In Section 8.2, we combine these two key assumptions to establish a central limit theorem for the
total sum of spins. Our central limit theorem accounts for the randomness of both the spin variables
and underlying spatial random graph. While the spin variables themselves do not exhibit a stopping
set property, the combination of averaged weak spatial mixing and graph stabilization guarantees the
BL cluster-localization of the spins. Though establishing sufficient conditions for averaged weak spa-
tial mixing is a distinct challenge, there have been notable contributions of Dobrushin and Shlosman
[42], Weitz [156], Sinclair et al. [145], and Regts [132], among others. In Sections 8.3 and 8.4, we
employ two complementary approaches providing examples of spin models satisfying the averaged
weak spatial mixing condition.

The first is the disagreement percolation method introduced by van den Berg and Maes [153],
which is applicable to a wide range of spin models and is detailed in Section 8.3.1. The required
disagreement percolation bounds may be obtained using path-counting arguments involving the (aver-
aged) ‘connective constant’ as described in Section 8.3.1 whereas for random graphs exhibiting sharp
phase transitions, we may use more direct arguments from continuum percolation theory; see Sec-
tion 8.3.2. The use of sharp phase transition offers two key advantages. First, it applies to graphs with
unbounded degrees and second, since the sharp phase transition assumption is, in principle, weaker
than a bound on the (quenched and even averaged) connective constant, it has the potential to yield
central limit theorems for a wider range of temperatures or activity parameters. We apply this to the
Poisson Gilbert graph in Section 8.3.3.

The second approach to showing averaged weak spatial mixing utilizes a combinatorial technique
developed by Weitz [156] and Sinclair et al. [145], specifically designed to show a stonger (and
quenched) spatial mixing for Gibbs models and is illustrated with an application to the hard-core
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model in Section 8.4 . For these analyses, the range of the temperature or activity parameter is linked
to the (quenched) connective constant, a concept adapted from Sinclair et al. [145] to measure how
the degree distribution of a graph influences spatial mixing.

We refer the reader to Section 1.3 for more on the existing literature of limit theory for spin sys-
tems, which is mainly restricted to lattices, save for [65, 66, 28], which treats locally-tree like random
graphs with local weak limits.

8.1 The spin model

Let K be a finite or countably infinite subset of R, which we call the spin space. Given a point set

of sites (nodes) denoted by X' := {z1,...,x,,} and a graph G(X), we associate a K-valued random
variable to each site, called the spin variable. The spin variables v|/* := (vq,...,v,) of points
] := (21, ..., x,) are chosen randomly, with joint probability proportional to
mp (L) ==exp |6 ) Wlonu) + 7Y v,
(x4,25)€G(X) , €EX

where 5 € (0,00),7y € R, ¥ : K x K — [—00, 00) is the symmetric pairwise potential and where
® : K — R is the external field. More formally, given G(X'), we consider the collection of K-valued
random variables {V, },cx := {V.(G(X)) } .cx distributed according to the following probability mea-
sure Pg(v) on the configuration space K

e (PIT)

Poay(Vay = v1,..., Vo, = Un) = %) (8.1)

where Z(X) := Z(G(X)) is the normalizing constant

Z(X) = > T (R7°)-
BT = (01 e 0 ) EK™
The probability measure Pg(x) at (8.1) is the Gibbs measure (or the specification of the spin model)
on G(X'), and the collection of K-valued random variables {1} },cx distributed as Pg ) is the spin
configuration. The probability measure Pg(x) exists whenever Z(X’) > 0. In the language of statistical
physics, 3 represents the inverse temperature. We refer to Friedli and Velenik [60] and Duminil-Copin
[48] for more details on such models. Suitable choices of K, ¥ and ® yield the hard-core and soft-core
models, the Widom-Rowlinson model, the random cluster model, the Ising model and the Potts model
(see [48, Section 1.2]). Examples are in Sections 8.3 and 8.4.

Spatial mixing controls the correlations between spin values. Additionally, we need to control
the interaction graph, as it impacts the spatial mixing bounds. This is achieved by requiring that the
interaction graph has a stabilizing property, specifically by assuming that the radii of stabilization for
vertex neighborhoods are not too large. We now formally introduce both the notions of stabilizing
interaction graphs and spatial mixing on such graphs, and then, in Section 8.2, we state our main
central limit theorem for the random measures p; = ) V:(G(Pn))6,,-1/4, induced by the spin

z€P, T
systems.

81



8.1.1 Stabilizing interaction graphs

In this section we explain how we construct our random graphs on the input (ground) process P within
finite windows. We refer to Section 2 for all notational formalism regarding marked point processes. In
particular, recall that P,;» denotes the Palm probability distribution of the point process P conditional
on the existence of points 1, ..., Tp.

For any finite point set p1 € an, with n € N, let G(u) be a graph constructed on y, where the
edges are determined by a deterministic rule ~ that takes the entire point set p into account. (Thus
G(u) encodes the interactions between sites in the spin system (8.1), putting an edge between sites
if they may potentially interact.) A deterministic construction of the graph G(u) on p is a modelling
restriction. It excludes, for example, graphs built on a Boolean model with random grains or those
from a random connection model. In Section 12, we discuss how this framework can be extended to
include such graphs.

In order to introduce the notion of stabilization for these graphs (as well as to address the measur-

ability issues of these objects), it is customary to represent the neighbors of a point z € p within

G(u) as a subset N,(u) C p, where Ny(n) = {y € p:y L) x}. For the sake of transla-

tion invariance (if assumed), we center these finite neighborhood-sets as finite counting measures
N, (p) := > yen, () Oy—z € Nga and treat them as auxiliary marks of the ground points = € x. In
essence, when assuming the existence of a graph G(u) together with its neighborhood structure, we
view this as an auxiliary marking {0, v, (.)) }zeu Of the ground measure ji, where the marks satisfy
N,(p) + 2 C pfor all z € p (neighborhood relation), and y € N, () if and only if —y € N4, (1)
(undirected).

A consequence of assuming a deterministic rule for constructing the graph G(u) on p is that we
may view N.(-) : W, x Ngi —> Nga as a marking function in the sense of Definition 4.1 (though
here the ground process has no marks). More formally, for us an undirected graph corresponds to a
neighborhood marking function N as above satisfying the two conditions of neighborhood relation
and undirectedness and thus measurability of the map p — G(p) is equivalent to measurability of the
marking function N.

Consequently, we define the interaction range S,, : W, X an — Nofz € pu € NWn in the
graph G(u) as the radius of stabilization of this neighborhood marking IV, as per Definition 4.5, with

Sy, p) == R%ﬂ(x;,u). (8.2)

By this definition, all graphs G(1) on p € N w, have bounded interaction range S,, < [diam(W,,)+1].
However, we are specifically interested in graphs whose interaction ranges S, (z, P,) decay rapidly
and uniformly in z € W,,, n € N. This concept, which by the way, implies asymptotic sparsity of the
family of graphs (G(P,))nen, is formalized as follows (in keeping with the general Definition 4.6(ii)
of stabilizing marking functions on finite windows):

Definition 8.1 (Stabilizing graph G on the input process P). We say that a family of graphs (G(P,,) )nen
(where each graph is generated by the same rule p. — G(u) represented by the marking neighborhood
N) forms a stabilizing interaction graph G on finite windows with respect to a point process P if for
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every p € N, there exist a fast decreasing function ¢/, (see (2.1)), such that the interaction range
satisfies:
sup sup  Ppyr(Sn(21,Pn) > 5) < (s), s>0. (8.3)

1<n<oo x1,...,xpEW,

Without loss of generality, we assume that @, (-) < ¢, () forp € N.

Examples of stabilizing graphs include the Gilbert disc graph (geometric graph), whose range S,
is bounded by the greatest integer in the sum of 1 plus the disc radius, for all n € N. Proximity graphs
from computational geometry, including those defined by £ nearest neighbors, Voronoi tessellations,
or spheres of influence, are stabilizing with respect to homogeneous Poisson point processes and
stationary a-determinantal point processes. This is spelled out in Appendix A.

We conclude this section by listing several properties of the interaction ranges of graphs (regard-
less of their probabilistic stabilization (8.3)). These properties will be used in various places when
analyzing stabilizing graphs.

Assuming r € u € N, w,.» the neighborhood of z is determined by the points in the ball Bg,, () (%)
of radius S,, around it, i.e.,

y~xin G(p) iff y~ 2 in G(puN Bs, (2,0 (2)). (8.4)
Moreover, the ball B, (s ,.) (x) is a stopping set, i.e., for all s > 0, we have
{1 € Niw, : Su(z, 1) < s} = {n € N, : S, N By()) < s}, (8.5)
or, equivalently,
S, 1) = S (. (10 By, o (8)) U (v 0 B ,0(2))) (8.6)

for all 11, v € Nyy,. Finally, note that (8.4) implies

r~yinG(p) = |z—y|l <min{Sy(z,pn), Suly, n)}. (8.7)

Remark 8.2 (Consistency of finite graphs). In general, the stabilizing property (8.3) (defined only for
finite windows) does not imply the consistency of the family of graphs G(P,,), n € N, in the sense of
the existence of some graph G on the entire input process P (e.g. the Gilbert disc graph or Voronoi
tessellation) such that G(P,,) suitably converges to it. Our rule . — G () applies only to finite input
u, and consistently extending this rule to infinite input p € Nga is possible under the additional
condition of uniform boundedness of the interaction ranges, i.e., lim sup,,_, . Sn(z,P,) < oo almost
surely for all x € P. Such an extension is possible, and follows from arguments similar to those
used when extending the domain of marking functions on finite windows and possessing stopping set
stabilization on finite windows to infinite input on infinite domains; see remark (ii) in Section 5.4.

8.1.2 Averaged weak spatial mixing of spins

Dating back to the work of Dobrushin and Shlosman [43], spatial mixing properties have been used to
characterize the decay of correlations between spins induced by the Gibbs measure (8.1) on a graph
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G(X) or a family of graphs. Among the several formulations of this concept, we adopt a relatively
weak version and formulate it for spin models on a random stabilizing graph G on P.

For subsets X" C X’ C X, by L(Vyr | Voxr = vgx) we mean the law of the spins on X
conditioned on the spin configuration vpx € K%' on 0", assuming that Pg ) (Voxr = vaxr) > 0.
Here, 0" := 0y X" is the set of all elements in X' \ A" that are at unit graph distance from &” and
if 0X" = (), we adopt the convention that L(Vyr | Voxr = vgx/) = L(Vyr). When considering
conditional laws, we implicitly assume that the boundary condition is non-degenerate as above 1.e.,
Pgxy(Voxr = vaxr) > 0. In general, when referring to boundary conditions we mean specifying spin
valuesonaset Z C X.

Recall the total variation distance dry between probability measures, as defined in Section 2.1.
Weak spatial mixing of the Gibbs specification (8.1) on G(X') says that two different boundary con-
ditions vy, zox € K2 on OX” result in two distributions of spins on X" which differ in the total
variation distance by a fast decaying function of the graph distance dg(x)(X"”, 0X’) between X and
0X'. In what follows, we will primarily take X" to be the union of graph balls centered at the points
in X”. Specifically, for z € X and k € N, the G(X)-graph ball of radius £ is

Bi(z) = {y € X 1 dgx)(w,y) < k},

where dg(x)(z,y) is the graph distance between x and y. For a subset X" C X, define the union of

X” . U in

zeX!

these graph balls by

Now we give our formal definition of the spatial mixing property for spin models on random graphs.

Definition 8.3 (Averaged weak spatial mixing of the Gibbs spin model on a random spatial graph).
The Gibbs spin model (8.1) satisfies averaged weak spatial mixing on the graph G = G(-) with respect
to the input process ‘P if the following conditions hold:

(i) for any finite subset X C RY there exists a spatial mixing function Agxy - 2% x 2% — [0, 00)
such that
drv (L(Vaer | Voxr = voar), L(Van | Voxr = zoxr)) < Ag(ay (X", 0X"), (8.8)

for all subsets X" C X' C X and boundary conditions vy, zox € K%', and

(ii) for all p € N the functions

ap(k) :=sup sup [Eyp v [Agpnn) (2], 0BL(2])))], k€N, (8.9)

BeBy z1,..., rpEB

are fast decreasing as k — oo. Here, By ([2]}) = \Ul_, Br(x;) and the boundary 0 of By ([x]}) is
again with respect to G(P N B); By, are the bounded Borel subsets of R%. We assume that the mapping
(RNP, Nianr,,) 2 (Wl 1) = (W7, G(n)) = Ag (], 09B([a]})) € R is measurable for all k € N.

Without loss of generality, we assume that a, are increasing in p.

84



Condition (i) is a way of controlling the decay of spin correlations and is mainly dependent on the
spin system whereas condition (ii) ensures fast decay with respect to graph distance in expectations
and so depends on the graph model as well as the underlying point process. More precisely, the func-
tion Ag(x)(X"”,0X") in (8.8) measures the sensitivity of the spin distribution at X to the boundary
conditions of the Gibbs measure at 0X” and the property of spatial mixing requires the sensitivity to
diminish rapidly with respect to the graph distance between X" and 0X”’. Typically, in the setting of
deterministic graphs such as lattices, this decay is assumed to be exponential i.e.,

Ag(a (X", 0X') < C|X"||0X'| exp(~a - dgia (X", 0X')),

for some C, a € (0,00); see [108, (2.5)]. Often this is also taken to be the definition of weak spatial
mixing in such settings. While it would have been convenient to assume such an exponential bound
a.s. for spatial random graphs, we have opted in (8.9) for a weaker version, one averaging the weak
spatial mixing constant over the point process. Hence we call this averaged weak spatial mixing and
this suffices to establish our general central limit theorem for Gibbs models on spatial random graphs.

This weaker condition brings additional flexibility and enlarges the scope of applications. Indeed,
as seen in examples in Section 8.3, weak spatial mixing bounds are derived via connective constant or
site percolation probability bounds; see Sections 8.3.1 and 8.3.2. Requiring such graph parameters to
be almost surely well-controlled is sometimes very restrictive, possibly requiring almost sure degree
bounds on the graph. However, our requirement of averaged weak spatial mixing imposes control on
the connective constant (also in its averaged version) or site percolation probability only in expectation
and hence it is easier to establish this condition for a wider class of spin models and spatial random
graph models as well as for a larger range of temperatures.

In Section 8.4, using an example of hard-core spin model, we will show how a stronger version
of spatial mixing for Gibbs models, accounting for the exact location of the differences between the
boundary conditions, may allow one to extend the range of model parameters under which the central
limit theorem holds for specific Gibbs models.

As highlighted in the introduction, our definition of spatial mixing is inspired by the notion of
mixing introduced in Dobrushin and Shlosman [43], a cornerstone in the study of spin systems. For
infinite configurations (card(X’) = oo) and finite spin spaces KK, weak spatial mixing guarantees the
existence of a unique Gibbs measure on the graph configuration G(X'); see [156, Proposition 2.2]. For
more on different notions of spatial mixing and their implications, see [108, Section 2].

8.2 Main result for spin models

We state a general central limit theorem for spatial spin models satisfying averaged weak spatial mix-

ing. Recall that pg}l are the correlation functions of order 1 under reduced Palm distributions P![w]f; see
1
Section 2.1.

Theorem 8.4 (CLT for the sum of spins). Let P be a simple point process on R? with summable
exponential mixing correlations as in Definition 4.8 and bounded reduced Palm intensity function of
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the ground process P, i.e., forallp € N

sup  sup ,og]zf(y) < kp < 00. (8.10)

T1,...,xpERL yeRd
Let G = G(-) be a stabilizing interaction graph on finite windows with respect to P as in Defini-
tion 8.1. Assume the Gibbs specification (8.1) satisfies averaged weak spatial mixing on G(P), as in

Definition 8.3. Denote by {V,.},ep, = {Vi(G(Py))}zep, the spin configuration on P,, assuming for
alln € N that Z(P,,) > 0. Assume moreover for all p > 1 the following moment condition

sup sup  sup E@H[max(l,|V;1(Q(73n))|p)] < 00. (8.11)

1<n<oo q<p z1,...,24€EWn

Put
pd = Z Valp—1/dy-

z€Py

If f € B(W)) satisfies Varug (f) = Q(n”) for some v > 0, then as n — 0o

(Varpd ()2 (1S (f) — E[ud () = Z.

We shall deduce this result from Theorem 5.2 in the next section. Before doing so, we comment
on extensions and refinements.

Remark 8.5 (Mean and variance asymptotics and further comments).

(i) If the input process P is stationary and the interaction rule p — G(p) is translation invariant, then
under the assumptions of Theorem 8.4, with the moment condition (8.11) satisfied only for p =2 + ¢
for some € > 0, the mean asymptotics for n~1E[u¢ (f)] and variance asymptotics for n~!Var[uf(f)]
can be expressed as in (5.5) and (5.6), as stated in Proposition 5.3. These results involve Palm distribu-
tional limits, given in (5.3) and (5.4), for V,.(G(P,)) and (V. (G(P.)), Va, (G(P,))), without requiring
the existence of an infinite spin system consistent with (G(P,,))nen. The proof of the central limit
theorem in Theorem 8.4 relies on BL cluster-localization for spins as defined in Definition 4.3, see
Lemma 8.7. BL cluster-localization is also sufficient to derive the mean and variance asymptotics of
Proposition 5.3; see Remark (iv) in Section 5.4 and Remarks 7.6, and 7.8.

(i1) Still assuming stationarity of the model (both the input process and the graph) as above, the
central limit theorem for (19),,cy, as formulated in Theorem 8.4, holds under only a (2 + ¢)-moment
assumption on the spins in (8.11), provided that lim,, ,., n~*Var[ug(f)] exists and is non-zero. This
follows from Theorem 5.4, which moreover extends the result to multivariate spin systems. Many
classical spin systems are finite-valued and in these cases, the moment condition is trivially satisfied.

(ii1) A general strategy is outlined in [66, Section 1.6] for deriving more explicit expectation and
variance asymptotics in terms of susceptibility and pressure but, as noted there, this strategy is more
challenging in the averaged quenched setting which corresponds to our framework.
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(iv) Itis sometimes easier to derive volume-order variance lower bounds in ‘certain spin systems’ than
to establish limiting variance asymptotics. For example, using the approach as in [41, Section 3.4.3 of
v2], one can derive variance lower bounds for ferromagnetic or positively associated spin systems.

(v) For more general spin systems, one derive variance bounds as follows. Suppose Z,, C P, is an
independent set of vertices in the graph G(P,,), i.e., x, z € Z,, implies that = 7 z. Using the conditional
variance formula and the spatial Markov property twice, we derive that

Var(» V) > ]E<Var(z V, |V, ye I,i)) = E(Z Var(V, | V,,y € Ig))

xEPn €L, €Ly,

—E(Z Var(V, | Vy,y#x)) -

wEIn

Next, we find an independent set Z,, such that for a positive constant ¢, a.s. for all z € Z,, we have
Var(V, | Vi,,y # x) > c. This can be established under conditions on the spin system and possibly
requiring uniform bound on degrees of Z,,; for example, see [41, Lemma 3.6 of v3]. Then we obtain

Var(37 Vi) > ¢B(T,)

zEPn

One may show that E(|Z,,|) > ¢'n with ¢ > 0 for many stabilizing interaction graphs, including, for
example, bounded degree graphs such as k-nearest neighbor graphs or graphs with bounded interaction
range such as random geometric graph. Combining the above observations, we obtain volume order
variance lower bounds for certain spatial spin systems.

(vi) Averaged weak spatial mixing is here formulated with respect to the graph distance in order to
exploit spatial mixing results on deterministic graphs; we may then transfer this to ’spatial mixing
with respect to the Euclidean distance’ via the stabilization of the interactions graphs. However in
certain applications it may be easier to directly establish spatial mixing in the Euclidean distance; see
Section 8.3.2.

(vii) The conclusion of Theorem 8.4 remains valid under a slightly weaker form of the averaged
weak spatial mixing assumption. Namely, the functions a,, in (8.9) may be defined by restricting the
supremum over bounded Borel sets B € B, to sets in

By(ro,no) := { W, N Bu(]') :n>mng, 7 > 19, lEN, 21,...,00 € W, }, (8.12)

for some ny € N and ry € (0,00). In other words, it suffices to consider domains given by large
windows W,,, possibly intersected with finite unions of balls of sufficiently large radius; cf. (8.19)
and (8.20) in Lemma 8.7. This restriction simplifies the verification of the condition, especially when
the graph G exhibits irregular behavior on bounded sets that do not arise in the subsequent analysis.

(viii) In Section 12, we will discuss how this framework can be extended to include more general
randomized graph models.
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(ix) While the measure ¢ (-) may be interpreted as the empirical magnetization—even if this is not
immediately evident—we expect that our strategy of the proof of Theorem 8.4 could also be applied
to derive limit theorems for internal energy and susceptibility; see [154, Chapter 5].

8.2.1 Proof of CLT for spin models

The specification (8.1) of the laws of the spins V,, = V,(G(P,)), x € P,, given P, does not involve
any particular marking function . Without such a representation, a direct application of our umbrella
Theorem 3.3 to prove a CLT would require verifying fast BL-mixing correlations of these spins on the
input process P in the sense of Definition 3.1, which appears to be a delicate task.

Instead, we introduce auxiliary i.i.d. pre-marks on P and define a spin marking function on this
extended input process, which is used to construct spins whose joint laws are faithful to the given
Gibbs specification. It is clear that, in general, any such marking function cannot satisfy stopping
set stabilization, nor even standard L?-stabilization. Consequently, our approach relies crucially on
a purely distributional notion of localization—namely bounded Lipschitz localization—of the con-
structed marking function, and more precisely on BL cluster-localization, developed in Section 4.2.
Establishing this property for our marking function leverages the averaged weak spatial mixing as-
sumption of the spin model on the given input process. As a result, the proof of the CLT for the sum
of spins stated in Theorem 8.4 follows as a direct application of Theorem 5.2 for BL cluster-localizing
marks.

A more precise working plan for this section is as follows. First, we present Lemma 8.6, which
establishes a link between averaged weak spatial mixing (holding almost surely with respect to the
input process P) and BL union-localization of spins, an analogue of condition (4.6), with localiza-
tion measured in terms of the graph distance. Next, Lemma 8.7 establishes BL cluster-localization,
under the assumption of independence between well-separated clusters in (4.7). We then introduce a
spin marking function and show in Lemma 8.8 that it is consistent with the Gibbs specification and,
moreover, satisfies the independence property between well-separated clusters assumed above.

This result allows us to conclude the proof of Theorem 8.4 by an application of Theorem 5.2.
Finally, auxiliary lemmas—some of which are used in this programme are stated and proved in Sec-
tion 8.2.2.

For x € X and m € N recall the notation B,,(z) := {y € X : dgw)(z,y) < m} for the
G(X)-graph ball of radius m, and their union centered at points in X’ C X, namely B,,(X”) =
U,cvn B (). We denote by Go(X) := G(B,,(X")) the induced subgraph of G(X) on B,,(X")
and we let V;,[,m] = Van( ;[,fn] (X)) be the spins with respect to the Gibbs measure on G(B,,(X")).

To emphasize that the dg;. distance is a property of the laws of the random variables, we shall use
here the dp; distance between laws of random variables rather than random variables themselves.

Lemma 8.6 (Averaged weak spatial mixing implies fast BL union-localization of spins). The spa-
tial mixing function Agx) at (8.8) controlling the decay of spin correlations induced by the Gibbs
measure (8.1) on the graph G(X) implies for all X" C X and m € N

dip (L(Vaen), LOVEE™)) < diy (L(Vaer), LVEE™)) < Ag(any (X", 0B 1(X")). (8.13)
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Proof. The first inequality follows since dg; is bounded by dry. For the second inequality, put
X' = B,,_1(X"), the G(X)-graph ball of radius m — 1 around X" and so 0X’' = 9B,,_1(X") .
If OX' = () (when B,,_1(X") = B,,(X")) then dyy (L(Var), E(V;,[/m])) = 0. Otherwise, considering
probabilities P = Pg(x) and P’ = Py of the Gibbs model at (8.1), respectively, on G(X') and

gl (x)
S, we have
drv(L(Van), ﬁ(V)L(J'['m]))
= Z Z (P(qu = vy |Voxr = zoxr) — P/(VALfJ'['m] = UX”WB%‘W - waxl))
Var KT 20109 EKOY x P(Voxr = zox )P (Vi = won)
= Z Z (P(wa = van|Voxr = zoxr) — P(Var = van|Vopar = wa;g/))
Vacr KT 201,05 EKOY x P(Voxr = zox )P (Vo = wo)
< Z Z ‘]P)(VX” = van|Voxr = zoxr) — P(Varn = van|Voxr = woxr)

2pxt Wo o EKOX vy €KX /1 AUIm)]
X P(Vax/ = ZaX/)IED (Vé)(’ = wa/\g/)

S Ag()() (XH, 6X/),

where we used the consistency of conditional spin distributions (Lemma 8.10) in the second equality
and the averaged weak spatial mixing in the last inequality. O

We introduce some notation for the forthcoming crucial lemma, which establishes BL cluster-
localization of our spin marking function on stabilizing random graphs. The vector (V,, (G(X)), ...,
Vi, (G(X))) is abbreviated by Vi (G(X)), where x; € X, i = 1,...,p. In the following lemma, we
will take X to be either the entire input process P, in the window W,,, or the process restricted to the
union of Euclidean balls B, ([z]%) = UZ . Br(xi),a,b € {1,p};ie, X =P,NB.(]2).

Lemma 8.7 (Fast BL cluster-localization of spins on stabilizing graphs). Let P be a simple, stationary
point process on R¢ with bounded (reduced) Palm intensity function, as in (8.10). Let G = G(-) be
a stabilizing interaction graph on finite windows with respect to P, in the sense of Definition §.1.
Assume that the Gibbs specification (8.1) satisfies averaged weak spatial mixing on G with respect
to ‘P, as in Definition 8.3. Then for all p € N there are fast decreasing functions @, and constants
such that

sup sup do gy (Vigg (G(P), Vigr (G(Pa 1 B (W) < 20,(r), 7> 0 (814)

neN zq,..., zpEWnR

andforalll € {1,...,p—1}and xy,...,x, € R? such that 0 < r < d([a]}, [z]}, ), we have

oz (Viay (6P 0 Be(l0))), (Vi (G(Pw 0 Bo()), Vg, (G(Pu 0 Bu((alf11)))) ) < 26(1),
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where Vi (G(P, N B.(l]}))), Vigr,, (G(Pn 0 B.(]iy,))) are conditionally independent (given P,)
spin vectors with laws my, and myp | induced respectively by graphs G(Py N B.([z]})) and G(P, N
B,([]},1))- The above bound also holds under the stronger total variation distance.

Proof. Fix x1,...,x, € W, and consider z; € P,, ¢ = 1,...,p, with the aim of studying P, under
the Palm distribution Pyp. Set k. = [r*] for a fixed b € (0,1) and let » > 1 be large such that
k. <r/3.

Denote by Q[L; ][zllfr] = QU%T}(P ) the induced subgraph of G(P,) on By, ([ ]1)—the union of the

]
k.-hop balls around z, ..., z, in the G(P,)-graph distance. Denote by g[ P = = G(P, N B.([z[)))
the graph constructed on P, restricted to the union of Euclidean balls B,.([z]]). We adopt also the
shorthand notation G = G(P,,).
We will assume the following probability bounds about stabilizing interaction graphs and complete
the proofs of (8.14) and (8.15). After that we will derive these two bounds. For all p € N, there exist
fast-decreasing functions 90;/ such that

sup sup  Pup{Gl) B G} < o) (), (8.16)
neN z1,...,.xpEW,
andforalll € {1,...,p—1}and x1,...,x, € R? such that 0 < r < d([a]{, [x]},,), we have
sup sup Py {Gpnr # G OGETy < o) (r), (8.17)

neN x1,...,.xpeW,

where U denotes disjoint union of graphs. We assume without loss of generality that ¢!, are increasing
in p. The bounds show that with high probability, graph balls are contained in large Euclidean balls
and graph balls on well-separated vertices are disjoint.

We consider the vector of spins Vr = Vir(G), V[;}J,ET) = V[x]g(g[j ]%T)) and V[;EU]IE’M = V[mf(g[i[;’”}) at

]} € P, in the respective graphs.

Proof of (8.14). Given the inclusion QU(T D g[ , we can apply the fact that averaged weak spatial

mixing implies fast BL-localization of spms from Lemma 8.6 and we have assumed that the inclusion
holds with high Palm probability P’» in (8.16).
Indeed, we apply the triangle inequality

Ulkr] Ulkr] 1 ,U(r)
dpL e (Ve V[z] )<dBLH (Vg Vige ™) + doLp (Vige ™ Vige ') (8.18)

For the first term, we condition on P,, and apply averaged weak spatial mixing via (8.13) with X = P,

and obtain:
Ulkr]y (k]
oo (Vi Vit ™) = sup By [EL V) 1 P2] = EL (Vi) | 2]
< By s [ELFOVE) — (Vi) 2
feBL 1

< Bygp [doe (COVSEIP), £(Vigy | P)]
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By [Agp,) (&)1, 0B, ([2]7))] (8.19)
< a,(k.).

Recalling k, := [r’], the last expression is fast decreasing nr by condition (i1) of Definition 8.3.
Now, for the second term in (8.18), on the event Q[L; ]( D g[ ]p , we again apply the averaged weak

spatial mixing property via (8.13), with respect to g; }(p G(P, N B,([z]})); on the complementary
event, we use the trivial bound dg; < 2:

dBL,[x]f(V[jz[)kr] VH” N
[ Uk r
< E[x]ll’ _dBL( ( k]? ]’7) ) ( [;]Jl(’) | Pn))}
[ Ulkr r r kr] r k.
< Eggp o (C(V1Pa), £V I POILG 5 G| + 2P (G, 2 67}

r kr) r k.
< By | Aguo (7 0B, (RGO G ﬂ + 2Py G B G}

?
< EggglAgorn (f, 0%, (I7))) + 2Pe{ G B G} (8.20)
< ay(k,) + 2Py {G B Gy}, (8.21)

where in the third inequality we use (8.13) with X = P,, N B,.([x}}) knowing that
_ oY) Ulkr] _ AU[kr] U[k'r
G(X) = Gpp” > Gy = Gy (Pn) = g™ ().

The first term, again by condition (ii) of Definition 8.3, is fast decreasing in r and the second term is
fast decreasing in 7 by (8.16). Thus, we have proven (8.14).

Proof of (8.15). We keep the notation of the previous part regarding the points [z]] € W,, and the
localization radius > 0. Moreover, for [ € {1,...,p — 1} we assume that 0 < r < d([z]}, [2]7, ).

Given P,, under the Palm distribution IP’W;, in addition to V[L]J,f = Ml (Q[m v ), we consider the random
1

vectors of spins
Vu(r) — le (g[:](l:))? VU( T _ x]l+1(gU(T) )

[} (o (e

defined on the respective graphs

Go) = G(PunB.(l)), Gy = G(Pun By(lf, ).

Bl

Recall that we have assumed that V[ ) ) and V are conditionally independent given P,,.
l+1

To evaluate the distance between the law of V ff") and the product law of (V[U}l(r), V[Jj;(f) ), we ob-
1 I+1
serve that the approximation V[ ]pkr] of V[ P constructed in the preceding part, also admits a product

structure. More precisely, on the event Q[ kel — gj][ﬁ” U gu[’“ which is assumed to hold with high

Palm probability Py (see (8.17)), the two groups of spins located at [z]} and [2]7, , do not interact.

+1
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]

Consequently, V[ }[ decomposes into two independent components. Moreover, these components

provide marginal approximations of V") and VLT,S,T) , respectively. Here are the details.

bt
Substituting (8.16) in (8.21), we conclude that V/, ]p’“] appr0x1mates VHP and, similarly, v[;f}’“]
1

approximates V[;]Jl( and likewise V[ ]p approx1mates V P namely we have the bound
1

max{d (Vg Vi), di (Vs Vi ™), dic (Vi Vi ™Y < (k) + 26 (r) - (8.22)

It bl Bl w7

Above, we have used the monotonicity of a, in p, imposed without loss of generality in Definition 8.3.

"

We make the same assumption for ¢, namely that it is increasing in p.

Further, on the event Qu[k gu[’“

ull U gu“‘f ") the two groups of spins

(VUlke] 0]y ylk]

k3 Murl [I]IIJ

located at respective sites [z]) and [2]7 ; and generated on the graph g[ ]p !"are independent. Indeed,
here, we construct the spin system on the union of the two components. The resulting independence
is an intrinsic property of the spin system itself and follows from the definition (8.1) since the two

components of the underlying graph are disconnected on the event Q[ ]kT] Q[U ][lk’"] U Q Otk
-z z+1

Collecting the above arguments, we have

dgir (Vi (Ve Vi)
< By [do (L0071 Pa) s L0V 1) x £V | )]
Vel [Pa), £ <Hp’“”|7> ))
o (£( Hp’“ﬂm LV | Pa) x LV | Pa))
< Eggp [{ o (£0G01P0), £V 1P))
o (L 1 P) x LV 1P £V 1P x £ 1Pw) }
WGy =G0 gfai][krj)]
2Py {g[z] k) 4 g[u][lm 0 gu[fr} 1
< By [{dow (L7 1P, £V, “““THP )) +do (L0 1P, L0V | Pa)
du, (LOVHT P LV 1 P)) || + 2P (19, #gu““ UG

i

< 3ap(kr) + 8¢, (r),

—~ —~
8

where in the last equality we apply (8.22) and (8.17). This justifies the validity of (8.15) and completes
the proof of Lemma 8.7 assuming (8.16) and (8.17).
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Proof of (8.16) and (8.17). We control the event in (8.16) by a larger event and then observe that this
larger event also controls the event in (8.17). Then, we derive probability bounds for the larger event
to derive both bounds.

Towards this, first observe that
{g[i](’fr) U[kr]} - U{g Jr[k&}7 (8.23)

where G;"") represents the induced subgraph of G(P,) on By, (z;), including additionally the edges
between points in By, (x;) and By, (x;), j # i, that exist in G(P,,) and therefore in Q[ ]p . (These
edges would otherwise not be included if we simply took the union of edges within each B, (x;), for
1=1,...,p)

We control the last event in (8.23) for x; and note the same approach works for all x4, ..., ).
We control the last term for z; by exploiting the fact that if a path originating from z; of length &, in
the graph distance is not contained within g[j ](,lf), then at least one point in P,, N B,.(z1) must have an
interaction range which is ‘very large’ in the Euclidean metric. The details go as follows.

Set s, = 7'7%/4 with b as above. Recall the family of stabilization ranges (.S, ),cn associated
to the graph G(P,,) as required by our assumption; see (8.2). Denote by A, = A, ,(z1) the event
(configurations of points of P,,) such that for all x € P,, N B, j2(x1), Sp(z, Py) < 55

By the stopping set property (8.6) of S, and s, < /2 < r (recalling » > 1), we have for all
x € P, N Byja(x1)

Sn(z,Pn) = Sn(x, Pp N Bs,(2.p,)(®1)) = Su(x, Pn N By, (21)) = Sp(z, P, N By (]})).  (8.24)

Thus, for all z € P, N B, /(x), the graph neighborhood consistency condition (8.4), implies that the
graph neighborhoods of x in G(P,, N B,.(]z]})) and G(P,,) coincide. Hence

Gop' = G(Pu Bo([h) 2 G(Pa) N Byyo(w1) on A,.

Furthermore, on A,, any path of (graph) length k, originating from z; in G(P,,) has Euclidean length
of at most (k. + 1)s, < r/2. Extending the length k, by 1 accounts for possible additional edges
going from By, (z1) to By, (z;), j # 1, included in G2 In other words if x4, y1, . .. , Yk, 1s a path
in G(P,), then |y; — 1| <r/2,i=1,... k. and soy; € B, 2(x1). Hence by the previous argument,
on A, all paths in G(P,,) starting from x, of graph length k,, are in g[ s i.e., QU(T) D Q;l[k”} on A,.
So, we have shown that

G 26 U[k }C UAM ;)" (8.25)

Furthermore, on the event A, ,,(z;) the subgraph G, kel of G(P,) induced by By, (x;) is contained
in B, 5(x;). Furthermore, if there exist edges in G(P,) connecting By, (x;) and By, (x;) for i # j,
then their endpoints must lie in B, 5(z;) N B, 2(x;). Under the assumption that r < d[z]}, [1]7 ), this
intersection is empty for ¢ € {1,...,¢} and j € {¢ + 1,p}. Hence, on the event (,_, A, ,(z;), the
graph g Visa disjoint union g U[kr U Q[;J ][ffr]. Thus, we also have
+1
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{Gur! #G57 0Gy UAM ;)" (8.26)

Hence, to prove both (8.16) and (8.17), it suffices to bound Py (U7_; Ar.n(2:)¢), which, by the
union bound, reduces to bounding Py (A, ,(1)¢). Recalling assumption (8.10), which uniformly
bounds the Palm intensity functions of P, we obtain

Pyyr (Arn(71)) < Pygo U {Su@Po) > s}
x€PnNB, 5(21)
< / Ppr o (Sn(x, Pn) > s z)dx + pr]” (i, Pr) > sp)
al@)
~ T ’ /
< edﬁp(g)d%ﬂ(sr) + il (s,)
(9dﬁp(2) + )@ (5r)
< (1), (8.27)

for a fast decreasing function cp;. Thus (8.27) together with (8.25) and (8.26) yields that (8.16) and
(8.17) hold with the fast-decreasing function gog/ = min{pgog, 1}. O

Having established in Lemma 8.7 the BL cluster-localization of spins, to complete the proof of
Theorem 8.4, we need to represent spins as a marking function of a suitably marked point process. In
this regard, we augment the ground process P = 4, to P = > zep O(x,U(x)) Dy auxiliary pre-
marks U(z), where U(x) are i.i.d. uniform random variables on [0, 1], which allows the spins to be
generated in accordance with the Gibbs specification. We define a marking function ¢ that generates
the spin system (8.1) on the graph G(P N B) at all sites x € P N B, by leveraging the randomness of
the auxiliary marks U (x) attached to the points of the process.

To this end, we first introduce a deterministic set-function of the pre-marks, obtained by summing
them modulo 1:

Y Ux) mod1, (8.28)
z€PNB
where B C R?is a bounded Borel set.

Next, to encode the law of the spins on G(P N B), recalling that K is countable, we construct a

partition & of the unit interval |0, 1],

6 = {®(UI3I€PQB)}(vz:xE’PﬂB)EKP<B>’

indexed by all possible joint spin configurations on P N B. Each element of the partition has Lebesgue
measure equal to the Gibbs probability of the corresponding configuration:

‘ﬁ(vx:zGPﬂB) ]P)g(me ( (Q(P N B)) v, T x €PN B) (8.29)
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This partition of [0, 1] is chosen to be a deterministic and measurable function of the graph G(P N B),
that is, & = &(G(P N B)). Its construction depends on the interaction potential and external field
functions ¥ and ¢ appearing in the Gibbs specification (8.1). Moreover, since the graph construction
is translation invariant, the partition may be chosen to inherit this invariance.

Using these ingredients, we assign spins to all points x € P N B according to the index of the
partition element &, ..cpnp) containing the value U (P N B). That is, for a given point z € P N B,
we define the spin-marking function & : R? x [0, 1] x ./\A/’Rdx[o’l} — Kby

£(#PNB):=v, whenever U(PNB)E B, .ernp)- (8.30)
The following lemma justifies the relevance of this spin marking function.

Lemma 8.8 (Marking function for spin systems). Consider the marked point process P = Y wep O, U (@)
where U (x) are i.i.d. uniform random variables on [0, 1]. Consider the spin-marking function & given
in (8.30), related to the Gibbs specification (8.1) via (8.29). For any bounded Borel set B C R,
Jjointly the values of this function {{(Z, P, N B)}iepnp, given a realization of P N B, are distributed
as the spin configuration {V,(G(P N B))}sepnp under this Gibbs model. Further, if By N By = ()
then the two collections of marks {£(x, P N By) }zepnp, and {&(x, P N Bs) }repnp, are conditionally
independent given P. Moreover, if the mapping j — G(p) is translation invariant, then the marking
function can also be constructed to be translation invariant.

Proof. Through the construction, we have

PPHB(g(jaﬁmB) =Vp 1T € POB) :P(U<75HB) S 6(1)1::0673(73))
= IP’me(Vx(g(PﬂB)) =V i T E ,PﬂB)

for all spin configurations (v, : = € P N B) € KP®) and hence the marking function has the
distribution Ppnp of the spin system (8.1).

Let By, B, be disjoint sets. The distributions of {£(Z, P N By) }sepns, and {£(Z, P N By) }aepns,
are functions of U (P N By) and U(P N B,) respectively. U(P N By) and U(P N B,) are conditionally
independent given P for disjoint sets B;, B, as they depend on independent collections of uniform
random variables {U () },epnp, and {U(z)}repnp, respectively. Thus, the assertion on conditional
independence for marking functions follows. Finally, as explained below (8.29), the asserted transla-
tion invariance also holds by construction. O

The marking function introduced above and considered in Lemma 8.8 does not satisfy BL-locali-
zation (4.3). The obstruction stems from overlaps of the balls B, (z;) around points z; € [z]7, which
induce arbitrary dependencies among the components of [¢(]?(z, 75n) These dependencies need not
match those present in [¢]?(Z, P,,) and typically become more pronounced as r increases.

Although the construction of spins via a marking function & on the same input process P is not
unique—for instance, one may modify the function U (75 N B) in (8.28) while preserving uniform
marginals on [0, 1]—it appears difficult to devise a representation that avoids this issue at the level
of BL-localization. Nevertheless, Lemma 8.7 shows that the proposed marking function does satisfy
BL cluster-localization, positioning us to complete the proof of Theorem 8.4.
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Proof of Theorem 8.4. We deduce the result from Theorem 5.2. Let P = {(z,U(x))}sep, Where
U(x) are i.i.d. uniform [0, 1]-valued random variables. The assumed summable exponential mixing
correlations of P, together with Proposition 3.7, imply that P has summable exponential B-mixing
correlations as in Definition 4.8. On this extended input process, we consider the spin marking function
¢ of Lemma 8.8, which reproduces the law of the spins:

(@ Pa) = Vigp(G(Pn)).

Furthermore by Lemma 8.8, if B, ([z]Y) N B,([1]7,;) = 0 for some [ € {1,...,p— 1}, then the random
vectors [¢} (%, P, N B,(]})) and [¢7, (&, P, N B, (217, ,)) are conditionally independent give P, and
are distributed as Vi (G(P, N B,(]}))) and Ve, (G (Pn 0 B (! '.1))) respectively.

Thus, Lemma 8.7 guarantees fast BL cluster-localization of this spin marking function on finite
windows of P, as per Definition 4.3(i) (comprising the two conditions (4.6) and (4.7)), together with
the further qualifications (i1) and (iii). Hence, all the assumptions of Theorem 5.2 are satisfied, and the

conclusion of Theorem 8.4 follows. O

8.2.2 Auxiliary statements for spin systems

Recall X" C X' C X as well as the notation of graph-ball unions B,,(X”) centered at points in X"
and the subgraph G induced by them, introduced prior to Lemma 8.6. The factorization property
of Gibbs distributions over cliques implies the spatial Markov property, a fundamental tool in the
analysis of Gibbs processes. This implies that the law of the spin vector Vyr = Vyn(G(X)) at X7,
when conditioned on spins outside a region is influenced only by the values on the boundary of the
region. A consequence is that the spin vector Vy» = Vy»(G(X')) on X" conditioned on the boundary
specification on 9*B,,_1(X"), coincides with the law of spin VE}] conditional on the same boundary
specification. Formally, this is stated as follows.

Lemma 8.9 (Spatial Markov property; [101, Proposition 1]). Let Z C (X' U 0X')°. Then Vyn is
conditionally independent of Vz given Vyxi. Thus, if Pg(x)(Vzusxr = v) > 0 for v = vzusar then

L(Vyr | Vzvoxr = v) = L(Var | Voxr = voar).

Lemma 8.10 (Consistency of conditional spin distributions). When Pgxy(Vass,, ,(x) = v) > 0 for
V= Vgp,,_, () we have

L(Van| Vo, sy = 0) = LVI Vom,, yom) = ).

The spatial mixing function Agx) (X", 0X") in (8.8), controlling the decay of spin correlations on
the graph G(X'), may be refined by introducing a function .A’g( v 2% x 2¢ — [0, 0o) which explicitly
accounts for disagreements in the boundary conditions on Z C X with ZNX" = () and which satisfies
an analog of (8.8), namely

dTV (E(VXN | VZ = Ug), E(VX// | Vg = Zz)) S AQ(X)(XH, Z;g) s (831)
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where Z, = 2,2, = {y € Z : vz(y) # 2z(y) }. Though Z.. depends on the boundary conditions v
and z, we shall suppress this dependence for notational convenience. Compared to (8.8), the function
A’g( X) in (8.31) considers a potentially strict subset of Z, which may be farther from X" than Z itself.
The function A’g( X) is typically decreasing and often exhibits exponential decay

.A/Q(X)(XN,Z#) S C|X”| exp(—adg(x)()(”, Z;,g)), (832)

for some constants a, C' > 0. In this case, the spin model is said to exhibit strong spatial mixing and
we call Aﬁj( ) the strong spatial mixing bound. We demonstrate that the strong spatial mixing bound
can be expressed as a sum of strong spatial mixing bound over individual sites.

Lemma 8.11 (Additive representation for the strong spatial mixing bound). If the function A (x) Satis-
fies (8.31) for all singletons X" = {x} C X then the following inequality holds for any configuration
of sets X", Z C X such that Z N X" = (),

drv (L(Van | Vz = vz), L(Var | Vz = 22)) < > A({y}, Z5). (8.33)

yeXx”

Proof. We will show that if (8.33) hold for all subsets X" C X with |X"| < k — 1, for k > 2, then it
also holds for |X”| = k. Thus the lemma follows by induction, since by the assumption for a single
site, (8.33) holds for k = 1.

Let X" C X. Letwyr = (w, : v € X") € K?*". We abbreviate the events {Vz = vz} and
{Vz = zz} by A, and A, respectively.

Considering the probability I’ := Pg(x) of the Gibbs model (8.1), conditioning on V,, and using
the triangle inequality, we obtain

B(Var = warAy) = B(Vier = wer| L)
< P(Vamn a3 = Warn (o3| Ve = Wa, Ay) = P(Van (a3 = wan (o} | Ve = we, AL)| - P(Ve = wy|Ay)
+ PV oy = wam o |Ve = we, Az) - [P(Ve = we|Ay) — P(V, = w,|A)|.
Summing over wy~’s and using that (8.33) holds for |X”| € {1, ...,k — 1} we obtain
dTV (,C(VX//“/Z = UZ),»C(VX”H/Z = Zg))
< dry (L(Ve|Vz = vz), L(V,|Vz = 22))
+ > dv(LVan Ve = we, Vz = 0z), LV @ [V = wa, Vz = 22))
wecl X ]P(V;; = wx]VZ = UZ)
<Az}, 20+ D A\ {z}, (Z2U{a)) )P(Ve = w,|Vz = vz)
wg €K
< A({z} 22) + A(X"\ {2}, 24)
= Z A/({x},Z?g),

zeX!

where in the penultimate inequality, we have used that Z, = (Z U {z})... This proves (8.33). O
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If strong spatial mixing (8.31) holds with bounds as in (8.32), then it implies averaged weak spatial
mixing (8.8) with A(X",0X") = A'(X"”,0X"). Furthermore, if one establishes the stronger version
only for single sites and uses (8.33), relying on a straightforward extension of the proof of BL union-
localization (8.13), we obtain the following :

dpr (L(Van), (VD) (8.34)
<Y AX 02X Poay (Vorr = zoxr) Poiay (Vi) = wour),

Zpxt Wo 1 EKOX'

where 0:X" denotes (0X”). and notation has been slightly modified for convenience. However,
the right-hand side of (8.34) depends not only on the graph structure but also on the probabilities
associated with the Gibbs specification. In Section 8.4, we will apply this approach to the hard-core
model.

8.3 Averaged weak spatial mixing models via disagreement percolation

We take up the question of determining which spin models satisfy the averaged weak spatial mixing
condition in Definition 8.3. In this section we exploit the disagreement percolation approach intro-
duced by van den Berg and Maes [153] and then use it to establish averaged weak spatial mixing for
spin models on random graphs. This method involves analyzing an auxiliary independent site perco-
lation model on the given graph, where open paths represent disagreements in the spin configurations
caused by differing boundary conditions. More precisely, this auxiliary model allows one to stochasti-
cally dominate any path of disagreement from the boundary to a given site by an independent Bernoulli
site percolation on the graph. The probability of this dominating percolation, defined in what follows,
is the essential component in establishing averaged weak spatial mixing on random graphs.

To prevent percolation in this auxiliary model (and to ensure the fast decay of the functions (a,),>1
in (8.9)), we consider two alternative conditions in this general disagreement percolation approach:
In Section 8.3.1, we use bounds on the averaged connective constant, cf. Sinclair et al. [145], and a
standard self-avoiding walk counting argument from percolation theory. In Section 8.3.2, we refine
this approach by incorporating the concept of a sharp phase transition (cf. Duminil-Copin and Tassion
[50]) into the disagreement percolation framework.

Henceforth we assume that the spin space K is finite. The probability of an open site in the
auxiliary disagreement percolation model is given by the maximum influence of the neighbors on
sites, formalized in [153] as

q(G(X)) :=max sup dyv(L(V|[Vy, =v),L(V,|VN, = 2)), (8.35)
TEX 4 zeKI¥I-1
where the distribution of the spins V' follows the Gibbs specification (8.1) on the graph G(X'), and
where N, denotes the set of neighbors of z. The maximum influence depends on both the graph
structure and also on the specification of the spin model. We state the key result from disagreement
percolation [153, Corollary 1] which controls the decay of spin correlations at (8.8) by the decay of
disagreement percolation probabilities.

98



Let X C X’ C X and assume that 90X’ # (). Then
X!,
dTV (E(VX// | V(‘)Xl = Ua/y/)7£(v/y// ’ VaX/ = Z(’)X’)) S ]Pq (X” — aX/> y (836)

where, &, denotes the independent thinning of X", in which vertices are retained (i.e., declared open)

with probability ¢ — ¢(G(X)) as defined in (8.35). The event {&" <% ox'} = {x" T L5 gxn
in (8.36) thus corresponds to the existence of a path in the graph G(X') that connects X" to X" and
that is entirely contained in the vertex set X, U (X' \ &”). Equivalently, this defines a site percolation
model on G(X') in which vertices in X’ are independently open with probability ¢, while all vertices
in X \ A" are deterministically open. Moreover, when the underlying graph G(X) is clear from the
context, we omit it in the above connectivity event. The probability measure P, is taken with respect
to this thinning (percolation) randomness. If 9X’ = (), then the left-hand side of (8.36) vanishes and
the inequality holds trivially.

We now bound maximum influence when X’ is replaced by P and when G(P) is a stabilizing graph

with not too many self-avoiding paths.

8.3.1 Controlling disagreement percolation probabilities via averaged connective constant

Connective constants allow one to bound the (usually exponential) growth in the number of self-
avoiding paths of length m starting from an arbitary vertex in a graph. We use this notion to bound
disagreement percolation probabilities and hence obtain the decay of spin correlations through (8.36).
We adapt these concepts to our context of a spatial random graph G defined over P, defining an
averaged connective constant as follows.

Definition 8.12 (Averaged connective constant for spatial random graph). For a graph G = G(-) on
the input process P, the averaged connective constant A € [0, oo is defined as

A = inf{d > 0:Vpe N3Im, € Nsuch that for all m > m,,, n,(m) < 5’"}, (8.37)

where
n,(m) = sup sup  Epp[N(z1,m;G(P N B))], (8.38)
BeBy(ro,ng) *1,...,.xpEDL
with N (z1, m; G(PNB)) being the number of self-avoiding paths of length m starting from v1 € PNB
in G(P N B), where By(rg, ng), defined in (8.12), are the sets of the form large windows W, possibly
intersected with finite unions of balls of sufficiently large radius.

The quenched version of this constant, given in the sequel by A as in (8.55), is defined by removing
the expectation in (8.38) and hence yielding the almost sure inequality N(z1,m;G(P N B)) < A™
for large m € N; this shall be used in applications to hard-core models in Section 8.4. Bounds for this
quenched version, which upper-bounds the averaged version, exist for certain random graphs. Notably,
this holds for the k-nearest neighbor graph, as it has bounded degree (see Yukich [160, Lemma 8.2]).
Lacoin [98] provides an example illustrating the sharp inequality between averaged and quenched
connective constants.
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The next result, derived using Theorem 8.4, proves normal convergence for spin systems on spatial
random graphs whose maximal influence is strictly smaller than the inverse of the averaged connective
constant.

Proposition 8.13 (CLT for sum of spins for graphs with finite averaged connective constant). Let
P be a simple, stationary point process on R? with summable exponential mixing correlations as
in Definition 4.8, and assume that the (reduced) Palm intensity function of the ground process P is
bounded at all orders, as specified in (8.10). Let G = G(+) be a stabilizing interaction graph on finite
windows with respect to P as in Definition 8.1, with finite averaged connective constant A < 0o
defined in Definition 8.12. If, for some ¢ > 0, all sets B € By(ro,ng) defined in (8.12), and almost
every realization P, the maximum influence q(G(P N B)) as in (8.35) of the Gibbs specification (8.1)
on G(P N B) with finite spin space K satisfies the inequality

¢qGPNB)) < (e+A)! (8.39)

then the spin configuration {V,.(G(P,)) }zep, satisfies the CLT as stated in Theorem 8.4, provided the
variance condition there is also met.

Before giving the proof, we provide several examples where one may verify the assumption (8.39)
on the influence parameter ¢(G(P N B)). We choose classical examples from [153, Section 3] and
[31, Section 4.3], as upper bounds on the maximum influence ¢(G(X')) have been computed in these
models for general graphs. More examples are in [64, Section 3] and [63, Section 8]. In the examples
below, we take X = {x1,...,z,,} and v;’s are taken to be K-valued.

(i) Hard-core model. We associate {0, 1}-valued random variables (spins) to each vertex in G(X),
ensuring that no neighboring vertices both take the value 1, with joint probability proportional to

magp (M) = [ 1wy =0) [T A v e {01}, (8.40)

(z4,25)€G(X) T, €EX

where A > 0 is the activity parameter. This is the Gibbs model (8.1), with K = {0,1}, 8 = 1,
VU (v;,v;) = log 1(v;v; = 0), A = €7, and ®(v) = v. Loosely speaking, small A\-values are expected to
result in weak correlations between spins at distant sites, a chief requirement for our general central
limit theorems. Indeed, it can be shown that ¢(G(X')) < HLA for any graph G(X'), so Proposition 8.13
already applies for A < (max(0, A — 1))~! for graphs with finite averaged connective constant A <
oo. In Section 8.4, we will revisit the hard-core model and prove the central limit theorem using a
strong version of the spatial mixing approach, though under assumptions on the quenched, rather than
averaged, connective constant.

(il) Widom-Rowlinson model. Here K = {—1,0,+1} and the spin variables are chosen randomly
with joint probability proportional to

e =[] 1wy #-1) T A", (8.41)

(2i,27)€G(X) i €X
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where X is the activity parameter. This is the Gibbs model in (8.1) with § = 1, U(v;,v;) =
log1(viv; # —1), A = €7, ®(v) = |v|. Here if G(X) has a vertex of degree at least 2 then
q(Gg(Xx)) < % Thus, Proposition 8.13 holds in this model for A < (2max(0, A — 1))~

(iii)) Dobrushin’s interdependence matrix. Consider a model that satisfies

drv (L(Ve|Vane = 0), L(Va|[Vine = 2)) < ) Aay1(vy # 2,),

yeX\z

for some matrix A on X x X with non-negative entries and zero entries on the diagonal. Then

2(G(X)) < ||Afloc == max > | A

yeX

The matrix A is called ‘Dobrushin’s interdependence matrix’ and there are many instances where an
upper bound for || A|| ., can be derived for bounded degree graphs; for example see [63, Section 8]. The
work [91, Theorem 4.1] provides conditions on || A/, guaranteeing correlation decay bounds as well
as a central limit theorem for spin systems (with values in a compact space) on lattices with variance
being of volume order. In the case of a pairwise potential as in our work, the Dobrushin uniqueness
condition || A||» < 1 suffices.

We now present two specific examples next where this has been computed in [31, Section 4.3] and
in particular can be applied to the k-nearest neighbor graph.

(iv) Ising model. Here K = {—1,+1}, U(u,v) = uv and ®(v) = v. The Gibbs measure is given by

T (P71 = H exp{f3 Z Viv; + 7y Z v; },
(zi,25)€G(X) (zi,2)€G(X) Ti€EX
In this case ||A|l < 43deg,,., where deg . stands for the maximal degree. Thus in case of

interaction graphs with degrees bounded almost surely, say by deg_ .., then Proposition 8.13 applies
for the Ising model with 3 < (4deg,, (deg .. —1))~'. We have used that A < deg, . — 1.

(v) Proper k-colorings. Here K = {1...,k}, U(v;,v;) = log1(v; # v;), B = 1 and v = 0. The
Gibbs measure is given by
e (W) = [ 1w #vy).
(zi,75)€G(X)
For graphs whose degrees are bounded by deg_ ., we again have || A/, < deg, .. /(k—deg, .. ). Thus
in case of interaction graphs with degrees bounded almost surely (say by deg . ) then we can verify
that Proposition 8.13 applies for the proper k-colorings with k& > deg? .

Proof of Proposition 8.13. To deduce the result from Theorem 8.4 and (8.36), it suffices to show that
the Gibbs model satisfies averaged weak spatial mixing as in Definition 8.3 with some spatial mixing
function A, since all other assumptions are explicitly assumed and the moment condition follows
trivially due to the finiteness of the spin space K. This involves verifying the inequality (8.8) and
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showing the functions (a,(k)),en in (8.9) are fast decreasing in k, both involving 4. In what follows
we will show that this double condition is met in our model for the spatial mixing function

Aga) (X", 0X') == Y N(x,dga)(w,0X"); G(X))ator 0% (8.42)

reX

where a := 1/(A + €), with € > 0 fixed, provided X" # (), otherwise we put Ag x)(X",0) = 0.
We start by studying the functions (a,),en at (8.9) and, following Remark 8.5(vii), we assume B €
By(ro, no). Observe that

Epr [Agpns) ()7, 0Bk ([2]7))] < ZEW’ (zi,k +1,G(P N B))]a"™ < pny(k+ 1)a.

Given € > 0, by (8.37) we have n,,(k + 1) < (A + €¢/2)**! for k > m,, and thus

By (Ao (115, 9% (W) < (3 + /20 = p( S L),
+ €
which shows that (a,(k)),en are fast decreasing in k, as required.

We show that (8.8) holds with A as in (8.42) above by bounding the right-hand side of (8.36)
using standard percolation arguments. Consider z € X" and denote by I" a path from z to X"’ on
G(X), and let |I'| be the number of sites in I'. Observe that |I'| > dg ) (X", 0X") =: L.

For a given ¢ € [0, 1], in what follows, consider open paths in site percolation on G(X') in which
vertices in X’ are independently open with probability ¢, while all other vertices are always open.
With probability Py = Pg(x)n x;, of this model, Markov’s inequality and the above observations yield

PP, (there exists a self-avoiding (s-a) open path from z to X" )
< P (there exists a s-a open path of length [ from z)
< Z IP,(all sites in I" are open)
I': s-a path of length [ in X’ from x
< ¢'N(z,1;G(X)), (8.43)

where we recall that N (z, [; G(X)) is the number of self-avoiding walks in G(X') of length [ starting at
x. Note that a path of length [ consists of [ 4 1 vertices. Since only the vertices in X’ may be removed
with probability 1 — ¢, while those in 0X” are always open, it follows that the probability that the
entire path is open is generously bounded by ¢'.

Assume now ¢ = ¢(G(X)). The disagreement percolation bound (8.36), the union bound and
(8.43) yield

dry (L(Vaen |Vaxr = voxr), L(Van|Voxr = zoar))
< Z I, (there exists a s-a open path from x to OX”)

zeX

< > N, 6(X))d

zeX
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= Z N(z, dga) (X", 0X'); G(X))alsrn X" 0%
xEX//

— Ag(X)(X”7 aX/) ,

where, the last inequality holds provided the inequality ¢(G(X)) < 1/(e + A) =: a. This inequality
is assumed almost surely for G(X) = G(P N B) . This shows that (8.8) holds with .4 as in (8.42) and
completes the proof of Proposition 8.13. O

8.3.2 Controlling spin correlations via disagreement percolation and sharp phase transition

In this section, we refine the self-avoiding walk counting argument used in Section 8.3.1 along with
disagreement percolation to establish averaged weak spatial mixing for the spin systems. Specifically,
we present an alternative argument for the exponential decay of disagreement probabilities, one ex-
ploiting the concept of a sharp phase transition in an auxiliary independent Bernoulli site percolation
model. Essentially, if a sharp phase transition exists in this model, then by definition, for subcritical
values ¢ of the Bernoulli probability, the 1-arm probabilities decay exponentially i.e., the probability
of paths connecting a point z € X to points outside the ball B,.(x) of radius r decays exponentially
with r. (This property, combined with a mean-field lower bound for the percolation function at su-
percritical ¢, formally defines the sharp phase transition in the model.) The sharp phase transition has
been proved for many graph models, including the graph of the Boolean model; see [51, 52, 161, 111].
In this section, we detail how this concept can be applied to establish the averaged weak spatial mixing
property for these graphs.

Since we are dealing with spatial random graphs, sharp phase transition results are often with
respect to the Euclidean distance and hence we use a version of averaged weak spatial mixing with
respect to the Euclidean distance to prove the same. As will be illustrated by the theorem below,
this variant of averaged spatial mixing can be used in Theorem 8.4 instead of condition (ii) of Def-
inition 8.3. For generality, we begin by defining ‘sharp’ critical probability ¢. in the context of dis-
agreement percolation models on random graphs. Analogously to Definition 8.12, we define it as
follows:

Definition 8.14 (Critical probability in disagreement percolation). For a graph G = G(+) defined on
the input process ‘P, the critical probability q. for percolation is defined as

Qe ‘= sup{q € [0,1] : Vp € N, the function a, ,(r) is fast decreasing as r — oo}, (8.44)
where forr > 0

apq(r):=sup sup Pyr, (xl (PnQB—T(f))*q P, N BT(xl)C), (8.45)

n>1 z1,....cpEWp

where the underlying graph is G(P,,) and recall that {x &y Vi ={x g()ﬂ;q YV} means that there
exists an open path in G(X) from v € X' C X to Y C X through vertices in X],, the thinned subset
of X' where vertices in X' are independently open/retained with probability q, while all other vertices
in X are always open, and where Py . incorporates this additional percolation randomness on top

of Palm distribution.
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The next result, proved similarly to Theorem 8.4, proves normal convergence for spin systems on
spatial random graphs whenever the maximal influence is smaller than the critical probability g..

Proposition 8.15 (CLT for sum of spins for graphs with sharp phase transition). Let P be a simple,
stationary point process on R? with summable exponential mixing correlations as in Definition 4.8,
and assume that the (reduced) Palm intensity function of the ground process P is bounded at all orders,
as specified at (8.10). Let G = G(+) be a stabilizing interaction graph on finite windows with respect
to P as per Definition 8.1, with the critical probability q. as in Definition 8.14. Assume that for some
€ > 0, the maximum influence q(G(P,,)) defined in (8.35) of the Gibbs specification (8.1) with finite
spin space K satisfies the inequality

¢(G(Pa) < qc — e, (8.46)

almost surely for all P, for all large enough n € N. Then the system of spins {V,(G(P,)) }zep,
satisfies the CLT as stated in Theorem 8.4, provided the variance condition there is also met.

Using bounds as in (8.43) and the quenched version A of the connective constant (see the com-
ment after Definition 8.12) one obtains A~! < q., where ¢, is a (quenched) version of the sharp critical
percolation in the graph G(P) given a realization P. The strict inequality has been demonstrated in
certain lattice cases where it is known that ¢/, > A~L; see [158, 49, 145]. Although averaged connec-
tive constants or critical probabilities are not easy to compute for spatial random graphs models, we
expect the strict inequality g. > A~ to hold for some models and hence Proposition 8.15 would give a
central limit theorem covering a wider range of activity parameters than that given by Proposition 8.13.
Moreover, as demonstrated in Section 8.3.3, we can still apply Proposition 8.15 for unbounded degree
graphs without needing to compute bounds on the averaged connective constant.

Proof of Proposition 8.15. We exploit the critical probability threshold in disagreement percolation,
together with the maximum influence bounds of the Gibbs specification, to establish Lemma 8.7 di-
rectly, thereby bypassing the verification of averaged weak spatial mixing as defined in Definition 8.3.
With this key lemma in place, the proof of Theorem 8.4 then follows by reusing the same core ar-
guments. The main difference between the proofs of (8.14) and (8.15) in Lemma 8.7 lies in the
approximation strategy for the spin vector V[;;l(f) = Vigp (G(PnN B, (]))) . Instead of passing through
the intermediate approximation V[;ﬂgkr}, which relies on graph-based neighborhoods of the points [z]}
u(

in G(P,,), we approximate V[m]ﬁf) directly by Viyr (G(Pn N B, 2([2]}))) using a Euclidean truncation of
the input configuration. This direct approximation is made possible by the disagreement-percolation
bounds described above and avoids the need for graph-neighborhood expansions. The details are given
below.

Fixn € Nand {7y,...,2z,} C W,. We set X" = [z]{ and under P> consider the realization P,.
Set X' = P, N B, 2([a]}) where we have suppressed the dependence on r, [z]} in X’ for convenience.
Define A, ,([z]}) as the event (configurations of points of P,) such that for all z € P, N B, 2([z]}),
Sp(z,P,) < r’/4 for a fixed b € (0,1). Recall that a similar event was defined in the proof of
Lemma 8.7 and we have used the same notation for convenience. We know that under the event

104



A, ([2]}), the r/2 neighborhood of X’ remains the same in P,, and P, N B,.([2]]) when r > 1. Thus,
we have that
g9 Py = g9PBED X = 9 X' C P, N Byja(lf)°. (8.47)

Assume that A, ,,([z]}) holds. Following the proof of Lemma 8.6 verbatim with the above notation, for
Vier = Vi (G(P,)) and Vit = Vien(G(P, 1 B, (). we have

drv(L(Van), LVi™))
< Z Z ’P(VX” = UX”|V8X’ = Za)(/) - P/(VX” = UX”|VU(7“)6X/ = waX')

axl X”
2ol Wox! EK v €K % ]P)(Va)(’ _ ZaX/)P/(VU (T>8X’ — w(%(’),

with probabilities P = Pg(p,) and P’ = Pg(p, B, (7)) corresponding to the Gibbs model on the re-
spective graphs. Here we have used that the boundary equivalence as in (8.47) holds under A, ,,([z]}).
Now the spatial Markov property from Lemma 8.9 yields the conditional equality under the two prob-
abilities I and P’

L(Van|Vorr = woxr) = LV |Vor = wor)

and thus

dTV(E(‘/MIl?), E(VY[;]J;I()T))) S sup dTV (E(VXN | VBX’ = ZBX/)7 C(VX// | VaX’ = waxl)) . (848)
Zox! Wyx!

To further bound the last expression, we consider site percolation on G(P,,) where vertices in X’ are

independently open with probability ¢ € [0, 1] and where all other vertices are always open. Denote the

probability measure of this model by P, and omit G(P,,) from the path notation <—. Applying (8.36)

with retention probability ¢ = ¢(P,,) and then increasing it to ¢ := ¢. — £, we obtain

X/
drv (L(Var | Voxr = zoxr), LV | Vorr = war)) < Pygp,y (X" LB oX")

<P, (X" HEA oX")

S Z Pq/(x & aX/)

where the second inequality follows from the assumption (8.46) (almost surely for all P, and B =
W), the third one by the union bound, and the last by (8.47), considering shorter paths and considering
¢-thinning only on points in P,, N B, /2(x).

Thus, using (8.48), we have derived that under A, ,([z]})

(PnﬁBr 2
dry(L(Van), L(Ves)) < D Py 2P0 Bya(2)°). (8.49)

zeX
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Using the above bound, averaging with respect to the input P,,, and following the lines of the proof of
Lemma 8.7, we find

A (L(Vige), LVt”)) < Bpgy [dBL (LVigr | Pa), LV, []p ]

k17
< By [drv (£(Vigg | Pa), £Vt r7>>>< ()] + 2Py (A, (1))

a (PanB, o)) g . d .
= Z P[z]ill’7q/ ([Ez — PN BT/Q (ZL’Z) ) +2 Z P[:c]lf (Ar,n(xz) )
=1 =1

p
<Papg(r/2) +2>  Pup(Ara(x:)),
=1

where in the last inequality we used a,, ,(r) function defined in (8.45) and the fact that A, ,(x;) C
A, ([2]}) for i = 1,...,p. By Definition 8.14 of ¢, the fast decay of the first term follows by the
assumption of ¢ = ¢q. — €.

The fast decay of the second term can be shown by observing for all i € {1,...,p}, similarly as
in (8.27),

Py (Ar(2:)) < (9dﬁp(2) + D)@ (r/4).

Thus, we have established the fast BL union-localization bound (8.14).

We now prove (8.15). Following closely the proof of Lemma 8.7, we fix p > 2, choose q €
{1,...,p— 1}, and consider points [z]] € W,,. Letr > 0 satisfy 0 < r < d4[z]}, [2]7,,), and, under the

Palm distribution Py, consider the spin vectors Vo v and VU(r defined as before, with VU(T
l+1

@ ]p » Rl
and V[ P ) assumed to be conditionally independent glven Pn.
41

On the event A, ,([z]}), the vectors V[;l( and V are marginally approximated by their coun-
terparts obtained on the graph G(P,, N B, /»([z]7)) i.e., by Vi (Q(P N By /2([2]}))) and V, wr,, (G(Pn N
B,/2([t]],1))), respectively. The same approximation holds for V[ e
V[;( ") coincides with the product of the corresponding approximations of V ") and V

l

Moreover the approximation of

£ (Vi (G(Pu 1 Bepa()))) = £ (Vigy (6P 0 Byyaiah)) ) x £ (v[ml(g(m mBr/zdas]fH)») .

Using the fact that the probability of the complement of A, n([ ] ) decays fast in r, together with the

fast decreasing of the error in the above approximations of Vo ]p , V[L]Jl(r) and th(r) we conclude that
+1

ity (L(Vis)s LV ) x LVigs”)

f ]Ir) l+1
is fast decreasing in r. This establishes (8.15).
Finally, applying Theorem 5.2 as in the proof of Theorem 8.4, we conclude the proof. 0

8.3.3 Spin systems on the Poisson-Boolean model

We consider an example of a general spin model on the graph generated by a Boolean model, where
one can identify the critical probability for disagreement percolation ¢. and also furnish an explicit
bound for the maximal influence ¢(G(P N B)) of the spin system in (8.46).
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Let P be a Poisson point process of intensity p on R?, K C R a compact set with a non-empty
interior and without loss of generality, we assume that 0 € K. The Poisson-Boolean model is O =
O(P) := U,ep(z @ K). For B C RY, the Poisson-Boolean graph G(P N B) has vertex set P N B,
with vertices z, y connected by an edge if (z & K) N (y & K) # 0.

The critical intensity for percolation in the Boolean model, which determines whether an infinite
connected component exists or not in the graph defined above, is denoted by p.. In other words,
pe > 0 denotes the critical intensity below which an infinite connected component does not exist in
the Boolean model. The non-triviality of p. (i.e., 0 < p. < 00) in dimensions d > 2 as well as a sharp
phase-transition is known; see Hall [68], Meester and Roy [111].

In this section, we exploit the existence of a sub-critical regime where the graph G(P) ‘sharply’
fails to percolate when p € (0, p.). Even if the actual intensity p is arbitrarily large, we thin the Poisson
process with parameter ¢ < p./p, yielding P,, (a Poisson point process of intensity gp), placing our
auxiliary model of disagreement percolation in the subcritical regime. By leveraging the exponential
decay of the probability of long paths in this regime, which arises from the sharp phase transition in
the Boolean model proved in [161], we identify the value max{1, p./p} as an upper bound for the
critical probability q. i.e., ¢. > max{1, p./p}.

Consequently, although the graph has unbounded degree and we cannot establish bounds for the
averaged connective constant in (8.38), but we are able to apply Proposition 8.15. This allows us to
prove a central limit theorem for the Gibbs specification (8.1), provided the maximum influence re-
mains below ¢.. Importantly, as observed in models like the hard-core model or the Widom-Rowlinson
model, this result holds across the entire parameter range p of the Boolean model including the perco-
lating regime (p > p.), i.€., g. > 0 for all p > 0. Furthermore, in the subcritical regime of the Boolean
model (p < p.), we find that ¢. = 1, meaning that any activity level for the Gibbs parameters is ad-
missible, thereby extending the applicability of the central limit theorem without imposing additional
constraints.

Corollary 8.16. (CLT for sum of spins on Poisson-Boolean model) Let P be a stationary Poisson
process on R? of intensity p and K be a compact set containing the origin and with a non-empty
interior. Let G = G(-) be the Poisson-Boolean graph induced by the Poisson-Boolean model on P,
as described above. Consider a spin configuration model with the Gibbs distribution given by (8.1),
defined on the graph G and with finite spin space K. Assume that for some ¢ > 0, the maximum
influence (8.35) satisfies

q(G(Pn)) <minf{l, p./p} — €

almost surely for all P, for all large enough n € N, and where p. is the critical intensity for percola-
tion of the Poisson-Boolean model. Under these conditions, the spin model {V,.(G(P,.)) }.ecp, satisfies
the central limit theorem as stated in Theorem 8.4, provided that the moment and variance conditions
specified in the theorem are also met.

One can consider a more general Boolean model with random grains, i.e., the fixed compact set
K is replaced by random ‘shapes’ Z,,x € P. In case Z,’s are bounded, our approach can be adapted
by extending the framework of stabilizing graphs from Section 8.1.1 to allow for graphs constructed
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on marked point processes; see Remarks in Section 12. In particular, the percolation-theoretic results
that we shall use are already available in this case; see [161]. The case of unbounded grains requires
more careful investigation and in particular suitable moment assumptions on the grains may need to
be imposed; see [52]. It may be possible to consider Poisson-Delaunay graphs, leveraging the results
of [51] on site percolation in Poisson-Delaunay graphs.

Proof of Corollary 8.16. We will apply Proposition 8.15 showing that g. > min{1, p./p}, where ¢. is
defined in Definition 8.14.° A key result (see, for example, [161, Theorem 1.1; see also Theorem 3.1])
establishes an exponential bound on the probability that, in the subcritical Boolean model (p < p.),
there exists a continuum path in O from the origin to the exterior of the Euclidean ball B,.(0):

P, (0 PN BT(O)C) <o, (8.50)

for some constant ¢ = ¢(p).
This result yields the exponential decay of the functions a,,(r) in (8.45) for ¢ < ¢., seen as
X!
follows. Specifically, we recall the notation from Definition 8.14: for X’ C X, {z VARLN V} =

g(x)n AL, . . .
{z (<)—m> YV} means that there exists an open path in the graph G(X') (here induced by the Boolean

model) connecting x € X’ to ) C X under site percolation, where vertices in X" are independently
declared open with probability ¢, while all other vertices in X’ are always open. The probability
measure [P,» , incorporates this additional percolation randomness on top of Palm distribution.

With this notation and assuming also without loss of generality that X' C B;(0), for n € N,
]} € W,,, and r > 0, we have

PrnNBr(1))+q c O(P« c
}P)[I]P7 <$1 ( H( ) Pn N BT<SL’1> ) S P[x}‘f,q (I‘l M) Bmax(077=_2) (Il) > . (851)

Indeed, applying independent g-thinning to the original Boolean model of intensity p is same as con-
sidering a Boolean model of intensity gp. The inequality follows from the fact that we allow continuum
paths to reach the entire complement of Bax(0,r—2) (x1), rather than restricting them to grains of points
in P, N B,(x1)° this relaxation can only increase the probability. Moreover, thinning of P,, outside
B,.(z) is immaterial after this relaxation. Finally, considering a Boolean model outside W, can only
further increase the upper bound for a given n, in case B,.(x1) N W< # ().

Note that P,, is distributed as a Poisson process P, of intensity gp. Thus, we have that

O(P. . o(P, .
]P)[ac]’l’,q <JI1 M) Br(l‘l) > = ]P)[a:]’f <J,‘1 <(—>) Br(l’l) ) .
We assert that, uniformly over [z]] C R?

Py (w1 97 By(m)°) < e, (8.52)

3In fact, there is equality: g. = min{1, p./p}. Indeed, in the subcritical regime (p < p.), the arguments developed
below apply for ¢ = 1, resulting in ¢. = 1. Conversely, in the supercritical regime (p > p.), any g-thinning of the Boolean
model with ¢ > p./p keeps it in the supercritical regime, causing the functions @, ,(m) in (8.44) to converge to a positive
value.
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for some constant ¢ > 0 and all sufficiently large » > 0, provided the Boolean model is thinned with
probability ¢ such that ¢ < p./p, where p, is the critical intensity for percolation of this model.

To derive the bound (8.52) from (8.50), we need to a control the impact of several fixed atoms
of the input process induced by higher-order Palm probabilities, which may result in looser bounds
compared to the analysis in [161], where Palm conditioning is applied at a single point placed at the
origin.

Fix r > 4p. By the Slivnyak-Mecke theorem, (see e.g. [8, Theorem 3.2.4]) we have that

O(Po)

O(Pot+3F_, 8,
]P)[m]ﬁ’ (331 — BT(.%l)C) = P(l’l ( —"(2; )

Br(ﬂﬂl)c)

O(POJ" f: 511) . . .
where <£>1 denotes the existence of a path in the Boolean model augmented with the fixed

points x; and grains K’ at these sites i.e., O(Po + 377 02,) = Uep,uan,.. ) (7 © K-

Under the assumption ¢ < min{1, p./p}, the model P, is in its subcritical regime. To leverage
equation (8.50), we must address the ‘undesired” extra points arising from » >, §,,. To do this, we
subdivide B, (z) into annuli A, ..., A;q, of width #p, where:

Ay = Byjaop) (1),  Ai := Birjaop)(21) \ Bi—1yr/op) (1), i=2,...,10p.

By the pigeonhole principle, the choice of 7, and the set inclusion K C B;(0), for sufficiently

large r (precisely when 2 < 150—;

j€{1,...,10p — 4}, such that

), there exist five consecutive annuli, say A;,..., A4 for some

p
UBl(IZ) N (AJ U...U Aj+4) = Q)
=1
As a result, these five annuli remain unaffected by the extra points and their grains in Y »_, d,.,. If we

further increase 7 such that 2 < Top° then any path from z; to B,.(x1)¢ must pass through a Poisson
point z € P, N A, since the grain K is within a unit ball. Consequently, we have:

O(Po P bz,
P (o " )

10p—2
< Z P (there exists © € P, N A, such that = (& B jaop) (:L’)C) )
j=3

For a fixed j = 3,...,10p — 2, we now bound the probability using the Campbell-Little-Mecke
formula (2.3) and the bound (8.50):

P (there exists z € P, N Ao such that z paGY B ja10p) (x)c>

< E[ Z 1(z P B.10p) (90)0)}

QCGP*QA]'+2

O(P) .
= qp/ P, <3C < Braop) () ) dx
A,

J
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< gp Vol(A;) e/,

where in the last inequality, we used stationarity and equation (8.50) with p replaced by ¢p < p.. Here,
Vol(A;) denotes the volume of the annulus A;.

Summing over j = 3,...,10p — 2 and combining with the above derivations, we obtain the
necessary exponential bound for the left hand side in (8.52):

qp Vol(B,) e~/ — g8, rde=cr/A0P) — Cgpecr/(10P),

for some constant C' depending on p. Accounting for the maximal grain diameter by shifting the
argument r by 2 in the exponential function above yields the exponential bound for (8.51).

This establishes the exponential decay of the functions a, ,(r) in (8.45) and thus the corollary as
argued before (8.52). O

8.4 Strong spatial mixing for the hard-core model via combinatorial techniques

Recall that the hard-core model is specified by the probability distribution

me(W7) = [ 1wy =0) JT A vie {01}, (8.53)

((Ei,l'j)eg(.)() T, EX

where A > 0 is the activity parameter, G(X) is the interaction graph on X = {z1,...,z,,}. In
this section, we revisit this model using the combinatorial techniques of Weitz [156] and Sinclair
et al. [145]. Their analysis establishes a stronger form of spatial mixing, extending the range of low-
activity parameters for the Gibbs hard-core model beyond the maximum influence conditions typically
employed to demonstrate weak spatial mixing via disagreement percolation. This is achieved by mak-
ing use of a stronger spatial mixing property established for this Gibbs model in the aforementioned
works. Specifically, this approach demonstrates the strong mixing bound (8.31), at the level of individ-
ual sites X" = {z}. Using the additive representation provided by Lemma 8.11 we revisit the proof of
Lemma 8.7, a key argument in the main result of Theorem 8.4, and which is based on averaged weak
spatial mixing. Consequently, we consider the range of the activity parameter A above the critical
value AL )

AlA) = (A —1)A+1 N
where the (quenched) connective constant A € [0, o] is defined as the smallest constant such that for
allm > mgy € N and for all x € X, it holds that

for A > 1 and A\.(0) = oo, (8.54)

N(z,m;G(X)) <A™, (8.55)

with N (z, m; G(X')) denoting the number of self-avoiding paths of length m starting from = € X in
the graph G(X); see [145, Section 2.6]. However working with this quenched connective constant
comes at the cost of requiring almost sure (quenched) control over the graph’s connectivity. Observe
that the quenched connective constant cannot take fractional values in the range A € (0,1). Addi-
tionally, a value of A = 0 indicates that the graph consists of uniformly bounded components and one
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can take large activity parameters as well, which is consistent with A\.(0) = oco. The combinatorial
techniques can also be applied to Monomer-Dimer model and Ising model with zero external field
and hence our results also can be extended to these models; see the discussion at the beginning of
Subsection 8.4.1. The critical value 1/A established in Proposition 8.13 may not be comparable to
Ae(A)as A < A

For deterministic graphs, the critical value A\.(A) was first identified for hard-core models on
infinite d-ary trees with A = d, as it characterizes the regime where correlations decay exponentially
and consequently enabled efficient algorithms for sampling and computation of the partition function.
The work [145] further generalized it to all finite or infinite graphs with a connective constant bounded
by A. These works, however, do not address limit theorems for statistics of random.

Proposition 8.17 (CLT for the sum of spins in the hard-core model). Let ‘P be a stationary process
on RY with summable exponential mixing correlations as in Definition 4.8 and having bounded Palm
intensity functions as at (8.10). Let G = G(~, -) be a stabilizing interaction graph on P and satisfying
the following a.s. connective constant bound: there exists A € [1,00) and my € N such that for all
sets B € By(rg,ng) with defined in (8.12), x € P N B, and m > my

N(z,m;G(PNB)) <A™ (8.56)
Consider the hard-core Gibbs model (8.53) with activity parameter \ such that
A < A(A),

where the critical value \.(A) is at (8.54). Under these conditions, the spin configuration
{Ve(G(Pn)) }uep, satisfies the CLT as stated in Theorem 8.4, provided that the variance condition
there is also satisfied.

Proof. We cannot directly use Theorem 8.4 but rather follow the approach therein by establishing
Lemma 8.7 by suitably adapting the proof by borrowing the bounds from [145].

The case of A = 0 is straightforward, as the central limit theorem follows directly from the
presence of uniformly bounded components in the graph. For A > 1, the proof hinges on the single-
site strong spatial mixing property of the hard-core model on graphs, as demonstrated in [145]. This
property relies on the ‘self-avoiding walk representation’ introduced by [157], which simplifies the
problem by reducing it to trees. The (quenched) spatial mixing property is established and analyzed
through the study of occupation ratios. Specifically, in this model, the distribution of the spin at a
given site can be described by the occupation probability:

P, X3vz) = P(V, = 1| Vi = v3),

which represents the probability that the spin at node z € X\ Z in the graph G(&X') equals 1, con-
ditioned on the spins at the subset Z Z x being fixed to the values vz. We analyze the decay of the
dependence of the spin V, on the boundary condition Vz = vz through the occupation ratio at node
x, namely

plz, X;vz)
X: = .
Rl@, Xivz) = 1~ p(z, X;vz)
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The total variation distance between the conditional distributions of V., given two different boundary
conditions, is bounded as follows:

dTV(ﬁ(VZr | Vz =vz), L(Vy | Vz = Zz)) = |p(z, X;vz) — p(x, X; 22)|
< |R(x,X;vz) — R(x, X; zz)|. (8.57)

Thus, a ‘spatial mixing property of the occupation ratios’ implies spatial mixing for the model.

In the hard-core model (8.53) on a general graph G(X'), the strong spatial mixing of occupation
ratios’ as established in [145], may be stated as follows: For any vertex € X and any subset Z C X
not containing z, it is the case that there exists o < 1/A such that

IR(z, X;vz) — R(z, X; 22)| < ON(z,l — 1,G(X))7a 7, (8.58)
where | = dgx)(x, Z.) is the distance between z and points in Z where the boundary conditions
vz and zz differ, and where it is required that [ is non-zero. The constants C', ¢ depend on \ and are
specified explicitly in the sequel. The decay constant «v is defined to be o := 1/A.(\), where A.())
is determined as the unique solution to the equation:

tt
A= m (8.59)
Observe that the function ¢ — t'/(t — 1)"! in (8.59) is decreasing. Recall that A € [1,00) is a
bound on the connective constant, as in (8.56) and A.(A) is the critical value as in (8.54). Thus,
our assumption A < A.(A) implies that A.()\), the solution in ¢ of the equation (8.59), satisfies
A.(N\) > A > 1. Consequently, o := 1/A.(\) < 1/A.

This formulation (8.58) provides a single-site strong spatial mixing bound based on occupation
ratios and as demonstrated in (8.57), it can be used in further considerations. The key ideas and steps
behind the derivation of (8.58) are in Section 8.4.1.

We recognize that o serves as a refinement of the requirement that the maximum influence ¢ =
q(G(X)) * in Proposition 8.13 is smaller than the (albeit averaged) connective constant A. Although
multi-site weak spatial mixing can be derived (see (8.34)) from the strong spatial mixing single-site
bound (8.58), the resulting estimate would be too crude to establish BL-stabilization (8.14), crucial
to proving Theorem 8.4. Instead, we shall establish (8.14) by combining the multi-site bound (8.34)
with the additive representation for strong spatial mixing provided in Lemma 8.11, using a stronger,
quenched (almost sure) bound on the connective constant A.

To prove BL-stabilization (8.14) under the new assumptions, we only need to refine the inequali-
ties (8.19) and (8.20) in the proof of Lemma 8.7. Using this strong spatial mixing bound (8.34) and
letting X" = By, ([z]}), we have:

By [dou (CV | P, £V | Pa)

4The maximum influence ¢ = q(G(X)), defined in (8.35) and not used any more in this proof, should not be confused
with the constant ¢ in (8.58). Both depend on the activity A of the hard-core model, but the former also depends on the
underlying graph.
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< Epgge [ > AR, 0w X Pop,) (Vorr = 200 )P, (Vi) = wam)] :

’
2ot Wot EKOX

Next, applying the additive representation (8.33) for strong spatial mixing along with (8.58) (linked to
(8.57)) and taking the function

Agpy ({2}, Z22) = ON(x, dg(p,) (1, Z2) — 1;G(Py)) 2ol term (22) =11,
with constant C' as in (8.58), this gives:

By [dBL(ﬁ(V[;%kr} | Pu), LV | Pn))} (8.60)

p
SCEgr| Y D N dgep (@ enX') = 13 G(P) /10 om0 X))
zaX/,wax/EKa){/ 1=1

X Pgpy (Voxr = 2o ) Pop,y (Vi) = wa;\f')] :

Since X’ = B, ([]}) is the subgraph induced in P,, by the graph balls centered at x;, i = 1,. .., p, of
radius k,, we have dg(p,)(2;, 0.20X") > k, (interpreted as = o0 if 0.4, X" = 0), for all zpx+, wox: €
K9 and i = 1,...,p. By assumption (8.56), for k. > m,,

N(z;, dgp,(x;,0.X") — 1, G(P,)) < Ao (@i:02X) =1
Substituting this into (8.60), we obtain:

By [ (VA | P, £Viy | P)]

p
<C E[x]{[ Yoo D (Aa)ern @0 DBy g (Vo = zox)Pg(p,) (Vayt = Wor)

Zgat s Wop EKOX' =1

< Cp(da)trs

where, in the last inequality, we used dg(p,)(z;, 0.X") > dgep,)(v;,0X") > k, and the fact the
Aa < 1 (as a consequence of our assumption A < A?/(A — 1)2*! and the representation of o =
1/Ac(\) < 1/A). Choosing k, = [r], with b € (0,1), the term (Aa)*/7 < (Aa)™")/7 decreases
rapidly as r increases. Thus, we achieve the same conclusion as in (8.19).

The same reasoning applies when modifying (8.20), thereby confirming the result of Lemma 8.7
whenever the strong spatial mixing bound in (8.34) decays rapidly. The latter is guaranteed by our
assumption on A and (8.58). This allows us to use Lemma 8.7 in the proof of Theorem 8.4 giving the
asymptotic normality for the sum of spins in the hard-core model. 0

8.4.1 Derivation of (8.58)—Strong spatial mixing for the hard-core model; [145], [157]

In the following, we provide additional details on how the strong spatial mixing (8.58) is established
in [145] for the hard-core model. Since the specific form of the bound we use may not be transparent in
the proof of Theorem 1 in [145], we describe the key steps of the derivation here for self-containment.
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Broadly the proof of (8.58) involves two steps, firstly reducing the right-hand side in (8.58) to that of
a tree via the “Weitz reduction’ and then a very involved analysis of the same for a tree using message
passing recursions. In particular, for the second step, we refer many times to specific claims in [145]
for proofs. We shall explain these steps and then describe how the proof follows from these two steps.

A similar approach was used in [145] to establish strong spatial mixing for the monomer-dimer
model, where instead of independent vertices in the hard-core model, random matchings on the graph
are considered, also controlled by the activity parameter; see also [128]. One can also apply this
approach to the Ising model and random cluster model; see [144, Theorem 28]. This suggests that the
central limit theorem should hold for these models as well under an analogous range of the activity
parameters.

FIRST STEP:  The ‘Weitz reduction’ or ‘self-avoiding walk (SAW) representation’ as stated in [145,
Theorem 4] is based on the original result of [157]. The SAW tree (where SAW stands for Self-
Avoiding Walk) Tsaw = Tsaw (z, G(X)) represents all possible self-avoiding paths in G(X) that start
from x. Its root corresponds to the trivial self-avoiding walk that begins and ends at x. The tree is built
recursively: for each node w in Tg 4wy, its children represent all possible extensions of the self-avoiding
path associated with w, each extended by exactly one additional step. The theorem asserts that, for any
vertex x in a (finite or locally finite, infinite) graph G(X'), the tree Tgaw rooted at x may be equipped
with a boundary condition wyy on a subset W C Tgaw (see [145, Appendix A] and [157, Section 3])
such that, for the hard-core Gibbs model on G(X') specified by (8.53) with activity parameter A\ > 0,
and any boundary condition vz on Z C G(X'), we have:

R(z,X;vz) = R(x, Tsaw; wy Uvz), (8.61)

where vz on the right-hand side denotes the translation of the boundary condition from G(&X') to
Tsaw. The combined boundary condition wyy, U vz is defined by first applying wyy and then vz, with
vz overriding wyy, wherever they both apply and differ. Thanks to the above reduction, to prove (8.58)
it now suffices to bound

|R(x, Tsaw; ww Uvz) — R(z, Toaw; ww U 2z)|. (8.62)

Thus the difference on the boundary due to the conditions wyy U vz, wyy U 2z arises from difference
between vz and vz.

SECOND STEP: We describe how to derive bounds for (8.62) for any tree. Consider a tree 7 rooted
at x and denote the graph metric on 7 by dr. For a finite tree T, a cutset € is a set of vertices in 7 such
that (i) any path from the root z to a leaf y where the graph distance d7(z,y) > maxyce dr(z,y’)
must pass through €, and (ii) the vertices in ¢ form an ‘antichain’, meaning that for any two vertices
in €, neither is an ancestor of the other in 7. For rooted, locally finite, infinite trees, condition (i) is
replaced by the condition that any infinite path starting from the root x must pass through €. A key
example of a cutset we will use later is the set of all vertices at a fixed distance [ from z in 7. For a
cutset €, let 7<¢ be the subtree of 7 obtained by removing the descendants of vertices in €, and let
T~ denote the subtree rooted at - obtained by removing the vertices in €. Also, let €* denote the set
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of the children of the vertices in € (here € may not necessarily form a cutset). For y € 7, we denote
by 7, the sub-tree of 7 rooted at y.

We assert that the following adaptation of [145, Lemma 3] applies: For the hard-core Gibbs model
specified by (8.53) with activity parameter A > 0, there exist constants C' = C'(\) < 00, ¢ = q(\) > 1,
and o = «(\) > 0 such that this specification, when applied to any finite or infinite locally finite tree
T rooted at z, satisfies the following decay of the occupation ratio at the root:

|R(x, T;vz) — R(x, T;22)|? < C? ZadT(m’y), (8.63)

yel

where € is a cutset in 7 located at a distance of at least 1 from the root z. Here, Z is a subset of
T<¢+ not containing x, and vz and zz are two boundary configurations on Z that differ only on €+
(agreeing on the spins fixed in Z N T<¢).

Note that the above claim constitutes a slight, two-fold modification of [145, Lemma 3]: we have
dropped the requirement that € has no leaves, and we formulate the conditional probability of the
spin (and hence the occupation ratio) at x using our boundary condition terminology—represented by
vz, zz—rather than the ‘initial conditions’ used in the original work, which refer to fixed values of the
occupation ratios R at the vertices in Z. Note that the occupation ratio takes real values in [0, A] at all
vertices, except it is infinite at points where the boundary condition sets the spin to 1. To avoid this
issue in the proof, € was assumed to have no leaves in [145, Lemma 3].

The rest of this step is to explain choices of C ¢, « along with details showing how (8.63) can
be derived from [145, Lemma 3] by substituting specific choices from [145, Section 4] pertaining
to the hard-core model. Our notation coincides with that in [145]. As in [145], we choose ¢(x) =
sinh™*(y/z) = arcsinh(y/z) with derivative ¢'(z) = 1/(2\/z(1 + z)) and so we have that M :=
SUP,epon P(T) = sinh ™' (VA) and L := inf,cioy ¢'(z) = 1/(2y/A(1 + X)). Since the occupation
ratio at any internal node of the tree is upper bounded by A, we have via the mean-value theorem that

|R(2, Tivz) = R(x, T 22)| < L7 @(R(x, Tivz)) — ¢(R(w, T;2z2))].
Putting the constant C' in (8.63) to be
- % — 2sinh (V) VAL £ )
it suffices to show

6(R(x, T vz)) — (R(x, T; 22))|" < M®Y a7, (8.64)

yec

This claim is the analogue of [145, (20)] but with boundary conditions on Z C 7T<¢+ (instead
of R-related initial condition on 7¢+, as discussed above) and is similarly proved inductively on
dr(z,€) = inf ce dr(x,y). Before sketching the proof, we need to mention the choices of ¢, a for
which the above claim holds.

Let A.(t) : (1,00) — (0,00) be the strictly decreasing function ¢ — ﬁ and let A.(\) be
the unique solution in ¢ to the equation A.(t) = A for A € (0,00) i.e., \.(A(A\)) = A. As explained
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below (8.58), A.(A) > A > 1if A < A.(A) where A is the upper bound on the connective constant.
Assuming this, the decay constant « = «(\) (defined in [145, (9)]) and the exponent ¢ = ¢(\) are
defined as follows

AN~ 1 A - 1

and ¢ :=1— log(1 + ),

where the well-definedness follows because A.(\) > 1; see Lemma 6 of [145]. Additionally, as in
[145], take 1/a = 1 — 1/q, though this exponent will not appear explicitly in our derivations.

Now we sketch why (8.64) holds with the above choices of a, g. Consider the base case dr(x,€) =
1. Let yq,...,y; be the immediate descendants of z in the tree 7. Suppose R(y;, Ty,;vz) = o0
for some y; € Z N €. Then by the assumption that boundary conditions are differing only on €,
R(yi, Ty; 2z) = oo as well and in this case R(x,T;vz) = R(z,T;2z) = 0. Thus (8.64) holds
trivially here. Otherwise, we have R(y, T,;vz) € [0, A] for all y € € and [145, Lemma 2] along with
definition of M gives that

[G(R(x, T;0z)) = (R(x, T3 22))|" < a Y [6(R(yi, Tyiivz)) — d(R(yi Ty 22)|” < MY a,

y; €€ yee

thereby immediately proving (8.64) in this case as well. Thus the base case holds in (8.64).

Now, for some k£ € N, assume (8.64) for dr(x, €) < k. As above, consider immediate descendants
y; of x in the tree 7. Either accounting for possibility that R(y;, T,,:vz) = R(yi, Ty,; 22) = oo for
Y; € Z N T<c or using [145, Lemma 2] as in the first inequality above and induction hypothesis, one
can obtain (8.64). As argued before (8.64), this suffices to prove (8.63).

PROOF OF (8.58) FROM THE FIRST TWO STEPS: Choose € to be set of vertices at distance [ — 1 from x
in Tsaw; by the construction of Tg4y these are all self-avoiding paths of length [ — 1 from z in G(X)
and therefore €| = N(x,l — 1;G(X)). So €' corresponds to the set of all self-avoiding paths from x
to 0%B;_1(v) where B;_(x) = {y € G(X) : dgx)(x,y) < [—1}. Since the boundary conditions v,
differ on Z in G(X) in (8.58) only when the graph distance to x is greater than or equal to [, we have
that vz, zz may differ on paths being elements in €' but not in €. Moreover, due to the cutset nature
of € and the spatial Markov property, the spin values assigned in Z on paths beyond €* do not affect
the distribution of the spin at . Hence (8.63) holds in this case and using that dr ., (z,y) = [ — 1 for
y € €, we obtain

|R(x, Tsaw; ww Uvz) — R(z, Tsaw; ww U zz)|? < C? Z a7saw (@)
yel

= C¢|al™ = CIN (2,1 — 1;G(X))a! .

Thus (8.58) now follows from (8.61) and (8.62). The choices of ', ¢ and a have been explained in the
Second Step above.
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9 Interacting diffusions on spatial random graphs

In this section we define a model of interacting diffusions on spatial random graphs and establish limit
theorems for statistics of these diffusions. In contrast to mean field models, the diffusions considered
here interact only with finitely many neighbors. Similar to the spin variables encountered in the
previous section, diffusions do not have a stopping set property, but they nonetheless satisfy fast BL-
localization, as well as the even stronger L2-stabilization, when defined on stabilizing interaction
graphs. The diffusion model on graphs considered here was studied in [97], which provides conditions
ensuring the existence of the model in infinite space. Building on this prior work—and in contrast to
the finite-window approach commonly used for spin systems—we study in this section the limiting
behavior of sums of scores of the interacting diffusions over the infinite window, using the results from
Section 5.3. We refer to [97, Section 1] and [129] regarding the motivation and applications of this
model. An interacting diffusion model on deterministic point sets has been considered in [30] and one
may consider such models on random graphs using the methods here.

9.1 The diffusion model

Using the same graph notation as for spin systems in Section 8.1.1, we now consider a finite or count-
able set of sites (nodes), denoted by X', and a locally finite graph G(X') defined on X'. For each x € X,
we denote by

N, =N, (X):={a' e X :2 ~a}

the (finite) set of neighbors of x in G(X'). Fix a time horizon ¢, € [0, 00) and a diffusion dimension
d' € N. We consider a system of interacting R? -valued diffusions

M(z,t) = M9 (2,t), xeX, tel0ty,

evolving on vertices of the graph G(X), interacting only via its edges, and defined by the stochastic
differential equations:

dM (w,t) = b(t, Mz, 1], M[N,, #]) dt + o (t, Mz, ], M[N,, 1]) dZ(t), ©9.1)

where b and o are the drift and diffusion coefficients, respectively, understood as R -valued and
R? x R¥-valued functions, and {Z,(-)},cx are i.i.d. standard Brownian motions in R in this
notation M [z, ] denotes the path of M (z,-) in the interval [0,¢] and M[N,,t] := >y Onfer s O
here is matrix-valued but treated equivalently as a vector in R? x R?. Indeed, following [97], we
allow path-dependence in the coefficients b and ¢ in (9.1) ‘both because such interactions arise in
applications and because this does not complicate the arguments’. The SDE (9.1) says that particles
interact directly only with (finitely many) neighbors in the graph. As with interacting particle system
models considered in the next section, this constitutes the sparse/thermodynamic regime, in contrast
to the mean field regime, where particles interact with all other particles.

When the initial conditions {M (z,0)},cx are uniformly bounded and the drift and diffusion co-
efficients b, o are Lipschitz functions, as detailed in the next section, the system (9.1) admits a unique
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solution with the family of processes { M (x,t)}.cx, taking values in the space of continuous paths
with ¢ € [0, to], as established in [97]. In what follows we will call this collection of processes the
family of interacting diffusions on the graph G(X).

Large ensembles of interacting diffusions are used to model complex dynamical behavior arising
in statistical physics, biology, and neural networks; see [129] and also Lucon and Stannat [104]. Mean
field models have received considerable attention and their dynamics are relatively well understood
when G(X) is the complete graph. The ‘ P-nearest-neighbor model’, P € (0, 1), has also been studied
[104], where here the neighbors of a site consist of all particles within a window centered at the site
and whose volume equals Pn. In this model and others, one often takes the diffusion o to be a fixed
constant. Here we consider diffusion models which almost surely satisfy P = o(1), a regime which is
not well studied.

Example 9.1 (Markovian drift). We give an example of a simple Markovian model of drift and
diffusion. This model has been investigated in mean-field settings; see for example [131, Example
2.1] or [104, Section 1.2.2]. In this model, we put ¢ = 1 (i.e., the constant function) and take b as
follows:

b(t, Mz, t], M[N, t]) = b(M(x, 1), M(Ny, t)) = F1(M(z,1)) + ﬁ > B(M(z,t), M(y,1)),

Yy~

where I, F, are measurable functions on R and R x R? respectively.

9.1.1 Lipschitz assumption on coefficients

For classical diffusion processes defined by stochastic differential equations, Lipschitz conditions on
drift and diffusion coefficients are essential to ensure existence and uniqueness of strong solutions
via Gronwall’s inequality. A similar principle applies to interacting diffusions on graphs, where such
conditions not only guarantee well-posedness but also imply (spatial) L2-stabilization: given a fixed
time horizon, the state at a given node becomes increasingly independent of distant nodes as their
separation grows, capturing how influence disperses across the graph.

Before introducing this crucial Lipschitz condition, we establish some notation. Let
M := C([0,%5),R?) denote the path space of continuous functions, equipped with the topology of
uniform convergence on compact sets. For truncated paths up to time ¢, where 0 < ¢ < ¢, we use the
notation M(¢) := C([0,¢], R?). The paths of the processes M(z,-), z € X, defined in equation (9.1)
and subsequently referred to as M|z|, are elements of M (i.e., M[z] € M). Their truncations are
denoted by M[z,t] € M(t) in (9.1). We denote the zero function by 0[z] i.e., 0(z,t) = O for all
t < tp.

More generally, for a given function m[z] € M (t) representing a possible entire trajectory m(x, s)
over s € [0, %], at z € X, its truncation to s € [0, ¢] is denoted by m[z, t| and its norm is |m[z, t]| :=
SUPse(o,¢] ]m(x, S)

With the above notation, following [97, Lipschitz Assumption A’], we impose the following Lips-
chitz conditions on the coefficient functions b and o. These conditions hold trivially for the Markovian
drift model in Example 9.1 if F}, F5; therein satisfy the Lipschitz assumptions.

, where | - | denotes the Euclidean norm in R? .
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Definition 9.2 (Lipschitz diffusion coefficients). The jointly measurable functions (b,o) : [0,00) X
M x Ny — R? x (R? x RY) are said to be Lipschitz diffusion coefficients if they satisfy the non-
anticipative property, meaning that for all t € [0,to], x € X, any finite subset X' C X, and for m1[z],
ma[z] € M, with my[X'] := 3" v O] € Niw, and similarly for mo[X') € Nyp, we have:

b(taml[x]vml[‘)(/]) b<t7m2[x]7m2[‘)€/])a
o(t,mifz], mi[X']) = o(t, malz], ma[X])
whenever

mZ[xytL

my [z, t]
ml[/‘(', t] = mg[?(', t]

Furthermore, there exists a Lipschitz diffusion constant K; < oo such that:

s [b(s, mafa], ma [X']) = b(s, mala], ma[X])| + [0 (s, ma[z], m[X"]) — o (s, ma[z], ma[X7])]

1
||

< Kt<Hm1[x,t] — malz, 1] +

> llmale’. 8] = male’, 1)),

ek’

with the convention that ﬁ Yower (o) =0if X" = 0. We assume, moreover, that SUPyeo,19) Kt < 00
and that K; are increasing in t. Finally, using the zero-function notation 0[z] € M and 0[X"]) =
> wex 0oz, the coefficients (b, o) satisfy (uniformly in v and X')

/o°<|b<s,0[x1,om>|2 + lo(s, 0fa], O[] )ds < K.

The Lipschitz assumptions imposed on the diffusion coefficients lead to a crucial property, which
can be thought of as a pre-Gronwall inequality for interacting diffusions. This property is formulated
in Lemma 9.5 in Section 9.3. This pre-Grénwall property is a cornerstone of the Gronwall’s inequality,
used in the standard Picard iteration argument to establish the existence and uniqueness of the diffusion
described in (9.1) on any arbitrary, locally finite graph G(X'), provided that the initial conditions are
uniformly bounded. This is demonstrated in [97, Theorem 3.1, see also Appendix C], which we shall
recall in Lemma 9.6. Furthermore, this property will be instrumental in demonstrating L?-stabilization
of the diffusions on graphs, see Lemma 9.7 in Section 9.3.

9.1.2 Stabilizing random graphs

In this section, we shift our focus to the graph G(P) whose vertices are the points = of a simple
point process P in R?, each hosting diffusion paths in dimension d’, which may differ from the am-
bient space dimension d. We refer to Section 2 for all notational formalism regarding marked point
processes, including [P», which denotes the Palm probability distribution of the point process P con-
ditional on the existence of points x, ..., .

Specifically, as in Section 8.1.1, we represent G(P) as an auxiliary measurable marking {d, v,) }zeP»
where the marks IV, represent neighbors of = in G(P) whose locations are expressed with respect to
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z; i.e., they satisfy N, +x C P forallz € P, and y € N, if and only if —y € N,,,. Assuming
N, € Ny ensures local finiteness of the graph G(P).

We make also the simplifying assumption that the marks N, (and hence the graph G(P)) are
(measurable) deterministic functions of solely the input process P, N, = N,(P) considering N.(-) :
R? x Nga — NRd as a marking function as per Definition 4.1, admitting this time all input configu-
rations of points j € Npa, including those with infinite input.

Again as in Section 8.1.1, but for the infinite window W, = R?, this marking function N admits
an interaction range of stabilization S : R x Nz« — NU{oo} of the graph G(u) as per Definition 4.5,
with S(x, p) :== RN<£L'; ). Clearly, S satisfies (8.4), (8.5), and (8.6).

In this graph construction scenario, a key stabilization assumption for the graph G(P) is formulated
analogously to Definition 8.1, but applied directly in the infinite setting via (4.11). Specifically, for
every p € N, we assume that there exists a fast decreasing function goj’n, as defined in (2.1), such that

sup dPWf (S(z1,P) > s) < ¢ (s), s>0. (9.2)

Without loss of generality, we further assume that the functions form an increasing—decreasing family;
cf. the terminology in Section 2.1.

We remark that the above assumption of stabilization of the graph G(P) allows it to be approxi-
mated by local graphs. This makes a subtle difference from the setting of spin systems in Section 8.1.1,
where the local graphs G(P N W,,),n € N, are, in fact, the only available representations of the in-
teraction, and their stabilization only on finite windows (I¥,,, n € N) ensures consistency of these
representations across increasing windows.

In Section 12, we will discuss how this framework can be extended to include more general ran-
domized graph models.

9.2 Main results for the diffusion model

Our goal is to study scores associated with the individual paths of the diffusion on the infinite graph
G(P). Specifically, the sums of these scores over points x € PNW,, will be the subject of the Gaussian
fluctuations presented in this section.

To fully define the diffusion on this graph, we introduce the following marked point process as an
input (upon which we will construct diffusion trajectories M [z], for € P): For ambient and diffusion
dimensions d,d" € N, consider a marked point process P = {0(z,M(2),2,) P, Where © € R¢ are
points (sites) of the diffusions, M(z) =: M(x,0) € R? are initial condition of the diffusions at
these sites, Z, € M = C([0, to], R?) refer to standard Brownian motions on the interval [0, ¢, in R?,
assumed to be independent given the object {(z,a1(z)) }zep- In other words, this latter entire object is
measurable at time ¢ = 0 with respect to a filtration that accommodates the Brownian motions.

Recall that the graph G(P) is a function of the ground process P (represented by the neighborhood
marks IV, introduced in Section 9.1.2, which are not part of the constitutive marks of the input process
P directly related to the diffusion).

Assuming the Lipschitz coefficients (b, o) as in Definition 9.2, and given that the initial conditions
M (z) are almost surely deterministically, uniformly bounded, then based on [97, Theorem 3.1] (see
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also Lemma 9.6), almost surely for P, a path-wise unique strong solution M = M9®) to the spatial
system (9.1) on G(P) exists. By its very construction, the individual paths M[zr] = M9P)[z] € M
become new, measurable marks for points € P (deterministically constructed given the input marked
process P and the graph G(P)).
Finally, for = (z,M(z),Z,) € P, we consider a real-valued score of the trajectory of the
solution M at x:
(&, P) = 09PN (E, P) = h(MIP)[a]), 9.3)

where h : M — R is a Lipschitz function with respect to the sup-norm on M = C([0, ¢,], R?).
Given p € [1,00), we say that £ = & (h.6(P)) satisfies the p-moment condition if

sup  sup  Eppe [max (1, lﬁ(i,ﬁ)\pﬂ < le < 00 (9.4)
1<q<p z1,...,z4€R?
for some constant S, which is assumed to be no smaller than M, for all p’ € [1,p).

Uniform boundedness of the initial conditions M (x) and the Lipschitz form of the diffusion coeffi-
cient functions ensure that the diffusion trajectories M [z] are uniformly L?-bounded; see Lemma 9.6.
Consequently, given a Lipschitz function h, this implies Mpf < oo for p € [1, 2] and hence guarantees
that £ satisfies the requisite (1 + £)-moment condition needed to prove expectation asymptotics given
in the next limit theorem.

Now, we present a main result of this section—the central limit theorem for interacting diffusions
on spatial random graphs.

Theorem 9.3 (Limit theory for statistics of interacting diffusions). For d,d’ € N, t, € (0,00), let
P = {0(o.01(x) 2.) teer be a marked point process on R x RY x M such that Z,, € M = C([0, t,), RY)
are i.i.d. standard Brownian motions on the interval [0, to] in R?, independent given the marked point
process {0z 1 (z)) fzep Of Sites with initial conditions. We assume that the initial conditions M (x), x €
P, are almost surely deterministically, uniformly bounded, i.e., sup,cp |M(z)| < L < co. Moreover,
we assume that the marked point process P has summable exponential B-mixing correlations as in
Definition 4.8 and has bounded reduced Palm intensity function as in (8.10). Consider a graph G(P)
constructed deterministically on ‘P which is fast stabilizing with the interaction range satisfying (9.2).
Given Lipschitz diffusion coefficients (b, o) as in Definition 9.2 consider the strong solution to the
interacting diffusions system (9.1) on G(P), with initial conditions M (x), realized by individual paths
M9P)[z] € M for points x € P. Finally, define the measures

i = (& P)S,-1/,, 9.5)

zePNW,,

where £ = €M9P) are real-valued scores of the individual paths M9P)[x] € M given by (9.3) with a
Lipschitz function h : Ml — R.

(i) If the score £ in (9.3) satisfies the p-moment condition (9.4) for all p € (1,00), then the random
measures ((15)nen at (9.5) satisfy the central limit theorem, i.e., for f € B(W) such that Varfis,(f) =
Q(n”) for some v > 0, we have

(Varis,(f))"2(25(f) —EiS(f)) = Z.
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(ii) If the input process {0z m(x)) }zep is Stationary and the graph construction G(P) is translation
invariant, then the mean asymptotics can be expressed for all f € B(W;) as:

n'ELS(f) — pEo&(0, P) g f(z) dx! =O0(n™"%, (9.6)

whereas under an extra p = (2 + €)-moment condition, for some € > 0, the variance asymptotics can
be expressed as

lim n~'Var () = 0*(€) [ f(z)*dz € [0,00), 9.7)
n—o00 W
where
o?(€) = pEe&*(0,P) (9.8)

+ / (Eonle(®, PP (0,2) — PEo(€(0, P))EL(E(E, P)) ) d € [0, 00).

Proof. We deduce all statements from Proposition 5.5, relying upon the upcoming Lemmas 9.6 and
9.7 for stabilization properties of interacting diffusions as well as the graph stabilization argument
used in Lemma 8.7. Given the mixing and moment conditions on P and &, it remains to localize the
scores &(&, P) = £9(P) (7, P), defined via diffusion trajectories in the infinite model, by means of
short-range marking functions of the form &(z, PNB ), where B C R? is bounded. These localized
versions should approximate &(Z, 75) in the BL-sense as B 1 R?. This corresponds exactly to the
fast BL-localization of ¢ as required in Definition 4.2(i) and (iii), and invoked in Proposition 5.5. To
achieve this, we consider the following score function

&@, PN B) =cMIPB) (5 PAB) =hMIPP)z]), 2ePNB. (9.9)

Note that the function / is applied to the trajectory at x generated by interacting diffusions evolving
on the local graph G(P N B), which approximates G(P) N B due to the stabilization property of the
graph construction. Indeed, for sufficiently large B, the multi-hop neighborhood of = in G(P N B)
coincides with that in G(P) N B. This allows us to invoke Lemma 9.7 to establish L>-stabilization of
the interacting diffusions. The details of this strategy are developed below.

We aim to prove the following BL-localizing property

swp  Egge [[F(€1(EP) = F(6@0LP N By(@1). - £ PN Ba))) || S 260(0), 721,
(9.10)

satisfied for all test functions f € BL(RP?), all p € N, and some fast decreasing functions ¢,. Here,
[€]5(z,P) stands for the p-vector of scores at xy, . . ., x, in the system defined on the full graph G(P):

(£RIP) (7, 75), - ,£(h’g(P))(3§p, P))
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while £(#;, P N By(z;)), in the form of (9.9), denotes the localized version of this score (evaluated in
the system defined on localized graphs).
By Remark 4.7, it will be enough to show the stabilization in L?; i.e., that

sup B [[€9P) (&1, P) — €M9PNE D (@ P B (1)) € 205(r), 721, (O.1D)

for all p € N, and some fast decreasing functions ¢,. By the Lipschitz(1) property of A, it is enough
to show
sup By [ MOP) ] = MOPOED ]2 < 20, (), 7 > 1.

We may bound the required difference in the left-hand side by using the spatial L>-stabilization of the
diffusion on graphs (see Lemma 9.7) and the stabilization of the graph.

Indeed, set k, := 1 forafixed b € (0,1) and let G\ := G(P N B,(21)) and G¥"' be a subgraph of
G(P) induced by its graph ball By, (x;) of radius k, centered at z; (both graphs are considered for the
ground process 73 under its Palm conditioning z1, . .., z, € P). Note that on the event {Ga, "> G, (] }
we have that g " g““ ']( P) = g[k 4 (PN By(x1)). Thus via triangle inequality and intersecting with
the event {le 5 gl T]} as in the derivation of (8.19) and (8.20), we have for all zy, ..., z, € R?

Eggp[|M9 P[] — MIPOEAD) g ]II2

< Egpp [E[|MIP[21] = MOPEED 2|12 | PIL(GE) S G| + 20 Py {GL) 2 G113
< 9By [B]| [ MOP [iy] — MO ]2 | PIL(GE, DQM)}
+ 2By [E[|| MO [a,] — MOPOED |12 | PILGY) S GI)] + 20B e {G) 6 G}
k.
IS + 20" ]P)x];v{g ga[c]?]} (912)

Here the constant C” uniformly bounds in L all diffusion trajectories, i.e., sup, y E[|[M[y]|*] < C",
given the bound of the initial conditions and Lipschitz coefficients but regardless of the graph (see
Lemma 9.6) whereas the first term in (9.12) results from L? stabilization of the diffusion with respect
to the graph distance, specifically from (9.17) in Lemma 9.7.

To show that the probability bound in (9.12) is a fast-decreasing function of r, and thus con-
clude the proof, we follow the arguments used in Lemma 8.7 (concerning interaction graphs for spin
systems). Despite the slightly different context—here we localize a single score and not cluster local-
ization of multiple scores, together with the setting of an infinite graph—the same line of reasoning
remains applicable.

Specifically, we bound the probability in this expression by exploiting the following observation:
if a path of length k, from z; in G(P) is not contained within Qg), then there must exist a point
x € PN B,(x) with a ‘very large’ interaction range S(x,P). This is unlikely, since the graph is
stabilizing.

More precisely, following the arguments in the proof of Lemma 8.7, consider the events A,.(x;)
(configurations of points of P) such that, for all z € P N B, 2(x1), the stabilization interaction range
S(z,P)in G(P) is bounded by s, = r1="/4, where b is as above (related to the definition of k,); that

123



is, S(z,P) < s,. Recall that the stabilization radii S(x, P) are assumed to satisfy (9.2). Following the
same arguments as in the proof of Lemma 8.7, the event gg(;? ) gL’?‘] can occur only on the complement
of the event A, (1) (with P in place of P, corresponding to the events A, ,,(z;) considered there).
The probability Pr (A, (71)¢) admits the same bounds as those derived for A, (1) in (8.27), and
thus decays rapidly in r.

This completes the argument for the bound in (9.12), and hence the proof of Theorem 9.3. 0

We conclude this section with a few remarks.

Remark 9.4. (i) Summable exponential B-mixing of points and initial marks is sufficient. In Theo-
rem 9.3, we assume that the Brownian motions 7, are i.i.d. given {5(% M(x))}xe'p. Consequently, in
the summable exponential B-mixing assumption for P, one can omit these Brownian marks and verify
the condition only for {J(, () }oep-

(ii) CLT for diffusions on finite windows. One can establish the central limit theorem for diffusions
considered only on finite windows, similarly to the spin systems discussed in Section 8, whether or
not a limiting infinite graph exists.

(iii) Convergence of interacting diffusions. Our work on interacting diffusions was inspired by [97],
which focused on diffusion limits over sequences of converging graphs. The typical setting there
involves finite, uniformly rooted graphs converging in the local weak sense to infinite unimodular
graphs, viewed as equivalence classes under graph isomorphism (e.g., sparse Erd6s—Rényi graphs
converging to a Bienaymé-Galton—Watson tree). A key assumption in their analysis is the uni-
form boundedness of the initial conditions and the Lipschitz continuity of the diffusion coefficients.

Our work—of independent interest—extends this framework to interacting diffusions on finite
spatial random graphs, which converge to their limiting infinite graphs in a stabilization sense (see
Definition 8.1). While our main convergence notion relies on graph stabilization, weaker forms of
convergence (e.g., in L?) should also be considered as natural in this context.

9.3 Auxiliary statements for diffusions on graphs

In this section, we collect results concerning interacting diffusions, including their existence, unique-
ness, and the boundedness of their trajectories. These results were established in [97], but specifically
in the context of graphs considered as elements of the space G* of equivalence classes under the iso-
morphism relation on locally finite, rooted graphs. This setting is too restrictive for many random
graphs built on point processes. However, the key arguments developed in that work remain valid in
our more general setting. For completeness and self-containment, we briefly recall these arguments.

The main result of this section is Lemma 9.7, which establishes spatial L?-stabilization of the
diffusion on graphs. As a preparation, we require a pre-Gronwall inequality and pathwise existence
and uniquess for interacting diffusions.

Lemma 9.5 ((Pre-)Gronwall inequality for interacting diffusions). Consider Lipschitz diffusion coeffi-
cients (b, o) as defined in Definition 9.2. Let { X[} zex and { X'[x]},cx be two families of continuous
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processes in R adapted to the filtration generated by the family of i.i.d. standard Brownian motions
{Zo()Yoex in RY on [0,t0] and E[|| X [2]||?] < oo, B[||X'[#]||?] < oo forall v € X. Consider the
family of stochastic processes {Y [x]},cx on M, defined on [0, t] by

Y(z,t) :=Y(x,0) + /tb(t, Xz], X[N,])dt + o(t, X[x], X[N,]) dZ.(t), (9.13)

along with the family of stochastic processes Y'(x,t) on M defined as above but with X' instead of X.
These processes are indexed by the vertices x € X, they utilize the graph neighborhood N, = {y €
X :y ~ x} on a given graph G(X) and they share the same initial conditions Y (x,0) = Y'(z,0).
Then for any x € X andt € [0, 1], we have

t
E[|Y[z,t] - Y'[2,¢]|]°] < 32max(t, 1)K} max B[l XTy, s] - X'y, s]|1”] ds, (9.14)
0 Y€bi(z

where B1(x) is graph ball on G(X') of radius 1 centered at x and where K, is the Lipschitz diffusion
constant given in Definition 9.2.

Proof. For x € X, using the triangle inequality, we have for all ¢ € [0, ¢,]

1Y [z, 8] = Y[z, 4]

(/ [b(s, Xz, X[Na]) — b(s, X'[z], X'[N])| d5)2

+ sup (/0 lo(u, X[z ],X[Nv])—a(u,X'[x],X’[NvDdZ(x,u)>2] :

s<t

By the progressive measurability of ¢ in Definition 9.2, the finite second moments of || X |[x]|| and
| X'[x]||, and the Lipschitz assumption on ¢ (making E| f lo(u, X[z], X[N,])|* du < oo and simi-
larly for o (u, X'[z], X'[N,])) the second integral in the right-hand side is a martingale; see [86, Section
3.2(A,B)]. Thus the square of the integral is a submartingale. Using the Cauchy-Schwarz inequality
for the first integral and Doob’s maximal inequality for submartingales (see [86, Section 1.3, Theorem
3.8(1v)] for example) followed by the It6 isometry for the second integral, we obtain for all z € X and
t e [O, to]

Aylz, 1] := E[[|Y [z, 1] = Y'[z,]|]"] = E[Ssgg Y (2,5) = Y'(2,5)[]
2] ds
2} ds] .

Using the Lipschitz property of (b, ) in Definition 9.2 (including their anticipative property) and then
applying Cauchy-Schwarz to the second term, we obtain

<2 [t / " [[b(s, X fa], XIND) = b(s, X'fa], X'Na)

t4 / |, X e, XN = o5, X[, XN

Ayle,f] < 16max(t,1)Kt2/0 (Bl X2, 5] = X[z, 5] |N| Z X[y, 5] = X[w, 5]| ) ds

125



This yields

¢
Ay [z, t] < 16 max(t, 1)Kt2/ (AX x, s|

0 yEN
¢

< 32max(t, 1)K} max Axl|y, s]ds,
0 YEB1(x)

where A x|z, t] := E[|| X[z, t] — X[z, t]]|?]. This completes the proof. O

Lemma 9.6 (Unique, path-wise solution of the interacting diffusions and uniform L?-norm bound;
[97, Theorem 3.1, Lemma 4.1]). Consider the finite or locally finite, infinite graph G(X) on X
equipped with initial conditions {M (x)},cx in RY, d € N, and uniformly bounded over X, i.e.
sup,cy |M(z)| < L. Consider i.i.d. standard Brownian motions {Z,(-)}.cx in RY on [0, ], for

€ (0,00) and the Lipschitz drift and diffusion coefficients b, o as per Definition 9.2. Then the
system (9.1), with initial conditions as above, admits a unique solution with the family of processes
{M|x]}sex, taking values in the space of continuous paths M > Mz| = (M (z,t);t € [0,t0)).
Moreover, the trajectories M |z] are uniformly bounded in L?:

sup E[|M[z]|]*] < C', (9.15)
reX
where the constant C' depends only on t, the Lipschitz constant Ky, as well as on the bound L of the
initial conditions, and not on the graph structure.

Proof. To construct a solution M[z], x € X, we consider the Picard iterations M,,[z]| form € NU{0}.
For t € [0,to] we put

M, (z,t) = M(z,0) + /0 b(s, My—1[z], My_1[N;]) ds + o(s, Myp_1[x], M1 [N,]) dZ,(s),

with M_4[x] := 0[z], that is, M_;(x,t) = 0 on [0, to].

Starting from the integrability assumptions on the coefficients b and o (see the last condition in
Definition 9.2), together with the boundedness of the initial condition M (z), and using arguments
similar to those in the proof of Lemma 9.5, we obtain that all successive iterations m € N satisfy
E[||Mn[2]|[?)] < oco. Applying Lemma 9.5 to two successive iterations M,,[z] and M,,_;[z] and
unfolding the integral in (9.14) we obtain

E[|| M [z, t] — My, 1:Ut||

< (32max(t, 1) K})™ / / / max E[||[Mo[y, sm] — M_1[y, ][] dsp - - - dsads;

YEBm ()
(32max(t, 1)2K7)™
m!

IA

(L+ Ky,)?, (9.16)

where the last inequality follows from the boundedness of M (z) and the integrability of b and o.
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Hence, by the Cauchy property, M,,[z] converges in L? (uniformly in x € X)) to a limit process
Mz, ie.,
sup E[|| M, [z] — M[z][]?)] =0 asm — oc.

TEX
In view of the bound in (9.16), which is independent of the underlying graph structure, together with
the assumed uniform boundedness of M () and the integrability of b and o, the limit process satisfies
the uniform bound (9.15). Uniqueness follows from another application of Lemma 9.5. 0

Lemma 9.7 (L?-stabilization of the diffusion on graphs). Under the assumptions of Lemma 9.6, con-
sider the interacting diffusions { M [x]},cx on the graph G(X') over the time interval t € [0,t,]. For
xr € X, consider a graph Q[m]( X) = G(B,,(x)) induced by G(X ) on the ball B,,(x) of radius m
centered at x in G(X'), and consider the interacting diffusions { M g™ Yyl }yem,.(x) over the interval
t € [0, to] with the same coefficients (b, o), generated by the same Brownian motions and sharing the
same initial conditions M9 (y,0) = M(y) as the original diffusion { M[z]}.cx. Then there exists a
constant C' = C'(L, ty, Ky,) < 0o (not depending on the graph G(X')) such that for all t € [0, to]

E[||M[x, t] — M&" D[z 4|2 < 9.17)

m!
The proof below in fact shows that (9.17) holds if Gl s replaced by any graph G such that
mMcacg (X), with the inclusions denoting subgraph containment.

Proof. We again apply the pre-Gronwall inequality from Lemma 9.5, this time to the difference be-
tween the two diffusions

[m] [m]
M = {M[z]}ser and M9™ = {M%" O o ),

whose existence and uniqueness are guaranteed by Lemma 9.6.

More precisely, we set X (y,t) := M(y,t), X'(y,t) := M) (y,t) for t € [0,%0), y € By(x),
and denote Aly, t] := E[|| Xy, t] — X[y, ]||*]. Since M and M 6" (¥) gre the respective solutions of
the same diffusion equation on the graphs G(X') D Gy [m]( X'), they both satisfy the integral representa-
tion (9.13) fory € B,,,_1(x) with Y (y,t) = X(y,t) and Y'(y,t) = X'(y, t). Consequently, by (9.14),

we obtain .

Alz, 1] < 32max(t, 1)K} max Ay, s]ds,

0 YE€B1(w)
and iterating,
Alr,t] < (32max(t, 1) K})™ // / r%ax Aly, $m| dsp, ... dsads;
ye

32 t,1)2K2)"
(32 max(t, 1) max Ay, Sy
m)! YEBm(z)

IN

By Lemma 9.6 we have sup,cy E[[|[M[y]||’] < C’, where the constant C’ depends only on t,, the
Lipschitz constant K, as well on the bound L of the initial conditions, and not on the graph structure.
This implies maxyep,, (2) Aly, sm] < 2C" completing the proof of Lemma 9.7. O
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10 Interacting particle systems on spatial random graphs

This section uses the main theoretical results of Section 5 to establish the limit theory for summary
statistics of discrete and continuous time interacting particle systems in the continuum. Interacting
particle systems are usually studied on fixed geometries, including lattices and trees. Here we study
statistics of such systems on random geometries described by a graph on a random point process.
There are thus two sources of randomness, namely the random set of sites and the interacting particle
system evolution. Statistics of interacting particle systems are expressed as sums of real-valued mark-
ing functions with stopping sets satisfying stabilization criteria, putting us in the set-up of Section 5.
This contrasts with the statistics encountered in Sections 8 and 9, where the underlying point processes
were equipped with scores/marking functions which did not have stopping sets.

We work in a particle system framework, which is more general than that considered in most
classical models. As mentioned in Section 1, the framework allows for these conditions: (i) initial
states may be dependent, (ii) interaction neighborhoods may be unbounded, (iii) states of particles
may take values in Polish spaces and they may be a function of the entire time-evolved history of
states in the interaction neighborhood and (iv) particle locations may be correlated.

Roughly speaking, the dynamics of these general interacting particle system go as follows. The
particles of a point process having dependent initial states are equipped with independent Poisson
clocks, whose ‘rings’ at a given site trigger an update at that site (through a specified update function)
as well as at neighboring sites. The update may depend on the prior history at the site as well as
on the histories at neighboring sites, formalized below at (10.2). Interactions depend on neighbors
which are not ‘too far away’, meaning that the neighbors should be within some random distance
having a decaying tail; this is formalized via the notion of stabilizing interaction graphs given in
the previous two sections. The particle locations are required to belong to the realization of a point
process having exponentially decaying correlations and satisfying an additional growth condition on
their Palm correlation functions, a generalization of condition (8.10) also needed when considering
spin systems or interacting diffusions.

This approach enlarges the scope of previous studies, e.g. in Penrose [119], which assumes
bounded interaction ranges, independent initial states, and independent particle locations, namely
those given by a Poisson point process. Our set-up does not require discretization or lattice-based
particle systems and allows for models defined by a graphical structure based on geometry, arguably
more realistic than the Erdos-Rényi graphical structure. We shall work in the sparse/thermodynamic
regime, where the particles interact with only neighboring particles and not all the particles as in
mean-field models.

In Section 10.1, we introduce a general continuous-time interacting particle system model and
state and prove limit theorems for statistics of such models in Section 10.2. Markovian particle sys-
tems and examples are discussed in Section 10.3. Discrete-time interacting particle systems, which
are of independent interest, are taken up in Section 10.4. The discrete-time model features globally
synchronous updates whereas the continuous-time model will have only locally-synchronous updates.
Our list of explicit models is illustrative and not exhaustive.
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10.1 General model assumptions

We introduce the key ingredients in our framework for continuous-time spatial interacting particle sys-
tems. We refer to Section 2 for all notational formalism regarding marked point processes, including
those related to Palm theory.

10.1.1 Sites and states of particles

We consider a simple marked point process P = {(z, U(x))},cp on R? x K, where the ground process
P defines the sites (locations) of the particles on R? and their marks U(z) = (M (x),7,) € K take
values in a Polish space having the following form

K := M x N to]xL5 (10.1)
where

* M(z) € M is an initial state at site © € P at time 0; M is a Polish space and represents for
example, the occupation of the site by a particle of some color, infection status, etc; { M () },ep
are possibly dependent given the ground process P.

7, € ./\Af[o,to]xL is an independently marked Poisson clock at site x € P; 7, are i.i.d. given
{(z, M(z))}sep. More precisely, 7, := {(T; = T;(x), L; = L;(x))}, where 7, := {T;(x)} is
a unit rate Poisson point process on [0, to] for some finite time horizon ¢, < co—it denotes the
clock whose rings trigger updates of the states of site x and its neighbors in M during the [0, ¢,]
window (cf. admissible update rules below)—and L;(x) are i.i.d. (given 7,) random elements
with values in a Polish space L. These time-marks L;(x) allow for additional independent
randomness (given 7,,) in the admissible update rule (for example, to define Markovian updates).
In many examples I = [0, 1] but for some particle systems such as ballistic deposition, it is
useful to allow L to be a space of shapes as in Section 10.3. To lighten the exposition we often
suppress the dependence on x when writing 7; and L;.

In Section 5 we considered simple marked point processes on R? x K, K a Polish space. Taking
K of the form (10.1), with both Polish M and J(/'[07t0]xL (the latter being the space of finite subsets of
[0,t0] x L, equipped with the weak topology and corresponding Borel o-algebra), provides an input
framework for studying the limit theory for continuous-time interacting particle systems.

We emphasize that we neither assume that P is a Poisson point process nor do we assume inde-
pendence of the collection of initial states { M (z)},ep.

10.1.2 Update rules and the evolution of states

The ringing of clocks 7, are the times that trigger updates of the state in M (for example signalling
arrivals or departures of particles at the considered locations or updating the particles’ color, infection
status, etc.) at site x, and possibly at its neighbors y ~ x. Here the relation y ~ x is in terms of graph
neighbors, where the graph belongs to the set of stabilizing interaction graphs recalled in the next
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Section 10.1.3. Also, we shall write y ~ x if y ~ x or y = x. The times at which a site z € P updates
(or re-updates) its state in M are denoted by ¢; € [0,¢,]. The corresponding states at these times are
denoted M (x,t;), with M (x,0) = M (x) representing the initial state. The history (of the evolution)
of these states visited by site x is formally represented as a time-marked point process M (zx,-) :=
{(t;, M(z,t))} € /\A/[O,to} «M» With analogous notation used for marked clocks ./\A/'[O,to]xL. However, it is
often more intuitive to view this history as a cadlag function M (z,t) := M (z, max{t; : t; < t}) for
t € [0, t], i.e., a function that is right-continuous with left limits, defined over continuous time.

The process of the evolution on the states M (z, -) = M, (x, -) will be constructed on finite windows
Wy, n € N;j i.e., for locations = € P,, = P N W, with their neighborhood ~ possibly specific for W,;
see Section 10.1.3 below. This will be constructed recursively, with an updating function ® that will
be applied recurrently at all times ¢t € 7, of all x € P,,.

We define the inductive rules of the updates of states. The update rules are admissible if the
following assumptions are met:

(a) For t = 0 we set M,(z,:) :== M(z,-) = {(0,M(x))} for all z € P,; that is, the history
of the evolution of the states in M of all sites x € P,, consists only of the input initial states
M(x,0) = M(x).

(b) For any marked clock event (7', L) € 7, of some site = € P, the prior histories { (¢, M (y,t)) }i<r
atsites y ~ z, i.e. at z and its neighbors in P, are expanded to { (¢, M (y, t)) }r«rU{(T, M (y,T))},
which include events (T, M (y,T)) € /\A/'[O,to]xM given by an updating function ¢ as specified be-
low in (10.2).

~

(c) The updating function ® : R? x L x NRdXN[O,tO]xM o NRdXKﬁo,to]x
argument in R? identifies the site 2 € P, IL contains time-marks corresponding to the clock
ringing at x and NRd %o 10110 denotes a marked point process on R?, representing the relative
locations y — x of the neighbors y of x (including x), each marked by its own process of state
history, which lies in MO,tO]XM' The function @ is applied to these arguments and returns a new
point process in the same space, representing the new states:

=: {(y -z, (Tv M(%T)))}

" is measurable. Here the

o (2.2 { (v - =L M) her) }

{yePny~z}

(10.2)

{yEPn:y:;c})

to be incorporated into the updated state histories of the neighboring sites. Sometimes, we also
explicitly assume that @ is translation-invariant, meaning ®(z + z, -, {(y,-)}) = ®(x, -, {(y,)})
forall z, z € R%.

Observe, for a marked clock event (7', L) € 7, at the site © € P, besides the location of the site =
and the time mark L, the function ® takes as its third argument the previous histories M (y,t), t < T,
at all neighboring locations y ~ z and its value consists in producing the new events (T, M (y,T)),
which represent entering (possibly re-entering) these states at time 7' to the neighboring sites. In other
words, at time 7', the histories are updated only for y ~ x to {(¢, M (y,t))}rer U {(T, M(y,T))},
where M (y,T') are defined in the right-hand side of (10.2).
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The complete history of a given site © € P,—resulting from the execution of the function ¢ at
all clock rings 7, for y € P,—is denoted by M, [z] € J\/[07t0]xM. These histories are treated as an
additional marking of the point z € P,. Note, this marking is measurable as a measurable mapping

g: (R x K) x Npaxg 3 (&, 1) = Mz] = (M(,1))icjo.10] € Noso]xns (10.3)

constructed recursively using the measurable function ® described above. This mapping describes the
history of marks M, [z], x € P, when applied simultaneously on all z € P,,. For more discussion see
Remark 10.2 (iii) and (viii) below.

10.1.3 Stabilizing interaction graphs

Recall from Section 2 that P;» denotes the Palm probability distribution of the point process P con-
ditional on the existence of points 1, ..., z,. The admissible update rules with the update function ¢
depend on the interaction relation specified via graphs on P,,. As in Section 8.1.1, we restrict attention
to stabilizing graphs—that is, graphs whose interaction ranges .S,, on finite windows, as defined in (8.2)
and satisfying properties (8.4)—(8.7), fulfill the fundamental assumption stated in Definition 8.1, re-
called here for convenience:

sup sup Py (Sulz1,Py) > 5) < ©,(s), s>0, (10.4)

1<n<oo x1,...,xpEWp

for all p € N, where the functions (¢},),en are fast-decreasing as at (2.1).

Recall these conditions imply that the expected degree of a vertex in G(P,) is finite, i.e., they
imply sparsity. As noted in Section 8.1.1 and Appendix A, the class of stabilizing interaction graphs
includes certain proximity graphs from computational geometry.

10.2 Asymptotic normality for statistics of particle systems

Our goal is to study certain scores associated with the history of the marks M, [z] for all z € P,
(describing the evolution of the updates of the states in M of = during the time interval [0, t], tg < 00).
We restrict to the real-valued score function

£(z,Pp) = €095, P,) == h(M,[z]), (10.5)

where h : J\A/'[O,to]xM — R is measurable. We aim to establish Gaussian fluctuations for the summary
statistics

HS:= ) &(FPy) (10.6)

/’L% = Z g(faﬁn)dnfl/dx‘ (107)
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For example, for a suitable choice of h, the statistic H. 5 could either count the total number of sites in
a given state M, C M at time t,, the total number of sites spending at least time ¢, in the state M,
or the total time sites are in a given state M. Section 10.3 provides detailed examples.

Finally, given p € [1,00), we say that the score function £ in (10.5) satisfies the p-moment condi-
tion on finite windows with respect to P if

sup sup  sup  Epe[max(l, (2, Py)[P)] < Mjf < 00, (10.8)

1<n<oo 1<q<p x1,...,2qEWn

where le is assumed to be non-decreasing in p.
All applications in Section 10.3 showing asymptotic normality depend on the following main result
or its variants. Recall the notion of Palm distributions and correlations from Sections 2.1 and 2.2.

Theorem 10.1 (CLT for continuous time interacting particle systems). Let the input process to the
interacting particle system be

P = {(x, M(z),7,) € R? x M x /\Af[ovtom} , (10.9)

where T, are i.i.d. and independently marked Poisson clocks, which are also independent of sites and
initial states, i.e., independent of ) O(a,M(x))- Assume that:

(i) P has summable exponential B-mixing correlations, as in Definition 4.8, and has uniformly bounded
correlation functions under reduced Palm distributions, i.e., for all p € N, there exists a constant k),
such that for all m € N,

sup  sup p (W) < (Ry)™ (10.10)

xl,...,wPERd yl,...,ymERd

(T]YL) denotes the m-th order correlation function of P under its reduced Palm distribution IP’![ ]
1

where Py, R

(ii) An admissible update rule given by a measurable function ® as in (10.2) acts on a stabilizing
interaction graph G (on finite windows) with respect to ‘P, such that the interaction range satisfies the
decay assumption (10.4).

(iii) A score function ¢ = £M®9)(i P,) = h(M,|z]) defined in (10.5), satisfies the p-moment
condition (10.8) for all p € [1, 00).

Then the sequence of random measures (J15,)nen defined in (10.7) satisfies the central limit theorem.
That is, for every f € B(W,) such that Var[us(f)] = Q(n”) for some v > 0, we have

_ d
(Var[ul,()]) 2 (15(f) — Elus () = Z,
where Z is a standard Gaussian random variable.

In the sequel, when we say that Theorem 10.1 holds, we implicitly mean that it is valid subject to
a variance lower bound Varps (f) = Q(n”) for some v > 0, which, as always, we regard as a separate
problem.
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The Palm correlation bound condition (10.10) implies that all factorial (and ordinary) moment
measures under Palm distributions are dominated by those of a Poisson point process with intensity
kp. This motivates the definition of sub-Poisson processes in the sense of moment measures, as intro-
duced in [18], with determinantal processes being a prominent example. See Appendix A for further
examples.

Remark 10.2 (Further comments and comparison with previous work).

(1) (Summable exponential B-mixing of points and initial marks is sufficient.) In Theorem 10.1, we
assumed that the Poisson marked clocks 7, € J\A/'[o,tD]X]L are i.i.d. given sites and initial conditions.
Consequently, in the summable exponential B-mixing assumption for P, one can omit these clocks
and verify the condition only for {J(; 1(2)) }ocp-

(i1) (LLN and variance asymptotics.) Under the assumptions of Theorem 10.1, but with the p-moment
condition (10.8) weakened to hold for some p € (2, 00), and without any assumption on the variance
rate of u5 (f), suppose further that the input process P is stationary and that both the graph G = G(P)
and the update function ® in (10.2) are translation invariant. Then, by Proposition 5.3, the mean and
variance asymptotics of & (f) are given by (5.5) and (5.6), involving Palm-distributional limits given
in (5.3) and (5.4). If, in addition, the interaction ranges S, (x, P, ) are uniformly bounded in n almost
surely for all z € P, i.e. satisfy sup,, S,,(x,P,) < oo a.s., then the score function ¢ = "9 has a
limit
7113205(33,7571) — ¢o(#,P) as. forallz € P.

Interaction ranges for the spatial random graph examples in Appendix A can be shown to satisfy the
uniform bound required above.

Moreover, the mean and variance asymptotics admit representations involving the limit &..:

n B ()~ Pt (0.P) | () dr| = O(n )

lim n~'Var 8 (f) = 0%(&x) | f(z)*da € [0, 00), (10.11)
n—oo Wl
where
Eoo (@, 1) = LM (&, 1) = lim &(T, AN W,), (10.12)
0%(€s0) := pEo&2 (0, P) (10.13)

This representation, described in Remark (ii) (Section 5.4), can be justified via Lemma B.1. This
requires deriving a uniform in n € N bound on the stabilization radius R%Vn of £ (see (10.14) in the
proof of Theorem 10.1). The bound on Rf,vn is derived using a graphical construction for interacting
particle systems and controlling the diameter of the corresponding backward space-time cluster, which
tracks all the nodes influencing updates at a given node. Though not straightforward, one can derive
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uniform bounds for the diameter by exploiting the uniform boundedness of the interaction range S,
forn € N.

(iii) (Local synchronous, global asynchronous update rules.) The function ® in (10.2) is applied
successively with each ringing of some clock 7, x € P,,. Attime T € 7,, the application of ¢ creates a
local, synchronous update of the history at z and its neighbors y ~ x: by the stopping set property (8.5)
of S,,, this update is local because the neighborhood of x has a radius bounded by S,,(x, P, ), also, it is
synchronous because the new states at x and its neighbors are evaluated jointly based on all histories at
x and its neighbors (with, if necessary, priorities assigned according to the location of z, its time-mark
L triggering this update, and the positions of the neighbors). At the same time 7', all locations 7/’
which are not neighbors of = are not updated and their histories do not contribute to the evaluation of
the local update around z. This is hence asynchronous updating occurring globally. 1t is in contrast
to a discrete, globally synchronous updates considered in Section 10.4.

(iv) (Non-Markovian updates.) Locations x € ‘P, are typically updated multiple times in the period
[0,t0]. Hence, the process of the history M [x] = M(x,-) may be viewed as a pure jump type process,
but it need not be Markovian as in [119, Section 2.1]. This is because the update rule depends upon
the entire history of the process at a site and its neighboring sites. (This was also the case with the
diffusion model in Section 9.1). Allowing the update to depend only upon the current configuration
makes the process Markovian and hence encompasses well-studied examples in the literature. Such
examples are described in detail in Section 10.3.

(v) (Comparison with Penrose [119].) We compare the theorems of this section with the closely re-
lated results of [119]. Theorem 10.1 requires neither Poisson input, independence of initial states, nor
bounded interaction range. In this way we extend upon the thermodynamic (LLN) and Gaussian limit
theory of [119] and address some questions raised in this article (see especially Remark 6 in section 3
and also Section 5.2 of [119]). Penrose’s proof of the thermodynamic and Gaussian limits rely upon
an add-one cost stabilization condition for the functionals H$ (which is distinct from the stabilization
and localization of scores described in Section 4.3), discretization, and a martingale central limit theo-
rem, an approach relying upon the existence of the infinite particle system. By contrast, our approach,
which uses the method of cumulants, only requires stabilization of the scores & on particle systems
confined to the window IV,,, bypassing the question of existence. We show stabilization of the scores &
via a graphical construction. Showing existence of the limit of the finite systems to a limiting dynamic
system on the infinite input P lies outside the scope of this work though it may be possible to use the
approaches from [119, 110] in combination with our derivations. Though graphical constructions have
been previously used to study interacting particle systems (see [119, 121] for example), the analysis
of our graphical construction is more involved due to the spatial dependencies of the underlying point
processes and the unbounded interaction range.

(vi) (Related literature.) With the exception of Qi [127], the limit theory for interacting particle sys-
tems has assumed finite range interactions. The paper [127] proves a functional central limit theorem
(FCLT) for spatial birth-death processes with possibly unbounded interaction range, provided the pro-
cesses are obtained as a solution to stochastic equations. The study of asymptotic Gaussianity was
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initiated by Holley and Stroock [77], who used classical tightness arguments to establish the FCLT
for latttice based systems. Later, Doukhan et al. [46] worked on general transitive graphs, sometimes
requiring bounded degree, but still assuming finite range interactions. More recently, Onaran et al.
[113] establish a FCLT for spatial birth-death processes on sites given by Poisson input. They deduce
convergence of finite-dimensional distributions via Malliavin-Stein methods from Lachieze-Rey et al.
[95] and establish tightness using a classical criteria from Ethier and Kurtz [54]. In case of birth-death
processes with diffusive dynamics, finite-dimensional convergence of local statistics has been shown
in Onaran et al. [114].

(vii) (Extensions.) Setting & = "™ = n(M(z,t;)),1 < i < k, for h : K — R bounded and
measurable and given ti,...,t; € [0,00), we may obtain a multivariate central limit theorem for
(uﬁj)i:l,m,k provided the covariances of the entries converge at some scale n~" for some positive v;
see the discussion below Theorem 5.4. As in Item (ii) above, when v = 1, one can deduce conver-
gence of the covariances provided the interaction ranges S,, of the graph G are uniformly bounded.
One expects that central limit theorems could be extended to functional central limit theorems yielding
convergence of scaled versions of the process (D, cp h((M,(7,t)ic(0,))), thus extending Theorem
3.3 of [119], which assumes independent initial marks and bounded interaction range, and also ex-
tending the functional central limit theorem of [127] given for certain birth death processes having
polynomial decay of interactions. Furthermore, one may expect a functional central limit theorem for
the function-indexed process (/1,,(f)) fer, with F being a suitable function class and ¢ = ¢, fixed, but
to our knowledge such a general functional limit theorem is not available even in the simpler setting
consisting of Poisson input, independent marks, and unbounded interaction range. We expect that
such a general functional central limit theorem would extend those given in more specialized settings
considered by Biscio et al. [16], Biscio and Svane [15].

(viii) (Measurability of the score function £*®9) ) We justify the measurability of g defined at (10.3).
We need to show that the map ¢ from R% x K X Ngayx to ./\Af[ovto]xM given by (Z, i) — (M (x,t))ic[o,t0]
is measurable. Note M[z] = (M(x,t))icpo4,) is the final mark of x in /\A/'[O,to]xM, measurable as a
consequence of the iteration of the measurable marking function ® given in (10.2), each time being
executed based on the measurable input consisting of: the location x € P,,, its clock event (7, L) € 7,
and the set of (prior) histories {(y, M (y, ) }yepnyme} € Naa, N s> MeaSUTably by the induction
starting from the measurable initial states M (y, 0). Here, the measurability of the neighborhood ~ (in
the sense of the neighborhood-sets described in Section 8.1.1) is required in the specification of the
arguments of .

10.2.1 Proofs

We next prove Theorem 10.1. The proof relies upon deviation inequalities for number counts of the
point process P as well as for degrees and stabilization radii of spatial random graphs. These estimates
will be proved at the end of section in Lemmas 10.3, 10.4 and 10.5.

Proof of Theorem 10.1. We show that (115, ) ey satisfy the assumptions of Theorem 5.2, with £(Z, P,) =
h(M[z]) = h((M,(2,t))tcpo.)) as at (10.5). The p-moment condition (10.8) of & = ¢"®9) for all
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p € (1,00) with respect to P is a verbatim repetition of the moment condition (5.2) required in this
theorem. The variance lower bound holds by assumption and thus to verify the assumptions in The-
orem 5.2, we need only show that £ is fast BL-localizing on finite windows as in Definition 4.2 (i1)
and (iii). In this regard, recall from Remark 4.7 that this is implied by fast stabilization on finite
windows, as specified in Definition 4.6 (ii) and (iii), which we will aim to establish.

Our proof is based on the study of backward clusters of ‘information’ propagation. For a site x
this cluster consists of the set of sites in P, from which its history M,,(z,t) can be influenced at any
time ¢ € [0, ¢o]. This is introduced in Step 1. Next in Step 2, we control the diameter of the backward
clusters, 1.e., we upper-bound the (appropriate Palm) probability of the event that the state at z is
influenced by sites outside the ball B,,(z) of radius m > 1. We show that this probability is fast-
decreasing to zero as a function of m — oo, in the sense of (2.1). This is essentially because there are
not enough ‘opportunities’, i.e. not enough ordered events with respect to clock rings on paths from
B¢ (z) to z, especially taking into account probabilistic constraints on edge lengths and on degrees of
sites in our stabilizing interaction graph G on P satisfying decay bounds (10.4). Finally in Step 3, we
add a buffer stabilizing region around B,,(x) to account for stabilization of graph edges making ¢ fast
stabilizing at x. The proof details are as follows.

Step 1. Definition of backward clusters. Given the graph G(P,), n € N, consider the ‘super-clocks’
at locations = € P,,,
f=te=nU |J = |J mclotl
YEPniy~x YEPn iy~

i.e., the union of the clock at x and all neighboring clocks, with the neighbor relation respecting (8.4).
Since the (original) Poisson clocks are i.i.d., we may assume that a.s. the clocks do not ‘ring’ together,
ie, 7, N7, = 0forall z,y € P,, x # y. Observe that M(z, ) is updated only at ringing times of
the ‘super-clock’ 7, i.e., the history M (z, -) has events (¢, M (z,t)) only for t € 7, created according
to the update function (10.2), apart from its own history { M (z, s)}s<; and influenced by the prior
histories {M (', s) }s< of the sites 3y’ whose ‘super-clocks’ ring at the same time ¢ € 7.

In order to track sites (the points of z € P,,) and times of their ‘super-clocks’ 7,, which mutually
influence their updates we define an oriented graph G (P,.) as follows: The vertices of the oriented
graph G(P,,) are V = V,, := {(x,t) : © € P,,t € 7,U{0}} and the oriented edges are (z,t) — (2, ')
ift <t and (z,t') € V (ie., t' € 7,). Since the clocks 7.,z € P, have no common ‘rings’, the
condition that (2/,t'), (z,t') € V is equivalent to either (i) t' € 7, U7, and x ~ 2’ or (ii) t’ € 7,
for some x” where ©” ~ 2’ and 2" ~ z. In the first case, the clock at x or z’ rings at time ¢’ and
because of update rule (10.2), the update at = or 2’ depends on previous updates at neighboring points
including the other point. In the second case, the clock at a mutual neighbor x” rings at time ¢’ and the
update at x and 2’ is influenced by previous updates at neighboring points including the point z” due
to the update rule (10.2). Thus the oriented graph captures space-time dependency between updates.
We shall now make this more precise.

Define C'(x,t) = C) (z,t), (x,t) € V =V, to be the backward (in time) cluster of (x,t), i.e.,
(2, ') € C'(,t) if there exists a path in G(P,) from (2/,t') to (x, ). The events at times s prior to ¢
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of the histories of sites ' € P, given by

{((SvM(xlas)))sd/ : (l‘/,t/) S C’(x,t)}

are precisely those which contribute to the evaluation of the value of the updated (¢, M (x,t)) €
M (x,-) by the function (10.2), given the initial states M (2’, 0).

By cylinder of radius r with axis through z € R? we mean the set B,.(z) x [0, to]. Let f, be the
last time of the ‘super-clock’ 7,.. The radius of stabilization Rf,vn (Z,P,) of &£ = £M®9) as in Defini-
tion 4.5 may be upper bounded by the radius of the smallest cylinder containing the backwards cluster
C'(z,t,) = C'(x,t,), centered at x € P, plus the maximum of the interaction ranges S,,(2’, P,,)
(defined in (8.2)) among points &’ € P,, in the basis of this cylinder, i.e.,

Ry (#,P,) <  max [/ —z|+ max  S.(2/,P.). (10.14)

(xlvt/)ecwlm(zvtl‘) (x’,t/)EC,Z(CD,tAz)

Indeed, the histories (s, M (7', 5)).<y for (z/,#') € C! (x,1,) are sufficient to construct the complete
history (s, M (x,s))s<t, of © € P,, and the second term in (10.14) corresponds to a buffer region
of C! (z,t,), such that the addition of points outside this buffer region will not affect the backwards
cluster C’ (v, t,), and hence will not affect the score at z.

The two terms in the right-hand-side of (10.14) may be controlled using the Palm correlation
functions of the ground process P as in (10.10), the fast decay of the graph stabilization radius 5,, as
in (10.4), and the ‘asymptotic independence’ of ‘super-clocks’. This goes as follows: We shall bound
the first term on the right-hand side of (10.14) in Step 2, which forms the bulk of the remaining proof.
In Step 3, using Lemma 10.5 at the end of this section, we bound the second term on the right-hand
side of (10.14). The requisite deviation bounds and degree bounds are derived at the end of the section
in Lemmas 10.3 and 10.4.

Step 2. Controlling the diameter of the backward clusters. In this step we control the growth of

D(z,P,):= max |2’ — . (10.15)
(@ ) EC (2,z)
Fix a € (0,1) and 8 € (0,(1 — «)/(d + 1)) (where d is the dimension of R?) and for m € N set
T = mP, ky, := m®. For z € P,, consider the event A,,(z) := A, () such that there is a site
y € P, N B,,(x) such that either (i) its degree in the graph G(P,,), denoted Deg(y, P,,.), is at least k,,
i.e., Deg(y, P,) > kp, or (ii) one of the edges incident to it has length at least r,,,. Conditioning on
A, (1) and its complement A¢ (x;) we get

]le xp(D(Zi‘l, Pn) Z m) S ]P)[x]lf(Am(Il)) + P[xﬁ({D(fi'l,Pn> Z m} N Afn(fﬂl)) (1016)

-----

For the event A,,, () to occur under P,, z,» in view of the rule for the existence of edges (8.5), there
must be a site z € P, N B, (1) such that S, (z, P,,) > 7y, or Deg(x, P,,) > ky,. Applying the union
bound, the Campbell-Little-Mecke formula (2.5) and the bound (10.10) with m = 1, we have

P[x}’l’(Am(xl)) < L ( )Paz,[x]zf(sn(xap) > Ty OF Deg(x,Pn) > km)p%%’(x)dx
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p
+ 3 Puap (86, Pa) > 1) + PP (Dea(n, Pr) > i)
=1

< Barym® (@41 (rm) + Dy (ki) + (@, (rm) + (k) (10.17)

where ¢}, is at (10.4) and where ), defined at (10.21), controls the degree bound given in Lemma 10.4
at the end of this section. Recalling that r,, = m” and k,, = m® we find that for any a, 3 > 0 the
expression in (10.17) is a fast decreasing function of m € N and so is the first term on the right-hand
side of (10.16).

We now bound the second term in (10.16), as a fast decreasing function of m. We define the
sequence ,,, := |m'~?/(2(p + 1))|, m € N. Observe, on A¢ (), if D(Z1,P,) > m then there exist
distinct sites Y1, . . ., yi,, € Pn N By, (21), different from x4, . . ., x,, such that |y; —y;_1| < 2(p+1)rp,,
1 =1,...,l,, where we set y, := 1, whose super-clocks (when they update their states) ring at some
strictly positive times in 7,,, with the exception of the earliest time being possibly the initial time zero.

Specifically, looking backwards in time from ¢;, we enumerate these nodes y; and their corre-
sponding updating times in reverse chronological order ¢y > T >Ty>...> Tlm with T} € 7y, for
i=1,...,p1and T}, €7, U{0}.

Note, the degrees at all sites y; are bounded by Deg(y;, P,,) < k,,. Indeed, when all edges of
G(P,) in B, (z1) have length smaller than r,,, (complement of the condition (ii) of the event A,,(x1)),
then the corresponding oriented edges in G (P) (with chronologically oriented times of clocks), when
projected on R?, are shorter than 2r,,, and hence, one needs at least I/, := |m/(2r,,)] distinct sites
{y/ :i=1,...,I' } in P, to cover the distance from z, to B (z1) on G(P,). Among these sites
yi there might be fixed atoms x4, . .., z, under [Py»; removing them one obtains the considered path
{yi :i=1,...,1,}. Clearly Deg(y;, P,,) < kn, results from the complement of the condition (i) of
A (7).

Considering the path {y; : i = 1,...,l,, }, using the Markov inequality and the Campbell-Little-
Mecke formula one bounds the considered probability by

Py ({D(F1, Pa) > m} N AS, (21))

L,
< Egge Z H (|yi — yial < 2(p+ Vrw) LT, > Tiv1)1(Deg(yi, Pr) < ki)

(15U ) E(Pn\ {21 ,szpp) (Im) =1
Tiefyi:izl,m,l’m

Im
< oo (M7 | 1 1y — i1 < 2(p + 1)ry)
Ly 4 00T

i=1

Im
X B | >0 T[0T > Tia)1(Degly Pr) < k)| dili (10.18)
i i=1

where, for the convenience, we set yo := x; and Tlm+1 := —1. Note the super-clocks 7,, are, in
general, not independent since the sets of neighbors of sites y; may not be disjoint. However, under
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IP’[w U with Deg(y;, Pn) < k., these aggregated clocks are still homogeneous Poisson point pro-
cesses on [0, o] of intensities bounded by k,,, with the last (index [,,) appended by the initial time
event ¢ = 0. First assuming sz > (), using the strong Markov property for the aggregated clocks one
gets

to to to to
<klm [ ds ds, 1 dsy [ ds
0 S1 S3 52
ket
_ 'm 0
Iy

Considering separately Tlm = 0 one obtains similarly that the expected number of the considered
paths is equal to klm—1¢b»=1 /(1,, —1)!. Combining and substituting into (10.18) and using (10.10) one

obtains
P D(7,.P,) > N A¢ < & (0,(2(p + 1 dlmlml—i— : —k% 10.19
wr ({D(&1, Pn) = m} N A5 (1)) < Ay (0a(2(p + 1)rm)®) " g™ ( kmto)lm!' (10.19)

Recall r,,, = m?, 1, = [m'=?/(2(p+1))], and k,,, = m®, witha € (0,1) and 3 € (0, (1—a)/(d+1)).
Using a crude Stirling bound [,,,! > Cezlmlogln with C' > 0 some small constant, and applying it to
(10.19), one obtains the following bounds, with some further positive, finite constants C, Cy (not

dependent on 7, m and «, 3)

o~ . I 1 rfnkm
IP’[m]zlJ({D(xl,Pn) >m}nN Am(:pl)) < Cl<1 + k_) exp(Cglm + §lm log l >

1
S Cl (1 + ml_ﬁ—a> exp <m1—,3<02 + 5 log mﬁ(d+1)+o¢—1)) ‘
(10.20)

Observe 3(d + 1) + o — 1 < 0, whence the last bound is a fast-decreasing function of m. This shows
that the second term in (10.16) is fast-decreasing in m and together with the same statement for the

bound at (10.17), this yields that the random variable D(Zg, P,,) has a fast decreasing tail.

Step 3. Controlling the width of the buffer region. Here we wish to control the term

W(z,P,) = max  S,(a',P,)

(33/ Vt/)EC’;L (1‘7596)

in (10.14). Notice that by (10.15),

W(Z, 75n) < sup Sp(2',Py).

|o/—a| <D(#P)

Since D(&, P, and S, (x, P,,) are fast decreasing, it follows by Lemma 10.5 with Q; set to D and Q,
set to Sy, that W(Z, P,,) is fast decreasing.
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Since Rﬁvn (Z,Pn) < D(i,Pn) + W(&, P,), where both D(#, P,,) and W(&, P,,) are fast decreas-
ing, it follows that R%/n (Z,P,) is fast decreasing on finite windows as in Definition 4.6 (ii), (iii).
]

We prove three lemmas used in the proof of Theorem 10.1.

Lemma 10.3 (Deviation inequality for number counts). Let P be a simple point process satisfying the
Palm correlation bound (10.10). Then for a bounded Borel set B C R?,

sup Py (P(B) > kp|Bl +p + 1) §exp(—t(log(1 +

T1,e.,xpERY

t
_ —1)), EN, ¢>0.
AT P

Proof. By the relation between Palm and reduced Palm, we have
Py (P(B) > | B +p +t) < Py (P(B) > | B + 1),

and so we shall bound the latter probability. To do so, we bound P (B) by a Poisson random variable
N (B) with mean &, | B| whose (factorial, hence non-factorial) exponential moments are larger; cf. [18,
19]. Indeed, using definition of Palm correlation functions and (10.10), we have that

k
A k
By, P(B)" :/B P (W) dys ... dye < (%] B])" = EN(B)®

and hence for u > 0 we have ]E![I]p [evP(B)] < E[e"NB)]. The rest of the proof now follows from the
classical Chernoff bounds for a Poisson random variable:

P![z]ﬁ’ (P(B) > ky|B|+1t) < eXp<— ilig{u(f%pw] +t)— logE’[x]f[e“P(B)]})

< exp(— sup{u(/%p\B] +1t)— logE[e“N<B)]}>
u>0
) iop| B| +
= exp(— (| B + ) log ("2 =" )+t
exp(— (| Bl + ) log (*E=E =)+
Rp|B| +t . Rp|B| +t
= exp(—t(log(—’i )—1) — k| B| log<—A ))
ip| Bl ' Fip| Bl
Ryl B+t
< exp(—t(log(’i—)—l)),
Fip| Bl

where we used in the first equality sup,-,(ua — log E[e*NP)]) = alog(a/E[N(B)]) — a + E[N(B)]
(see e.g. [47, Example 1.10]). O

Lemma 10.4 (Degree bounds in stabilizing interaction graphs). Let P be a simple point process on
R? satisfying Palm correlation bound (10.10) and let G be a stabilizing interaction graph defined on
the finite windows of R%, with G(P,,) satisfying (8.4)-(8.3). Denote by Deg(z, P,,) the degree of the
site x in G(P,,). Then for all p € N there are fast decreasing functions gpg such that

sup  sup  Pyp(Deg(z1,Pn) > k) < ¢gp(k), keN. (10.21)

1<n<oo x1,...,xpEWn
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Proof. Fix p € N and assume without loss of generality that & > 2(p + 1). Given such a k& > 1,
choose such that #,04m¢ + p = k/2 and set t = k/2. By stabilization of the graph, we have that if
Sn(z1, Pn) < rthen Deg(zy, P,) < P(B,(x1)). By the choice of ¢, r, we have

Peye (Deg(azl,Pn) > k:) < Py (P(Br(xl)) > /%pé)drd +p+ t) + IP’[:E]zla(Sn(xl,Pn) >r).

Using again the choice of ¢, r, the proof follows from the fast stabilization of .S,, as at (10.4) and the
deviation inequality Lemma 10.3 applied to B = B,.(x1). O

Lemma 10.5 (Tail bounds for the maximum of fast decreasing marks). Let (01, Q2 be two marking
functions on finite marked point processes. Let P be a marked point process such that the ground
process P satisfies the Palm correlation bound (10.10) for m = 1. Suppose for p € N, i = 1,2 that
there are fast decreasing functions @, ,, as in (2.1) such that

sup sup  Ppp (Qi(il,ﬁn) > 7’) < ip(r), r>0. (10.22)

1<n<oo z1,...,.xpEWp,
Then for all p € N there are fast decreasing functions ¢, such that
sup sup  Ppp ( max i Qg(fiz,ﬁn) > 7") < @p(r), r>0.
1<n<oo z1,...,2pEWn 2€EPn:|x—x1|<Q1(Z1,Pn)

If the assumption (10.22) holds with the supremum taken up to n = 00, i.e., SUDj<, <., then the
conclusion remains valid with sup; <, < ..

Proof. Assume that Q;(z,P,),i € {1,2} satisfy (10.22). Recall that 6, is the volume of the d-
dimensional unit ball. Thus using the union bound and the Campbell-Little-Mecke formula, we obtain

Pyr ( max Q2(7,Pn) > 1) (10.23)

2] -
! 2€Pn:|lz—21|<Q1(Z1,Pn)

< Eyp Z 1(@2@77511) > )

xerBQ1(i1,75n)(xl)

<Y Eyp[1(Qa(F, Py) > 1)

zedy

+ B > 1(Q2(F, Py) > 1)L(Q1(F1,Py) € [0,1))
e (P\BIDN By, (5, 7y (1)

+ Epp Z Z 1(Q2(2,Py) > r)L(Q1(Z1,P,) € [2771,27))
| 7=1 a:e('P\[a:]If)ﬂBQl(ilﬁn)(xl)

< Z Ee[1(Qa(Z, Pn) > 7)]

zefl}

+ EW{ Z 1(@2(3%;750 >7)

‘”EPQBQl@,ﬁn)(Il)
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o0

Y B | Y UQE P > Qi@ P) 2 27

Jj=1 CEE’PnﬂBQj(Z‘l)
<peasl) + [ ( )Pz,w(@(mﬂ) > 1o (@) da
Bi(x1
+ 2/ ot (Qa(E,Pr) > 7, Q1 (31, Pn) > 27 )pllh (w) da (10.24)
x1) 1

with ]P)x,[z]f = ]P)ac,xl
probabilities

z,» and where the first term in the last bound is a bound for the sum of the

-----

Prr (Q2(%5,Pn) > 1) < @a,(r)

of the tails of the ()2 marks of the atoms z;, j = 1,...p, some of which might be in By;(z1) but not
counted in the Campbell-Little-Mecke integral formula involving the intensity pg}% (z) of the reduced

Palm ]P’!W. This in turn is a fast decreasing function, as ¢, ,, is fast decreasing as well.
1

The sum of the integral formulas Y7, [, (an) P (- )p Hp( x) dz, using the Cauchy-Schwartz
inequality and the condition (10.10), can be further bounded by

S PP > 1) R @ ) 2 2 ) da

< Rplape1(r)2 Y a2 (015 (2771))V2.
j=0

Since ¢ p41 1s fast decreasing, the last sum is finite and so the right-hand side in the last line is also
fast decreasing as 9,1 1s fast decreasing as well.
The proof of the version of the result with sup, ., <, replacing sup,,, ., follows the same lines.
U

10.3 Markovian interacting particle systems

We give examples of well-known continuum interacting particle systems, as well as some of their
variants, all falling within the framework presented in Section 10.1. We describe update rules in
detail and refer the reader to Appendix A for examples of admissible point processes and stabilizing
interaction graphs. We will highlight some examples of simple admissible score functions that are of
interest. Concerning admissible update rules, we shall focus only on Markovian updates, though the
framework allows for analysis of non-Markovian updates.

We again remind the reader that we are studying interacting particle systems in the finite time
horizon regime. However, in some models where update rules satisfy certain monotonicity conditions
(e.g., the RSA model in Section 10.3.1) it may be possible to adapt our proof techniques to cover the
infinite time horizon regime. As noted before, there is considerable literature on interacting systems
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focussed on long-term behaviour and phase-transitions. Such studies are often model-specific and
involve challenging questions outside the scope of this work.

Examples of admissible score functions. We list some relevant choices of the function h used to
define the scores (7, P,) = h(M(z,t):c[0.,)) and the functional H§ = > werow, §(E, P,) at (10.6).
These choices of h yield the following summary statistics, which figure prominently in the upcoming
applications.

S1. Let T C [0,t] be a finite set. Put h(M(z,t)ic4,)) = 1(M(x,t) € My, Vt € ) for some
measurable subset My C M, giving that H¢ is the total number of sites in P N W,, which are
in state M, at (discrete) times in . This can be extended to Borel subsets T C [0, t] by taking
MM (2, t)eepo,n)) = exp{ [z log 1(M (z,t) € My)dt}.

S2 Put h(M(x,t)icpt0)) = J“ 1(M(x,t) € My)dt for some measurable subset My C M, giving
that H§ is the total time the constituent sites in P N W, are in state M.

S3. Given twin € [0, %] and a measurable subset My C M, put A(M (z,t)sc(0.40]) = 1( JO 1(M(z,t) €
My) dt > tn) giving that H, fl is the total number of sites in P N IW,, which are in state M, for at least
time ¢,

S4. When M = R, put h(M (z,)sco10)) := M (2, to), giving that HY is the total sum of all states at
time ¢.

S5. Put A(M(z,t)cio]) = W (M(z,t1), ..., M(,ty,)), where t1,....t,, € [0,%o] are fixed and A’ :
M™ — R is a measurable function. This yields the study of finite-dimensional distributions of the
process (M (x,t))ecqo,)-

Note that £ in S1-S3 trivially satisfy the moment condition (10.8) and, in case of S4 and S5, we
refer to Sections 2.1 and 2.2 of [21] for conditions on the point process P insuring that ¢ satisfy the
requisite moment conditions.

We illustrate how measurability may be verified in the above examples. Consider the example of
score function S1. Remember, the history of state modifications at site = is formalized as a counting
measure M (z,1)ic(0.40] = Zj O(t;, M(zrt;) € /\A/[O,to]xM where t,’s are the update times of M (x,-) and
are ordered in increasing order. Observe that this increasing ordering is a measurable function of M
from N 4] to MO,tO]- With this representation, for any ¢ € [0,to] and My C M, we may write

L(M(z,t) € My) = > 1(t; <t <t 0)1(M(x,t;) € My),
J
and note that the sums and indicators are also compositions of measurable real-valued functions from
Noto]xm- Thus 1(M(z,t) € M) is a measurable real-valued function from Ao 4|«m and hence the
finite product as in score function S1 for finite ¥ is also a measurable function. Similarly the other
score functions can be checked to be measurable.
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Markovian update rules. The evolution is said to be Markovian if the update rule ¢ at (10.2) depends
only on the configuration at the time of update, i.e., it does not depend on the entire history but only the
current state at the site and its neighbors. To be more precise, for any marked clock event (T, L) € 7,
of some site x € P, we set M (z,T—) € M to be the value of the mark of the last event in M (z, -)
strictly before time 7', and hence M (z,T—) is a measurable function of (M (z,t));<7. If the update
rule ® in (10.2) has the form

{yePn:ny})
(10.25)

—{(y— 2. (M1)€ Ny,

@ ( L (= At My ) }ucr ) } ) = (L {y—2My.7-)}

{yePpy~zx}

for some function ® : R%x L XNRdxM — NRdx Nio agpie which is jointly measurable with respect to the
product o-algebra, then we say that both the rule ® and the interacting particle system are Markovian.
The specification of the update rule corresponds to the random mapping representation of a Markov
process. We do not specify the generator as it is not necessary for our analysis.

In the coming subsections, we shall explicitly specify update rules satisfying condition (10.25).
These extend some well-known Markovian models of interacting particle systems by allowing them
to have dependent initial states, unbounded admissible interaction neighborhoods, and continuum par-
ticle locations given by admissible input P, and hence the locations may be spatially correlated. We
will also show that Theorem 10.1 immediately establishes Gaussian fluctuations for statistics of these
models described by admissible score functions of the type S1-S5, including univariate and multi-
variate central limit theorems given by Theorem 5.2 and Theorem 5.4. To show that Theorem 10.1 is
indeed applicable, we only need to show that the update rules P for these models are admissible, the
only missing ingredient.

Our first three models do not involve locally synchronous updating and thus do not utilize the full
generality of our update rule (10.25). On the other hand, the last three models in Section 10.3.4 and
Section 10.3.5 involve locally synchronous updating in an essential way.

10.3.1 Cooperative and random sequential adsorption (CSA and RSA)

Cooperative sequential adsorption (CSA) is a model of adsorption of particles in the continuum [143].
We may establish Gaussian fluctuations for this model for unbounded interaction ranges, addressing
an open problem in [119, Section 5.2]. Informally, particles arrive at random times at sites given by
an admissible point process P and the probability that an arriving particle centered at x is accepted
depends on the configuration of previously arrived particles in the neighborhood of x in a stabilizing
interaction graph and the acceptance rule may have a stochastic component as well. The choice of
unbounded interaction range is in keeping with many classical models; see e.g. [55]. We now present
more formally a CSA model introduced in [116, Section 7] and which includes RSA as a special case.
RSA models on the random geometric graph are of interest in statistical physics (see [134]) and in
wireless networks. These models on fixed bounded degree graphs were studied in [121], but we do
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not require bounded degree. In case of Poisson input P, a space-time variant of this model has been
investigated in [67], [124], [122], [138].

Letp: NRd — [0, 1] be a measurable function. Informally, particles arrive at random times at sites
on the substrate R?. The sites are given by an admissible point process P and if the configurations
of occupied neighbors of a site x is X then the particle is placed at the site (i.e., it is adsorbed) with
probability p(X — x). We consider states M (z,t) € {0, 1}, with 1 denoting the presence of a particle
at site  and time ¢ and O denoting its absence.

Denote by M(-,0) = M(-) the initial states, not necessarily independent. When a marked clock
rings at (T, L) € 7, at some site z € P,, where L is a uniform [0, 1] random variable, we define
the update rule as follows: If M (z,7—) = O0and {y : M(y,T—) = 1,y ~ x} =: Ny, then we set
M (xz,T) = 1 with probability p(N; , — x), i.e., when L < p(N;, — x). In all other cases we have
M (z,T) := M(x,T—), i.e., the state does not change at x. The neighbors of x are not updated. More
formally, the Markovian update rule ® in (10.25) is considered with

M(z,T) :=1(M (2, T—) =1) + 1(M(2,T—) = 0)1(L < p(Ny, — x)). (10.26)

The measurability of ® follows since the indicator restricts a point process to a measurable subset of
R? x {1}. Thus ® is admissible.

As a corollary of Theorem 10.1, for a given t, € (0, 00), we obtain the limit theory for (1) en
with £(Z,P,) = M(z,t). In this case H is simply the total number of accepted particles in the
window W, under CSA dynamics up to time ¢.

The following result is an immediate consequence of Theorem 10.1.

Corollary 10.6 (Limit theory for the number of accepted particles in CSA). Consider the CSA model
with input point process P given in (10.9), with state space M = {0, 1} and clocks having uniformly
distributed marks in . = [0,1]. As in Theorem 10.1,we assume P has summable exponential B-
mixing correlations, and Palm moment bounds (10.10) for all p,m € N. We assume Markovian
update rules (10.25) with (10.26) on a stabilizing interaction graph G on finite windows with respect
to P as in (10.4). Put £(Z,P,) = M,(x,ty) for tg € (0,00). Then the measures (pi§)nen at (10.7)
satisfy the conclusions of Theorem 10.1. When [ = 1 this yields the asymptotic normality for the total
number of accepted particles in W, up to time t,.

Choosing p(X) = 1(X = () we obtain the random sequential adsorption (RSA) model on a graph.
In other words, a particle is adsorbed at an empty site if there are no occupied neighboring sites. Note
that the first clock ring of the Poisson process definitively fixes the state (0 or 1) of the site z, provided
the clock rings before the finite time ¢, < oo. Otherwise, x retains its initial state M (z) = M (x, 0).

Remark 10.7 (Further comments and comparison with previous work).

(i) (Comparison with literature.) In the case of Poisson point with bounded range of interactions,
Corollary 10.6 can be deduced from [119]. However the case of unbounded interactions, even in
the case of Poisson input, was left open in [119]. Corollary 10.6 adds to the central limit theory of
previously studied RSA models having finite time horizon ([124], [122] and references therein), which
is confined to Poisson input, finite range interactions and independent initial states.
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(ii) (Multivariate CLT.) More generally, given ¢, € (0,00) , subsets T; C [0, o], scores & (i, P,) =
fIi 1(M(z,t) = 1)dt and assuming convergence of covariances, we find that Theorem 5.4 (along
with Remarks 10.2(ii) and (vii)) establish a multivariate central limit theorem for the k-vector whose
ith entry is the number of accepted particles in the time period 7;.

(iii) (Graph based RSA models with random particle sizes.) Let marked clocks have rings (7', L) € 7,
with L being a random particle shape, taking value in the space C of nonempty, compact subsets of
R?, with diameter bounded by a fixed constant 7. The update Markovian rule (10.25) for M (x,t) € K
is as follows: If M(z,T—) = @ and forally € P,, y ~ x, M(y,T—) N (z & L) = (), then we set
M (z,T) := x & L. Otherwise, the state of = does not change and we put M (z,T) = M (z,T—).
Consider the score function £(Z, P,) = 1(M(z,ty) # 0) for t, € (0,00). Assuming admissible P
and letting the stabilizing interaction graph be the Gilbert (geometric) graph with radius 27, we may
check that all assumptions of Theorem 10.1 are satisfied, thus giving the limit theory in particular for
the total number H¢ of accepted particles in this model up to time ¢y < oo in W,,.

(iv) (Further extensions.) Variants of the CSA model including dimer RSA, the annihilation process,
and bootstrap percolation may be analysed using the framework of this subsection; see also [121,
Section 2].

10.3.2 Epidemic spread and voter models

In the SIR epidemic model, particles are of three types: susceptible (S), infected (I) and recovered (R).
Particle locations and initial states are given by the realization of P. Whether a susceptible particle
becomes infected is a function of the number of infected neighbors. However, once infected, a particle
may reover on its own, and similarly, a recovered particle may again become susceptible. We shall
consider more general dynamics where the updates are based on the relative locations and states of
the neighboring sites. We provide here conditions under which the number of infected individuals in
the window W,, at time ¢, has Gaussian fluctuations. We adopt a Markovian set-up, but we could also
consider a non-Markovian example, whereby updates are based on the entire time-evolved history of
neighbors.

Formally, set M = {S,I,R}. Letp : (M x NRdXM> x Ml — [0, 1] be a jointly measurable
probability kernel governing the transition from S, I, R to S, I, R and depending on the configuration
of neighbors, i.e., for i € Ngayws, u € M, p(u, fi, -) is a probability distribution function on M. As
before, L;,i > 0, are i.i.d. uniform random variables with values in L. = [0, 1]. Let the initial states be
given by M (z,0),z € P, which are not assumed to be independent.

Set

ps = p(M(z,t=), {(y — 2, M(y,t=))},_,.S),
pri=p(M(y,t=), {(y —x, M(y ))}ywz,l)

and put pg = 1 — ps — pr. Define the function ® in (10.25) as follows:

M (z,t) :==S1(L < ps) +11(ps < L < ps + p1) + R1(L > ps + pr1), (10.27)

146



where the sum is to taken as a formal sum. Only one of the indicators is non-zero and hence ® is
well-defined.

Put E0 (2, P,) = 1(M(x,t,) = 1) so that HS" is the total number of infected individuals at time
to. Letting € (z,P,) = Oto 1(M(z,to) = I)dt gives that HS™ is the total time all individuals are

infected. To deduce the limit theory for these statistics we apply directly Theorem 10.1.

Corollary 10.8 (Gaussian fluctuations for the number of infected individuals and for the total infection
time). Consider the SIR epidemic model with input point process P given in (10.9), with state space
M = {S,I,R} and clocks having uniformly distributed marks in . = [0,1]. As in Theorem 10.1,
we assume P has summable exponential B-mixing correlations and Palm moment bounds (10.10)
for all p,m € N. We assume the Markovian update rules (10.25) along with (10.27) on a stabilizing
interaction graph G on finite windows with respect to P as in (10.4). Then the measures ( ,ufl(i) JneN, @ =
1,2, at (10.7) induced by the score functions £ .i = 1,2 above, respectively satisfy the conclusion
of Theorem 10.1. When f = 1 this yields the asymptotic normality for the total number of infected
individuals at time ty as well as the total time the individuals are infected during the period [0, ty).

This corollary extends upon Section 4.5 of [119], which is constrained to models having finite
range and independent initial states. The models described here arise in the study of epidemics and
also in the propagation of viruses in networks. Suitably choosing the probability kernel yields classical
models including the Richardson model, the contact process, the voter model, and the chase-escape
model (see [80, Chapter 8] and [47]). The more general kinetically constrained models which include
bootstrap percolation and its stochastic counterpart given by the Fredrickson-Andersen model (see
[70, 69]), can also be handled by the above framework.

10.3.3 Majority dynamics in the continuum

This model is a specific version of the SIR epidemic model. We again denote the sites by P, and
now the state at each site z € P is {41, —1}-valued and at each clock ring, the state is updated to
that of the majority of its neighbors. In case of a tie, the state is unchanged. More formally, we take
M = {—1, +1} (and in general our setting, the initial states M (x) , z € P, and they are not necessarily
independent). When the clock at site x rings at time ¢, it undergoes a Markovian update as follows : If
> ye M(y,t—) # 0, then M (z,t) = sgn(3>_, ., M(y,t—)) where sgn is the sign function. Otherwise
we put M (z,t) = M(x,t—). Formally, the update rule ® in (10.25) is defined as follows:

M(z,t) == sgn( Y _ M(y,t=))1(>_ M(y,t—) # 0) + M(x,t=)1(>  M(z,t—) =0). (10.28)

y~x yr~x y~x

The measurability of ® here can be verified by writing it as composition of projections, sums, and the
sign function. Thus ® is admissible.

Put £(,P,) = 1(M(x,ty) = 1) so that HS is the total number of sites in state 1 at time .
Theorem 10.1 immediately gives the following corollary.

Corollary 10.9 (Gaussian fluctuations for the size of the majority/minority). Consider the major-
ity/minority model with input point process P given in (10.9), with state space M = {—1,+1} and
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clocks with no marks. As in Theorem 10.1, we assume P has summable exponential B-mixing correla-
tions, and Palm moment bounds (10.10) for all p, m € N. We assume Markovian update rules (10.25)
with (10.28) on a stabilizing interaction graph G on finite windows with respect to P as in (10.4).
Then the measures (1S )nen at (10.7) induced by the score functions & above satisfies the conclusions
of Theorem 10.1. When f = 1 this yields the asymptotic normality for the total number of sites in state
1 at time t,.

One could also consider this model of majority dynamics in discrete time with synchronous up-
dates; see Section 10.4. These results add to the central limit theorem for majority dynamics in a
dense Erdos-Rényi random graph (cf. [12, Theorem 1]). More general opinion dynamics such as spa-
tial graph versions of edge-averaging dynamics or /P-minimization dynamics can also be considered;
see for example [2, 3].

10.3.4 Ballistic deposition

We sketch the model and refer the reader to [124] and [120] for a discussion of similar models. Par-
ticles rain down at sites given by the realization of a point process P and they stick to the first point
of contact. We assume that the particles are random shapes with random heights. We thus consider
clock marks L = (L1, L®) € [0, 00) x K, where L) denotes the height of the particle (arriving at
some clock event time 7} of some site z), and L(? is a shape variable—a random element of the space
of compact sets K of R%—assumed to be nonempty, contain the origin 0. As a technical assumption,
we suppose that the height L(!) is possibly unbounded but has all moments finite, while the diameter
of L(?) (the particle shapes in K) is bounded by a fixed finite constant » > 0, and L"), L) may be
mutually dependent.

We now formally define a specific model. As the state space, we consider M := R x IC, where
each state M = (M, Ms) € M represents a particle M, positioned at level M, with M; indicating
the height at which M, is aligned at the top. The assumption that the particle diameter is bounded
by a given r > 0 allows one to consider the Gilbert graph on P,, G(P,), where x ~ y if and
only if |z — y| < 2r. With this specification, when a clock rings at time ¢ at a site x with a mark
L = (LMW, L®), we update M (x,t) and M (y, t) for y ~ z by the function ® in (10.25) with

M (z,t) == LW 4 max M (y,t—), My (z,t) = L(2)7 (10.29)
yry~x, (yOMz(y,t—))N(xz®L3)#D

M (y,t) := My (y,t—), Ms(y,t) :== ((y ® My(y,t—)) \ (z @ L<2>)) ® (—y). (10.30)

Note, the neighbors y ~ x keep their top level M (y,t—) unchanged while their particles Ms(y,t—)
are eroded by the shadow of the particle L(®) deposited at x. The height function

H(y,t) := Mi(z,t), yeRY,
(y ) xepn:gg%};(x,t)ay 1<=T ) 4

represents the growth level of the hyper-surface in this ballistic deposition model. Putting ¢V (%, P,,) =
M, (z, to)| Ma(x, to)| gives that HS" = > wep, E(&,Py,) is the total volume under the height func-
tion H at time #,. Alternatively, putting £ (%, P,) = |Ma(z,t0)|1(My(2,t5) € [hmin, 0))), We
obtain that H S(z‘) is the total surface area visible at height at least A, at time ;.
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Corollary 10.10 (Gaussian fluctuations for the volume under the height function and the surface area
at a given height). Consider the ballistic deposition model with input point process P given in (10.9),
with initial states M(x) = (0,0) and the clocks as described above, with the particles’ diameter
satisfying diam(L®) < r for some r < 0o, and with the height having moments E[(LW)?] < oo for all
p > 1. We assume P has summable exponential mixing correlations and Palm moment bounds (10.10)
for all p,m € N. We assume Markovian update rules (10.25) along with (10.29)—(10.30) (assuming
x ~ y iff |v — y| < 2r). Then the measures (1S nen at (10.7) induced by the score functions & = ¢,
1 = 1,2 above satisfy the conclusions of Theorem 10.1. When f = 1, this yields the asymptotic
normality for the total volume H 5(1) under the height function and the total surface H. f{@) visible above
some given height h ;.

Proof. This result follows from Theorem 10.1, provided the considered score functions ¢ satisfy
moment conditions (10.8) for all p > 1. Indeed, the other assumptions are met: the Gilbert graph
stabilizes—x ~ y iff |x — y| < 2r—for any input, and the initial conditions M (z) together with the
marked clocks are i.i.d., thus ensuring summable exponential B-mixing correlations for P.

We now prove the moment conditions for M, (z,ty) =: M;(x, 75n), which suffices for those of
€9 (z,P,),i = 1,2 since the particle surface area |M,(x,t)| is bounded for all ¢ € [0,t,). Thus,
the latter assumption is equivalent to showing that the probability Py (M, (z1,P,) > m) is fast
decreasing to O as a function of m — oc.

For proving this, observe that

M,y (21, Py) < > S L), (10.31)
y: ly—21|<D(@1,Pn) Ti(y)ETy
that is, the height function of x; at time ¢, is bounded by the sum of all particle heights Lgl)(y)
corresponding to arrivals at the clock times 7;(y) during the interval (0, %], over all sites y in the
backward cluster of 1, which are within distance D (71, 75n) as defined in (10.15).
Also note that L7 (y), 7,’s are i.i.d. fory € P,, given P. In particular forally € P,,, D Ti)er, Lgl) (y)

has distribution of Z;V:ol Lgl), where Lgl) are i.i.d. random variables distributed as L(!) and Nj is an
independent Poisson random variable with mean ¢,. Thus, from the assumed finiteness of moments of

LM and tail property of N,, we have the fast decay of the tail of the above sum i.e.,

No
IP’(Z Lgl) > m) decays fast in m as m — oo.
j=1

Now using the above fast decay, Lemma 10.5, and the fast decay of D(71, 75n) (see Step 2 of the proof
of the Theorem 10.1; in particular (10.16), (10.17) and (10.20)), we deduce that for any o > 0, there
exists a fast decreasing function ¢, such that

P[x]ﬁ’( max Z LZ(-l)(y) > m“) < Pp(m), meN. (10.32)

yE,PnZ|y7£E1|§D(f1,75n) T(y)E‘F
i y
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Denote by Ny = |{|y — 1| < D(&,P,)}| the number of sites under the maximum. We fix some o €
(0,1)and 8 = (1 — «)/(d + 1). If the above fast decay event does not happen and M, (z1, P,) > m,
then we must have N; > m!~. Combining these observations we have

Py (My (21, Pn) > m)
< P{;,;}I;( Z LY (y) > m* for some y € P, with |y — 21| < D(d, 75n))

Ti(y) €ty z
+ IP’MI; (N1 > ml_o‘)
< Gp(m) + Pygp(Ny > m' ™, D(&1,Pa) > m?) + Pygp(Ny > m' ™, D(&1,P,) < m”)
< Gp(m) + Py (D(31, Pr) > ) + Pygg (P(Bs (1) = ™)),

where in the penultimate inequality we have divided into cases whether D(Z1, P,)) > m” or not and
in the last inequality we have used the simple fact that if D(Z, 75n) < mf and N; > m!'~®, then
B, (1) must contain at least m'~* points from P.

It remains to justify the fast decay of second and third terms in the right-hand side of the last
inequality. The fast decay of the second term again follows from Step 2 of the proof of the Theorem
10.1; see (10.16), (10.17) and (10.20). The fast decay of the third term follows from the deviation
inequality in Lemma 10.3. O

This result extends the central limit theorem which could be deduced from the methods of [119,
Section 4.4] which requires the stronger assumptions that the interaction ranges are bounded, the initial
states are i.i.d., and the input P is Poisson. One could likewise modify the score £ to obtain Gaussian
fluctuations for other statistics, including the total number of contacts, further extending results of
[119, Section 4.4] to non-Poisson input and unbounded interaction ranges.

The above model is but a simple prototype which admits extensions and variants. A further gener-
alization, amenable to our analysis, involves including queueing dynamics whereby the particles start
slowly diminishing in height and vanish [6].

10.3.5 Further models

We describe two additional models which may be treated by Theorem 10.1 and Remark 10.2(ii). For
examples of further update rules, and thus additional examples of spatial interacting particle systems
satisfying our framework, we refer to [119, Section 4], [80, Chapter 8], [47, Chapters 8 and 9], [149,
Chapter 1], [105], [56] and [69]. Section 12 describes additional models falling within our framework
but which require separate investigation.

(i) Exclusion processes. In this model, within the framework of the update rules at (10.25), some
sites are initially occupied by particles which attempt to hop at independent times according to an
exclusion rule. In the simplest case, when the clock at an occupied site x rings, the particle at z chooses
a neighboring site at random and jumps there if it is unoccupied, otherwise it remains at . Hence, each
site contains at most one particle, and the total number of particles is conserved. Neighboring sites
need not lie within a bounded interaction range, and hence the model goes beyond of [119, example
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(c) in Section 4.5]. Moreover, the sites are not assumed to form a homogeneous Poisson process,
but only a realization of an admissible point process under the assumptions of Theorem 10.1, and the
initial states need not be independent. This prototype can be extended to allow multiple particles per
site and more general jump rules, covering, for instance, some of the birth—death-migration models
in [37] and [119, Section 4.1].

To handle this simple exclusion process, we proceed as follows. We set Ml = {0, 1} and let the
L’s be i.i.d. uniform random variables on [0, 1]. Consider a jointly measurable probability kernel
p: Nga \ {0} x RY — [0, 1] which selects a site in z based on its location and assume that p(p, -) is
supported on 4 for all i1 € Nga \ {0}, i.e., p(u, -) gives a probability distribution on y. For example,
we may choose p(i, y) to be proportional to |y| for y € p.

Given p, we define X'(u) to be the random element in £ with distribution p(y, -). For convenience,
set X' = X'{y—z:y~z} =X ({y—2:y~ax}U{0}). Define ¢ in (10.25) according to the
rule forz and y ~ x :

M(z,t) := M(z,t—)M(z + X', t—),
M(y,t) := (M(x,t—)(l — Mz + X' t—=))+ (1 = M(z,t—))M(z + X’,t—))l(m + X' =y)
+ My, t=)1z + X #y),

where L is used to choose the random element X’ (see a similar random mapping representation as in
Section 10.3.2).

Choosing a score function related to the occupations M (z,t) at t € [0,%,] of the site = (see ex-
amples given at the beginning of Section 10.3) we obtain the asymptotic normality for the measures
(18 )nen at (10.7) leveraging Theorem 10.1.

(i1) Divisible sandpile dynamics. In the classical Abelian sandpile model (see, e.g., [82]), each site
contains an integer number of grains. When the number of grains at a site exceeds a fixed threshold,
the site becomes unstable and topples, sending one grain to each of its finitely many neighbors. Such
topplings may trigger further instabilities, leading to a cascade of updates known as an avalanche,
which continues until the system reaches a stable configuration.

Within the framework of (10.25), we assume that at time ¢ = 0 each site carries an initial amount
of mass, and at independent exponential times the site topples part of this mass to its neighbors.
Importantly, the topplings are not followed by the complete avalanche mechanism; that is, we do not
enforce further updates until stability is restored, but rather there is only a single, local redistribution
at the ringing site. However, unlike the classical sandpile, the set of neighbors updated in a toppling
need not lie within a fixed deterministic distance.

We put Ml = R and we interpret M (z,t) € R as the amount of (signed) mass at site =, with z € P.
The initial masses are given by M (x,0), not necessarily independent. When the clock at « rings at
time ¢ € (0, to], we update ® in (10.25) according to the rule for x and y ~ x:

M(x,t) == M(z,t—)1(M(z,t—) < 1) + 1(M(x,t—) > 1),
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M(z,t—) —1

M(y,t) := M(y,t—) + KA

where N, := {z : y ~ z}. In other words, x retains unit mass for itself and distributes the remaining
mass equally among its neighbors. If M (z,t—) < 1, then there is no update at x or its neighbors.

For score functions ¢ related to the mass evolution M (x,t) att € [0, to] of the site x (see examples
given at the beginning of Section 10.3) we obtain the asymptotic normality for the measures (5 ),en
at (10.7) leveraging Theorem 10.1. In particular, if we set

E(FPa) =) [M(x,t=) = 1]- 1M (w, t-) = 1],

tET,

then Hf := > pow. &(Z, P,.) yields the ‘odometer’ up to time ¢, i.e., the total amount of mass
distributed to neighbors until time ¢.

The above model, where excess mass is proportionally dispatched to neighbors, is not Abelian
since the order of topplings affects the mass distribution. Our framework, however, also accommodates
more classical Abelian dynamics and variants such as the chip-firing game, the dollar game as well as
more general Abelian networks; see [25, 58, 82, 89, 35].

10.4 Discrete-time interacting particle systems

We now consider discrete-time particle systems. In many models such as probabilistic cellular au-
tomata or kinetically constrained models (see for example [105, 69]), it is natural to consider globally
synchronous dynamics and these are modelled better by discrete-time particle systems. We shall now
modify our framework and then state and prove our limit theorems for discrete-time particle systems.

Let M and L be Polish spaces as before, hosting respectively the states of the sites and the marks
of the clocks (see Section 10.1.1). In contrast to the previous setting with individual (independent
Poisson) clocks 7., x € P, we now replace them by a universal clock ringing at times 1,2, ..., J for
some finite .J < oo, simultaneously for all 2z € P. That is, the input process P = {(z, U(z))}oep €
Nyak is defined by the ground process P (specifying the locations of the sites), equipped with marks
U(z) = (M(z),L,) € K taking values in the Polish space K := M x IL7. Here, as before, M (z) =
M (z,0) € M denotes the initial state of site x, while

L, = (Li(2),...,Ly(z)) € L’

is an individual vector of marks where L;(x),i < J,z € P arei.i.d. (conditionally on {(x, M (x))},cp)
[L-valued random elements. For simplicity of notation, we often suppress the dependence on = when
writing L;. We emphasize again that we do not assume P to be a Poisson point process, nor do we
assume independence of the initial states { M () },cp.

We assume the framework of stabilizing interaction graphs from Section 10.1.3. For the update
rules and state evolution, we refer to Section 10.1.2, modifying it as follows: At each universal clock
tick j < J, the state at all sites = € P, is updated by adding event M (x, j) to the previous history

M;_1(z) = Mj_1(z;n) == (M(,0), M(z,1),...,M(z,j — 1)) € M.
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The update is performed via the function ®;, which depends on the clock mark L;(z) and the histories
of x and its neighbors y ~ x, possibly accounting for their relative positions. More formally, for each
J < J, we assume the existence of a measurable updating function ®; : REXL X Ngasppy — Nrdpypi+t
and put

M(z,j) =9, <x, L, { (y -z, Mj_l(y)>} (10.33)

{yGPn:y:x}> ’

The complete history of a given site « € P,—resulting from the execution of the functions ®; at all
clock rings j € [J]—is denoted by M, [x] = (M (x,0),... M(x,J)) € M’*L. These histories are
treated as an additional marking of the point x € P,,, which is measurable as a measurable mapping

g: (R X K) X Npax 3 (2, 1) — M[z] € MIT, (10.34)

constructed iteratively using the measurable functions ®; described above. This mapping describes
the history of marks M, [z], z € P,,, when applied simultaneously on all x € P,,.
Note that, unlike the continuous-time model of Section 10.1, the states at sites = € P are updated

at globally synchronous times ¢t = 1, ..., J. However, each site x updates only its own state, using the
previous histories of its neighbors.
Put £(%,P,) = h(M,[z]), where h : M/*! — R is a measurable function. We now state our

central limit theorem for linear statistics of (u$),ey in (10.7), similar to Theorem 10.1, and then we
shall show how certain Markovian interacting particle systems (including all of those in Section 10.3)
fall within this framework.

Theorem 10.11 (CLT for discrete-time interacting particle systems). Let the input process for the
discrete-time interacting particle system be P = {(z, M(z),L,) € R? x M x L'}, where J € N
and L, are vectors of i.i.d. elements of L, independent of ) 0z vi(z))- Put

ph= > &(F Pa)d,-ra,. (10.35)

zePNW,,

If P and § respectively satisfy assumptions (i) and (iii) in Theorem 10.1, ®; are update rules as at
(10.33) with respect to a stabilizing interaction graph G on finite windows with respect to P as in
(10.4), then the random measures (uS)ncn satisfy the central limit theorem. That is, for every test
function f € B(W,) such that Var[us,(f)] = Q(n”) for some v > 0, we have

(Var[s, (/)2 (15,(f) — Bl ()]) = Z,
where Z is a standard Gaussian random variable.
Remark 10.12 (Further comments and comparison with previous work).

(1) By imposing additional assumptions of translation-invariance on score-functions, stationarity on
‘P, and a uniform bound for the interaction ranges across all windows for every € P one may obtain
expectation and variance asymptotics for (u5 ),en as in Remark 10.2(ii) .
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(i) When P is Poisson and when the states M (z),z € P, are independent, then this result follows
from the central limit theorems of [117] and [95]. We require neither Poisson input nor independent
initial states.

(iii) (Markovian interacting particle systems) Let M (z) € M. Let the updates at discrete times j € [J]

M(z,j) :=® (x,L, { <y —x, M(y,j — 1)) }{yem:y:m}> ‘

where @ : R? x L x NRdXM — M is a measurable function. Informally, at each step, a vertex is
updated according to its own state, the states of its neighbors and also the location of its neighbors.

be as follows

(iv) Update rules defined in Sections 10.3.2—10.3.3 can be trivially adapted in the above Markovian
framework but with the caveat that the evolution of the particle systems can be considerably different.
For example, in the RSA model in discrete time, it is possible that neighboring sites can become
occupied together.

(v) Examples in Sections 10.3.4 and 10.3.5 need to be modified suitably to fit into the above frame-
work as the update rules therein are more general than those in Sections 10.3.2-10.3.3. For example
in the divisible sandpile dynamics, there could be an exchange of mass as every site will re-distribute
its excess mass in parallel. More specifically, we may define the updates as follows. For j = 1,...,J

M(x,j) = M(z,j — D1(M(z,j — 1) < 1) + 1(M(z,t,1) > 1)

M(y,j—1) -1

y:y~z

Proof of Theorem 10.11. We show that (yi5,),en satisfy the assumptions of Theorem 5.2. We only
need to establish the fast stabilization of £ on finite windows. Due to the updates occurring in parallel
at discrete times, the proof is simpler than in the continuous-time case. Precisely, for every x € P,
we consider a backward cluster C/,(z, j) at discrete time instances j < .J, consisting of all space-time
points (y,7'), y € Py, j° € {0,...,7}, that (possibly indirectly) contribute to the update of = up
to time j. By the nature of discrete time and the update rule (10.33), this backward cluster grows
backward from j' to j' — 1, j* < J, by adding neighbors of points ¥ in the cluster at time j'.

Consequently, the projection of the space-time cluster C!, (z, J) onto P,, gives, besides x, the union
of all j-nearest neighbors of = in P, for j < J. Call this set N;(x,P,). As in (10.14), we enlarge
this set by the graph stabilization radius of its elements, S,(y, P,), y € Nj(x,P,) defined in (8.2).
We obtain for x € P,, the bound

RS, (#,P,) < — 2|+ S, (y, Pn)). 10.36
w, (T >_yeAr;Jlgg§Pn)(\y | (4, Pn)) (10.36)

Using (8.7) and the stabilization of the graph on finite windows, iteratively, together with Lemma 10.5,
this yields the required fast stabilization of ¢ on finite windows for general J and completes the proof
of Theorem 10.11. 0
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11 Empirical random fields and geostatistical models

In the three subsequent subsections, we consider models involving two random objects defined on R%:
arandom field M with values in a general Polish space, and a point process P. A key feature of these
objects is that they possess fast mixing correlations. We consider the following two scenarios:

* The point process P is assumed independent of the random field M. Viewed as a sampling
process in an increasing window W,,, it allows us to estimate statistics of the random field M,
such as its distribution function or covariogram. We study the properties of the corresponding
estimators, including their asymptotic mean, variance, and Gaussian fluctuations. These results
appear in Sections 11.1 and 11.2.

* In Section 11.3, still assuming independence between M and P, we consider models based on
‘P where the random field M is seen as providing ‘external’ pre-marks in the construction of the
model. These are referred to as geostatistical models (see [136, 1]). We illustrate this with a
Boolean model of this type and present results related to the total length of the edges induced
by the model.

In both of the above scenarios the theoretical framework of Part II allows us to achieve these goals,
providing either new results or reaffirming existing results under assumptions that are easier to verify
in practice. Also the independence between the field M and point process P eases the formulation
of mixing or localization criteria without reference to Palm formalism; our general framework can
possibly work for the more general case of dependent random fields M; see Remark 11.7.

Specifically, let M := {M(x)},crae be a random field taking values in a Polish space M. As men-
tioned above, the assumptions and results regarding this random field M concern its mixing correla-
tions, which we formulate below, naturally extending the definitions given in Definitions 3.5 and 3.6.

Definition 11.1 (Mixing correlations of the random field).

(i) The random field M = {M (x)},cra with values in M satisfies BL-mixing correlations if there
exists an increasing-decreasing family of functions wy, : [0,00) — [0,2], k € N, (called correlation
decay functions), such that lim,_, .. wi(s) = 0 for all k € N and for all p,q € N, x1,..., 2., € RY,
and all f € BL(MP), and g € BL(MY) we have

[ELF (M ()]}) g(IM ()l id)] — ELF(IM ())] Elg(IM (2] < wpeqls), (1L.1)
where s := d([a]}, Wb 1) is at (3.3).
(ii) The random field M satisfies B-mixing correlations if (11.1) holds when BL is replaced by B.

(iii) Under Item (i) (resp. Item (ii)), the random field M has fast BL-mixing correlations (resp. fast
B-mixing correlations) if (wy)ren are fast decreasing.

In Section 11.4, we present explicit constructions of random fields M satisfying the above mixing
correlation properties, which are required for the results in Sections 11.1-11.3. This is done in Lemma
11.8 by constructing the random field as a marking function of an independent marked point process
= which serves as a covariate for the random field M. This is analogous to Theorem 4.9.
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11.1 Limit theory for empirical random fields

For a real valued measurable function ¢ : R? x M — R, we consider the following random field
((M) :={((x, M)} cpra sampled at P:

GSM =" (@, M (2))8,-1/a,, (11.2)

zE€Py

where P,, := P N W,,. We call a5 empirical random field.
In what follows, we establish Gaussian fluctuations for (&E(M))HGN under fast mixing correlations
of P and M, and suitable moment assumptions on ((M). We say that ( satisfies the p-moment

condition with respect to M if

sup E [ max (1, |¢(z, M(2))[P)] < MS < oo. (11.3)
zERY
Proposition 11.2 (limit theory for the empirical distribution function of a random field). Let M =
{M(x)},cre be a random field in R? with values in a Polish space M and ¢ : R x M — R a
measurable function. Let P be a simple point process on R, independent of the random field M.
Consider empirical random measures (&E(M))neN asin (11.2).

(i) Assume that ‘P has fast mixing correlations as in Definition 3.4(ii). Assume that either (a) the
random field M satisfies the fast B-mixing condition of Definition 11.1(ii)-(iii) or (b) M satisfies the
fast BL-mixing condition of Definition 11.1(i)-(iii) and ((x, -) is Lipschitz. If { satisfies the p-moment
condition (11.3) with respect to M for all p > 1 then the central limit theorem holds for (6$L(M) (f))nen,
le.,, asn — 00

(Var 5500 (£) /2 (5600 (f) ~ E&500(f)) 4 2,
for f € B(Wy), provided Var 67€(M)(f) = Q(n") for some v > 0.

(ii) Suppose the random field M and the point process P are stationary (necessarily jointly so, due
to their independence) with P having intensity p, and suppose that ( is translation invariant, i.e.,
((z,-) = (). Also assume ( satisfies the (14 ¢)-moment condition (11.3) with respect to M for some
€ > 0. Then the mean empirical field satisfies for all f € B(W;)

ntE&SM(f) = pEC(0,M(0)) [ f(z)dz, neN, (11.4)
Wi

which holds without assuming mixing conditions on P and M nor Lipschitz conditions on (. Moreover,
under either of the mixing assumptions (a) or (b) of part (i) we obtain for all f € B(W;)

lim 7~ 'Var 65 (f) = o%(¢) f(z)?dux,

n—oo Wl

where
o*(¢) :== pE*(0,M(0)) (11.5)
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+ / (BlG(0, M(0)) ¢, M(x))] (0, ) = p*EIG(0, M(0)) | E[G(w, M(x))]) da € [0, 50)

provided that ( satisfies the (2 + €)-moment condition (11.3) for some ¢ > 0.

(iii) Let ¢ := (C1,...,(m) be a vector of translation-invariant, real-valued measurable functions on
R? x M, with each (; satisfying the (2 + €)-moment condition (11.3) with respect to M for some € > 0.
Under either of the mixing assumptions (a) or (b) of part (i), and under the stationarity assumption of
part (ii) the multivariate central limit theorem holds as in Theorem 5.4.

Remark 11.3. Central limit theorems for empirical measures of random fields were established by Pawlas
[115], who assumes strong mixing conditions (in terms of o-fields) on both the point process P and
the random field M. He also points out that, in practice, these conditions are often difficult to verify.

In contrast, assuming fast mixing correlations of P together with fast B- or BL-mixing correlations
of M constitutes a weaker and often more tractable alternative in applications; see Section 11.4 for
examples of such M.

Proof of Proposition 11.2. We first make some common observations on the proofs of the three state-
ments. Consider the marked point process P := {(z,((z, M(x)))}zep. Due to the independence
between P and M, the corresponding Palm distributions of {(z, M (z)) (with respect to multiple lo-
cations of x in P) coincide with the (unconditional) joint finite-dimensional distributions of (, i.e., for
all bounded functions f and z1, ..., x, € R, we have

Epgr [ f(E (i, (i, M()]) | = E[ f(E (i, (i, M(2:)))]) ], (11.6)

where in the left-hand side the Palm expectation is with respect to P.

We prove now statement (i) where we directly apply the umbrella result, Theorem 3.3. It suffices to
show that P has fast BL-mixing correlations as in Definition 3.1(i) and (iii) (since here P,, = PNW),).
For this, we rely on the result on joint mixing correlations of points and marks given in Proposition 3.7.
Due to the independence of the random field M and the point process P, the assumed fast B-mixing
correlations of M translate directly into the fast BL-mixing of the marks (=, M (x)), = € P, as func-
tions of M inherit the fast B-mixing correlations of ), i.e. fast B-mixing correlations of { M (x)},cga
implies fast B- (hence BL-) mixing correlations of the field {((z, M (z))},cra. Also, if the function
((x, ) is Lipschitz, then fast BL-mixing of M is sufficient for this last observation. Thus, in view of
(11.6) and under either of the assumptions (a) or (b) of (i), we have fast BL-mixing correlations of the
marked point process P = {C(, M (z))}.cp. This justifies statement (i) via Theorem 3.3.

We now establish statements (i1) and (ii1). The first of these, concerning expectations in (11.4),
follows directly from the Campbell formula under the stationarity and independence assumptions on P
and M.

All other statements (i.e., variance asymptotics (11.5) and the multivariate CLT in part (iii)) share
a common feature: the marked point process P = {(x,((z, M(z)))}.cp exhibits fast BL-mixing
correlations. This property follows directly from the mixing properties of P and M, as explained in
the proof of part (i). The asymptotics of the variance and the multivariate central limit theorem under
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the (2 + ¢)-moment condition then rely on the fast BL-mixing of P in the framework of Theorem 5.5.
Note that we do not require summable fast BL-mixing correlations of P as is to be expected from
Theorem 5.5 or Proposition 5.3. In those results, such an assumption on P (which corresponds to P
here) is to establish fast BL-mixing of P (which corresponds to P here) but here our assumptions on
M, P already guarantee fast BL-mixing correlations of P. 0

11.2 Limit theory for covariograms

In this section, we are interested in the covariogram, a tool capturing the spatial dependence structure
of a real-valued, stationary random field. Let M = {M(x)},crs denote such a real-valued random
field. The theoretical covariogram of M is the deterministic, real-valued function defined by

1(h) = k) = SE[(M(0) ~ M(W)Y], he R,

see, e.g., [136, Section 2].

To estimate the value of y(h), we consider sampling the random field M at locations given by a
stationary, simple point process P on R, independent of M. A straightforward approach would be to
average the quantities $|M (z) — M (y)|? over all pairs of points z, y in some observation window W,
such that y — x = 4h, where we admit 4/ since the function ~y is even. However, unless the point
process P possesses a lattice structure aligned with the specific vector h, there will typically be no
such pairs satisfying this exact relation.

To overcome this issue, we introduce a rolerance parameter 6 > 0, such that 6 < |h|, and instead
consider pairs z,y € W, such that y — x € Bs(0 £ h), with the notation Bs(a + h) := Bs(a + h) U
Bs(a — h) for a € RY. Define the following score function for the points of P, involving also M:

1 2

S P M)i= g ) (Ml@) = M(y)*, (11.7)
YyEPn:y—xE€Bs(0Lh)

where 6, denotes the volume of the unit ball in R%; the factor 4 (instead of 2) compensates for the fact

that the term (M (z) — M (y))? is counted twice in the sum, and § < |h| prevents taking x = y. Itis

natural to postulate that this score satisfies the limit

lim %E[Zp €@, Pay M) = 2570 / 1 M0) M )P
P 21 (2
= i [, o ELOO) = M) ]6(0.9)dy

=5 / () p(0,9) dy =: p7(h), (11.8)
d Bs(h)

where p = p") and p® denote, respectively, the first- and second-order correlation functions of P
and, in the last equality, we used the translation invariance and symmetry of p(®, and the evenness
of . For small § > 0, this limit is expected to be close to p®(0, h) y(h), thus providing a practical
means to estimate the covariogram using the sampling process P.
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The following result provides a more complete limit theory for the empirical covariogram of the
random field M given by
o) = o) =" &(a,Pa, M) 6,-1/a,, (11.9)

zE€Py

for h € RY, based on the independent sampling point process P, where we suppress the dependence
, related to the tolerance.

Proposition 11 4 (Limit theory for empirical covariogram) Let M = {M(x)},cra be a real- valued
point process on R? having fast mixing correlations as in Definition 3.4( ii), bounded reduced Palm
intensity function (8.10), and independent of the random field M. Consider empirical covariogram o,
of M based on P, as in (11.9), for some value h and tolerance § > 0 .

(i) If M has p-moment conditions for all p > 1 (i.e., (11.3) holds with {(z, M (x)) = M (x)) then the
central limit theorem holds for (o) (f))nen, i.€., as n — 0o

(Var oy (/)2 (a2(F) —Ea3(f) % 2
for f € B(Wh), provided the random Var o] (f) = Q(n”) for some v > 0.

(ii) Further, if the random field M and the point process P are stationary (necessarily jointly so,
due to their independence), with p the intensity of P, then the expectation and variance asymptotics
and multivariate central limit theorem hold mutatis mutandis for (o7 (f))nen as in Proposition 5.3
and Theorem 5.4 under p = (2 + €)— or p = (4 + €)— moment condition for M i.e., (11.3) with
((x,M(x)) = M(x), respectively. Precisely, the limiting expectation takes the form p~(h) of (11.8)
and the covariance of the empirical covariogram at two values o™ (f) and o) (f), with h, ' € R4,
(and for the simplicity, we assume the same tolerance 6 > 0 such that 6 < min{|h|, |W'|,|h — h|’, |h +
1'|}) takes the form

lim ;Cov(a“’”(f)), 1M () = (b 1) | f(z)2de € (—o0,00),
n—ro0 W1
where
o*(h, ) (11.10)
— MW)2(M(0) — M(y/))?] p® N dw du
T /B o e IO = M)P0) - M)V 0.

" / (169 5 /35 (0+h)NBs(zt+h') E[(M(O) B M(y)>2(M(Z> o M(y))ﬂ p(3)<07 2 y)dy
i o L ELH0) = M) M)A,
— p*7(h) 5/(h’)>dz € (—00,00).
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Proof. We deduce this from Theorem 5.2. First, we verify the moment conditions on the score &.
Using the independence of P and M we can apply the Minkowski inequality and then the Campbell-
Little-Mecke formula (2.5) to derive the bound:

E[ﬂﬁ](f [HlaX(L |§(‘%17 75n|p)]

< (1+ g7 (Z B Gen) = M)+ [ Blr(e) - MO A 0 i) )

Bs(z1+h) 1

The finiteness of the pth moment of the score function (11.7) follows from the existence of 2p-
moments of the random field M and the moment assumption (8.10) on the reduced Palm intensity
of P.

We now prove points (i) and (ii). The score function & in (11.7) has the specific form of a lo-
cal U-statistic, whose general expression is given in (6.20). The limit theory for such scores can
be established under fast B-mixing correlations of the marked input process P, as in Corollary 6.8.
More precisely, under these fast mixing correlation the central limit theorem in part (i) follows from
Theorem 5.2.

In the stationary setting, the limits of the mean and variance follow from Proposition 5.3, under
the (1 + €)- and (2 + ¢)-moment conditions for the score £, respectively. Since this score involves
the square of the values of the random field M, these requirements correspond to the p = (2 + ¢) and
p = (4+¢) moment conditions (11.3), with {(x, M (z)) = M (x), respectively. Similarly, Theorem 5.4,
under these reduced mixing assumptions, establishes the multivariate central limit theorem under the
p = 2 + ¢ moment condition for £, which again translates to the p = (4 + ¢) moment condition (11.3)
with {(x, M (x)) = M(x).

Finally, the explicit expressions of the limiting quantities follow from a suitable application of the
Campbell-Little-Mecke formula (2.5) involving P and M. 0

11.3 Geostatistical Boolean models

In the two previous sections, our main object of interest was a random field M = {M (z)},cra. We
considered a point process P in R?, independent of this field, used to estimate distributional properties
of M. In this context, the process P was regarded as a ‘sampling point process’. In the present
section, our focus shifts to more complex models that are based on the process P as a ground process
and involve pre-marks U (z) attached to points z € P. This terminology was introduced in Section 4
and has been used throughout the applicative part of our work. However, here, these pre-marks take
the form U(x) = M(z), where the values are driven by an ‘external’ random field M, independent
of P. In this setting, the marks are referred to as geostatistical marks, and the corresponding models
are called geostatistical models, as suggested in the seminal paper [136]. Despite this paradigmatic
change in the roles of M and P, one can easily recognize in the covariogram considered in Section 11.2
a particular instance of a geostatistical model. In this section, we revisit another model of this type,
namely the geostatistical Boolean model studied in Ahlberg and Tykesson [1], thus illustrating the
relevance of the limit theory developed in Section 5 in this context.
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As in previous subsections, consider a real, non-negative valued random field M on R?, and let P
be a point process on R?, independent of M. Following [1], we define the geostatistical random
geometric graph G('P, M), which places an edge between two points z,y € P whenever |z — y| <
M(zx) + M(y), i.e., whenever the balls at both the points intersect each other. Equivalently, this
is the graph induced by the spherical geostatistical Boolean model (GeoBM) on P, where to each
point z € P we attach a ball of radius M (x), given by the value of the (independent) random field M.
See the upcoming Example 11.6 for a Poisson-Voronoi driven geostatistical Boolean model.

We establish below the limit theory for the total edge length of G(P,,, M), thus taking up a statistic
suggested by Ahlberg and Tykesson [1], but whose limit theory was not analyzed.
Specifically, consider the score function

(o, o M) = 5 S =yl 1l — 9] < M(z) + M()), (L

yEPn

which corresponds to one half the sum of the lengths of the edges in G(P,, M) that are incident
to x € P,. Define the edge length measure

0= Y &, P, M) by1/a,. (11.12)

l‘epn

Note that o, (1) equals the total edge length of the graph G(P,,, M).

Proposition 11.5 (Limit theory for total edge lengths in GeoBM). Let M = {M(x)},cre be a non-
negative, real-valued random field on RY having fast B-mixing correlations as in Definition 11.1(ii)-
(iii). Assume that M is bounded by some constant R, that is, sup,cps M (x) < R < 0co. Let P be a
simple point process on R? having fast mixing correlations as in Definition 3.4(ii), bounded reduced
Palm intensity function (8.10), and independent of the random field M. Consider the edge length
measure o, of the geostatistical graph G(P,, M) as in (11.12).

(i) A central limit theorem holds for the family (an(f))neN; that is, as n — oo,

(Varo, (1) (7.0 ~Eo,(1) 4 2.
forall f € B(W)), provided Var o,,(f) = Q(n”) for some v > 0.

(ii) Further, if the random field M and the point process P are stationary, with p denoting the intensity

of P, then the expectation and variance asymptotics hold for (O'n( f )) as stated in Proposition 5.3.

neN’

Proof. The boundedness of the random field M implies that the score function & in (11.11) is a local
U-statistic, whose general expression is given in (6.20). The limit theory for such scores can be
established under fast B-mixing correlations of the marked input process P = {(z, M (z))}sep, as
stated in Corollary 6.8, in the same way as for the covariogram considered in Proposition 11.4 (the
bound for the reduced Palm intensity of P is only required and not the bound for higher-order Palm
moments due to the boundedness of M). 0
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Example 11.6 (Poisson—Voronoi—driven GeoBM). Consider the following Boolean model whose
grains are defined according to a geostatistical marking. Given a Poisson point process X, let Vor(X)
be the Poisson-Voronoi tessellation of R? induced by X, with cells C(y, X),y € X. Forx € R,
C(z, X) denotes the cell containing z. In other words, if y € X is the nearest point of X to z € R?
(which is a.s. defined), then we have that z € C(y, X'). We assign i.i.d. real-valued random variables
M (y) toeach C(y, X), y € X. We assume the random variables are bounded by R € (0, 00).

Next, given the ground point process P on R?, assumed independent of X', we construct a Boolean
model by putting a ball around each point = € P and whose radius equals the random variable M (z)
assigned to C'(z, X') (i.e., C(y, X') such that z € C(y, X')). The grains B(z, M (x)),x € P, are spa-
tially dependent, as their radii are a function of the underlying Poisson-Voronoi tessellation Vor(X').
As in the second example of the introduction to [1], this is a geostatistical Boolean model on P, with
cell radii determined by the external Poisson point process X. This model generates a geostatistical
random geometric graph G(P,, M). Proposition 11.5 gives conditions on P such that the total edge
length of G(P,, M) satisfies the CLT. Under the same conditions on P, one could similarly show
that the edge count of G(P,,, M) is also asymptotically normal. Questions regarding such statistics of
G(P,, M) are indicated at the conclusion of the introduction to [1].

Remark 11.7 (Towards more general geostatistical models).

(1) Multivariate statistics of GeoBM. Under the assumptions of Proposition 11.5, the result can be
straightforwardly extended to a larger class of score functions £ related to GeoBM, as given in Corol-
lary 6.8. Moreover, in the stationary setting, one obtains a multivariate central limit theorem for several
such scores by leveraging Theorem 5.4.

(i1) Unbounded random field in GeoBM. Extending the result of Proposition 11.5 to the case where
sup,cras M () has fast-decreasing tail probabilities is possible, but requires summable exponential
B-mixing of P = {(z, M(x))} as in Definition 4.8.

(iii) Beyond GeoBM. The assumption of summable exponential B-mixing of P = {(x, M(z))} also
allows one to obtain the same limit theorems for BL-localizing score functions in fairly general geo-
statistical models.

(iv) Geostatistical models with a dependent random field. The paper [136], in the first lines of page 80,
discusses the desirability of relaxing the fundamental assumption of independence in geostatistical
marking, namely between the sampling locations (ground process P) and the values of the spatial
random field M. Our framework, in its full generality, allows one to address such generalized models,
capturing the dependence between M and P through the Palm distributions of the pre-marks M (x)
for z € P. (Recall that in the classical geostatistical models these Palm distributions coincide with
the original finite-dimensional distributions of A/.) In this setting, again, summable exponential B-
mixing of P = {(x, M(z))} and BL-localizing score functions constitute the right tools. It then
becomes primarily a modeling question what kind of dependence between M and P still allows one
to obtain the required mixing properties of P.
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11.4 Mixing correlations of random fields with a covariate point process

In the previous section, the mixing of the random field as in Definition 11.1 was taken as a constitutive
assumption, allowing one to obtain various limiting results in geostatistical models. In this section, we
provide a tool (Lemma 11.8) to establish the mixing of the random field when it is itself constructed
from a covariate point process and we illustrate it with the example of the shot-noise random field in
Corollary 11.9.

Consider a marked point process = = {(z, U()) }sez on Ny with marks in a Polish space K.
Let

F R x Npayg — M

be a measurable function, where M is a Polish space. Define the random field on R? with values in M
by
M(z) = F (z,2), z € R%

The process = plays the role of a covariate point process for this field.

If the function [ is either BL-localizing or stabilizing on the marked point process =, then the
random field M exhibits, respectively, BL-mixing or B-mixing correlations, in the sense of Defini-
tion 11.1.

Lemma 11.8 (Fast mixing correlations of random fields with a covariate point process). Let = be a
simple, marked point process on R? x K having summable exponential B-mixing correlations as in
Definition 4.8, and with decay function & (s) = Cré(s). Consider the random field M (z) := F (z,Z),
x € RY, where I takes values in the Polish space M and is BL-localizing as in Definition 4.2 (ii)-(iii)
(resp. fast stabilizing as in Definition 4.6(i) -(iii)) but under the unconditional probability P of = in
both cases. Then M exhibits fast BL-mixing correlations as in Definition 11.1(i)-(iii)) (respectively,
fast B-mixing correlations as in Definition 11.1(ii)-(iii)).

Proof. Consider the restricted score f ) (i.e., F ) (2,2) = F (2,2 N B,(z)),z € RY), so that the
radius of stabilization R' " satisfies R " < r. We use the FME expansion (Theorem 6.1) and follow
the proof of Proposition 6.4 to obtain

l A~

ELF(F R)o(F 0]~ ELA (R Blg(r Oz < 43 32 B0 6

[\

The difference between this and (6.13) is that the ground point process = is not conditioned to have
points at x1, ..., z,,, Consequently the constants C.in (6.13) have no dependence on (p + ¢) and
only depend on [. We may extend the arguments to unrestricted score functions F satisfying fast
BL-localization, by following the proof of part (i) of Theorem 4.9 (resp. for fast stabilization of F,
part (iii) of the same theorem); see Section 6.2 and in particular, the bound (6.30) (resp. (6.29)). O

Random fields constructed via a point process include the shot-noise random field and we apply
the above lemma to this case, thus furnishing an explicit example of a random field M as in Defini-
tion 11.1.
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Corollary 11.9 (Shot-noise random field with fast mixing correlations). Consider a simple marked
point process = = {i = (x,U(x)) }ze= on R? with i.i.d. marks U(x) taking values in a Polish space
K. Let the shot-noise field M on R with values in R be defined by

M(x) := ZC(w,gj), z € RY

ye=

for some measurable function ¢ : R? x (R? x K) — R such that {(z,7) < ¢(|lx — y|) for a fast-
decreasing function ¢ as in (2.1). If the ground point process = has fast summable exponential mixing
correlations as in Definition 4.8(iii), then the random field M exhibits fast BL-mixing correlations as
in Definition 11.1(i) and (iii).

Proof. The result can be derived from Lemma 11.8 by setting f (z,Z) := M(x),z € R Indeed,
the i.i.d. marking ensures that = has fast summable exponential B-mixing correlations via Proposi-
tion 6.4. Further, we assert that the score function [ is fast L!-stabilizing (hence BL-localizing, see
Remark 4.7(ii)) on Z, leveraging the boundedness of the first intensity function of the ground process.
To see this, let p € N, f a bounded Lipschitz function on R? and z1, . .., ¥, € R. Using the Lipschitz

property of f, the definition of F, and the Campbell-Little-Mecke formula, we obtain

[Ef (I (i, 2N = EF(F (@i, =0 Bo()]f)| < ZE |F(2i,5) = F (i, 20 By(23)]

p
i=1 YyEENB(z;)¢
p

<wd [ oy iy
yEBr(mi)C

i=1

< pro / o(Jy)) dy
yE€Br(0)°

gpnoedl/ o(s)s*ds,

which is fast-decreasing in 7 as ¢ is fast-decreasing. Thus [ is fast L!-stabilizing and hence is also
fast BL-localizing. O

12 Further applications and directions

In this section we indicate some random geometric structures that deserve separate investigation and
where we expect that the general limit theory of Part II will be applicable. The general theorems of
Section 5 may be used to establish the limit theory for statistics of other geometric structures, including
those having an underlying graph which is randomized or which has a dynamic component. We list
three such structures and include five directions for future research.
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(i) Statistics of weighted Voronoi tessellations. Recall, given a weight function p : R x R? — R,
each x € P generates weighted cells

Cla,P) = {y eR*: p(y,z) < ply, z) forall z € P},

the collection of which generates the weighted Voronoi tessellation. It is not difficult to establish
conditions on the weights and the cell centers P under which geometric characteristics (including
total number of edges, total length of edges) may be expressed as a sum of fast BL-localizing score
functions satisfying the conditions of Proposition 5.3 and Theorem 5.4. The work of Flimmel et al.
[59] shows that if the weight p is bounded, then this gives rise to score functions satisfying stopping
set stabilization; if an unbounded p satisfies a suitable integrability condition, then it is likely that this
would give rise to score functions satisfying fast BL-localization.

(i) Euclidean minimal spanning trees. One could apply the law of large numbers given by Proposi-
tion 5.3 to deduce the first order limit theory for statistics (total edge length, number of vertices of a
given degree) of the minimal spanning tree on the ergodic point sets P in Subsection 5.2 having fast
mixing correlations. This extends Penrose and Yukich [125, Theorem 2.3] and is proved by making
modifications to the proof of that theorem, which is confined to Poisson input. In particular we expect
to require that (i) there is a constant p € (0, co) such that the complement of the union of closed balls
of radius p centered at points of P a.s. has no unbounded component and (ii) the infinite component
in continuum percolation on P is a.s. unique.

(1i1) Spatial birth-growth models. In the classical spatial birth-growth model, seeds (grains) arrive
independently and at random on a substrate. Upon contact with the substrate the seeds grow radially
in all directions with independent growth rates. One is typically interested in geometric statistics of
this model, including the total volume covered at time ¢,. Our general results provide the limit theory
for statistics of these models under conditions which are less restrictive than the classical ones. This
includes possibly dependent arrival locations on the substrate, including arrival locations specified
by the realization of a point process having fast mixing correlations. It also allows for the initial
grain sizes to be a function of previously arrived grains falling within some fixed neighborhood and
it also allows the growth of the grains to be dependent on growth rates of grains within some fixed
distance. This gives rise to a Boolean model having dependencies in grain locations, initial grain
sizes, as well as grain growth rates. Theorem 5.2 may be used to establish the central limit theory
for statistics of such models, including, for example, statistics involving sums of scores &(z, P) =
h((Vol(z,P,1))ci0.t]), * € P, where Vol(x, P, 1) is the volume contribution at time ¢ to the birth-
growth model associated to the seed at  and h is an appropriate measurable function.

We list additional models where we expect our general results would lead to limit theorems for
relevant statistics of these structures. These models merit an independent investigation.

(i) Randomized graphs G on P. The graphs underlying the spin models, diffusion models and inter-
acting particle systems, as developed in Sections 8.1.1, 9.1.2 and 10.1 respectively, can be naturally
extended to accommodate extra randomization —for instance, Laguerre tessellations with random
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weights or, more generally, weighted Delaunay/Voronoi graphs. In these models, each site is assigned
a random weight that modifies the effective distance in the classical Euclidean construction; see Chiu
et al. [33, Section 9.2]. In these cases, the graph G is G(P) where P = {(z, W (x))}sep is a marked
point process including auxiliary marks W (z), for example, the weights of the aforementioned tes-
sellations. Using our framework of neighbor-marking functions N of P, one can extend the notion
of stabilizing interaction graphs to include these randomized graphs 9(75) Graphs arising from the
random connection model and from Boolean models with random grains may not exhibit this type of
stabilization if the weights or grains are unbounded. In such cases, a promising alternative approach
goes as follows.

We sketch this approach in the case of interacting diffusions and it can be adapted suitably to
the case of interacting particle systems as well. We extend the input process to P = {(z, M (z),
Ze, Ny)}uep, with M (x) representing the initial conditions of the model (states of particles or dif-
fusions) and Z, representing Brownian motions in the case of diffusions, and N, representing the
neighborhood of x in the spatial random graph G = G (75) where P is marked point process. Assum-
ing summable exponential B-mixing for this extended input process P, it would be enough to assume
an ‘L'-type stabilization’ condition for the neighborhood distance instead of the graph stabilization
condition at (9.2); namely it would be enough to assume a condition of the form

sup IE”W;( max |y| > s) < ¢(s), s>0, (12.1)
Ty, TpERY YENz,

instead of our usual stabilization condition on the interaction range

sup Py (S(z1,P) > s) < ¢(s), s>0,
Z1,...,opERY
for a rapidly decaying function ¢;. However, we caution that checking the summable exponential
B-mixing of P and the above ‘ L!-type stabilization’ condition may be non-trivial beyond the Poisson-
Boolean or random connection model.

(i1) Dynamic random geometric graphs (RGG). It would be worthwhile to use our general results to
establish the limit theory for statistics of dynamic graphs which evolve according to rules depending
on the local geometry. Until recently the study of statistics of the random geometric graph has been
confined to the static case. Under appropriate conditions, our general set-up should provide the limit
theory for statistics of the RGG on dynamic point sets, including those given by interacting particle
system models. Alternatively, one could potentially use Theorem 5.2 to establish the limit theory
for statistics of the RGG when the input P undergoes dynamic re-positioning. The points in P are
allowed to undergo perturbations which may depend on nearby point configurations. This gives rise to
non-static RGG which play a role in modeling. They are used in the study of mobile networks, a topic
considered by Diaz et al. [40], as well as the case of mobile random geometric graphs as considered
by Peres et al. [126]. More recently, they also feature in modeling SIS epidemics, particularly when
studying the contact process on dynamic point sets. See the paper of Baccelli and Ramesan [7]. It is
also of interest to consider dynamic repositioning via a dependent spatial birth-death process as in Qi
[127], Onaran et al. [113, 114], which prove functional central limit theorems in the time domain.
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(iii)) Dynamic Voronoi tessellations. The study of statistics of the Voronoi tessellation has been mainly
confined to the static case, namely for random input which does not evolve with time. In many
situations, including the study of algorithms in nearest neighbor search queries Kaplan et al. [85],
sites are dynamically inserted and deleted, giving rise to Voronoi diagrams which evolve in time.
The sites may be viewed as the realization of an interacting particle system. Subject to appropriate
conditions on the dynamics, one may potentially use Theorem 5.2 to establish the limit theory for
statistics of the Voronoi tessellation on dynamically changing point sets.

(iv) Shot-noise and Markov random fields. Apart from the empirical random field in Section 11.4, two
other random field models constructed via marked point processes include shot-noise random fields
and Markov random fields (MRF). Normal approximation of Poissonian shot-noise random fields has
been investigated in Lachieze-Rey [92], Lachicze-Rey and Muirhead [94], Last et al. [100] and we
expect the results in Section 5 to be useful in studying general point process counterparts. To date we
are unaware of a systematic investigation of the limit theory for stabilizing statistics of MRF in the
continuum. When the underlying graph is a stabilizing interaction graph as in Section 8.2, we expect
that the approach described here could lead to the limit theory for general statistics of MRF, including
those arising in the detection of Gauss MRF as in [29], as well as those going beyond functionals
occuring in specialized settings, as in [4].

(v) Models of population genetics. The birth-death-migration example described in Section 10.3 can
be considered as a simple evolutionary model in population genetics. Using our general framework,
especially Theorem 10.1, we may potentially establish the limit theory for statistics of more advanced
models on general point processes, such as the Kimura’s stepping stone model (see Cox and Durrett
[36]) and the Fleming-Viot model (see Dawson and Greven [37]).
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pointed out long ago relationships between weak spatial mixing and decay of correlations.

Appendices

A Mixing point processes and interaction graphs in our frame-
work

We provide examples of point processes satisfying specific assumptions underlying our main theoreti-
cal results in Part II and also the study of some applications in Part III. These include the assumptions
of summable exponential mixing correlations as in Definition 4.8, which is stronger than the merely
fast mixing correlations of Definition 3.1, as well as bounds on the Palm correlation functions (8.10)
and (10.10), which are stronger than the ‘usual’ bounds on correlation functions required in Item (i) of
Assumption 3.1 and needed throughout the general theory. Stabilizing interaction graphs, introduced
in Section 8.1.1, are employed to demonstrate the localization or stabilization of marking functions in
the models considered in Sections 8, 9, and 10.

A.1 Mixing point processes

As indicated after Definition 4.8, marked point processes P with summable exponential mixing cor-
relations can be constructed by combining a ground point process P satisfying such an assumption
together with appropriately mixing marks, such as 1.i..d. marks. Hence we now provide examples
of point processes P with summable exponential mixing correlations. The stationary Poisson point
process is a trivial example.

Example A.1 (Point processes with summable exponential mixing correlations and bounded Palm
intensity functions). Point processes P with summable exponential mixing correlations (4.14)—(4.15)
include stationary a-determinantal point processes (—1/a € N) with exponentially decreasing ker-
nels, and certain Cox point processes; see [21, Section 2.2.2]. Moreover, mixing of correlations for
subcritical Gibbs point processes is established in [13, Section 3.3.5]. Under suitable assumptions—
in particular, boundedness of the Papangelou intensity and exponential decay of cluster-dependent
interactions—using Theorem 3.34 therein, it can be shown that subcritical Gibbs point processes sat-
isfy (4.14)—(4.15).

For these Gibbs point processes, the bound on Palm correlation functions in (10.10) still remains
to be verified. In what follows, we establish this property for stationary a-determinantal point pro-
cesses. For stationary determinantal point process (i.e., « = —1) as follows: Using the determinantal
structure, Fischer’s inequality for determinants [78, Theorem 7.8.5] twice and stationarity, we have
that

Pl D) < o ()P () < 1
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and now plugging this into (2.7) gives that p[(ﬁl([y]‘f) < k{. Now using [22, (1.11)], we can show
that (10.10) holds for a-determinantal point processes with —1/a € N, as the latter is an independent

superposition of —1/« many determinantal point processes.

A.2 Stabilizing interaction graphs

Recall the definition of stabilizing interaction graphs given in Definition 8.1, where the interaction
range S, (z, ) is defined as the radius of stabilization of the neighborhood marking function N;
see (8.2) and Definition 4.5.

Graphs with finite-range interactions (i.e., z ~ y implies |z — y| < r for some r > 0) trivially
admit the bound S, (x, ) < r + 1 (recall that the radius of stabilization is defined to take integer
values) and hence satisfy (8.3) with ¢ (s) = 0 for s > r + 1.

We next mention some non-trivial examples. Though these graphs are standard in the stochastic ge-
ometry literature, we shall briefly describe their constructions and indicate the relevant known results
that help us to verify the condition (8.3). In the three graph examples below, we use a classical argu-
ment involving conical regions. Though similar bounds are available in the literature, we give details
in planar case (i.e., d = 2) here tailored to our stabilization definition and for self-containment. The
examples explain how the requisite stabilization bounds can be derived for stationary a-determinantal
point processes with —1/« € N and with exponentially decreasing kernels. The key to this is avail-
ability of Palm void probability bounds or concentration bounds for number counts (for example, see
(A.3)) of this point process. Though we expect such bounds to be true for more point processes, we
do not pursue this here. For example, Palm void probability bounds of first two orders is derived for
permanental and Gibbs point processes in [88, Section 6.3].

Recall W, = [—in'/4 1n1/4]? and W, = R?. Below we consider W,,,n € NU {oc}.

Example A.2 (Undirected k-nearest neighbors graph). Let G (1) be the undirected k-nearest neighbors
graph on p € Nga, obtained by including x ~ y as an edge whenever y is one of the k nearest
neighbors of x and/or x is one of the k nearest neighbors of y. We first construct an upper bound for
the interaction range S,,(x, ;1) and then show that it satisfies (8.3) for stationary «-determinantal point
processes, —1/a € N. Notice that it is not enough to let S, (x, 1) be the distance to the k th nearest
neighbor of z in the point set p, as (8.7) would fail in general.

Instead, in dimension d = 2 we proceed as follows. For each ¢ > 0 and x € R2, let TU )(x, t),
1 < j < 6, denote six disjoint sectors with apex at z, radius ¢, and opening angle 7 /3 (their common
rotation will be fixed later). Let

TO@) :=JT9V(@, 1), 1<j<s,

t>0

denote the corresponding infinite cones with apex at = and opening angle 7 /3. Furthermore, forn € N,
define ¢/’ () as the smallest radius ¢ for which the truncated sector 7 ) (x, t) already covers the entire
intersection of the infinite cone with the window W,,, that is,

19 (z) = inf{t >0 (TO(@)\ T (2, 8)) N W, = @}.
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We say that the sector 70 (x, ) is saturated on W, if t > 3 ().
Forne N,z € W, andall 1 < j <6, we put

9 (2) inf{t € [0,00) : |[uNT (2, )N W,| > k+1} if [unT(x)nW,)|>k+1
(x) = :
9 () otherwise.
(A.1)
We claim that the interaction range of the k-nearest neighbors graph G(u) satisfies for x € W,

Sz, ) < 2 IanGT@(:c,u)H. (A.2)

Indeed, let 7" := max;_1 g Téj)(x, ), and in the case that 7" = max;_;, g t%j)(x), then 27 + 1 >

..........

~~~~~

saturated on W,,. We restrict attention to modifications of the configuration y in the regions of IV, not
covered by these sectors, and examine how such modifications may affect the edges incident to x in
the graph G(u), assuming p C W,.

Observe first that all primary-type neighbors of x in G(u)—those which are among k-nearest
neighbors of z—are, clearly, in the ball B, (T') N W,,. Moreover, this ball contains also all points of
for which x is among their k-nearest neighbors; we call such points secondary-type neighbors of = in
G(u). Indeed, consider a point

y € W, N (TY(x) \ Bo(T))

for some sector j for which the intersection W,, N (7Y (z) \ B,(T)) is not empty. Consider the open
ball B(|z—y|) centered at y with radius |z —y|. This ball completely covers the sector 7V (z, |z —y|)
except its center x, and consequently

By(le —yl) 2 T (@, o =y \ {z} 2 TV, 1)\ {2} 2 TV (2, T (w, ) \ {z}.

By the definition of T (x, ), the smallest set in the above chain of inclusions contains (exactly) k
points of ;.. Consequently, By (|x — y|) \ {y} contains at least k points of j closer to y than z, so =
cannot be among the k£ nearest neighbors of y. Hence, y cannot be a secondary-type neighbor of z in
G(p).

It follows that adding points to x in W), outside B,(7") cannot create new edges incident to x in
G(u). However, adding points outside B,.(7') may destroy existing edges incident to = by ‘attracting’
points that were previously secondary-type neighbors of z, and removing points there may create new
edges incident to x by the inverse mechanism. Nevertheless, neither of these effects is possible for
modifications of x outside B, (27"). Indeed, any point that could become, or cease to be, a secondary-
type neighbor of = in p must lie in B,(7"), and is therefore closer to = than any point y € BS(2T).
Consequently, changes to the configuration outside B, (27") cannot influence the adjacency relations
of z in G(). Finally, adding 1 in (A.2) ensures that 27" + 1 bounds the interaction range S,,(x, 1) of
the graph G(u), where S,,(x, i) is the integer radius of stabilization as in (8.2) and Definition 4.5.

We now establish the probabilistic bound (8.3) under the assumption that P is a stationary a-
determinantal point process with an exponentially decreasing kernel. The first steps of the argument
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are general, whereas the later, model-specific steps can be adapted to other classes of input point
processes along similar lines.
From the previous considerations, for ¢ > 0 we have the bound,

Pmlf(sn(afl,,]) ) > t) < ]P)[I]P< maX Téj)(ilfl,,]) ) t 1 /2 Z]P)[‘T T] .%17 ) (t—l)/2)

Moreover,

P ('P(T(j)(xht) NW,) < k) fort < t%j)(xl)

Py (19 (21, Py) > t) = Pt 0 (A3)
0 fort >t} (z1).

Now we fix the orientation of the six-sector partition so that the sector boundaries are inclined at
an angle of m/12 relative to the coordinate axes. With this choice, there exists a constant ¢y = 7/24
such that, uniformly inn € N,z € W,,andj =1,...,6,

|7~(j)($7t) NWa| > cot?, for all t < t)(x).

Then the probability in (A.3) admits a fast decreasing upper bound as a function of ¢, which follows
from standard concentration inequalities (such as Chernoff bounds). This is because the number £ is
fixed, whereas the volume of the sets 7V (z,t) N W,, grows with ¢.

A further technical point is to ensure that these bounds hold uniformly with respect to the Palm
conditioning at [z]7. Such uniformity is established, for instance, for stationary a-determinantal point
processes with exponentially decaying kernels; see [21, Theorem 2.5] and [22, Corollary 1.10]. This
completes the proof of stabilization of the k-nearest-neighbor graph in the plane with respect to the
aforementioned input processes; i.e., it satisfies conditions of Definition 8.1.

A similar geometric construction applies in dimensions d > 3, with planar sectors replaced by
cones. Hence, G(-) is a stabilizing interaction graph on finite windows in higher dimensions as well,
provided that the above concentration bounds for the Palm distributions of the input process P hold.

Example A.3 (Delaunay graph). The Voronoi cell associated with x € p € Npa is the set C(x, ) :=
{y e R : | —y| < |z —y| forall z € pu,z # x}. The point z is called the generator of the cell
C(x, ). The Voronoi tessellation of R? induced by 1 is the collection of cells {C(x, 1) },c,.. Given
g € Nga with g in general position, let G(1) be the Delaunay graph on € Npa, i.e. x© ~ y iff

Cla, ) NC(y, ) # 0.
It is well known (indeed, this is the original definition of Delaunay [38], based on the empty

circumsphere property) that = ~ y in G(u) if and only if there exist points 21, . .., z4_1 € u, all distinct
from z and y and pairwise distinct, such that the open ball B°(x,y, 21, . .., z4_1) circumscribed about
the points (z,y, z1, . . ., zg—1) contains no further points of y, that is,

M(Bo(x,y, 21, ,Zd—1)) =0.
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Using this characterization, one can bound the interaction range S,,(x, 1). We illustrate this argu-
ment in dimension d = 2 as before. Taking T )<I, 1) as given in (A.1) with & = 1, we can show
that

Sp(z,p) <27 :=2 max TY (z, ). (A4)
i=1,...,
Indeed, let y € R? satisfy

,,,,,

sponding radius r must satisfy » > T, and hence the center w must satisfy |w — x| > T. Using the
same geometric argument as in Example A.2, the open ball B, () contains the sector

T (2, T (2)) \ {z} € By (r),
for the index j such that w € 7V)(x). By the definition of T (x), we have

u(TO (2. T @) \ {z}) =1

which implies that the open ball B (r) is nonempty with respect to the points of . This rules out
y as a neighbor of z in the Delaunay graph on y and thereby verifying (A.4). This argument can be
extended to d > 3.

Following verbatim the discussion in Example A.2, it follows that S, (z, P) satisfies (8.3) if P
is a stationary a-determinantal point process, —1/a € N, with an exponentially decaying kernel.
Consequently, G(P) is a stabilizing graph on finite windows with respect to P for such processes.

Example A.4 (Sphere of influence graph). Given a point set 1 € Npa, the sphere of influence graph
G (1) is constructed as follows. For each = € p, let Byn() be the closed ball centered at = with radius
equal to the distance between x and its nearest neighbor in p. The sphere of influence graph puts an
edge between z and y iff Byn(z) N Ban(y) # 0. To demonstrate the stabilization of this graph on
some interesting input processes, we need an upper bound for S,,, for which it again suffices to modify
Example A.2

More precisely, in dimension d = 2, for z € R?, we consider the same six disjoint sectors
T (z,t), j = 1,...,6 with apex at z, radius ¢, and opening angle 7/3 (their common rotation
will be fixed later). As before, let their saturation radii on the windows W,, be t%j )(x) For n € N,
xr e W,,and 1 < j <6, we define

min{k: eEN:1<k<tV(2), ‘,uﬂ Tz, k/3) N Wn‘ >1,
TY () := and |p, N(TY (z, k) \ TY (2, 2k/3)) N Wn| > 1}, if this set is nonempty,

D (), otherwise.
(A.S)
In other words, T3 (z) = k is the smallest integer such that, within the sector 7 (z, k), there
is at least one point of y in both the inner part 7\ (z, k/3) and the outer annular part 7V (z, k) \
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T (x,2k/3) in W,. If no such k exists, we set 7, i )(m) equal to the saturation radius ¢/ )(x) of this
sector on W,,.
We claim that the interaction range of the sphere of influence graph G(u) satisfies for z € W),

Sn(w,p) < max_ T9) (2, ) + 1. (A.6)
J=L
Indeed, the presence of a point in the inner part of each sector 7 (x, k), j = 1,...,6, when

max,—i ¢ TY )(:z:) = k, yields that Byy(z) C By/s(x). On the other hand, the presence of points in

the outer parts of the sectors 7 (z, T\?)(x)) ensures that, for any point y with |y — z| > k, we have
that Byn(y) C By j3(x) i.e., the corresponding ball Bn(y) does not intersect By ().
To establish the probabilistic bound (8.3), we observe again for ¢ > 0

6

]P)[zﬁ’ (Sn(Il,Pn) > t) < Zp[xﬁ (Tnj)(xl,Pn) >t — 1)

=1
and fort > 1
P (T3 (21, Pa) > 1)
Pry (mkeNﬂ[l,t] {,P(T(j)(xl’k/g) NW,) =0

< or PU(TD (21, k) \ T (a1, 2k/3)) N W,,) = o}) fort <t(x) (AT
0 for t > t%j)(atl).
Finally

P [ ) {P(T(j)(:rl, k/3) N W) = 0or P((TW (ay, k) \ TV (21, 2k/3)) N W,,) = 0}

keNN[1,t]

< Py (P(TY (21, [t]/3) N W,,) = 0) + Ppyp (PU(TD (2, [t)) \ TV (21,2[t]/3)) N W,) = 0).

Following the discussion in Example A.2, the probability in (A.7) admits a fast decreasing upper
bound as a function of ¢ for input processes P whose Palm distributions satisfy standard concentration
inequalities. This includes, in particular, stationary c-determinantal point processes, —1/a € N, with
exponentially decaying kernels.

Consequently, the sphere of influence graph G(-) on the plane is a stabilizing graph on finite win-
dows with respect to such processes P, for instance for stationary a-determinantal point processes
with exponentially decaying kernels. A similar geometric construction applies in dimensions d > 3.

B Some consequences of stabilization via stopping sets

In this appendix, we develop some consequences of stopping set stabilization, as defined in Sec-
tion 4.3. Though our results mainly use the weaker notion of BL-localization, some of our results may
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be strengthened under the stronger assumption of stopping set stabilization. stopping set stabilization
is satisfied by many statistics of spatial random models (for example, see Sections 10, 11.3). As it is
central to many applications we therefore include formal statements and proofs of these properties.

Specifically, we work under the assumption of a real-valued marking (score) function defined on
finite windows, & @ W, x K X /\A/anK — R, and consider its radii of stabilization R?,Vn as in
Definition 4.5. Although this definition introduces radii of stabilization for general marking functions
taking values in a Polish space, in this section we restrict attention to real-valued scores. However, all
results, except those concerning moments of £, remain valid in this more general setting.

For /i € Npayx and x € fi, we put

RS (%, i) := limsup Ry, (T, fin)

n—oo

and when RS_(Z, i) < oo, we define the infinite input score

Exc(. 1) 1= (21N Bpe_(; (). (B.1)

The following result justifies defining the input score via (B.1) and provides additional properties of
£ and RS

Lemma B.1 (Properties of the infinite input score & (%, P)). Let & : R? x K x Npixg — Rbea
stabilizing marking function satisfying RS (%, P) < oo a.s. for all ¥ € P and consider &, as defined
in (B.1). The following statements hold.

(i) There exist (finite) random variables ny = ng(z, 77) such that for all k > ng we have RE (7, k) =
RS (%,P) and £(i,Py) = Exo(@,P). In particular, a.s. for all & € P, we have that foo(fiz P) =
lim,, o &(7, 75n) i.e., the equivalence (5.16) holds.

(ii) RS, is a.s. an upper bound for the radius of stabilization for ., as in Definition 4.5, i.e.,
R (%, P) < RS (%, P) a.s..

(iii) If ¢ satisfies the p-moment condition (3.4) on finite windows then (3.4) also holds for &, (i.e.,
replacing &, by £ (%4, P)) with the same moment bound Mg. For this implication to hold, it is
enough that &, is defined as a limit as in (5.16), without requiring that RS_(Z,P) < oo.

(iv) If € is translation invariant then is so Rgo and hence &.

Suppose now that £ is defined on R? x K x Ngayx and satisfies stopping set stabilization on P (4.11)
with p = 1. Then

(v) Rgo(i:,ﬁ) < oo forall x € P, a.s.. Consequently all properties (i)—(iv) hold and moreover
RS, = Rand &, = Eforall 7 € P, a.s.

RE_(%,P) < oo and hence
Ppy) = RS (#,P) (remem-
W,, and for all & > ny we

Proof. (i) By assumption, a.s. for all & € P, limsup, _,__ Rf,vn(:i, ) =
there exists a finite random variable 1y := ng(i, P) such that Ra, (@,
ber, the stabilizing radii are defined as integers), B ¢ RS, ) C

"0

)@
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have Rﬁvk (Z,Pp) < RﬁVnO (Z,Pn,). Consequently, for k& > nyg, by the stopping property of RS v
Ry, (#,Py) = Ry, (% Pay) = RS(#,P) and consequently &uo(,P) = &(,Pr) = &(2,P N
Bpe :.5) (z)) guaranteeing also the validity of (5.16).

(i1)) We begin by noting the following general consequence of the stopping property (4.10), which
holds forall k € N, ji € Ny, «k, and T € [i:

Ba(i ) = R (%, (70 Brye () U (B oy () 17 ) (B2)

forall o € /\A/kaK, where for £ € N U co we make the notational simplification Ry, := R%Vk. Hence,
the stabilization radius R}, stabilizes itself, a direct consequence of defining R as the smallest r € N
satisfying (4.8).

To prove that R, := R$_ is an upper bound for the radius of stabilization of £, we need to justify
the equality

§oo (j’ (75 n BRoo(az,ﬁ)@))) = &oo (:ﬁ, (75 N Br,@.5) (f’”)) U (D n Bzczoo(;zﬁ) (95))) (B.3)

for almost all input P and all (possibly infinite) 7 € Ngayg. In this regard, denote the point pro-
cess arguments on both sides of (B.3) respectively by Q; := P N Br_ 5 (x) and Qy = (75 N
Bp_ 5 (®)U(ZN By, GF) (2)). With the definition of £, at (B.1) and this notation, equality (B.3)
is equivalent to

§(T, Q1 N By, (3,01)) = §(T, Q2 N Br (2,02)) (B.4)

which is itself implied by
Ql N BRoo(fi,Qﬂ = QQ N BRoo(f,QQ) - ,ﬁ N BRgo(i,ﬁ) (BS)

To prove this last equality we study first the function R (Z,-) := limsup,_,., R.(Z,) applied to
Q; and Q,. As in point (i) above, we take ny := ng(Z, P) such that R, (&, P,,) = Reo(Z,P),
By 3.5 (@) C Way, and for all & > ng we have Ri(%,Pr) < Ry, (&, Py,). Then, for k > ng, by
Q, € kaxK, we have

Ri(%, Q1) = Ri(#, Pp) < Ry (%, Pny) = Roo(,P),

where we used (B.2) for the first equality. Since there are infinitely many values £ € N such that
Ri(Z,Pr) = Ry (%, Prg) = Roo(#, P) we have Ry (%, Q1) = Roo(, P).

Similarly, R (%, Q2) = Reo(Z, 75) given that 7 is finite. Indeed, in this case, it suffices to increase
the value of k used for Q;, if necessary, choosing it such that v € J\TWMK With the definition of Q;
and Q,, this justifies (B.5) for finite o.

Suppose now 7 is infinite. Then recall R (%, Q2) = limsup,, ., R, (&, Q2 N W,,). For all large
enough n € N, by the previous argument, we have R..(Z,Qs N W,,) = Roo(i:ﬂs), which estab-
lishes (B.5) for v infinite and thus concludes the proof that 17, is an upper bound for the radius of
stabilization of &..
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(iii) For 1 < ¢ < p, consider a bounded, non-negative function h : R? — [0, c0) with bounded
support. Using the Campbell-Little-Mecke formula for ¢, and £, we have

[l By (1, e 1,0 5 )l

=E| Y Al max(L, 6 (X0, 7))

distinct [z)} CP

—E[ Y A(h) lim max(1, [€(%,, P

distinct [z]} CP

<tmiofE[ S A max(L 6%, B
e distinct [z]} CP

~timint | BBy bmax(1, (. P[] 9 ) il

< M / ) o ) il

where the first inequality holds by Fatou’s lemma and the last one by the p-moment assumption (3.4)
for ¢ on finite windows. This shows that &, satisfies the p-moment condition, provided it is a.s. well
defined as the limit (or even lim inf) in (5.16).

(iv) Assume € is translation invariant and consider a € R%. Note, in general, for some n we might have
Ry, (#,PNW,) # R, (@ + a, (P + a) N W,). However, when both radii RS (#, P) and RS (7 +
a,P + c}) are finite (which I~101ds a.s.) then for all & largeNenough Rf,[,k (z,Pr) = R%an(:i, Pry) =
RS, (2,P) and Ry, (Z+a, (P+a)NW;) = Rﬁvng (T+a, (P+a)NWye) = RS (& +a,P +a), with

ng = no(Z, P) and ng := no(& + a, P + a) as in point (i). Moreover, Bre  (Grapow a)(x) C Wy, and
Wha ’ "0

~O ~
BR%vno (f,ﬁno)(x + a) C Wj. Then, by the stopping property of R%,k(j, Py) and R%Vk (T+a,P+a)

and the translation invariance of £, we have
Ry, (2,Py) = Ry, (T +a, (P +a) N W)

and, consequently £(2, Py) = £(& +a, (P +a) N Wi) = £l Pr) = &l + a0, P +a).

(v) By (4.11) with p = 1 and the Campbell-Little-Mecke formula, we have R*(Z,P) < oo as.
for all # € P under P. Consequently for some finite (random variable) ny := ng(Z, 75), we have
Bpei.py(r) C Wy, and hence, for k& > ng, as. we have Rﬁvk(j,ﬁk) < R:(i,P) < oo, and
consequently £(i,P,) = &(%,P). Thus parts (i)-(iv) follow as well as the identities RS_(%,P) =
RE(E,P), éo(F, P) = £(2,P) forall & € P, ass.. O

Finally, we summarize the relationship between stopping set stabilization and BL-localization.
The main message is that the former implies the latter.

Lemma B.2 (Stopping set stabilization implies BL-localization). Let P be a marked point process on
R? x K with non-null, finite intensity p. Let £ : R? x K x Ngaxg — R be a marking function.
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(i) If € is stabilizing (resp. fast stabilizing) on finite windows as in Definition 4.6(ii) (resp. (iii)) then
& is BL-localizing (resp. fast BL-localizing) on finite windows as in Definition 4.2(ii) (resp. (iii)). The
same implications hold if £ is defined on the whole space R? x K x Ny, involving the stopping set
Definition 4.6(i) and the BL stabilizing Definition 4.2 (i).

(ii) If € is stabilizing (resp. fast stabilizing) on finite windows and if moreover

n—oo

7777

BL-localizing) as in (4.2).

The main thrust of part (i1) above is that BL-localization of the limiting score can be deduced
without imposing finiteness of the radius of stabilization RS_. This offers the advantage that we can
derive limit theorems for fast (stopping set) stabilizing score functions on finite windows without
requiring uniform bounds on the tail of the stabilization radii.

Proof. (1) The arguments are given in Remark 4.7(ii).

(ii) Fix p € N, zy,...,2, € R?and f € BL(R?). Without loss of generality, let » > 1 and choose
n > (2(r + max,—;,_,|z;|))? Thus we have that P, N B,([z]}) = P N B,([z]}). Using the fast

BL-localization of £ on finite windows (which follows from part (i) and the equivalence &, = £ on
finite point-sets, we obtain

|E gr £ ([l
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Letting n — oo in the first term and using the assumed a.s. convergence of &(7;, 75n) to goo(ji, 75) for
1t =1,...,p, we obtain fast BL-localization of &.. O

As advertised after Theorem 5.4, we now show that the localization assumptions of all Palm orders
therein can be substituted by stabilization assumptions of Palm orders p € {1,2}.

Corollary B.3. Consider a stationary marked point process P on R% x K with non-null, finite intensity
p, having summable exponential B-mixing correlations as in Definition 4.8. Let &; : R4xK X Npasx —
R, ¢ = 1,...,m be translation invariant score functions such that they are fast-stabilizing on finite
windows of P as in (4.12) for p € {1,2}. Assume that for some € > 0, the (2 + ¢)-moment condition
(5.2) holds uniformly for r > 0 large enough, for all 5,;(7"), t = 1,...,m. Then the conclusions of
Theorem 5.4 hold.
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m

Proof. We consider the linear combination 16 (f) = >, t;u& (f) of the score functions &; with
given fixed coefficients t; € R, i = 1,...,m and for some given function f € B(1¥;). Now, instead of
truncating the value of 1§ ( f) we restrict individually the score functions §fr) (z, 1) == &(x, aNB,(x)),
1 =1,...,m, for r > 0, and consider their differences Agi(’“) =& & (r) Furthermore, we consider
the respective linear combinations £ = Y7 1,67 A = S H A",

£  —m ") A  —m Agl .
pe (f) = Dot (f) and p (f) = Dot titn * (f). The limit (7.35) for the variance of

n

and their integrals

18 (f) exists as before (under fast stabilization—hence fast BL-localization—under Palm distributions
of order p = {1,2}) and gives
lim n~'Var 6 (f) =: o

n—oo
We consider two other limits:

lim n~'Var ug(r)(f) = 02,

n—oo
Tim ™! Var i (f) =2 07,

These limits exist because the fast stabilization of §; of order p € {1,2} implies stabilization of the
same order of fi(r) and A@(T’). (This statement for Afi(” does not necessarily hold under BL-localization
of &;.) Moreover, since 5@(7‘) is stabilizing at fixed radius r with respect to all Palm orders (and hence
fast BL-localizing) and since, by assumption, it satisfies a (2 + ¢)- moment condition, it follows by
Theorem 5.4 that pg( )( f) satisfies the CLT as n — oo, provided o2 > 0. Now, using the same
arguments developed in the proof of the central limit theorem for (S ( f))nen in Theorem 5.4 via three
variance asymptotics, it remains to establish the limits (7. 38) and (7.39) for o2 and v? as r — oo.

In this regard, observe that the vector E(T) (@,5 Af )ZE (m) is fast stabilizing, hence
(jointly) fast BL- localizing of Palm order p € {1, 2} (this restriction of p is due to the assumption on
£). Denote by TOT) and T the BL-limits of Palm distributions of order 1 and 2, of 5

g BLO T
£0(0,P,) —> 1Y,
n—oo
R P BL,(0,z) r) law r r
(£700,,), €z, )) 202 v (vl 1], (0 12]).

By the (2+¢)-moment conditions the above limits hold also for the expectations and all cross-products.
Moreover, by the triangle inequality, the moments of limits involving Aﬁi(r) are zero. Indeed, observe
fori € {1,...,m}, BL-distance between §i(r) (Zn, Pn) and & (i, Py) goes to 0 for r — oo uniformly
in n € N (this is BL-localization, here considered for two Palm orders only).

In order to lift the above observations to the linear combinations of ¢ and A&, consider the
function h mapping (z}, 27, 3 )icq1, my € (R*)™ to 31", t;(x} —2?) € R. This function is Lipschitz.

Consequently, by the (2 + ¢)-moment condition which is satisfied by all co-ordinates of & ™) the BL-
limits of random variables A¢(™) satisfy

~ BL,0

AED(0,P,) —2 h(Ty)),

n—oo

(A€(0.P0), Az Pa)) S5 (WO (TG W (O, 2)).

n—o0
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Again, by (2 + ¢)-moment conditions the above limits hold also for the expectations and all cross-
products and the cross-moments of limits involving A& are zero, by the previous observation for the
individual score functions &;.

To establish analogs of the limits (7.38) and (7.39) for o and v?2, it remains to justify the passage
of lim,_,,, under the integral fRd[. ..]dz in (7.43) where respective variables Y represent now the
corresponding BL-limits of £ and A¢(). This is justified again by the dominated convergence
theorem, evoking, for both & (") and A& (), BL-mixing correlations of order 2, uniformly in r > 0; that
is, these properties involve the common functions wy in (3.2). O

C Some consequences of L'-stabilization

We now consider a notion of stabilization of real-valued scores ¢, referred to as L'-stabilization,
which is stronger than BL-localization but weaker than stopping set stabilization. It enables us to
show that the point processes 755 = erpn 5(175(_,.5’7571)) converge as n — oo to the ground process
equipped with new marks PT := > wep O, 1(x)) over all of R?. In this approach, the existence of
PYNK arises as a consequence of (P$ N K ),y forming a Cauchy sequence in the bounded Lipschitz
distance for finite point processes introduced in Schuhmacher and Xia [139] (see also Barbour and
Brown [9]). This Cauchy property is proved using L'-stabilization. Once this is done, we demonstrate
the consistency of the limits across different subsets K C R? by leveraging the common ground
processes, thus guaranteeing the new marking PY over the whole space. Finally, we show that the
limits Tp» of the Palm distributions developed ip Lemma 7.4 indeed correspond to the Palm mark
distributions MF;E]I; of the limiting point process PY. The approach involving the Cauchy property is
similar to the convergence of the Palm distributions of £ stated in Lemma 7.4 under BL-localization.
However this bounded BL convergence for point processes holds under the stronger L!-stabilization
of the score function ¢ on finite windows of P and is clearly implied by the stopping set stabilization
(cf. Remark 4.7).

A general definition of this new stabilization is a modification of the BL-localization formulation
in Definition 4.2 (ii). Specifically, for ¢ > 1, we say that £ is a L?-stabilizing marking function on
finite windows of P, if for all p € N there are decreasing functions ¢, = @, , : (0,00) — [0, 00) such
that

sup sup ]Emzf[\f(:il,ﬁn) — &(&1, P O B (P9 <, 4(7), 7> 0. (C.1)

1<n<oo z1,...,xpEWn,

As in the case of stopping set stabilization (cf. (4.12)), L?-stabilization is formulated only for marginal
Palm distributions, provided the input process satisfies suitable moment conditions. Also, recall that
(C.1) implies BL-localization as per (4.3); see (4.13).

Lemma C.1 (Convergence of point processes with L'-stabilizing scores). Let P be a marked point
process on R x K with uniformly bounded first correlation function p'V < rk; < oco. Let & : R? x
K x NRde — R be a real-valued marking function (score) which is L'-stabilizing on finite windows
of P as in (C.1) with p = 1 and satisfies the first moment condition on finite windows as in (3.4) with

p=1
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(i) Then the ground point process marked by the score function £ on finite windows converges weakly
in the vague topology to a stationary marking PY of this ground point process on the entire space, i.e.,

7) = Z‘ng(xm) P = Zé(:v'f (C.2)

n—oo
TEP), zEP
(ii) If moreover for p € N the input process P has finite moments of order p + € for some € > 0; i.e.,
E[P(B)P*¢] < oo for all B € By, with a uniformly bounded correlation function p'?) < k, < oo, and
& satisfies (C.1) then the Palm distributions /\/l[ 0 of PY of order p satisfy

MEp() =P{Xyp €} for p? (l}) dirlt-almost all 1} € R,

[ p
& T[m]fl’ stated

n—o0

where Yy are limits of the Palm distributions of the score function € (z, 75n)
in (7.18).

A key element of the proof of the convergence (C.2) is demonstrating the Cauchy property in the
bounded Lipschitz distance ds p;, (defined in (C.6) below) for each sequence 755 K = 755 N K on
compact windows K C R% as n — oo. This metric dy p;, completely metrizes the weak convergence
of finite point processes. Thus using the Cauchy property, we will construct the limit PY on compact
windows K and, by Kolmogorov consistency, extend the limit to the entire space R%. We now define
the required metrics and discuss some of their properties before proving the above lemma.

Compactification of points and marks: To use the framework of the upcoming BL metric of ds gy,
for finite point processes in a compact space, we consider the points of the ground process within a
compact window K C R?. Moreover, to handle the real marks £(%,P,) € R of these points, we
use the one-point (Alexandroff) compactification R := R U {oc} of R. On the compact space R, we
consider a complete metric d induced and bounded by the Euclidean distance on R: for 2,y € R,

d(z,y) := min(|lz — y|, h(x), h(y)) (C.3)

with A(z) = 1/(1 + |2|) for z € R, and d(o0o, z) := A(z); cf [106]. With a compact subset K C R?
representing the locations of points and the compactification R of the real space of their marks, we
next consider a metric dy on X := K x R defined as:

do(%,7) := Dg(|z — 2'| +d(u,v)), &= (z,u), ¥ = (2',v) € X, (C4)

where Dy is a constant ensuring dy < 1. The compact metric space (X, dy) of ‘marked points’ is both
separable and complete.

Metric on the counting measures: Following [139], we define a metric d; on the and unify space
of finite counting measures Ay on X. Specifically, we define the symmetric map NZ — [0, 00) for

= Zxéu 0 and /i :u = Zgﬁ’eﬁ’ 0z with p“l(:{) > max(ﬂ(i{), 1) by

di (i, i) = = (ghlizdo Tiy Try) + (0 m)) (C.5)
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where n := /(X) , m := i(X), and I1,, denotes the set of permutations of {1,2,...,n}, and we put
dy(f1, ') = 0 if both counting measures are null.

In what follows, we will consider marked points sharing the same locations on K, hence we
will always have /i(X) = f/(X), as in (C.7) below. In this case, the metric d; simplifies to the one
considered in Barbour and Brown [9]. The metric d; metrizes the vague topology (the same as the
weak topology) of the finite counting measures N, making (Nx, dy) locally compact, complete and
separable [139, Proposition 2.B].

Bounded Lipschiz distance on marked point processes: Finally, consider the set BL(/\7 x) of bounded
Lip(1) functions on (Nx, dy), the space of finite counting measures on X. We define a metric ds g,
for the probability distributions on N, capturing the distance between the distributions of finite point
processes P, P’ on X:

dopr(P,P') = sup |E[(P)] —E[}(P)]]. (C.6)

fEBL(Nx)
This metric is denoted by d5 in [139] but we have chosen the above notation to align with our general
terminology for BL metrics. We remark that ds 7, is a distance between the laws of the marked
point processes rather than the point processes themselves. Since (/\7 x,dp) is complete and separable,
the metric dy p;, completely metrizes the weak topology of point process distributions on X ; [23,
Theorems 8.3.2 and 8.10.43], see also [139, Proposition 2.C]. This makes it suitable for constructing

limits of the marked point processes (PS xJnen via the Cauchy property.

Proof of Lemma C.1. Cauchy property and ds g1, convergence of 755 x as n — oo: For a given com-
pact K C R? we prove that the sequence of point processes (755 )neny on X = K x R, is a Cauchy
sequence in the dy pr, metric, thus justifying the convergence

56 ) d2,BL_ =Y
Pik= D Owear o Pk (C.7)
zePnNK
to some random counting measure 75}2 € Nx. Consider 1 < n < n/ and a function fe BL(J\E).
Coupling Pf“ 5 and be’, & on the common process P, using in (C.5) the identity permutation 7 € 1lp(x)
with respect to any numbering of the ground process, and (C.3), (C.4) we have

[EI(PS 1)) — EF(PS, 10) (C€3)
<[ Y Ded(e(a P).c(@ P
eEPNK
< DkE| Y |e(@P.) — €@, Pw)
T€PNK

We now use L!-stabilization, with (C.1) holding for p = 1 and with a decreasing function ; = P11 €
[0,1]. For r = d(x,0W,,), we obtain the bound:

E.[|£(%,Pn) — £(F, Pw)] (C.9)

181



< E,[|E7(2,Py) — £(&, Po)|] + Eu[|€7(2, Prr) — €(2, Po)]
< 201 (d(z, OW,)).

Substituting into (C.8) and applying the Monotone Convergence Theorem, we have:

lim sup |E[f(PS )] — E[f(ﬁfﬂ,K)]) < 2k, Dy / lim oy (d(z, 0W,)) dz = 0. (C.10)
K

This confirms statement (C.7).

Real marked point process PY: The random counting measure P € N is indeed a simple
ground process in & marked by values in R. This follows from the fact that the projection of 755 K
onto K is equal in distribution to P N K whenever K C IW,,. However, in principle, the marked point
process limit 75} could have marks at oo € R. This is ruled out by the moment condition, which
implies the tightness of the point processes 752 5 uniformly in n € N. Indeed, by Campbell’s formula
and the p = 1 moment condition (3.4), we have for any ¢t > 0,

PErePNK :&(x,P,) >t) < /@1/ P, (&(z, Py) > t)da < ky Vol(K) MF /t.
K

This along with (C.7), justifies that 75}£ is a marked point processes on K x R.

Consistency of P as K 1 R?: Note that the distributions of P are consistent across K. Indeed,
consider K C K’, take € > 0, and due to (C.7), choose n large enough such that dg}BL(PfhK, P}) <€
and similarly for K’. By the triangle inequality we obtain

dQ,BL(,]S[’E’ 75};/ N K) S 2e + dQ,BL(ﬁS,Ka 75§L,K’ N K) = 26,
where the last equality is by consistency of distributions of 755 x across K. This establishes the

existence of the marked point process PY on R? x R and concludes the proof of statement (i).

We next prove statement (ii). To this end, observe first that L!-stabilization as in (C.1) implies
BL-localization as in (4.3). Hence, for every p € N, Lemma 7.4 (iii) yields the existence of limits of
the Palm distributions of the score function,

as stated in (7.18).

These limits are pointwise limits of probability (Palm) kernels and therefore define a probability
kernel T from (R?)? to RP. It remains to verify that Ty satisfies the Campbell-Little-Mecke
formula (2.3) for the marks of P, namely the formula

(Rd)pf([x]’f) /R h(d?) Mg (dRa?) p® ([2]}) il = F(ID) E[A(Tee)] o7 (B]) def,

(Re)r

for all bounded continuous functions f and h with bounded support.
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To justify this identity, observe first that the left-hand side gives

El Y f@En@)| = im B3 s a)]-

' n—oo ~
() e(PT)® (@ u)fe(Ph)®

Indeed, by (C.7), the marked point processes 755 converge vaguely to PY. Consequently, the above
sums, viewed as random variables, converge in distribution. The convergence of their expectations
follows from the assumed (p + €)-moment of P together with the boundedness and compact support
of f and h.

Next, the passage in the right-hand side

lim [ () By [R(ER (&, )] o (W

n—oo (Rd)p

—3
N—

o,
3,
=3

(Rd)p n—o0

is justified by the bounded convergence theorem. Finally,

lim Eyge [h(E7(2, Po))] = E[R(Typ)]

n—oo

follows from the pointwise convergence of the Palm kernels and another application of the bounded
convergence theorem. This establishes statement (ii) and completes the proof of Lemma C.1. O
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