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Abstract set of sub-tasks and develops a task graph. One then maps
the task graph on the interconnection graph of the architec-

Mapping an algorithm to an architecture with faultsis an ture such that the communicating sub-tasks are mapped (as
important problem in parallel processing. This paper deals far as possible) on processors that have a direct link between
with wrapped butterfly architectures with edge faults. We them. However, since most parallel machines have a large
investigate the effect of automorphisms of a wrapped but-number of processors and interconnection links, the prob-
terfly on its edges. Given a fault set, one can then chooseability of some processors and/or links developing faults
an appropriate automorphism to map the algorithm to use cannot be ignored. Therefore there has been a substantial
only fault-free edges. By using an algebraic model of the research effort to develop strategies to map algorithms (or
butterfly, we obtain simple expressions for all its automor- rather, their task graphs, on the interconnection graphs that
phisms. Use of powerful algebraic techniques then quickly have faulty nodes or edges.
yield the edge transformations due of these automorphisms.  This paper deals with therap-around butterfly network
This strategy of avoiding edge faults using automorphismsdenoted here by3,,, wheren denotes the dimension of the
is quite novel because previously automorphisms have beemutterfly. B,, represents a good trade-off between the cost
employed only to avoid the node faults. We illustrate our and the performance of a parallel machine. It has a large
methods by mapping Hamilton cycle on the butterfly under number of processors:2"), fixed node degree (4), low di-
various edge fault scenarios. ameter (3n/2]), symmetry, and ability to support a variety

of parallel algorithms [1-5]. Cube Connected Cycles is a
sub-graph ofB,,[6]. Other extensions aoB,, are also avail-
1. Introduction able [7,8].
Let Z,, denote the group of intege{$, 1,...,n—1} un-

Over the last few decades, the semiconductor technologyder the operation of addition moduland Z3', the group
has delivered increasingly faster and and yet smaller inte-Of binary vectors of length under the operation of modulo
grated circuits. Unfortunately, this ability to create chips 2 addition. Then the wrapped butterfly graph, n > 3, is
of shrinking sizes and higher complexities has now hit the defined to have.2" nodes, each labeled with a p&in, V')
technological barriers. It is therefore an accepted premiseVherem € Z, andV’ € Z3'. Anode(m, V) is connected to
that parallel processing will be the future of computing. ~ four distinctnodes(m+1,V), (m+1,V®2™), (m—1,V)

In a distributed memory parallel machine, a large num- and(m — 1,V & 2™~1). Note that the third and the fourth
ber of processors work on the same problem concurrently.edges are inverses of the first and the second edges respec-
These processors exchange information using interconnectively- Thus the edges of a wrapped butterfly are bidirec-
tion networks. Unfortunately, the communication speeds tional. The first indexn of the node(m, V) is often called
have not kept up with the computational speeds. As a re-its column and the second indel, its row.
sult, the performance of a parallel machine is often dictated ~ With the advances in the VLSI technology, it is now pos-
by the underlying interconnection network. Because of this, Sible to build parallel machines with a large number of pro-
the parallel architecture can be modeled as a graph in whichcessors. However, larger the machine, higher is the proba-
the nodes represent the processors and edges, the commuility that one or more of its processors or links will develop
nication paths between them. Hypercubes, butterflies anda fault. Thus, for the underlying networks of these large ma-
meshes are some of the popular graphs on which many ofchines, mappings of algorithms on faulty graphs becomes
the existing parallel machines are based [1]. To run a com-an important design issue.
putation on a parallel machine, one partitions the task into a  Previous results about mappings on faulty butterflies in-
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clude one by Vadapalli and Srimani who have shown thatin 2  An algebraic model of the butterfly
B, there exists a cycle of length at leagx™ — 2 with one

faulty node anch2™ — 4 with two faulty nodes [9]. Later, Binary representation has been widely used to model
Tsaietal., improved this to show that for oddcycle length 5y common interconnection networks including the but-

n2" — 2 is possible with two faulty nodes [10]. They also orfjy However, binary models are difficult to analyze and

proved that in the presence of one faulty node and one fau“ycomplex to use. In this paper we will use an algebraic model
) © .

edge, tnhere exists a cycle of length" —2whennis even, qing direct product of finite fields and cyclic groups, first

andn2" — 1, whenn is odd. Hwang and Chen have shown i en in [5]. The simplicity of the model and access to pow-

that the maximal cycle of length2" can be embedded in g a1gebraic techniques allows us to explore the automor-
a faulty butterfly even with two edge faults [11]. However, phisms of the butterfly with relative ease.

these studies have used the binary representation of the but- In the butterfly model of [5], nodes aB,, are labeled

terfly resulting in rather complex mappings. with pairs (m, X), m € Cn, X € GF(2"), whereC,
is the cyclic group of integers 0 through— 1 under the
operation of addition module and GF(2") is the finite
This paper proposes a new approach to mappings onfield of 2" elements. We will often refer te» as the col-
faulty butterflies using an algebraic model first given in [5]. umn andX, the row, of nodeg(m, X). Let o denote the
We show that with this model, it is rather simple to obtain primitive element o F(2") and(3,_1, 3n_2, . - ., o), its
all the automorphisms of the butterfly. Automorphisms can dual basis. The node connectivity of grapl, can then
be used to translate an algorithm mapping to one that avoidshe described through an algebraic relationship. In partic-
node faults. For example, an algorithm mapping can avoid aular, a vertex(m, X) of B,, is connected to the vertices
faulty nodeNyq.+, by using a free nod&Vy,... (assuming (m+1,aX), (m+1,aX + B,_1), (m—1,a"1X) and
one exists) and an automorphisf-) of the interconnec-  (m — 1,a~'X + ;). For convenience, We refer to these
tion graph such thab(Nyree) = Nyauy- By remapping  four edges ag, g, f~' andg—! respectively. It is easy to
tasks on each nod® to node¢(N), one can run the al-  verify that if edgef goes from nodeV; to N, then the
gorithm entirely on fault free nodes. Automorphisms have edge that goes fromV, to N, is f~!. The same observa-
also been used to obtain better VLSI layouts of butterfly tion is also true foy andg—'. The simplicity of this model
networks [12, 13]. should be apparent from the fact that the two components
of the destination ofm, X') are independent. On the other
hand, in binary representation, the destinatioifrof V') is

This paper obtains all the automorphisms of the butterfly (m + 1,V & 2™), where, as one can see, the second coor-
(Theorems 1,2, 4) We exp]ore the edge transformations indinate is a function of botl and Vv, the two coordinates
butterfly networks due to automorphisms. In particular, we of the source. For the proof and examples of the algebraic
show that automorphisms can change the type (to be definednodel, reader is referred to [5]. Tables 1 and 2 show the
later) of edges. Exactly” automorphisms oB,, affectall  relationships between the elementstf (2*) andG F(2*)
the edges in a column similarly (Theorem 5). The remain- used in the definition oB; andB,. .
ing 2™ automorphisms change the type of exactly half the
edges in a column while the other edges retain their type

. 3
(Theorems 7, 8). Further, one can design automorphisms Table 1: Structure ofF(2°).

to achieve the desired edge transformation. This allows one Primitive Polynomial:z® +  + 1

to map algorithms onto butterfly machines with edge faults. Elements and their Relationships:
As examples, we show that a butterfly, supports a Hamil- ) v p———

ton cycle even when it has faulty edges in all but two of its 1 ot =a?+a
rows as long as the faults in a given set of rows are con- o aZ = ai +a+1
strained to one type and those outside to one type as well ol @?=a"+1

(Theorems 10, 11). Further, the requirement of two fault- Dual Base(Bz, B1, Bo) = (o, a2, 1).
free rows can be lifted when is odd (Theorems 12, 13).
We also show thaf3,, with up to 2™ faulty edges of the
same type in each column except one is still Hamiltonian
(Theorem 9). Our procedure allows one to map the Hamil- ~ For the purpose of this paper, one need not worry about
ton cycle on to the faulty butterfly easily and directly. The the dual basis elements, except that they are constants satis-
simplicity of the automorphism and the resultant edge map- fying the properties given in the following Lemma.

pings show promise of wide applicability of this technique

to a variety of applications. Lemmal Let (8,1, 8n—2,...,00) denote the dual base
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Table 2: Structure off F'(24).

Primitive Polynomial:z® + = + 1
Elements and their Relationships:

0 o =S +a+1

1 ad=a?+1

[ o =a+a

o? a9 =a2+a+1

ol a11:a3+a2+a
at=a+1 a?2=a%+a2+a+1
o’ =a?+a aB=a%+a2+1

ab = ad + a2 alt=ad 41

Dual Base($s, 82, 81, 80) = (1, a, a2, a'4).

of GF(2*). Then

{ afo

aBit1 + pi+18n—1
whereq is the primitive element of the field anpd is the
coefficient of:? in the primitive polynomial used to generate
the field.

if i=n—1
if i=0,1,...

Bi

,’I’L—27

Proof. Omitted for brevity.
3 Automorphisms of the butterfly network

Wagh and Guzide have previously shown that the alge-
braic model allows efficient mappings of cycles of all (pos-
sible) lengths and trees of largest sizes on the butterfly [5].
We extend their work by exploring the automorphisms of
butterfly in the same setting.

We show that there are two kinds of automorphisms of
B,,. There arex2™ automorphisms which map nodes in col-
umnm to nodes in colummn + ¢ for somet. We denote
these automorphisms h(-). There is also another inde-
pendent automorphism which maps nodes in columto
nodes in column-m mod n. We denote this automorphism
by ¢(-). A product of¢(-) with the set ofé(-) automor-
phisms provides all the2"+! automorphisms of3,,. In a

where the indices o are computed modula. Then the
functiong(-) : B,, — B, defined as

P((m, X)) = (m+t, X + Kp) 1)
for anyt € Z,, is an automorphism aoB,, i.e., it maps
nodes ofB,, to nodes and edges to edges.

Note that constant merely translates edges in one col-
umn to a columnt away. Thist and constant elements
K; € GF(2"), 0 < i < n fully define the automorphism
¢(+). We will henceforth refer ta as thecolumn offseaind
K;s as theautomorphism offsets,

One can see the simplicity of the automorphig(v) de-
fined in (1). Every node in the network is applied the same
column offset and every node in the same column is ap-
plied the same automorphism offset. Further, the offsets of
the two coordinates of a node label aneependent. This
makes use of such an automorphism especially attractive.

Theorem 1 allows one to design such an automorphism
under various conditions. For example, suppose one wants
an automorphism such that for a given pair of nodgs—=
(a, U),Ns = (b, V) € By, the automorphism mag; to
N2, i.e.,

#(N1) = Na. 2

(If we can do this for an arbitrary pair of nodes, it would
imply that B,, is a symmetric network.) Such a mapping
can be obtained by choosing a column offsetnd auto-
morphism offset¥y, K1, ..., K,—1 € GF(2") satisfying
condition in Theorem 1 and then definigigas in (1). Note
that the relations betweeld;s provide certain flexibility in
the choice of the constants. We exploit this flexibility to
ensure that (2) is satisfied.

Let us rewrite the relations betweéfis as

K; :O‘K(ifl)modn""ciﬁnfla 0<:<n-—1, (3)
where each; is either O or 1. One can use (3) repeatedly to
get

n—1

K, = (1 + an)_l(z C(a—j) mod n aj)ﬁn—l-
=0

(4)

previous paper we have discussed the set of automorphis-

mas¢(-) [14]. This paper is focused mostly on automor-
phism(-), its effect on edges oB,, and its application
(along with¢(+)) to mappings on faulty butterflies.

We begin by defining the automorphis#tt) in Theorem
1 whose proof is given in [14].

Theorem 1 Let constantsKy, K1, ...
satisfy

JKn_1 € GF(Q”)

K, =aK; 1 or aK; 1+ /anl,

Further, ifop((m, X)) = (m+t, X + K,,), then to satisfy
(2) requires that

t (b—a)modn  and
Ka = U + V (5)
By combining (4) and (5), one gets
n—1 4
(U + V) (an + 1) 1?—11 = Z C(a—j) mod nOé], (6)
§=0
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One can see that the left hand side of (6) is an element ofNow,
GF(2™) and can therefore be uniquely expressed in the nor-

n—1

mal basisa™ !, a"2,...,1). This gives the unique set of
values forc;s. One can then use these values in (3) to ob-
tain the automorphism offsets ;1) modns K(a+2) modn

B K(a—l) mod n-*

As is evident from this discussion, all the automorphism
offsets for anyg(-) are related such that choosing any one
of them, say,K), fixes all the others. On the other hand,
distinct Ky andt values give rise to distinct automorphisms.
Thus there are exactly2™ automorphisms of butterflys,,

when the first index of all the nodes is translated by the same

amount.

We now specify automorphism(-) of B,, that reflects
the column index of each node.

Theorem 2 For everyX € GF(2"), X = >, Y26, le
X' =" #B,—1-i. Then the mapping
(m, X) = (n—m,X")

is an automorphism aB,,.

Proof. It is simple to see thap(-) is one-to-one and onto.

Za: al,_; + C—I—sz% Bn-1)

n—1

Z (xiﬂnflf’i + xipnfiﬂnfl)

=1
(c+ Zn

ﬂn 1

n—1
= Z TifBn—1—i + ¢ Bn_1, (10)
i=0
wherec’ € {0, 1} denotes
n—1
d=c+ Z(pz + Pn—i)x;. (11)
i=0
Note that
n—1
ql)(va) = (TL - m?inﬂnflfi)
i=0
= (n—m,aY +cB).  (12)

From (8) and (12) it is obvious that vertei(m, X) is
connected to vertex(m + 1, aX + ¢f3,-1), ¢ € {0,1}. I

We only need to prove that it preserves the edge connectiv-

ity of B,,. In particular, we demonstrate that since vertex
(m, X) is connected to the verticés, + 1, «X + ¢f,—1),

¢ € {0,1}, ¥(m, X) is also connected to verticegm +
LaX 4 ¢f,-1). Let X = Y300 01 x;3;. Then using the
relationships between the consecutiie given in Lemma

1, one gets

n—1
aX +cfp1 = Z(Cﬂzﬂi—1 + 2ipifn-1) + (¢ + x0)fo
i=1
n—2 n—1
= Y mipaBi+ e+ Y piri)Bar. (7)
i=0 i=0
Thus
w(m+1aax+65n—1) = (n—m—l,Y) (8)
where,
n—2 n—1
Y = Z Zit1Pn—1—i + (c+ Zpixi)ﬂo
i=0 i=0
n—1 n—1
= D @b+ (c+ Y piw:)bo) 9)
i=1 i=0

When the context is clear, we sometimes wiiteX ) in
place ofy((m, X)). Theorem 3 lists Some basic properties

of 1(-).
Theorem 3 1. ¢ (-) is an order 2 automorphism.
2. (X1 + X2) = P(X1) + ¢(X2).

3. ¢((m, X)) = (n — m, X) for exactly2/"/21 values of
X e GF(2").

Proof. The first two properties of)(-) are obvious from its
definition. For anyX = >/ Vi, p((m, X)) = (n —
m, X) ifandonly ifx; = x,,—1-4, 0 < i < [n/2]. From

this the third property follows.

We end this section with the following theorem enumer-
ating all the automorphisms a8,,.

Theorem 4 B, has a total of22"*! automorphisms.

Proof. Note that the product of two automorphisms is
also an automorphism. Thus in addition to th#* auto-
morphisms defined by Theorem 1, another set of automor-
phisms can be defined by multiplying each of theéges

by the automorphisng(-) in Theorem 2. Since the order of
automorphismy(-) is 2, these are all the automorphisms of

B,. |
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4 Edge Transformations by automorphisms

This section investigates the effect of an automorphism
on the butterfly edges. We call edgés- 1, X) — (i, aX)
and(i — 1, X) — (i,aX + B,-1) forall X € GF(2") as
the edges in théh column ofB,,.

The automorphismy(-) of Theorem 1 affects all the
edges in the same column similarly.

Theorem 5 Let the automorphism offsets be related as:

K; :O‘K(ifl)modn""_ciﬁn—l, 0<i<n-—1,

(a) If ¢; = 1, then the automorphisi(-) maps allf edges
of B,, in column; to g edges and aly edges tof edges.
(b) If ¢; = 0, then the automorphisg(-) maps allf edges
of B,, in columni to f edges and aly edges tq; edges.

Proof. Consider anf edge between nodeé¢, = (i — 1, X
and N, = (i,aX) of the sub-graph oB,,. Now, ¢(N;) =
(Z -1, X + Kz'—l) and,

B(N2)

= (i,aX +K,)
(t,aX + aK;—1 + ¢ifBn-1)

(4, (X + K;—1) + Bn-1)

From this, one can clearly see that the edge betwéén )
and¢(N») is ag edge. The translation of@edge into ary

edge can be similarly proved.

Note that the automorphis(m, X)) = (m+t, X +
K,,) also advances the column numbemby quantityt. In
this case¢,,, = 1 has the effect of mapping theedges of
the sub-graph between columns— 1 andm to g edges
and allg edges tof edges; but these transformed edges now
appear in columm: 4 t. Similarly the edges imth column
are mapped to edges of the same type in colum ¢ if
cm = 0.

To describe the effect of the automorphisit) on the
edges ofB,,, we first define a sef as

) = ap(aX)}

Some of the basic properties Sfare listed in the following
theorem.

S ={X € GF(2")|¥(X (13)

Theorem 6 Letp; denote the coefficient af in the primi-
tive polynomial used to generafeF'(2™). Then

1. X =" aB e Sifand only if 77 2 (pi +
pnfi) =0.

2. ForanyX ¢ S, ay(aX) + ¢(X) = Bn-1.
3. Ifp; = pn_i, thens; € S,
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4. S'is a subgroup o7 F'(2™) under the operation of ad-
dition.

5. There are exactl§” ! elements ir5.

SetS plays an important role in edge transformations of
B,, undery () as the following theorem shows.

Proof. Omitted for brevity.

Theorem 7 WhenX € S, ¢ mapsf edges fron{m, X) to

f edges andy edges tay edges. On the other hand, when
X ¢ S, ¢ mapsf edges from'm, X) to g edges and;
edges tof edges.

Proof. Consider an edgéen, X) — (m+1,aX +¢fp—1).
If ¢ = 0, this represents aif edge and ifc 1,ag
edge. The automorphism maps the first nod&/to= (n —
m, (X)) and the second by = (n—m—1,a " (X)+
cfp) if X € S. Clearly there is ary edge fromN, to Ny
whenc = 0 and ag edge where = 1.

If X ¢ S, then from the second part of Theorem 6, one
can see that the second node maps\to= (n — m —
1,a~ (X) 4+~ By +cfl) = (n—m—1,a~2(X) +
(¢+1)8,). Thus there is g edge fromN, to N; whenc = 0

As a consequence of Theorem 6, we have the following
result.

and anf edge where = 1.

Theorem 8 Automorphismy(-) maps edges from exactly
half the rows of the butterfly to the edges of the same type.

Proof. Theorem 7 shows that edges starting from nodes in
the same row (i.e., noddsn, X) having the sameX) be-
have similarly; all of them either map to edges of the same
type (whenX € S) or map to edges of the other type (when
X ¢ S). The stated result is true becaysg¢ = 2"~ (The-

orem 6, Part 5).

5 Application of automorphisms to tolerate
edge faults

Previously automorphisms have only been used to toler-
ate node faults. However, Theorems 5 and 7 directly express
the effect of an automorphism on the butterfly edges. Con-
sequently, one can now use these automorphisms to tolerate
edge faults for many mappings on the butterfly.

The general procedure to obtain a fault free mapping on
a faulty butterfly is simple. If some edges used in the map-
ping are faulty but the edges to which thegn be mapped
by someautomorphism are free, then applying that auto-
morphism to the mapping will allow it to use only fault-free
edges. Note that much of the power of this method is due
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to the fact that we have2"*! well-defined and simple au-

nodes(m,0) € B, again using onlyf edges. (This is a

tomorphisms that map edges in a deterministic fashion. Weprocedure similar to that in [5].) We then merge these two

illustrate this procedure by constructing a Hamilton cycle
under various edge fault scenarios.

Theorem 9 If the edges in one of the columns Bf, are
fault free and the faults in each of the other columns are
limited to only one type of edges, th8p is Hamiltonian.

Proof. As shown in [5], itis possible to construct a Hamilto-
nian cycle inB,, by first constructing two cycles using only
f edges; one linking all nodésn, X), X # 0, and another
linking all nodes(m,0). These cycles are merged into a
Hamiltonian cycle by using a pair @f edges in columti:
(t—1,0) — (t,8,-1) and(t — 1,5y) and (¢,0). With

0 <t < n, there aren such independent pairs gfedges
that may be used to merge the cycles. We will useghe
edges in the column d8,, that has no faults. We now show
that one can design an automorphiem B,, — B,, which
will avoid all faults. To construcy, we compute constants
¢, 0 < i < nsuch that

=

One can then gek by (6) as

1
0

if there is a fault inf edge in columni

otherwise (14)

n—1

Ko(a™ +1)3,, - 1—20(_j)modnoﬂ
7=0

The otherK; values can then be inferred from (3). Theorem
5 then shows that the Hamilton cycle will ugeedges in
columns wheref edges are fault free angdedges whergf
edges have faults. Thus the transformed Hamiltonian cycle

Theorem 9 is interesting because it implies that up to
2"~1 edges of the same type may be faulty in upite- 1
columns and the faulty butterfly is still Hamiltonian. It is
easy to extend this idea to any other mapping also. A direct
result of Theorem 9 is the following result.

will not have any faulty edges.

Corollary 1 A butterfly withn — 1 edge faults distributed
one per column is Hamiltonian.

Theorem 10 If the edges in row8 and 3, of B,, are fault-
free, the faults in other row&” € S are restricted tgy edges
and those in rows{ ¢ S are restricted to only one type of
edges, the3,, is Hamiltonian.

Proof. We prove the theorem by constructing a Hamiltonian
cycle in B,, using only fault-free edges.

We begin with a cycle containing all nodés:, X) €
B,, X # 0 linked by f edges and another containing all

cycles into a Hamiltonian cycle usirggedges in rows 0 and
Bo: (t,0) — (t+ 1,08,-1) and(t,5y) — (¢t + 1,0) for
somet. If the faults in rows other than O ang, are only

in g edges, then we already have the fault-free Hamiltonian
cycle. If the faults in rowsX ¢ S are in f edges, then
applying the automorphisnp to B,, would map them to
fault-freeg edges as stated in Theorem 7. Note thataps
the f edges in rowsX € S to fault-freef edges, thus giving

the required Hamiltonian cycle.

Application of this theorem is illustrated in Fig. 1 which
assumes that the butterfly, has a large number of faults in
the category specified by the Theorem 10. Note thad?jn

S =10,a,a% a”,a® a' all a4}

« 'ﬁl”m\
DLV
ey

od

JIA\VI \\
A‘

Fig. 1. Butterfly B, with faulty edges marked with light
lines and fault-free edges with dark lines. The column num-
bers are at the top and the row index of each node is marked
next to the node.
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The fault-free Hamiltonian cycle is then obtained as:

(0,a') = (1,1) = (2,0") = (3,2') — (0,a™") —
(1,a'?) — (2,a%) — (3,a") — (0,0®) — (1,a%) —
(2,0°) = (3,a'®) = (0,0%) = (1,a) — (2,02) —
(3,a'") = (0,0) — (1,0) — (2,0) — (3,0) —

(0,1) = (1,a%) — (2,0'%) — (3,a') — (0,a'?) —
(1,0%) — (2,a") = (3,0%) = (0,0”) — (1,0") —
(2,0"%) = (3,0%) = (0,0) — (1,0°) = (2,a') —
(3,1) = (0,a") = (1,a'%) — (2,a") — (3,0'?) —
(0,0°) = (1,a7) = (2,0%) = (3,0”) — (0,0”) —
(1,01 = (2,03) = (3,a) — (0,02) = (1,a) —
(2,1) = (3,a") = (0,0'%) — (L,a'') — (2,0") —
(3, ) (0,0") = (1,0%) = (2,0") — (3,a°) —
(0,0"%) = (1,0%) = (2,@) — (3,0%) — (0,0

If the edge faults are located differently, then one can
use the automorphism(-) with a different Hamiltonian cy-
cle to obtain a fault-free mapping as the following theorem
shows.

Theorem 11 If the edges in rows = (1 + «)~!3,_; and
o + By of B,, are fault-free, the faults in other rons € S
are restricted tof edges and those in row¥ ¢ S, re-
stricted to only one type of edges, thBp is Hamiltonian.

Proof. We use the original Hamiltonian cycle of Theorem
10. By applying ap(-) which flips edges in every column

(Theorem 5), we get a Hamiltonian cycle which uses gnly

edges in all rows other than rowsando + 3y. The rest of

Theorems 10 and 11 require that two rowd#fbe fault-
free. As shown in the next two theorems, this condition may
be dropped if: is odd.

the proof runs parallel to the proof of Theorem 10.

Theorem 12 Letn be odd. If the faults in rows 0 ang,

of B,, are restricted to thef edges, those in the other rows
X € Stotheg edges, and in rowX ¢ S to faults of only
one type, thet,, is Hamiltonian.

Proof. We first construct a Hamiltonian cycle as follows.

Start from any node of the butterfly and choose the next

node from a current noden, X) € B,, using:

(m+1,0) if X = 0o,
nextnode=<¢ (m+1,08,-1) ifX=0and (15)
(m+1,aX) otherwise.

It is easy to prove that the cycle from (15) is a Hamilton
cycle. Further, nodes in rows 0 agf¥g in this cycle use only
fault-freeg edges. The rest of nodes usedges. If they are
fault free, we already have the fault-free Hamiltonian cycle.
If faults in rows X ¢ S are restricted to edges of type
then applying automorphism(-) to this cycle will give the

fault-free Hamiltonian cycle.

Theorem 12 can be illustrated by mapping a Hamilto-
nian cycle in a faultyB; shown in Fig. 2. Note that i3,
S = {0,1,a* a®}. The Hamiltonian cycle obtained from

Fig. 2. Butterfly B; with faulty edges marked with light
lines and fault-free edges with dark lines. The column num-
bers are at the top and the row index of each node is marked
next to the node.

Theorem 12 is shown below.

,0?) = (1,1) = (2,0) = (0,0) — (L,0") —
a’) — ( 046) — (1,0%) = (2,0®) = (0,1) —
0 — (0,a%) = (1,0°) — (2,a5) —
aa)_)(’0‘2)_’(271)_)(070)_)(1’0‘)_>
2, 4) — (0,a°) — (1,046) — (2,0;’) — (O,ozz)

A similar result can also be derived by applyiag-)
which flips all the edges of the cycle (15) to get the start-
ing Hamiltonian cycle used in Theorem 12. We state the
result below without proof.

Theorem 13 Letn be odd. If the faults in rows ando+ 5

of B,, are restricted to they edges, those in the other rows
X € Stothef edges, and in rowX ¢ S to faults of only
one type, themB,, is Hamiltonian.
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Note that the symmetry aB,, will allow further gener-
alization of Theorems 10 - 13.

We end this section by showing that one can also em-

ploy automorphismg(-) andy(-) together to get even more

powerful results.

Theorem 14 If the edges in one of the columnsBf are

fault free, and the faults in each of the other columns are
such that edges frolX € S have one type of fault and

those fromX ¢ S have another type of fault. Thd®, is
Hamiltonian.

Proof. If the faulty edges fron{m, X), are of typeg when
X € S and of typef if X ¢ S, then applying) will map
all of these faulty edges to typein columnn — m. On the
other hand if the faulty edges frofmn, X), are of typef
whenX € S and of typeg if X ¢ S, then applying) will

map all of these faulty edges to tygein columnn — m.

Thus, after applyingp, all the faulty edges in any column
will be limited to only one type and there will be no faulty

5]

[6]

edges in one column. Theorem 9 can then be used to build

the required Hamiltonian cycle using fault free edgesl

6 Conclusion

In the past, automorphisms have been used to map algo-

[8]

rithms on architectures with (generally one) node fault. This

paper shows that automorphisms can also be used to map a[g]

gorithms on architectures with edge faults. To achieve this,
we propose the use of an appropriate interconnection graph
automorphism to map the set of faulty edges to free edges.

Using an algebraic model, this paper has obtained all the[10]

n2" ! automorphisms of the wrapped butterf;, of di-

mensionn. The resultant automorphisms are simple; they

map the two coordinates of a node label independently. This
simplicity allows one to determine the mapping of edges

due to any automorphism. Conversely, it is also possi-
ble to design an automorphism to achieve the desired edgg12] A. Avior, T. Calamoneri, S. Even, A. Litman, and
mapping. We have illustrated our technique by mapping a
Hamilton cycle on a butterfly under various edge fault sce-

narios. We believe that having a large setr@f**! sim-

ple automorphisms, each with a specific determined edge

translation property makes this method applicable to a large[13]

number of mappings on faulty butterflies.
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