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ON THE COHOMOLOGY OF MO<8>

Donald M. Davis

1.  INTRODUCTION

Let BO0<8> denote the classifying space for vector bundles
trivial on the 7-skeleton, and MO<8>  the associated Thom spectrum. In
this paper some progress is made toward the determination of the structure of
the A-module H*MO<8>. Here A denotes the wmod £ Steenrod algebra
and all cohomology groups have Zz—coefficients. Let Ar denote the sub-
algebra of A generated by {qu ] 5_2r}. Qur main result, Theorem 2.3,
is the.structure of H*MO<8> as an A1-modu]e. This result suggests
conjectures about ExtA(H*(PTmAM0<8>}, 22) and indeed about the spectrum
P™ AMD<8>, where PT_ is the inverse 1imit spectrum studied in [Linl.

The goal of the program initiated here is a resy1t similar to the
result of LABP1—

Hispin ~ @ WIE g @@ A/AST -y, ® free A-module.  Since the
annihitator of the Thom class of  H*MD<8> s Az, we would expect
H*MO<B>  to be an exteﬁded Az—modu1e; i.e., A ®A2N for some Azemodu]e N,
but-there do not seem to be any general results which guarantee this. -

| Margolis ([Mar 21.43) proves a fi]tergd version-—that such a comodule has a
filtration with Ri/Ri-1 an extended Az-modu1e with generators of degreé i.
The spTitting of H*MSpin was induced by a splitting of spectra;—

<2> is the spectrum ob-

MSpin ~ V E4|J|bo v V’z4|Klbo<2> v K, where bo
tained from bo {localized at 2) by killing classes ¢f Adams filtration
less than 2 and K is a wedge of K(ZZ}Lspectra. Such a splitting for

MO<8> is unlikely in 1light of the fact that the first summand of
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92 D. M. DARIS

HrMO<B> 1S A//Az (CBM13), and this cannot be realized as the cohomo100Y
of a spectrum {rDM23). |

To make matters worse,  H*M0<8> cannot even be written as a
direct sum of cyclic A-modules, which 1s somewhat surprising considering the
nice splitting of H*MSpin. This result (2.8) follows quite easily
from 2.3.

The action of A oD H*MO<S> can be written explicitly using
the Thom isomorphism H*B0<8> b, H*Mo<8>  and Stong's result (LS1) that
under  H*BSO 2, H*BO<B>,

: H*BO<8>_F"-7_2[p*wn ;a(n-l) > 31,

The Wu relations give the p-action in H*BSO, but this 1is complicated in
H*B0<g> by the fact that for ofln-1) < 3.p*i, may be nonzero. Indeed,
by [BM21, if a(n-1) =1 or 2, then p*w = o if n <33 but

PR, is a nonzero decomposable if 1 > 34, For example,

Phigy = Wghpg * Migtaz T 14120
PHigg = Wog¥pg * MazVa7 T V23"26°

where classes on the right hand side denote image under p*., These rela-

tions gan'pe exp11cit1y determined by applying the Wu relations to

i L= i+j,0d-1 i+2 i+l i
A 242 '__qu‘ +2g42 +1Sq2 L

p*(Sq sqt l-x,SqZSqlwz) =0 ané¢ p*Sq

Sq2w4) = 0. The preceding examples are the cases =4, j=0 and

i=0, j=48.  These refations become much more complicated for W, Twith
n > 65.
-Using a.PASCAL program to.calculate the A-action on H*MQO<8>, we

have Showed that through degree 51 - H*MO<8> splits as

(0 + 16 + 25 + 4248)A//A2 & (220 + 2235)1\/?\‘(5;11 , sa, Sq?, sq'°)

40, ; 1 9, . 1 5 1 i 7
® I A/A(Sq ,Esq )@ A(944s 949)/(Sq 994° Sq 944 Sq 99» Sq 99 + 5q 944)-
In [G11 Giambaivo claimed to have written the sp1ﬁt§ing-through degree 49, but

our results begin to differ with his in 46.




ON THE COHOMCLOGY OF MO<8&> 93

In a second paper (£G231)} Giambalvo claimed that a relation in
degree 55 implied that A//A U did not split, which was shown to be
false in [BM11.  This m1stake was due to a m1sunderstand1ng in the concept
of splitting, and not to an 1ncorrect calculation. It is conceivable that
our result on the A1-sp11tting of H*M0<8> might enable us to guess the
structure qf _H*MO<8> o as an extended Az-modUTe, and then to use the methed
of [ABP] to prove the desired splitting result. )

Using the technigues of [DMII, such a'spTitt{ng of  H*MO%8>
would allow a ca?cu]ation of ExtA(H*MO<8>, 22)’ the'Ezuterm of the.Ad;ms
spectrai sequence converging to the <8>- cobordism ring.  Another possib]e
application of this knowledge is to obstruction theory as discussed in [DM]]
using the MO<8>-orientablity of vector bundles trivial on the 7-skeleton

(LDGIMI).

2. THE A1-STRUCTURE CF H*MO<8>
We begin by reviewing some A'—mddu1és and estab]ishing notation.
We work in the category of bounded below stable A1-modu1es of finite type,

which means that we ignore free A]—modu1es. Adams (CAP1) showed that the

only invertible modules are 1%, where k, % eI and € e Zy, gk
is 7, in degree k., 1= ker (A — 1,0, TF s the dual of

*=10..61, ad J=TL, A1/A15q3 "These modules for & >0 are

{stably) the same as the Qj,n‘ considered in [DM31 and [DGM] and T, S, Y
and 2 1qf FMi]. fhg Qj;n and T-Z  have the advantage*of'béing
minimal kno free. A1's) so that one has-a better picture of the module. ~
Adams' modules have the advantage of nicer multiplicative propgrties and
nicer formulas for our work. For J e Z4 and n 370, Qj,n
defined indictively to be "the nbhtriﬁiafrextenéidd_of Ai—MSduiés.

0 — A/ASq' — O,

- o1 o203 . :
with QO,O = Ly Q1,0 = AT/(Sq , 59°Sq7), 02,0 Adams' J, and

Qa 0° E—3A]/(Sq2).' Conversion between the two notatfons is provided_by ‘
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PROPOSITION 2.1. For 0 <A <3 hath o

fatdy w g2

4a+A '
AR NP L

where &6 =8 is the Kronecker delta.

+AQ
2-A,2a-1+A+8" 0,4
In particular we will need the stable equivalences

I 1,y 4043
Qo T 1 Q20 ™ SRS Rt

Ext charts for Adams' modules have a nice form in filtration > 0.

PROPOSITION 2.2,  Exty’®

Sttt zp) ety 7)) 1F s> 0

1 1

ext} PR 1M, 25) ~ xS, ) iF s> 0 and b > kit
1

1

This proposition could be restated by:

A 8, 1% ~ H*(Ezbo<i>) and A8, Izd & H*(Zlbsp<£"1>).
1 1

We can now state our main theorem.

THEOREM 2.3. As a stable A1-modu1e H*MO<8> is isomorphic to

v(t)41
® z4§s|+41T]J|sl+1T](2—11)%5#2 -1)

S, T
where
5 ¢ {nondecreasing sequences of integers s > 2

such that s-1  1is not an even 2-power}

T ¢ {increasing sequences of integers t with alt) = 2},

and |S] s the sum of the elements of S. This module will be illus-
trated at the end of this section.

A key lemma is

LEMMA 2.4. As an Al-modu]e H*BO<8> » Lolg, a{n-1) > 31, where for
ij=1 and 2 '

n-1 ; ;

: . . +i-

sqig = [ 3 ]gn+3 if alni-1) 23 )
n otherwise KR

The analogue of this lemma for Az fails: There is no generator in

degree 40 annihilated by Sq], Sq43q2, and Sq25q35q4. This is
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ultimately due to the fact that p*wug is nonzero. The failure of this
lemma for AZ is a major barrier for the calculation of the splitting of

H*M0<8>.

PROOF OF LEMMA.  We use the A-action on H*B0<8> as in LABP1 or [BDPI.
If R= (r1,-r2, ...) is a finite sequence of nonnegative integers, let

d(R) = 52-1)r,  and  d'(R) 2T et

12"y, it n=2>8
R = (R:d(R) = n, d'(R) = ot oy =2l -2,y 200, g E 0(2))
if 2t el cn<2t 2y
and let 9, = ZRERn(1)Sq(R). The lemma follows easily from the following
statements:
(i) g,=0 if a(n-1}) < 3

(1) Sa'9yy = ey |

(1) So%9g_, = Sgnspe  TOT € € 1013

(iv) g, = P, mod dec  if a(n) <2, a{n) + v(n} > 4.
Indeed, other qugn follow from (ii), (iii) and Adems" relations, while
{(iv) for other values of 1 ‘follows from Wu relations.  LSuppose

gd 1 2

we proved (iv) for g,.. For d=1,2, 3, or 5, 1let =359, 59,

Sq18q2, or SqZSq]qu, respectively. If Yun+d is nonzero, then it
is indecomposable, since de4n = Wantd mod dec. If o(4n+4) > 2,  then

Sq1g4n+4 = Qan+5 is nonzero and is indecomposable by induction (55g4n).

Since SQ](dec) = dec, this implies  Gy4q S indecomposable, extending
the induction.d
()" is proved by using:
1y 2t =2t - 23

-2 + 2r2 + 4r3 + ...

(2) 2!+ 2j +1-= Zi N AL 3ry + Trag ..o
to show R is empty. Indeed, 2(2)y-3(1) s incoﬁbatib1e with

rg = 0(2). (iv) follows from £80P, 3.1(c)] since R21+2j = {{2" - 23+],‘2j)}.




96 | _ D. M. DAYIS

We prove {iif); (i1} is similar but easier. (1i1) is equiva1eht

to Sq22R ¥Sq(R)U = by ¥Sq(R)U in H*MO<8>, which requiréé
2 dn-¢ An+2-¢
S¢° Ty x5q(R) = s xsal{r) in A//A,,- or equivalently -
dn~g ‘ dn+2-€ "
R I Sq(R)ySq2 = I+ Sa(R) mod ﬁéA. : : (3)
dn-g - n+d-g '

Since zd(R)=m Sq{R) = ¥Sq™, applying x to the Adem relation for

SqESqﬂn_E shows

Sq(R)+Sq2 = © 5q(R) mod A,A. 4
d(R)Z4nf6 ‘ )_ ! .d(R)=§n+2—s R mg 2 L )

in A/ﬁéA, sq(R)  is nonzerp iff ry = 0(8), ry = 0{4), and

ry = 0{2), and so we may restrict {4) to such térms.” Since 'f,RSq2 cannot
change 1y from one multiple of 8 to another, {4) remains true if sums

are restricted to a fixed multiple of 8; e.g.,‘2j - 2j+1,’='1f $q{1) oc-
curs in the product -‘Sq(R)-qu,‘ . then d'(T) = d'(R) iff to,1 " 0

in the Miinor matrix. . This will be true i€ k<8 and R “and T

begin with a multiple-of 8.  Thus {4) is true if sums are réstricféd to

fixed d'(R), . establishing (3). S L e e

COROLLARY 2.5. H*B0<8>; is a po1ynomié] a1§ebra on generators whicﬁ'as

as‘A1-moque form a sp]it_summénd ' h '
i

2 . SAng i o
® 1.8 ® I Q ,vin} .
3 2 ame2 P 1 _

For example, between degrees 32 and 63 the A1—action on.the generators is as

depicted below:

52

;;%;0 CORTRII . ’6?1,3

If M s an‘A1—modu]e, let P(M) denote fhe A1Fmodu1e

C3k>0 Mgklsk, where the symmetric group Sk acts by permutation of factors.

Since P(M @ N) =~ P(M} @ P(N}, the following result is immediate from 2.5,
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COROLLARY 2.6.  As an Ay-module

i
HBO<B> = @ P(2° Z,) @ ®) ) P(Z4HQ1 vin) ).

i>3 af{n)=
The last main ingredient is-
temen 2.7, P(3Q, ) s stably Ajrisomorphic to
(Z, ® 750, ;) 9@.24_;slfzk#(5)d|s|
2 - 1,87 S
where S e {nondecreasing sequences from {%,:0'5.1 <20+ 13} and  #(S)
is the number of elements in S. ' h

Note that Adams' J satisfies J2 = 1y, SO that Jls] in 2.7

~ depends anly upon  |S| mod 2.

PROOF OF 2.7. let M=1I Q1 . and ><:i the nonzero element of M of

degree j  {if one exists). Then
P PV . :
Halhs 8g) = Zp[ sy 10 <3 220 D) U x|

2 . :
He(Ms Q) ZZE"HEJ‘ 10 <j<an 1k U{xk+41+-2ﬂ" :

[As a Qo—modU1e,

28+

k S
) & B Paryr Yoty

PM ~ P(T

and the result follows from. the Kunneth formula for H*(M;'QO) and the

fact that  Hy(P<x, Qgx>3 Qp) #7081 et T )

) j even

J J § odd '

S i o ,
For 0<j<28+ 1. there are A1-hgmomorphisms B 22k+43Tj-~—fg4a.PM

defined by

. 'k.J'.
. -2 8 ' 3 \ S
gy X1 Trezgar J SV
9 (gen) =
Xk+2j-2"k+2] i odd
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Using the multiplication PM ® PM—> PM  and the inclusion M —- P,

we get

(Z, e M) 60 ® g2 T, 180, by
S jesS
inducing an isomorphism in QO- and Q]—homology, which 1mpiies it is a
stable isomorphism by CAM1.m
Now we combine 2.6 and 2.7, and use 2.1 to convert into Adams'
notation, so that the mulitplication is easier. Note that we could not
have switched to Adams' moduTes earlier because P(M) and P(M a‘A1)

are not stably equivalent. This yieids

i 1
® 9(22122) 8 ® ((Z,e 24“(2'11)2U(n}+ “15m
133 ez(n)=2 i (5 )
s @ z4|K|+8n-#(K)J[K])
KE_Tn

as stably A]vequivalent to  H*B0<8>. Here Jrl is the set of non-
increasing sequences from {0, ..., 2v(n)+1p]}. Let Jé be the set of
nonincreasing sequences from {2n, ..., 2n+2v(n)+1—1}, and P the set
of sequences of even 2-powers. Then (5) becomes

4!51

@ 5 I 8@E4|T|J|T!(2_11}2(2\)“1)'1'1_]) e ® 24132[‘}'52'

S1 €P T af{n)=2 SzeJr']

where T s as in 2.3. The sets from which the sequences in P and
Jﬁ are drawn are disjoint, so that these sequences can be combined, yield-
ing 2.3 as the stable Aj-structure of  H*B0<8>.  Since the Thom class of
MO<e> is annihilated by Sq', Sq%, and Sq¥, H*BO<8> and  HMO<B>
are jsomorphic Az—moduies, yielding 2.3 for H*MO<8>.m

We fab?u]ate 2.3 through degree 51, where cufved lines indicate
qu, straight Tines Sq1, and numbers next fo summands the number of
copies of the summand. In particular, we note thatsthere are no cyclic
A]-summands beginning in degree 49. This is a key observation in the proof

of the following result.
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THEOREM 2.8. H*MO<8> - is not @ direct sum of cyclic A-modules.

PROOF . w8w12w14w15 s not in R-H*MO<8>. [We show that it is not
present as a term in any glement of SqZJH*MO<8>. For 124, this is
clear since H}7M0<8> =0-= H33M0<8>. For J =0, the only possibility
arises from Wyg = Sq1wi4, " but Sql(w8w12w14w14u) = Q. A similar
argument works for j=1 or. o The case J = 3 is easily exhausted,
the only real possibility being qu(w12w14w15u), but  wghypWya¥1sY
occurs four times here.]

Thus if H*M0<8> A-splits as & direct sum of cyclics, it must
have a summand beginning in 49, The A-splitting induces the AT—sﬁﬁitting,

which we have seen not to contain any cyclic summands beginning in 49.m=

Recall that if £ is g-supHopf algebra of @ Hopf algebra B and

M is a B-module, then B//c®M and B ®b M are isomorphic B-modules.
uowever, if- N is merely a C-module, then B & N- is a B-mddu1e which
need not be of the form B//C @ N*  for any B-module N', nor are

B SC N and B//C ® N hecessarily jsomorphic C-modules. {Consider for
example B = Ags C= Ay N = A1/(Sq1).) As remarked earlier, it is
reasonable to conjecture that' CHEMO<B> = A ®A' N.,. anq the preceding re-
marks indicete that this carries no implication for itg beiny A//AZ e N,
_even Jjust as.an,Az-moduie, uniess | N admits anlA-moduie structure. Never-
the1ess; it is.not unregsonab]e to try to write H*Moég> as ,.A//Az 2 N.

This can at teast be done as stable A1-modu1es.
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COROLLARY 2.9. As a stable A]-modu1e M*MC<8>  1is isomorphic to
(2v(t)+]_~i)
Wigo @ S HITIGIS T e
ST

where
5' ¢ {nondecreasing seguences of integers s > 4

such that a(s-1) > 1}
T' ¢ {increasing sequences of jntegers 2t 4 2d

with 0<J<i-1}.

PROOF, Similarly to [AP, 3.13] one can show that A//AZ is stably
A]—isomorphic to ' '

win}+l
P(i%) o ® (1, @ 24"(2'1_1)2 -1gn
' n=2"3

>0

).

Comparison with (5), and the steps app]iéd to (5) to yield 2.3 yields 2.9.m

. An alternate form of 2.9 is

COROLLARY 2.9'. As a stable AT—moduIe H*M0<8> s isomorphic to

81 87 . 4 odd, ali-1) > 13

/b, @ 2,05 11> 2161

2
® ALET3 11 odd, a(i-1) > 11
® ® ® Z4n(2 +l)(z—]l)2neu(n)t}n'
i»2  n>0
If we allow 1 =1 in the second and last of the five factors, the
A//A2 may be deleted, yielding an alternate form of 2.3.
Optimistically, one might hope to extend the A]-structure on N
to an A,-structure in such a way that H*M0<8> ~ A @, N. In order to do

2
this, one will probably need to know the free A1's.

3. THE SPECTRUM P”_ A MO<g8> ‘,‘
, -
Let P = H*P__ denote the A-module Z,[x, x"11. The calculations of
the preceding section Tead one to the following conjecture, where notation is

as in 2.8.
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CONJECTURE 3.1, If s3>0 ExtA(P 8 H*M0<8>,'22)
Zv(t)-l-} =1 )

Bn-1+41S" [+4]T'{,|S'|+]T'], -1, teT’
(2 J (z7'n) . Z,).

= B Ext,
neZ 1
s,
We could use 2.2 to express this in terms of ExtA (22, ZZ)' A stronger
‘ 1

conjecture is that this equivalence holds as spectra.

CONJECTURE 3.2. There is an eguivalence of "spectra"

PP AMOSB> = K vV Zgn_]+4;$]%+4lT'§bo<E>

nelZ
[St[+]T'| even
v v E8n—1+4|S'|+4|T'[bsp<E-l>
nel | )
IS [+ITY] odd

where K is a wedge of K(Zz)—spectra, and I = I, T.(Zv(t)+1~]).

. In 3.2, one must be careful what one means by spectrum, since
*me is usually defined as an inverse Timit of spectra. 3.2 would seem to
be quite difficult to prove, probably requiring one to find elements in
KO(P™_ A MO<8>), | '
The evidgnce for 3.1 is.strong, if not compelling. An attempt to
deduce it directly from 2.9 will ﬁrobéb]y fail, but is p1ausib1é for the

~reasons given below. If, as suggested in the introduction, H*M0<8> s

A-isomorphic to A 8 N for some Az—modu1é N, then
2

-ExtA(

P ® H*M0<8>) ~ Ext, (A 8"2 (PeN)) ~ ExtAz(P 8 N},

where the first isomofphism fb]1éws from [Liui, 1.71.  One might be tempted
by [LDMAf p; 467; last 1inel torjump from ExtAz(P_a N)  to

EXtA]«:%EZ 283'1N}. _The authqr was mildly surprised to discover that this
is not a valid deduction. For example, decreasing by 1 the subscript
0% -rAr, Po Ai/(Sq])‘ is a free A1—modﬁ1e, but 'A1/(Sq])1 is not a

free Ao-hodu1é.‘

[P
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The analogous statement for the exotic Singer A-action (ISi : §31)
on P®&N is true, It was noted in [AGM] that if N is an
AF_T-module then under the Singer action, P{N} s an A.-module.

Mimicking an argument of [AGMI we have

PROPOSITION 3.3. If N s an Ar_lmoduie, then

A A
Tor r(_22, PN} = @ Tor I""](Zklz, N)
k5_1(2r+1)
and
k .
Ext, (PN, Z,) = ® Ext (z
A > 2 A N, Z,).
r‘ kE"‘I (2Y‘+] ) Y‘-] 2
SKETCH OF PROOF, If O +— N +— CO +——-C] +~—-C2 +~— ... s an

Ar_1-reso1ution, then 0 «—— PN +——-PCU +——-PC1 +——-PCE — is an
A -resolution. LIt is exact since P( ) =PA .® { } -is an exact
r ' re1 Ay A
functor, since PAr~1 is a free right ArF]—modu1erJ Thus  Tor r(Zz, PN}

is the homology of

— Z, 8 Py —=5 Zy 8 P —
_ 2 ; © qad _ o
e (ZZ @A FAY‘*.l) @A C_H_-' m— (22 @A EA’(’*-_'I) GA C‘l' —_
r r-1 r r1
) u @
- @® EkZ ] C.+-| —I—@g‘“" @ Zkzz @A C'i — . B
1 kE_--i (27""’] ) r*]

kE-—] (2T‘+] ) r"]

The difficulty is that, unlike the situation for A-modules, P(N) and
P@® N need not be isomorphic Ar-modu1es if N s an Ar-module.

One nﬁght try to prove 3.1 directly by filtering .' P @ H*MD<8>
with Fj the A-module spanned by X &m for _k-<*8j -1, and
finding classes in P @ H*M0<8>/Fj which give the ;p]itting of 3.1 for
n > j. This has been done through 22 degrees but the Eﬁttern is not clear.

We expand upon the discussion in [DM1J] of the possible usefulness of

me A MO<8>  in obstruction theory by proving
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which the

MO<8>-ori

PROGF .

to obtain

the equiv

The desir

possible

LAGM1
L AM1]
L AP 1]
L ABP 1
[ BMT 1
[BM2 1

CBOP 1

[DGIM]
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ON 3.4. There is a map

0
-

B0<8> —> ZP__ A M0<8>

n followed by the natural map into EPN A M0<8> gives the

entation of CDGIMI.
Dué]ize the composite

k-1 8N
BOgy<8> A RP™1 —— BOgy<B> YBE, Mg, <8y —— B HO<E>

B0gy B> — 1PVIPL A MO<B>.  Passing to 1fm

k
alence of [BGIM, 1.21 we obtain

and using

BOg,<8> —» P 2 h MO<B>.

ed map is obtained by passing to Tim. ™
- ——

N
Conjecture 3.2 and Proposition 3.4 might be used to restrict the

maps X — BO<8> —+ IPy A MO<B>.
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