A MILD GENERALIZATION OF EISENSTEIN'S CRITERION

STEVEN H. WEINTRAUB

ABSTRACT. We state and prove a mild generalization of Eisenstein®@on for a poly-
nomial to be irreducible, correcting an error that Eisemsteade himself.

Eisenstein originally stated and proved the irreducipitititerion we now name after
him in [2]. Both his statement and proof are virtually ideatito how we would formulate
them today. In that paper Eisenstein was actually concesitedhe lemniscate, where the
relevant question was irreducibility of polynomials witbefficients in the Gaussian inte-
gers, rather than in the ordinary integers, but, as he obdetlie statement and proof are
identical in either case. Indeed, in [2], he applied hisr@teto show that, for a prime,
the p-th cyclotomic polynomiafP,(x) = (xP —1)/(x— 1) is irreducible. He used the same
trick we still use today, observing that his criterion applio the polynomiapp(x+1).
The first proof of the irreducibility ofp,(x) had been given by Gauss [4, Article 341], with
a simpler proof having been given by Kronecker [5], but Esteim’s proof was simpler
still. Also, as Eisenstein observed, Gauss’s and Kronéckeoofs used particular prop-
erties ofp-th roots of 1, and so only could be appliedd®g(x), while his criterion applies
far more generally. (Actually, Séimemann had given an irreducibility criterion in [6] that
is easily seen to be equivalent to Eisenstein’s criteriond, lzad used it to prove the irre-
ducibility of ®(x), but this had evidently been overlooked by Eisenstein; fdisaussion
of this see [1].)

Eisenstein then went on to remark that the proof of his doitegoes through to show
the following more general resultet f(x) = a,x" + ...+ ag be any primitive polynomial
with integer coefficients and suppose there is a prime p sumhp does not dividea p
divides afori=0,...,n—1, and for some k witl) < k < n— 1, p? does not divide @
Then f(x) is irreducible (inZ[x]). However, this claim is false, as we see from the follow-
ing factorization, valid for ank > 1 and anym > 0: (X + p)(x**™+ (p? — p)x™ 4 p) =
X2AM 1 p2xktm 4 (p3 — p?)x™ + pxX 4 p?. The point of this note is to establish a correct
result along these lines.

Theorem 1. Let f(x) = apx"+ ...+ ap € Z[x] be a polynomial and suppose there is a
prime p such that p does not dividg, g divides afori =0,...,n— 1, and for some k
with 0 < k < n—1, p? does not divide ja Let k be the smallest such value of k. It =
g(x)h(x), a factorization inZ[x], thenmin(degg(x)),degh(x))) < ko. In particular, for a
primitive polynomial £x), if ko = 0 then f(x) is irreducible, and if s = 1 and f(x) does
not have a root irQ, then f(x) is irreducible.

Proof. Suppose we have a factorizatib(x) = g(x)h(x). Letg(x) have degredy andh(x)
have degreey. Letd be the smallest power afwhose coefficient ig(x) is not divisible by
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p, and similarly fore andh(x). Theng(x) = x4gs1(x) + pgz(x) andh(x) = x®hy (x) + php(x)
for polynomialsgy (), g2(x), h1(x), ha(X) € Z[x], with the constant terms @fi (x) andhy (x)
not divisible byp. Then

f(x) = gh(x) = x"*g1 (x)h1(x) + p(x*ha (X)g2(X) + X h2(X)g1 (X)) + PPG2(X)ha().
The condition that all of the coefficients 6fx) excepta, be divisible byp forcesd+e=n
and hencel = dp ande = e. Thusg(x) = by, X% + pgy(x) andh(x) = Ce,X® + php(x), i
which case

f(x) = g(X)N(X) = anx" + php(X)bggX® + Pg2(X) e, X + P2g2(X)h2 (%),
and sokp > min(do, €p). O

Corollary 2. Let p>5be prime and letd(x) = xP — pPx+ p and f(x) = xP — p2Px+ p?.
Then neither §(x) nor f1(X) is solvable by radicals.

Proof. Let f(x) = fo(x) or f1(x). By Theorem 1f(x) is irreducible, and it is easy to check
that f (x) has exactly 3 real roots. We now apply Galois’s originakeiiin for an equation
to be solvable by radicals [3, Proposition VIIAn irreducible equation of prime degree is
solvable by radicals if and only if each of its roots can beregped as a rational function
of any two of them. O
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