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Abstract. In this paper, we consider the time-optimal
execution of a class of parallel algorithms based on the
principle of divide-and-conquer. We use a computational
model of this class of algorithms which incorporates both
communication and the associated computation overheads
that are unavoidable in a divide-and-conquer methodol-
ogy. We consider the time-optimal implementation of this
class of parallel algorithms on a generic network topol-
ogy and derive properties of the node-degree requirements
of the processors in the topology. We say that a proces-
sor is assigned a problem of sizen if it is assigned the
task of the root node in the computational tree graph for
a problem of sizen. We obtain a recursive analytical ex-
pression forC(n) as a function ofn, defined as the lower
bound on the node-degree of a processor assigned to solve,
in optimal time, a problem of sizen. We prove several
interesting properties ofC(n) as a function ofn, includ-
ing its well-behaved but non-monotonic nature. In this
paper, we lay the groundwork based on which one may
derive algorithms for complete analytical characterization
of C(n), and therefore, optimal partitioning strategies for
time-optimal execution with minimal connectivity require-
ments.

Keywords. node-degree, optimal partitioning, divide-
and-conquer, overheads.

1 Introduction

Among the few general techniques available for parallel al-
gorithm design, the technique of divide-and-conquer is one
of the most widely used and studied [1–6]. The most com-
mon applications that use the divide-and-conquer approach
include many signal and image processing tasks, evalua-
tion of arithmetic expressions, finding the extremum, sim-
ple database searches or complex data mining operations,
and many other applications which involve associative op-
erations on large sets of data. Divide-and-conquer achieves
parallelism by recursively partitioning the original problem
into smaller independent instances of the same problem.
Examples for which sub-problems are of fixed size in re-
lation to the original problem include the computation of
an N -point DFT and the multiplication of square matri-
ces. Many problems, however, can be partitioned into ar-

bitrary sizes such as database searching, associative opera-
tion on large data sets, dot products of long vectors, sorting
and searching operations. This flexibility can be exploited
to allocate smaller subtasks to the processors subjected to
higher overheads. This strategy as applied to the divide-
and-conquer algorithm has been modeled and analyzed in
[7, 8]. At each stage of the divide-and-conquer recursion,
the problem is partitioned into two subproblems. The vari-
ous algorithmic and architectural overheads are lumped to-
gether into an asymmetric communication overhead,k, at-
tached to only one partition and a symmetric merging over-
head,λ, added to both the partitions. The communication
overhead,k, primarily includes the cost of interprocessor
communication to collect results, while the merging over-
head,λ, primarily includes the algorithmic costs of com-
bining the partial results. Depending on the specific prob-
lem, eitherk or λ, or both, may include the costs associated
with converting one or both subproblems to conform to the
exact form of the original problem. This model can be sum-
marized by a typical recursion step in which a problem of
sizen ≥ n0, is partitioned into problems of sizesr and
n− r as follows.

T (n) = min
1≤r≤n−1

[max{T (r), T (n− r) + k}] + λ (1)

where T (n) is the minimal execution time or thetime-
complexityof Pn, a sizen instance of the problem being
solved. In solving the above recursion, we assume that
problems smaller than a certain sizen0 are solved in a sin-
gle processor in constant timeT0. The quantityn0 can be
thought of as the smallest size for which the partitioning is
advantageous or as a quantity dictated by the problem gran-
ularity. The divide-and-conquer algorithm for these prob-
lems is completely defined by specifying the partition sizes
at each stage of the recursion. It may be noted that the opti-
mal partition size for any givenn is not necessarily unique.
The above recursion has also been analyzed in [9].

Consider a simple example of a problem which is mod-
eled by (1). Consider the problem of addingn numbers on
a parallel system. Two processorsP1 andP2 may split this
problem and assume the task of addingr andn − r num-
bers, respectively. Now, if we choose to combine the results
by adding the two sums in processorP1, we would haveP2
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Figure 1: A computational tree graph.

communicating its result, the sum ofn − r numbers, to
P1. This “keep some, send some” technique of allocating
divide-and-conquer tasks to processors is described in de-
tail in [1]. Let the time taken to communicate the result
computed inP2 to P1 bek, and let the time taken to merge
this result with that computed inP1 be equal toλ. One
may now see that the computational model described in (1)
uses the value ofr that best overlaps computation and com-
munication, and achieves the best possible execution time
given the constraints. This process of splitting the problem
into smaller problems in an optimal fashion can be carried
out recursively.

Fig. 1 illustrates the computational tree graph of this task
distribution strategy. The tasks in the figure are labeled
from N1 throughN25. Note that the leaves of the tree in
Fig. 1 represent the computation of subproblems that are
not further divided and its other nodes represent merging
of the results of subproblems. Each node of the tree thus
represents a computation andnot a processing unit. In our
task distribution strategy, tasksN1, N2, N4, N8 andN16,
for example, are all executed in the same processing unit.
Similarly, tasksN3, N6, N12 andN24 are all executed in
the same processing unit.

The recursive task distribution technique described
above to minimize communication and maximize proces-
sor utilization can be illustrated using the simple case of
two processors. Consider a problemPn divided into sub-
problemsPr andPn−r. A processor is said to have been
assignedPn (or is the root processor ofPn) if it combines
the results of its subproblemsPr andPn−r. In our model,
Pr is assigned the same processor asPn. Pn−r is assigned
a separate processor and the results of the subproblems
are combined in the processor that was assigned the par-
ent problem. Fig. 2 illustrates this task distribution for two
processors.

Given an unlimited number of processors with the de-
sired connectivity, the partitioning as given by (1) can be
carried on to completion yielding the optimal execution
time. However, on real systems or while attempting to de-
sign reconfigurable or dedicated systems for this class of al-
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Figure 2: Task assignment on two processors.

gorithms, it is vital to minimize the resource requirements.
One of the more important resource constraints tends to be
the connectivity or the node-degree of processing units, i.e.,
the number of other processing units any given processing
unit may be directly connected to. In this paper, we study
the connectivity requirements of time-optimal divide-and-
conquer algorithms in the presence of parallel computing
overheads. In our analysis, lower bounds on the node de-
grees of each of the processors and also the specific in-
terconnections required are determined as functions of the
problem size. This can directly lead to the design of op-
timal network topologies for reconfigurable or dedicated
systems, thus improving the processor and link utilization
while retaining time-optimality.

It will be shown in Section 2, that a multitude of opti-
mal partition sizes,r, exist for any given problem of size
n, i.e., a number of different values ofr satisfy the equa-
tion, T (n) = max{T (r), T (n − r) + k} + λ. Each of
these optimal solutions may impose different requirements
on the node-degrees of individual processors. The required
network connectivity, therefore, differs from one solution
to another. The analysis presented here concentrates on
obtaining those solutions which use minimal connectivity
while preserving time-optimality.

In designing an optimal topology for a dedicated or a re-
configurable system, we need quantitative estimates of the
node-degree requirements of each of the processors partic-
ipating in the algorithm execution. Denote byC(n), the
least number of links required of the processor assigned to
Pn in solving the problem optimally as in (1). In accor-
dance with the task distribution strategy explained earlier,
Pn and the subproblemPr are assigned the same processor.
This processor needs to communicate with the processor
assigned toPn−r besides those it already communicates
with to solvePr. Therefore, to solve a larger problemPn,
a processor requires exactly one more link than to solvePr.
Optimizing the communication network complexity while
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preserving time complexity then implies thatC(n) be ob-
tained at every stage of recursion through,

C(n) = 1 + min
r∈Rn

C(r), n ≥ n0. (2)

where,Rn is the set of all optimal partition sizesr as given
by (1), for a problem of sizen. Problems of size less than
n0 are not partitioned and are solved in one processor, and
therefore,C(n) = 0 whenn < n0. It should be noted that
C(n) denotes the smallest number of times that a problem
of sizen requires to be divided while solving it optimally.
At every stage of the recursion, use of a partition sizer
with the smallestC(r) ensures this minimization. Using
the lower bounds on connectivity as dictated by (2), there-
fore, leads to a topology which is optimal in terms of com-
munication network complexity.

C(n) plays a central role in defining the connectivity re-
quirements of the class of algorithms under consideration.
In the following section, we present some of the earlier re-
sults obtained on properties of the recursion (1). In Section
3, we investigate and prove some of the properties ofC(n)
as a function ofn, a few of which were stated without proof
in [10]. These include the somewhat counter-intuitive non-
monotonic nature ofC(n) as a function ofn. Section 4
describes a few more properties ofC(n) and lays down the
basic principles using which it is algorithmically possible
to readily obtain a complete characterization ofC(n).

2 Definitions and Preliminary Results

Let the size of a problem,n, be a positive integer. LetSm

denote the set of sizes of problems that have the same exe-
cution timem as given by (1). Thus, we have,

Sm = {n ∈ Z |T (n) = m}. (3)

Note that it is possible thatSm = φ. Defineηm recursively
as the largest element ofSm if Sm is non-empty andηm−1

if Sm is empty. The quantityηm, therefore, is the size of
the largest problem that can be solvedoptimallywithin time
m. It has been shown in [9] that theηm’s are related by,

ηm = ηm−λ + ηm−λ−k, m ≥ T (n0). (4)

One may understand (4) intuitively by noting that the size
of the largest problem that can be solved in timem is the
sum of the sizes of the largest problem that can be solved in
timem− λ (since it will take a recombination overhead of
λ to combine the results) and the largest problem that can
be solved in timem−λ−k (since it will take an additional
communication overhead ofk before the two subproblems
can be combined).

Since the size of the complexity class,|Sm|, is nothing
butηm−ηm−1, we can easily derive from (4) that the sizes
of the complexity classes are also similarly related, given
by the recursion,

|Sm| = |Sm−λ|+ |Sm−λ−k|, m ≥ T (n0). (5)

Recall thatRn is the set of all optimal partition sizes
r as given by (1), for a problem of sizen. Thus,Rn =
{1 ≤ r ≤ n − 1 |T (n, r) = T (n)}, whereT (n, r) =
max{T (r), T (n − r) + k} + λ. Therefore, ifp ∈ Rn,
we can say that,T (n − p) ≤ m − λ − k, andT (p) ≤
m − λ. These two conditions can be interpreted to mean
thatn− p ≤ ηm−λ−k, andp ≤ ηm−λ. We can now derive
the limits onp asn − ηm−λ−k ≤ p ≤ ηm−λ. This result
can be formally stated as follows.

Rn = [n− ηm−λ−k, ηm−λ], n ≥ n0, (6)

From (4) and (6), it is easily derived that the optimal
partition size,r, for a problem of sizeηm, is given by,

Rηm
= {ηm−λ} (7)

A close inspection of (1) reveals that ifT (n) = m for
some problem sizen, m is such that it can be expressed as
m = T (n0) + i(k + λ) + jλ, for somei, j ≥ 0. For very
largem, it is possible to say thatm is of the formT (n0)+ig
whereg = gcd(k, λ), andi, k andλ are positive integers.
To be more general and include non-integer values ofk and
λ in our results, we redefineg as,

g = gcd(λα, kα)/α, (8)

whereα is such that bothλα andkα are integer quantities.
This result can be more formally expressed as follows.

Sm 6= φ iff g|(m− T (n0)), for m À T (n0) (9)

3 Elementary Properties of C(n)

The functionC(n) of n is a well behaved function, exhibit-
ing piecewise monotonicity and having an asymptotic or-
der of the time-complexity. Theorem 1 states that within a
complexity class,C(n) increases monotonically with prob-
lem sizen. Theorem 2 gives the value ofC(n) whenn is
on the upper boundary,ηm, of the complexity classSm.

Theorem1. Forn ∈ Sm, C(n) is a monotonically in-
creasing function ofn.

Proof. WhenT (n) = m < T (n0), n < n0 and there-
fore, C(n) = 0 for all n ∈ Sm. Thus the theorem is true
for all suchm.

Consider problem sizesn1, n2 ∈ Sm, m ≥ T (n0). It is
required to prove that ifn1 ≤ n2, thenC(n1) ≤ C(n2).
The optimal partition sizes of these problems given by (6)
are,

Rn1 = [n1 − ηm−λ−k, ηm−λ], (10)

and Rn2 = [n2 − ηm−λ−k, ηm−λ]. (11)

If n1 ≤ n2, thenRn2 ⊆ Rn1 , implying,

min
r∈Rn1

C(r) ≤ min
r∈Rn2

C(r). (12)

Now, by the definition ofC(n) in (2),C(n1) ≤ C(n2). 2
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The statement of Theorem 1 is consistent with intuition.
It is easy to comprehend that if two problems require the
same time, the minimum network complexity required by
the larger problem is at least as large as that of the smaller
one.

The monotonicity ofC(n) within complexity classes
enables us to obtain an easy upper bound onC(n) by
merely determining the value ofC(n) at upper boundaries
of complexity classes. Theorem 2 achieves this by provid-
ing the value ofC(n) for n = ηm.

Theorem 2. For all m ≥ T (n0), C(ηm) =
d (m−T (n0)+1)

λ e.
Proof. From (7), the optimal partition size for a problem

of sizeηm is unique and equal toηm−λ. Therefore,

C(ηm) = 1 + C(ηm−λ) = i + C(ηm−iλ). (13)

The above recursion can be carried out untilηm−iλ < n0,
or, m− iλ < T (n0). At this pointC(ηm−iλ) = 0 and thus
C(ηm) is merely equal to the smallest suchi. 2

The following Corollary which readily follows from
Theorems 1 and 2, has important design implications.

Corollary 1. For alln ≤ ηm, C(n) ≤ C(ηm).
This Corollary states that if a processor satisfies the con-

nectivity requirements of a problem of sizeηm assigned to
it, then it will satisfy the requirements of any problem of
size less than or equal toηm.

As seen in Theorem 1, the connectivity requirements of
the root processor increase monotonically within a given
complexity class as the problem sizen increases. An im-
portant design issue, however, is the smallest size of a prob-
lem that necessarily requires a certain network complexity
for a time-optimal execution. Theorem 3 addresses this
question. The proof of Theorem 3 requires the following
two lemmas.

Lemma1. If λ|(m− T (n0)) andj ≤ |ST (n0)|, then

C(ηm − j) = C(ηm) ⇔ C(ηm−λ − j) = C(ηm−λ).

Proof. We assume the statement on the left hand side
of the equivalence and derive the right hand side. The con-
verse can be proved by backtracking the steps.

Recall that the sizes of the complexity classes are re-
lated as|Sm| = |Sm−λ|+ |Sm−λ−k| given by (5). Clearly,
|Sm| ≥ |Sm−λ|. Note that|ST (n0)| is non-zero by defini-
tion ofn0 and therefore,λ|(m−T (n0)) implies that|Sm| is
non-zero and greater than or equal to|ST (n0)|. Thus, when
j ≤ |ST (n0)|, either(ηm − j) ∈ Sm or (ηm − j) = ηp

for somep < m. However, the latter case is impossible be-
causeλ|(m − T (n0)) impliesC(ηm − j) < C(ηm) from
Theorem 2, contradicting the left hand side of the equiva-
lence. Hence, ifj ≤ |ST (n0)|, andλ|(m − T (n0)), then
C(ηm − j) = C(ηm), implying (ηm − j) ∈ Sm.

From equation (6) and the definition ofC(n), and upon
further simplification using (4), we get,

C(ηm − j) = 1 + min
r∈[ηm−j−ηm−λ−k, ηm−λ]

C(r)

= 1 + min
r∈[ηm−λ−j, ηm−λ]

C(r).

Combining the above equation with (7), and the assumption
of the left hand side,C(ηm − j) = C(ηm), one gets,

C(ηm−λ) = min
r∈[ηm−λ−j, ηm−λ]

C(r). (14)

However, using Theorem 2 and the fact thatλ|(m −
λ − T (n0)), one can see that ifηm−λ − j /∈ Sm−λ, then,
C(ηm−λ − j) < C(ηm−λ). This is in contradiction with
(14). Therefore,ηm−λ − j ∈ Sm−λ and therefore, in the
light of Theorem 1, Equation (14) yieldsC(ηm−λ − j) =
C(ηm−λ). 2

Lemma2. If λ|(m − T (n0)) then the largest integerj
such thatC(ηm− i) = C(ηm) for 0 ≤ i ≤ j, is |ST (n0)|−
1.

Proof. From the monotonic nature ofC(n) within a
complexity class and because|Sm| ≥ |ST (n0)|, the theo-
rem could be proved by showing that,

C(n) < C(ηm) for n ≤ ηm − |ST (n0)|, (15)

and C(ηm − |ST (n0)|+ 1) = C(ηm) (16)

If (ηm−|ST (n0)|) /∈ Sm, then(ηm−|ST (n0)|) = ηp for
somep < m since|Sm| ≥ |ST (n0)|. Now,λ|(m− T (n0))
and therefore, from Theorem 2,ηp < ηm. Using Corollary
1 now, Equation (15) is readily proved.

If (ηm − |ST (n0)|) ∈ Sm, we prove (15) by contradic-
tion. AssumeC(ηm − |ST (n0)|) = C(ηm). Lemma 1 can
then be applied recursively to getC(ηT (n0)

− |ST (n0)|) =
C(ηT (n0)

). Now,C(ηT (n0)
− |ST (n0)|) = C(n0− 1) = 0,

while Theorem 2 tells us thatC(ηT (n0)
) = 1, a contradic-

tion. Therefore,

C(ηm − |ST (n0)|) < C(ηm). (17)

As before, sinceλ|(m−T (n0)), ηm > ηp for p < m, from
Theorem 2. Now, (15) follows using Corollary 1, Theo-
rem 1 and (17).

Consider the following equation, both sides of which are
initially equal to 1.

C(ηT (n0)
− |ST (n0)|+ 1) = C(ηT (n0)

). (18)

Equation (16) is proved by repeated application of
Lemma 1 to Equation (18). 2

We now introduce a functionβd to denote the small-
estn such thatC(n) = d. This essentially means that all
problems of size less thanβd can be solved optimally with
less thand links from the root processor.βd is an impor-
tant characterizing parameter since it marks the first failure
from optimality in a given interconnection network topol-
ogy with limited communication links.

Note that from definition (2), given anyβd = n, there
exists anr such thatC(r) = d − 1. Since r < n,
βd−1 < βd, and therefore,βd is a strictly increasing func-
tion of d. The following theorem expressesβd in terms of
the complexity class boundaries.

A plot of C(n) againstn, is shown in Figure 3, illustrat-
ing the notations employed in this article.
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Figure 3: An illustrative plot ofC(n) againstn.

Theorem3. For all d ≥ 1, βd = η(d−1)λ+T (n0)
−

|ST (n0)|+ 1.
Proof. For all d ≥ 1, by Lemma 2,η(d−1)λ+T (n0)

−
|ST (n0)| + 1 is the smallestn such that C(n) =
C(η(d−1)λ+T (n0)

) = d. 2

4 Complete Characterization of C(n)

In this section we lay the groundwork based upon which
one may completely characterizeC(n) as a function ofn,
and thus obtain partitioning strategies for time-optimal ex-
ecution with minimal connectivity requirements. The need
for a complete characterization may arise when the net-
work topology is reconfigurable or when the overheads are
known and a dedicated system is to be designed. While
such reconfigurability enables one to tailor the topology ac-
cording to the problem at hand, a time-optimal execution
requires a thorough knowledge of the connectivity require-
ments of the problem.

In several applications in science and engineering, the
overheads as well as the expected problem sizes are known
prior to execution time. In such situations, if problems of
only a known kind are expected, the design of a dedicated
system with an optimal network topology is a cost-effective
alternative. An example is an image processing engine on
satellites or robotic vehicles, implemented using multiple
processing units computing in parallel. Determining this
topology for a proposed dedicated network also requires
a complete characterization of the connectivity function,
which is the objective in the following sections of this arti-
cle.

The value ofC(n) for n at the upper boundaries of com-
plexity classes is known from Theorem 2. Also sinceC(n)
is monotonically increasing in each complexity class as
stated by Theorem 1, it is a piecewise staircase function as
shown in Fig. 3. It is easily seen thatC(n) is uniquely de-
termined for everyn if the step sizes are known for each of
the steps in the different complexity classes. The following

gives a formal definition of these step sizes.
For Sm 6= φ, defineζm as the size of the smallest

problem that necessarily incurs a time-complexity of at
least m for a time-optimal solution, i.e., forSm 6= φ,
ζm = minSm. For mathematical convenience, we define
ζm = ηm whenSm = φ. However, in all of the follow-
ing, Sm 6= φ is an implicit assumption associated with any
reference toζm, unless otherwise stated.

Let Sm 6= φ. DefineFx,m(k, λ), 0 ≤ x < C(ηm) −
C(ζm), as the set of integersn such thatT (n) = m and
C(n) = C(ηm)− x. Clearly, sinceC(n) is monotonically
increasing within complexity classes,Fx,m(k, λ) is a set of
contiguous integers for allx, m, k andλ. ForSm = φ, i.e.,
in case of empty complexity classes,Fx,m(k, λ) = φ. Note
that from Lemma 2, ifλ|(m− T (n0)), thenF0,m(k, λ) =
|ST (n0)|. In the following,Fx,m(k, λ) is merely referred
to asFx,m whenever the overheads are not central to the
discussion or when the values of the overheads are contex-
tually obvious.

In all of the following analysis, the time complexity of
problems smaller thatn0 is assumed to be a constant equal
to t0. This is a valid assumption for a divide-and-conquer
approach with fine-grain parallelism such as in image pro-
cessing.

Theorem4. ForSm 6= φ, and0 ≤ x < C(ηm)−C(ζm),

|Fx,m+λ(k, λ)| = |Fx,m(k, λ)|. (19)

Proof. We set out to prove that the functionC(ηm − i)
has the same shape as that ofC(ηm−λ− i) for i < |Sm−λ|.
This will prove that the cardinalities ofFx,m(k, λ) are the
same for values ofm that differ byλ.

Consider two problems of sizesηm+λ − i andηm+λ −
i− 1 wherei < |Sm| − 1. Using (5),i + 1 < |Sm+λ| and
therefore, both these problem sizes belong to the complex-
ity classSm+λ. From Theorem 1, i.e., from the monotonic
nature ofC(n) within a class, one getsC(ηm+λ− i−1) ≤
C(ηm+λ − i). Let

C(ηm+λ − i− 1) + l = C(ηm+λ − i), l ≥ 0. (20)

Now, by the definition ofC(n) as in (2), one gets,

l+1+ min
r∈Rηm+λ−i−1

C(r) = 1+ min
r∈Rηm+λ−i

C(r). (21)

Recall from (6) that,Rηm+λ−i andRηm+λ−i−1 are given
by,

Rηm+λ−i = [ηm+λ − i− ηm−k, ηm] (22)

Rηm+λ−i−1 = [ηm+λ − i− 1− ηm−k, ηm] (23)

Using (4), Equations (22) and (23) become,

Rηm+λ−i = [ηm − i, ηm] (24)

Rηm+λ−i−1 = ηm − i− 1, ηm] (25)

Now, sincei + 1 < |Sm|, the ranges of optimal partition
sizes given by equations (24) and (25) are entirely within
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the setSm. Note once again that the connectivity function
is monotonically increasing within a complexity class and
therefore, the minimum value ofC(n) within such a range
corresponds to that of the smallestn. Thus, Equation (20)
becomes,

C(ηm − i− 1) + l = C(ηm − i). (26)

The derivation of (26) from (20) implies that whenever
there is a drop inC(n) as we trace its value down from
ηm+λ, there is a corresponding drop at exactly the same
intervals as we move down fromηm. Clearly, the steps
(20–26) imply that for1 ≤ i ≤ |Sm| − 1,

C(ηm+λ)− C(ηm+λ − i) = C(ηm)− C(ηm − i). (27)

Translating the above Equation (27) in terms ofFx,m(k, λ)
andFx,m+λ(k, λ), one readily obtains the statement of the
theorem. 2

Note that the difference in the levels of the consecutive
steps in Fig. 3 are never more than one within each com-
plexity class. This observation that the value ofC(n) with
each complexity class increases at most by 1 between steps,
is stated in the following theorem.

Theorem5. Forn, n + 1 ∈ Sm, C(n + 1) ≤ C(n) + 1.
Proof. This proof is by induction. The basis step is

readily verified for allm ≤ T (n0).
Using the definition ofC(n) given by (2), it is required

to be proved that,

min
r∈Rn+1

C(r) ≤ 1 + min
r∈Rn

C(r). (28)

for n, n + 1 ∈ St, while the statement of the theorem is
assumed true form < t. Now, from (6), the setRn+1 con-
tains problem sizes fromn + 1 − ηt−λ−k to ηt−λ while
the setRn contains all of these in addition to that cor-
responding to problem sizen − ηt−λ−k. Now, letting
minRn+1 = r′, Equation (28) translates to,

C(r′) ≤ 1 + min{C(n− ηt−λ−k), C(r′)}. (29)

Now, problem sizesn− ηt−λ−k andr′ may or may not
belong to the same complexity class. If they do belong to
the same class, then sincen − ηt−λ−k < r′, by definition
of r′, C(r′) = C(n + 1− ηt−λ−k). Now, since bothT (r′)
andT (n − ηt−λ−k) are less thanm, by the induction as-
sumption,

C(r′) ≤ 1 + C(n− ηt−λ−k). (30)

which proves Equation (29).
Now, if n − ηt−λ−k andr′ do not belong to the same

complexity class, one gets,

C(r′) ≤ C(n + 1− ηt−λ−k). (31)

If n+1−ηt−λ−k belongs to the same class asn−ηt−λ−k,
then Equation (29) is proved along the same lines as before.
However, ifn+1−ηt−λ−k belongs to a class corresponding

to a complexity higher than that ofn−ηt−λ−k, then, clearly
n−ηt−λ−k must be at the boundary of its complexity class.
In other words,

n− ηt−λ−k = ηj , (32)

for somej. Therefore,

T (n + 1− ηt−λ−k) = j + ε, (33)

wherej + ε is the smallest complexity larger thanj corre-
sponding to a non-empty complexity class. From the recur-
sion of (5),ε ≤ λ. Now, applying Theorem 2, one gets,

C(ηj+ε) ≤ 1 + C(ηj). (34)

From (33) and Corollary 1,C(n+1−ηt−λ−k) ≤ C(ηj+ε),
and therefore, using (32) and (34),

C(n + 1− ηt−λ−k) ≤ 1 + C(n− ηt−λ−k). (35)

From (31) and (35),

C(r′) ≤ 1 + C(n− ηt−λ−k). (36)

which proves Equation (29). 2

Theorem 5 is an extremely useful characterization of the
function C(n). In the light of this theorem, it is worth-
while to note the important implication of Theorem 4 in
the study of the behavior ofC(n). Using Theorems 4 and
5, the knowledge of|Fx,m| for a certain set of values of
m over a range spanningλ consecutive complexity values,
is sufficient to characterizeC(n) for problems of smaller
complexity. The goal of complete connectivity characteri-
zation, thus, simplifies to merely finding|Fx,m| for a small
set of values ofm andx.

Theorem 4 implies that for any giveni there can be
no more thanλ distinct non-zero values of|Fi,m(k, λ)|,
assumingC(ηm) − C(ζm) ≥ i. However, the quantity
|Fi,m(k, λ)| is non-zero only whenSm 6= φ. From (9),
we know thatSm = φ for all m such thatg does not di-
vide m − T (n0), whereg = gcd(k, λ). Thus,|Sm| may
be non-zero only for everyg-th value of the complexitym.
Thus, in effect, there is at mostλ/g distinct non-zero values
of |Fi,m(k, λ)|. Therefore, the notation for the quantities
|Fi,m(k, λ)| can be simplified by the following definition.

Denote byAv(k, λ), 0 ≤ v < λ/g, the infinite series de-
fined by the elements{av,0(k, λ), av,1(k, λ), . . . } where,

av,i(k, λ) = |Fi,m(k, λ)|, (37)

for somem such that,v = [(m − T (n0))mod λ]/g and,
C(ηm)− C(ζm) > i.

By the above definition, we haveλ/g different series, in
which thei-th element is|Fi,m(k, λ)|, the different series
being generated by different sets of values ofm. For the
sake of brevity, in the following, we shall drop the over-
heads as qualifiers to the notations of the series and their
elements. Thus,Av denotes the series corresponding to
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values ofm for whichv = [(m− T (n0))mod λ]/g, while
av,0 , av,1 , etc., denote its elements.

When the communication overhead is dominant, i.e.,
k À λ, one may assume with only a minor approximation,
that k is an integer multiple ofλ. In a subsequent paper,
we will prove that, whenk À λ, there is only one series
A = {a0, a1, . . . }, given by,

ai = |ST (n0)+(λ+k)(i+1)−λ|. (38)

The above equation helps us to completely characterize the
connectivity requirements of a topology as a function of the
problem size, and also leads to some interesting insights
into the trade-offs between node-degree requirements and
time-optimality.

5 Conclusion

It is well-known that parallel computing overheads severely
limit the performance of parallel algorithms on real sys-
tems. In this paper, we have used a computational model
of a parallel algorithm based on the principle of divide-
and-conquer, and which incorporates both algorithmic and
communication overheads in the model. The effect of these
unavoidable overheads may be alleviated by choosing ap-
propriate partition sizes for optimal processor and link uti-
lization. In this paper, we have derived the basic concepts
necessary to compute the partition sizes, not just for time-
optimality but also to minimize the node-degree require-
ments of the processors in the system.

We definedC(n) as the lower bound on the node-degree
of the processor assigned the task corresponding to the root
of the time-optimal computational tree graph for a prob-
lem of sizen. Obtaining values ofC(n) recursively at
each stage of the divide-and-conquer recursion, allows us
to derive an optimal topology with minimal node-degree
requirements while preserving time-optimality. We study
a number of properties ofC(n) and describe the basis on
which we seek to completely characterizeC(n) as a func-
tion of n. As will be shown in subsequent papers by the
authors, these results help us design fast algorithms for
partitioning problems into subproblems in such a way that
the execution time is optimal and the connectivity require-
ments are minimal necessary for time-optimality.

Even though the recursion in (1) has been previously
studied by other researchers, we are not aware of any other
analytical study of the relationships between node-degree
requirements of processors and time-optimality. Speedup
of parallel algorithms has traditionally been defined in
terms of the number of processors, even though other re-
source constraints (such as node-degree constraints) are
frequently encountered in real system design. In extensions
to this work, we expect to analytically obtain further theo-
retical insights into the relationships and trade-offs that ex-
ist between node-degrees of processors and the execution
time.
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