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Abstract. We propose a branch-and-bound algorithm for solving novesomjuadratically-constrained quadratic programs. The-al
rithm is novel in that branching is done by partitioning tleagible region into the Cartesian product of two-dimeraidmangles and
rectangles. Explicit formulae for the convex and concawelepes of bilinear functions over triangles and rectasglee derived and
shown to be second-order cone representable. The usefudhéisese new relaxations is demonstrated both theolgtisatl computa-
tionally.
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1. Introduction

In this paper, we discuss branch-and-bound methods fomngpllie quadratically constrained quadratic pro-
gram (QCQP) which can be written as

m%{{n{qo(x) | qi(x) > b Vk € M, 1; < x; < w; Vi € I},
TER™

whereg, = cl'z + 27Qrz Vk € M U {0}, andI = {1,2,...n}. We assume that explicit lower bounds
and upper bounds an; are known, so that the feasible region is compact. We do rsoinas any convexity
properties of they,(x), so the objective function of the problem may be convex, esacor indefinite, and
the set of feasible solutions need not be convex or connected

QCQP generalizes many well-known, difficult optimizatiomIplems. Linear mixed 0-1 programming,
fractional programming, bilinear programming, polynohpiddogramming, and bilevel programming problems
can all be written as instances of QCQP, so QCQP is NP-Haoin Fr practical standpoint, QCQP is one
of the most challenging optimization problems—the curépé of instances that can be solved to provable
optimality remains very small in comparison to other NP-tHproblem classes such as mixed integer pro-
gramming.

In this work, we describe a branch-and-bound algorithmdbrieg QCQP that is based on subdividing the
feasible region into the Cartesian product of triangles@athngles. It can be viewed as an extension of the
work of Al-Khayyal and Falk [2], who derive a formula for thermvex envelope of a product of variables over
a rectangle and give a branch-and-bound algorithm basdukediotmula. Al-Khayyal [1] extends the formula
for the concave envelope of the product of variables, an&idyyal, Larsen, and Van Voorhis develop a
branch-and-bound algorithm based on these relaxations [3]
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Raber [24,25] also gives a simplicial-subdivision basgdathm for QCQP. In Raber’s work, the feasible
region is enclosed in a high-dimensional simplex, and tmgpkex is subdivided in the spirit suggested by
Horst [15]. Our work is different in that the feasible regisrenclosed in an initial hyper-rectangle, and that
hyper-rectangle is subdivided into the Cartesian prodéicectangles and triangles (low-dimensional sim-
plices). Sherali and Alameddine [30] use the Reformulatiorearization Technique (RLT) to solve bilinear
programming problems, and Audet al. [5] extend the use of RLT in solving QCQP by including diffete
classes of linearizations. Kim and Kojima [19] extend tlftedind-project idea of RLT to create a second-order
cone programming relaxation for QCQP. DC (Difference of @) programming techniques were used by
Phong, Tao and Hoai An to solve QCQP, and DC programming tqaba form the basis of the general global
optimization softwarexBB [4]. BARON [28,33] is a mature, sophisticated softwarelgege that can solve
QCQP using convex/concave envelopes (in the spirit of [#}j,augmented with features such as sophisti-
cated range reduction and branching techniques [27,34R@ also can be accessed through a link to the
commercial modeling language GAMS.

The paper is organized as follows. In Section 2, expresdiontghe convex and concave envelope of
the bilinear functionf(z,y) = xy over rectangular and triangular regions are derived. Ini@e8 a sim-
ple triangle-based branching scheme is introduced, areblhgson such a scheme a nonlinear programming
relaxation for QCQP is given. Section 4 demonstrates tleattimlinear constraints in the relaxation are repre-
sentable as second-order cone constraints. A polyhedetapproximation to the second-order cone is given,
resulting in a new linear programming relaxation to QCQRti8a 5 introduces two measures of the tight-
ness of approximations to the convex and concave envelopbsanputes these measures for the envelope
expressions derived in Section 2. In Section 6, computati@sults are given to show the usefulness of the
triangle-based branch-and-bound method.

2. Relaxations for QCQP

Tractable relaxations of the nonconvex problem QCQP carbtsred using the notions abnvex envelopes
andconcave envelope§or a functionf : 2 — R, the convex envelopef f over (2, denoted vex(f),
is the pointwise supremum of convex underestimatorg alver (2. Likewise, the concave envelope ¢f
over (2, denoted cay(f) is the pointwise infimum of concave overestimatorg'aiver {2. This paper refers
extensively to the convex and concave envelope expredsiotie bilinear functiory (x, y) = xy. To simplify
the notation, the following definitions are made:

def
vexxy, = vexp(xy) and

def
cavxy, = cavp(zy).

2.1. Envelopes Over Rectangles

McCormick [22] gave a linear relaxation for the product ofigaleszy over a rectangld? = {(z,y) €
R? |1, <z < uy,l, <y <u,}, and Al-Khayyal and Falk [2] and Al-Khayyal [1] subsequgrghowed that
the linear relaxation defined the convex and concave engslop

Theorem 1 (McCormick [22], Al-Khayyal and Falk [2], Al-Khay yal [1]).
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The convex and concave envelopes of the bilinear funetjasver a rectangular region
Rd:Ef{(x,y) eR? |1, <z < ug, ly <y <uy}
are given by the expressions

vexxy(z,y) = max{lyz + loy — loly, Uy + uzy — Ugty} (1)
cavxyg (z,y) = min{uyx + Loy — lyuy, lyx + ugy — ugly}. 2
Using Theorem 1 and introducing auxiliary variablgsto act as an approximation efz;, a linear pro-

gramming relaxatior. PR, of QCQP can be written. For ease of notation, thevariables are arranged
into a matrix Z, and we write the inner product of two matricds € R"*" B € R"*" asA e B =

D 2 ijhij.
vLpRr, = Min Tr+QpeZ (LPRy)
subject to

cFr4+QreZ>by Vke M,
Zij—lin—ljJJi—FliljZO ViEI,jEI,
Zij—uixj—Uin—FuinZO ViEI,jEI,
zij—lixj—ujxi—i—liujgo Viel,jel,
zij—uixj—ljxi—i—uiljgo Viel,jel,
T; € [ll,ul] Viel.
In practice, the auxiliary variables; need only be introduced for the nonzero elements otimeatrices,
and the expressions for the convex or concave envelopescweléd to bound the values gf; depending on
the sign of the matrix elemengs; and right hand side elemeriig.
Figure 1 shows a plot of the functiany and of its convex and concave envelopes over a rectangle. The
envelopes vexxy and cavxy, define a simplex ifiR?, and using this geometric observation, an equivalent
linear programming relaxation can be written using a duibnmf the convex and concave envelope. The
relaxation is obtained by noticing that ovr the values oy are contained in the convex hull of the points
obtained by evaluatingy at the extreme points d?. Becausexy is a linear function if eithes: or y is fixed,
the approximation is exact along the boundary. Sherali dachaddine derive a similar expression using
arguments from LP duality [29]. We us&” to denote the unit simplex iR~

Theorem 2 (Sherali and Alameddine [29]).
The convex and concave envelopes of the bilinear fungtjaver a rectangular region

R {(2,y) €R? |, <& < uy, ly <y < uy)
are given by the expressions
vexxy,(z,y) = ArrliA1"14~{lgcly)\1 + uglyAo + uzuyAs + lpuyAy |
€

T =1l(M + M) Fus(A2 +A3), y=1,(A + X2) +uy(As + )}
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@) f(z,y) = zy (b) Convex Envelopes afy Over (c) Concave Envelope ofy Over
R R

Fig. 1.2y and its Convex and Concave Envelopes

and

cavxyp(z,y) = )I\réagi{lwly)‘l + ugply Ao + uguyAs + lpuyAy |

=1l(AM+ M) +uz( A2+ A3), y = ly()\l + X)) + uy()\g, + )\4)}.

By Theorem 2, a linear programming relaxatib® R, of QCQP can be written as follows:

VUL PRy = min CTQL‘ + QO o/ (LPRQ)
subject to
cFr4+QreZ>by Vke M,
(/\ijl + /\ij4)l¢ + (/\ijQ + /\ijg)ui = x; Vi eI,

(Aij1 + Xig2)lj + (Niga + Aija)u; = x5 Vje,
)\ijllilj + )\ijguilj + )\ijguiuj + )\ij4liuj = Zij Viel,jel,

4
> Np=1  VielVjel,
=1

x; € [ll,ul] Viel,
ANji >0 VielVjelvie{l23,4}.

It follows directly from Theorems 1 and 2 that pr, = vipr,-
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2.2. Envelopes Over Triangles

The branch-and-bound method described subsequently tro88csubdivides the initial hyper-rectangle

2 = x,;en|li, u;) notinto finer and finer hyper-rectangles, but into the Cateproduct of triangles and
rectangles. To develop tight and tractable relaxationthfemethod, it is useful to complement Theorem 1 by
deriving expressions for the convex and concave enveldibe dunctionzy over various triangular shapes.
Two of the expressions (Theorems 3 and 4) also appear in dititfiprm in the work of Sherali and
Alameddine [29], but this is the first work to explicitly gias algebraic description of the envelopes over
triangular regions. For the remainder of the paper, we wikrto the following triangular regions.

Ry .y def {(x,y)ERQHISxSuI, ly <y <uy} 3)
SEuy ¥ Ry 0 {(2,y) € R? | (y — 1) (s — 1) < (uy — L) (@ — 1)} 4)
NWay < Roy 0 {(2,) € R | (y — 1) (up — 1) = (uy — 1) (& — 1)} (5)
Wy Roy 0 {(2,1) € R | (y — ) (s — b) < (Iy —uy) (@ — 1)} (6)
NEoy & Roy 0 {(2,y) € R | (y — ) (ua — L) > (Iy — uy)(z — 1)} (7)
N,, “ NE,,nNW,,, (8)
Spy < SE,, N SW,,, )
E.,,“ NE,,nSE,,, and (10)
Way 2 NW,., N SW,,. (11)

Figure 2 depicts the various triangular regions. TheS, F, and¥ notation is meant to mimic the “North”,
“South”, “East”, and “West” compass directions.

Uy Uy
NW NE
) Y
SE SW
lz X Ugp lylz T Ug lylz X Uy
(a) TrianglesN, S, E, W (b) TrianglesSE, NW (c) TrianglesSW, NE

Fig. 2. Pictorial Description of Triangular Regions Studied

Theorem 3 (Sherali and Alameddine [29]).
The convex envelope of the functianover the triangular regiort £, ,, is given as

Ugly if £ =u, andy =1,

12
qse(z,y)/lse(x,y) otherwise, (12)

vexxyp, , (%, y) = {
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where
def 72 2 2 2
qse(T,y) = (ly — lyuy)z” + (ug — laug)y
+ (yue — Louy)zy + (lolyuy + Lyuguy — 20 ug )

+ (Lalyug + lyuguy — 202l )y + (lf,ui — lLalyuauy),

and

lse(z,y) def =2y + loly + uguy + (up — )y + (Iy — uy)x.

The convex envelopes of the functignover the triangular region$'E,, ,, S;. 4, E» , are the same:

vexxyp, (@,y) = vexxy, (z,y) = vexxy, (z,y). (13)

A3

Uy
(2,9)
(z,y)
L,
Ly

ly

Al la uz)\z

Fig. 3. Depiction of Entities in Proof of Theorem 3

Proof. In Figure 3, the line segmeiit; = {(z,y) € R?* |y — I, = m(z — u,)}, where

m = (I, — 9)/(us — &). The functionzy is strictly concave on the domaihy, since on this domain,

zy = ma? + (I, — mu, )z, which is a strictly concave function, sinee < 0. Our aim is to define the
equation of line segment connectitg ¢, 4) and (us, Ly, u,l,) € R* as a function of: andy. To that end,
define (convex) multipliera, A2, A3 associated with the points,, 1, ), (uz, 1), and(u,, u, ), respectively.

The following five equations all define valid relationshiweenz, i, &, §, A1, A2, andAs:

(9 = ly)(ue — lz) = (uy — L) (& — Iz),

(& = 1y)(ue — ) = (Iy —y) (& — ua),
Ay + Aoty + Asu, = T,
Aly + Xaly + Aguy =y,
A+ A+ A3 =1.
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The solution of these five equations in the five unknowing, A1, A2, A3) yields the unigue solution

(u2 = lyug)y + (Luly — lpuy)x — uZly + lyugu,

(up — lo)y + (ly — uy)z + lply + uguy — 2l u,

Uty — Loty )y + (12

Uy — U2y + (Iy — uy)z + lly + uguy — 2l uy
— )z — (uy — l2)y + lyus — uyly

Ay = ) . 16
2 UzUy — lytg + loly — uyly (o

(14)

— lyuy)x — g + Lolyu, (15)

The line segment connectirtd, ¢, £3) and(u,, Iy, uzl,) can be written as
Fsp(r,y) = Aotialy + (1 — X2)aj, (17)
Substituting equations (14)—(16) into (17) yields

Fsp(z,y) = qse(r,y)/lse(z,y).

The remainder of the proof argues tHatz (x, y) is indeed the convex envelope. It is clear that no convex
function is larger, sinc&s g (x, y) is the functional form of the line segment connecting the émdpoints of
a strictly concave function. The convexity 85 (x, y) can be established by examining its Hessian. The
function Fsg (x, y) is not defined atu,, l,,), but it follows from construction that vexxy, (u., ly)) = uzly,.
(See also Corollary 2.5 of Tawarmalani and Sahinidis [3Bje exact same proof also shows that
vexxysp,  is the convex envelope over the regidfis, and £, . O

Example 1.Let SE' = {(z,y) e R? |0 <z < 1,0<y < 1,z >y}, then

y2

vexxys g (r,y) = T+y—2

Figure 4 is a plot of vexxy. (z, y). (Note that the function is only the convex envelope in thvedo
triangular region of the figure). The convexity of the functican be seen by computing the Hessian matrix
for vexxyg g (2, v):

1 2y? 2y(1 — )
V2 e ’ 9 =717 _ .. .\3
(vexxys g (z,y)) 1—z+y)? | 2y(1 —2)2(1 — 2z + 2?)

For(z,y) € SE', the relationg1 — = + y)3 > 0,2y% > 0, 2(1 — 2z + 2?) > 0, and
4y2(1 — 2z + 2?) — 4y*(1 — 2)? = 0 all hold, soV2vexxys  (z,y) is positive semidefinite, and
Vexxys g (x,y) is indeed convex o8 E’.

Theorem 4. The convex envelope of the functianover the triangular regionv W, ,, is given as

louy if £ =1, andy = uy,

anw (z,y)/Inw(z,y) Otherwise,

vexxyy, , (2.y) = (18)

where

anw (z,y) = (uz — lyuy)x2 + (uyly — lyug)zy
+ (—lpug + 12)y% + (uylyug — 2u§lz + uylyly)x

+ (Lelyug — 220y + Lpuyug )y — Louylyu, + ujli
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Fig. 4.vexxyg g (z,y)

and
Inw(z,y) = (uy — )z + (lg — uz)y + uyg — 2uyly + lyls.
Further, the convex envelopes of the functigrover the triangular region& W, ,,, Ny, W, ,, are
equivalent:
vexxyw, , (@, y) = Vexxyy,  (z,y) = vexxyy, (z,y). (29)
Proof. The proof proceeds in a similar fashion to the proof of TheoB Namely, it can be shown that
gnw (z,y)/Ivw (2, y) is precisely the expression for the line segment connettiegoint(l,, u,, l;u,) and

(z,9,2y) where(z, ) is on the line segmerit; in Figure 3, and the same proof suffices to show that the the
convex envelopes over the triangl®sV,, ,, N, , andW,, , all share the same functional form. O

Concave envelopes for triangl8$V,. , and N I, ,, are derived from similar arguments.

Theorem 5. The concave envelope of the functignover the regiorSW,, ,, is given as

loly if z =1, andy = [,

gsw(z,y)/lsw(xz,y) otherwise.

cavxysyy, (7, 9) = { (20)

where

gsw(x,y) = (lyu, — lz)x2 + (uguy — loly)zy
+ (lyugs — 12)y% + (—lalyuy — lyuzu, + 2l§lr)x
+ (—lalyug — lpuguy + 2l§ly)y + (—lil; + Ll ugty)
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and
lsw(z,y) = (uy — )z + (ug — o)y — Loy — ugly + 211,

The concave envelopes of the functigrover the triangular region$ W, ,,, S, ,,, W5, are equivalent:

cavXysyy, , (z,y) = cavxy,  (z,y) = cavxyy, (z,y).

Proof. In Figure 5, the line segmeiity = {(z,y) € R* |y — 1, = m(z — I,,)}, where

m = (§ —ly)/(us — &), and the functiorry is strictly convex orL, since on this domain

zy = ma? + (I, — ml,)x, with m > 0. Similar to the proof of Theorem 3, it can be shown that

gsw (z,y)/lsw(z,y) is the functional form of the line segment®¥ connectingl, 1, l;1,) to (&, §, £9),

and that the infinite collection of these line segment fornesdoncave envelope. The same proof suffices to
establish the formulae for the concave envelopes SygrandW, ,,. 0

A4 A3
Uy

Ly

(=, y)

ly
A 22

Fig. 5. Depiction of Entities in Proof of Theorem 5

Uz

Example 2.Let SW' = {(z,y) e R? |0 <2 < 1,0<y < 1,z +y < 1}, then

Ty
x-i—y'

cavXysy (z,y) =
Figure 6 shows a graph of cavy, -

Theorem 6. The concave envelope of the functianover the regionV E, , is given as

Ug Uy if £ = u, andy = u,,

gye(z,y)/Ine(x,y) otherwise.

cavxy () = (21)

where
ave(x,y) = (uz — lyuy)gc2 + (uguy — lply)zy+

(u? — lyug)y? + (—2u§ux + uglyuy + lplyuy )+

(—2uiuy + lpuguy + lolyug)y + uiufl — lpuglyuy
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Fig. 6. cavxygyy, (=)

and

Ing(z,y) = (uy — ly)x + (us — o)y — 2uzuy + lauy + lyu,.

The concave envelopes of the functigrnover the triangular regionV £, ,, N, , E, ,, are the same:

cavxy\,Exyy(x, y) = cavxyy, . (z,y) = cavxmcyy(x, Y). (22)

Proof. The proof is to show thaty (z, y)/Ine(, y) is the expression for the line segmentiif
connectingu,, uy, uzuy) t0 (&, 9, £7), where(z, §) is on the line segmert, in Figure 5. Once again, the
same proof shows th& £, ,, N, ,, andE, , all share the same concave envelope. O

To augment Theorems 3-6, we give the complementary conwttk@mcave expressions over the four
triangular regions of the theorems. The envelopes are thatieqs of appropriate planes in the convex and
concave envelope expressionsigfover a rectanglé from Theorem 1:

cavXysp, (@, y) = Ly + ugy — ugly, (23)
cavXyyw, , (@, y) = uyz + Loy — lyuy, (24)
VeXxysyy, | (,y) = byt + Loy — Luly, (25)
VeXXYy g, , (T, Y) = Uuy® + Usy — Ugly. (26)
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3. Triangle-Based Branch-and-Bound

This section demonstrates how to exploit the formulae fowes and concave envelopes derived in Section 2
in a triangle-based branch and bound scheme.

3.1. Partitioning Schemes

Starting with each pair of variabl¢s;, ;) being constrained to lie in the rectangtg, ., the
branch-and-bound procedure partitions the feasible ndgycsubdividing the regionB,, .. The

partitioning tightens the convex and concave envelopeaimiations of the bilinear terr;z; by tightening
the lower and upper bounds on the variabigandzx;, which in turn improves the bounds on the variable
Typically, in a rectangle-based branch-and-bound schéraeariginal rectangle is subdivided into either two
or four rectangles [2, 3]. When triangles are allowed as el@mof the partition, the variety of ways in which
the feasible region might be divided increases. For exanagiectangular regioR,, ., might be divided into
four triangular regions of the typ¥.;, ., Sz, ¢, Ex; .2, Wa, z;, @S in Figure 7(a). A rectangular region
R, ., might be divided into two regions, one of the typaV., .. and the other of the typ&€FE,, ., like
Figure 7(b). A region of typeV W, ., might be divided into a region of typk,, ., and two regions of type
NW,, »; in amanner suggested by Figure 7(c). A complete descripti@ partitioning rule is given by
specifying the manner to partition each shape that mighimioca rule. An example of such a rule is
depicted by Figure 8. In this partitioning rule, each regtaar region is divided into two triangular regions,
of types{ NW, SE} or {SW, N E}), depending on whether the value of variablgeis smaller or larger than
the product of values; ;. Triangular regions are partitioned into the union of oreaegle and two smaller
triangular regions of the same type.

In practice, partitioning schemes often ensure that thetisol to the relaxed problem intersects with the
boundary of feasible region in child subproblems. In ordesrisure global convergence, the branching
scheme should partition the region so that nested sequefipastitions converge to a singleton point. Then,
since the convex and concave envelope approximations aot &xsuch a point, the bounding procedure is
consistentaind global convergence can be assured as long as the noctéosedgperation periodically
evaluates the node with the smallest lower bound (c.f. [16])

3.2. Nonlinear Programming Relaxations

In any of the partitioning schemes of Section 3.1, each gaiadables(x;, ;) is constrained to be in a
rectangular or triangular region of a type given by the s&¥s{(11) in which the lower and upper bounds on
the variables:; andz; have been adjusted according to the partitioning. In whénvis, we let the bounds
(I, ,us,) ON a variabler; refer to the lower and upper bounds of a variable at a paaticwdde of the
branch-and-bound tree (i.e. within a particular partitignof the feasible region), not the original lower and
upper bounds on variable.
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uy Uy
Yy
l !
e x U Iy U

(a) Four-Triangle-Partition

Uy Uy
Y
2 1,
ylz T Uz UII Uz

(b) Two-Triangle-Partition

Uy Uy
Y
ly ly

Iy x Uz Iy Ug

(c) Two-Triangle-Rectangle Partition

Fig. 7. Sample Partitioning Schemes
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if Zij < X;Tj if Zij > XiTj

NN D=
—Z NN

Fig. 8. Example of Partitioning Scheme

In order to concisely write down a valid relaxation for aniagyy direct product of partitions, let the sets

def (/. .
N = {(i,5) €I xI|(25,2) € Ny w, }
def

S={(,jJ
Y {(i,j) € I x I'| (wi,2;) € By )}

W (,5) € T x T| (wi,25) € Wi, }

EIXI| Ti, XTj Gswi,wj}7

déf{ i,j) €I X 1| (xi,75) € Ray 0, },

SE Y {(i,5) € I X I'| (wi,25) € SEy, ),
NW déf{ i,j) €I <X I|(xs,25) € NWy, o, },
SW Y (i, §) € I x T | (25,75) € SWa, 0, },
) € NEz, 2},

)

)

)

(4, 4) (
(4, 4) (
(4, 7) (
(4, 7) (
NE Y {(i,5) € I x I'| (24,
(4,7) (
(4, 7) (
(4, 7) (
(4, 7) (

be the index sets of pairs of variables that are constrambd tn a region of each shape. Thus, the
polyhedron
F={z e R" | (;,75) € Ry, 2, V(i,J) € R, (xi,2;) € SEy, o, (i, ) € SE,
(331',33]) € NWL y L5 V(Zu]) € NWa (xivxj) € SWxi,rj V(Za.]) S SW7
(x’iax]) € Ny, z; (Z J) EN, (xial’j) € Sfisrj V(iaj) €S,
(w5, 25) € By, 2, ¥(i,5) € E, (xi,25) € Wa, o, V(i,5) € W}
is the set of points satisfying the inequalities defining dipalar element of the partition (a node of the
branch-and-bound tree).
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A nonlinear programming relaxatiod L P R of QCQP where the pairs of ternis;, «;) are constrained to lie
in the regionf is
ovnLpr =minclz 4+ Qo e Z (NLPR)

subject to

Fr+QreZ>b, VkeM,

zij — lixy — Lz + 1l; >0 Y(i,j) €
Zij — Wij — Uit + uuj >0 Y(i,j) €
zij — Lixy —ujxs + Liu; <0 Y(i,j) €
Zij —wixy — iz +uly <0 V(i 5) €
Zij = VOXXYnw, (ziyz;) >0 V(i,5) ENU WUNW,
Zij — CaVXYy g, (ziyz;) <0 V(i,j) e VUEUNE,
| — VeXXysp, (:ri,xj) >0 V(i,j) e SUEUSE,
| — CavXysyy, (:ri,xj <0 V(i,j) € SUWUSW,
xeF

4. Second-Order Cone Representations

In this section, we demonstrate that the nonlinear comsgr& the relaxationV L PR are representable as
second-order cone constraints. A second-order cone aeims# a constraint of the form

| Az + b2 < Tz + d.

The second-order (or Lorentz) cone of ordes the set of points

Ko =

The set of points that satisfy a second-order cone consisanconvex set (the set is the inverse image of the
unit second-order cone under an affine mapping), and heficieef and robust algorithms exist for the
solution of problems containing second-order cone com&r§31,23]. Kim and Kojima [19] have also
considered relaxations of QCQP consisting of second-aulee and semidefinite cone constraints. These
relaxations are based on the idea of lift-and-project ardéa different flavor than those presented herein.
The second-order cone relaxations presented here are mibveflavor of Tawarmalani and Sahinidis [32],
who describe the convex envelope of a simple function of tariables over a rectangle as being
characterized by the set of points obeying a semidefinitgraraming constraint.
The ability to represent inequalities (27)—(27) as secorakr cone constraints more directly stems from the
fact that they can be shown to be what is knowmserbolic constraintsf the formw? < uwv, with
u > 0,v > 0. Hyperbolic constraints are second-order cone consgrairitich is evident from the relations

9w u-+v
[u—v] <ut+ves | 2w EICE 27)

w2<uu,u>0,v>0@‘
2 U —v
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Theorems (7)—(10) show that each of the nonlinear constrphesent in our nonlinear programming
relaxation to QCQP can be represented as a second-ordecaosigaint.
Theorem 7. Let(x,y) € SE,, and define
-1
WSsE = y Y )
Uy —ly
2= lyx — Ly + 1l
USE = ,and
(ug — 1z)(uy — ly)
— -1
vsp =1— - + 1=
Ug =z Uy =1y
Then
USE +VUsE
z > vexsg, ,(T,y) < 2wgp €Ky,
USE — USE
Proof. The proof is a tedious exercise in algebra to show that
> qse(r,y)
lse(z,y)
if and only if
2
(y—ly> <<z—lyx—lmy+lmly) (1_x—lm+y—ly>. (28)
Uy —ly (e — lz)(uy — 1y) Uy =l uy =1
The proof is completed by recognizing the termsg, usg, andvsg in (28), noting that
(z,y) € SE,z < zy = usg > 0,vgg > 0, and using the relations (27). O
Theorem 8. Let(z,y) € NW, , and define
T — 1y
WNW = —
Uy — g
z—=lyr — Ly + 1,
UNW = : ,and
(ug — o) (uy — 1y)
-1 —
onw =1— Y—w 7 .
Uy — by Ug — g
Then
UNW + UNW
z > vexvw (zy) < 2w N W € K.
UNW — UNW
Proof. The proof is a nearly identical exercise in algebra to thahtbin the proof of Theorem 7. O
Theorem 9. Let(x,y) € SW,, and define the variables
T — 1y
Wsw = 5 (29)
Uy — g
Uy® + Ly — lpuy — 2
usw = — ) (30)
(uz — 1z)(uy — ly)
— -1
vew = —= 4 I (31)

Up — Ly uy — 1y
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Then
Usw + vsw
z < cavsw (zy) & 2wsw IS ng.
USW — VsWw
Proof. The proof begins by showing that
. S qu(Iay)
lsw(z,y)
if and only if
z—1, \° Uy + Ly — lpuy — 2 x—1 y—I
x < Y x x Wy x $ i ) 2
(uw—lw> _< (uz — 1z)(uy — ly) )(uw_lw+uy_ly) (32)
Substituting (29), (30), and (31) into (32), noting thaty) € SW, z > zy = usw > 0 andvsy > 0, and
using the relations (27) completes the proof. a

Theorem 10. Let(x,y) € NE, , and define the variables

—1
wyp - L

)
Uy =1y
def UyT + lpy — lyuy — 2

UNE )
(U —1z)(uy — ly)
e —ly —1
onp Ho- 2 YT
Ug =z Uy — 1y
Then
UNE +UNE
z < cavyg(zy) < 2WNE € ICg.
UNE — UNE
Proof. The proof is a nearly identical exercise in algebra to thatheforem 9. ad

4.1. A Linear Relaxation

The convex and concave envelope inequalities over thegulanregions in the relaxatiaN L PR to QCQP
are nonlinear. Nonlinear programs (even if posed as seoottel-cone programs) are more difficult to solve
and in general pose more numerical difficulties that lingagpms. In branch-and-bound, portions of the
search space are fathomed based on bounds provided by dtiesolf relaxed problems, so relaxations that
are numerically unstable pose considerable difficultiegidneral, when bounding procedures are based on
calculations using floating point arithmetic, mathemalyoagorous guarantee of global optimality can only
be ensured using interval methods [18, 14], but the probseomiy exacerbated if the solvers for the
relaxations are not numerically robust or reliable. Duéhtwhiuge commercial success of linear
programming, powerful, numerically robust tools can beduse its solution, so it is useful to have an
outerapproximation to the convex and concave envelopdreamnts of N L P R that can be solved using linear
programming. The relaxation given here is in the same sifilen-Tal and Nemirovski [6] who give a
polyhedral approximation to the second-order cone andarsiirit of the BARON (v6.0) package [33,34]
whose default behavior is to use polyhedral outer-apprations of nonlinear relaxations through a variant
of the sandwich algorithm [26].



Simplicial Branch-and-Bound for Quadratically ConsteirQuadratic Programs 17

Take for example the triangular regi®tt,, ,,, (as development for the other regions is similar). In
Theorem 3, it was shown that vexxy  (z,y) was the line segment through the poifits, /) and(z, y).
This line segment is labelef; in Figuré 3 and intersects the line segmégidefining the boundarg £, ,,.
Therefore, appealing to the dual (or convex hull) represtént of the convex envelope and to the geometry
of the bilinear formey, we can write vexxyp, (z,y) as the solution to the following semi-infinite
optimization problem:

Vexxysg, , (@, y) = min > ik + ualy
(#4,9:€L2)

subject to

Z Ti&i + ugh = x,

(24,9:)€L2
> GG+l =y,
(Z4,9:)€L2
> oG+r=1,
(Zi,9:)€L2

A>0,

We outerapproximate this semi-infinite program throughsamditization procedure, underestimating the
objective function coefficient fof; at certain points o, using the subgradient inequality. For simplicity,
assume that all points are equally spaced. Then a polyhaaterapproximation to vexygyy;,  can be
written as follows.

Let
;f«k—zx+k(27“;§;l;> k=0,1,...2K +2, (33)
z)k:ly+k(27“t§7ll2y) E=0,1,...2K + 2, (34)
5 — kY if & is even (35)

Th-1Uk—1 + ﬁ(yk,l(uw - lm) + :%kfl(uy — ly)) if k£is odd.

The outerapproximation is accomplished by associatinly @édich of the points = 0,1,...,2K +2a
convex multiplier variablg;, and writing(z, y, z) as appropriate combinations of these multipliers:

2K+2
T =g+ Y Erb, (36)
k=0
2K+2
y=lha+ Y i, (37)
k=0
2K+2
22> uglydo+ ) 2k (38)

k=0
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With these definitions, a polyhedral set that contains thgraph of vexxy, , can be written as

PSE, 4(K) ={(z,y,2) € R® | (2,y) € Ra,
.U, 2) obey(33), (34), (35),
Y, 2 ) Obey(36)7 (37)7 (38)7

(,
(&
(x
()\2’ ) A2K+4}.

A similar outerapproximating polyhedra can be defined¥a#,, , triangular regions by writingz, v, z) in a
similar fashion:

2K+2

=L+ Y Tk, (39)
k=0
2K42

y=u i+ > ik, (40)
k=0
2K+2

2> lLugha+ Y Akl (41)
k=0

PNW, ,(K) = {(z,y,2) € R* | (2,y) € Ry,
(2, 9,2) obey(33), (34), (35),
(z,y,2) obey(39), (40), (41),
(Ag,§) € APFH4Y

For the regionsW,, , and N E, ,, a similar discretization procedure can be applied. In tivases, the
discretization points are

@k:zfrk(z”[zill;) k=0,1,...2K + 2, (42)

Ok = uy + 7k(21;’<;”2y) k=0,1,...2K +2, (43)

. {xkyk if kis even (44)
Fr19k-1 + 37rg (Th—1 (U — o) + Zu—1(ly — uy)) if kis odd.

As above, associate with each of the points 0, 1, ..., 2K + 2 a convex multiplier variablg,,, defining
points and function values to obey

2K+2
=l + Z Th ik, (45)
k=0
2K+2
y=l+ > ek, (46)
k=0
2K+2
2 <Ly + ) B (47)
k=0
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PSW,(K) = {(2.y,2) € B* | (2,y) € Ru,
(.7, 2) obey(42), (43), (44),
(2,1, 2) obey(45), (46), (47),
(A1, ) € AZEF1Y

Construction of a polyhedral set containing the hypogrémaaxy,, ; is similar.

2K+2

T =uds+ » Tupk, (48)
k=0
2K+2

y=uyds+ Y G, (49)
k=0
2K+2

z < UgUyAz + Z Zk bk - (50)
k=0

PNE, (K) ={(z,y,2) € R®| (z,9) € Ray,

(#,9, 2) obey(42), (43), (44),
(z,y, z) obey(48), (49), (50),
(A3, 1) € A2EF4Y

Make one final definition oP R, ,, as

PR,y ={(z,y,2) €R’ |2 = (M + A)le + (A2 + A3)uy
y= (A4 A2)ly + (As + Aa)uy
z = lplyAi + uglydo + uguyAs + lyuyAg
A€ A

Using the linear outerapproximations of all nonlinear ¢oaists, a linear programming relaxatié®? R to
QCOQP can be written:

min cfz+Que”Z (LPR3)

subject to

cFr+QreZ>b, VkeM,
x; € [li, u4) Viel,
Ti, T, 2i5) € PRy, o, V(i,7) € R,
) € PSE,, 4, V(i,j) € SEUSUE,
) € PNWy, 4, V(i,7) e NWUNUW,
;) € PSW,, 0, V(i,j) €SWUSUW,
xl,xj,z”) € PNE,, ., V(i,j) e NEUN UE.

(
(is x4, 245
(x Tj> Zij
(@i, x5, 2
(
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5. Strength of Envelope Expressions

In this section we quantify the strength of convex and coa@welope expressions for the bilinear
expressiorry. In some sense, one cannot hope to obtain a tighter (tragtadéxation forcy than by using

the convex and concave envelopes. Still, it may be thatioendgions have tighter relaxations than others,
and the strength of the relaxation can be taken into accobebhwlesigning partitioning rules for an

algorithm, a few examples of which are presented in Sectidio 3uantify the strength of the convex and
concave envelopes expressions, there are a number of nsediglires that can be defined. For example, over
aregionl” C R?, the total lower erronfy,), total upper errorf;;), and total errorf) of a convex/concave
envelope approximation toy can be defined as

nu(F) /F (g — vexxyy.(z, y))dz dy,
(1) % /F (cavxyp (z,y) — ay)da dy,

n(r) /F (cavxyy (i, y) — Vexxy.(z, y))dx dy.
= n(I) +nu(l).

Using the functional expressions for the convex and coneavelopes (1) and (2), it is an exercise in
integration to compute the error measures for the rectangular regioy,. To ease notation, we define the
symbolic constants

a C w422 2?4 122,

B8 w2uyly + upully + uglol? + uyil,, and

def

V= Uglylyly.

The formula for error measure fét, , is
N(Ra,y) = /6 — 5/3+ 27/3.

By symmetry, it is not surprising that

nL (Rry) = nU(Rr,y) = W(Rr,y)/z-

In a similar fashion, the error integrals for the triangukegionsSE, ,, NW,, ,,, SW, ,,, andN E, , can be
computed to be

nU(NWI y
N (SEry) = nu(NW ),
/72— 3/36 +~/18,
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Note that for the triangular regioméW,, , andSE, ,, the lower envelope approximation is better than the
upper envelope approximation. For the triangular regi®fs, , and NV E,, ,, the upper envelope
approximation is better than the lower envelope. This asgtnnis not present for the triangular regions
Ny, Sz, By, andWW, ,,, as evidenced by the computed formulae for the error integra

N(Ngy) = /72— 3/36 4+ /18,
n(sw,y) = n(Ew,y) = n(Ww7y)'

Measuring the maximum approximation error is also usefud, similar error expressions for the maximum
lower error (1), maximum upper errori; ), and maximum total error) can be defined:
def
QSL(F) = mI@X(ny - VeXXyF(xvy))a
def
du(I') = max(cayp(z,y) — zy),

o(I) def cavxyp(z,y) — vexxyp(z, y).

Note that it isnotin general true thap ., (I") + ¢u (") = ¢(I") as is the case for themeasure of error. It
may also be of interest to know the point at which the maximumorés achieved, and to that end define

(22 (D), y7 (1) = argmax(wy — vexxyy(z,y)),

(25 (D), y5 () = argmax(cavxyy(z,y) — y),

(29 (I),y?(I') * argmax(cavxyy(z,y) — Vexxy-(z,y)).

In the rectangular case, the point with the largest error teé middle of the regio®,, ,:

1 1
()W) = @) () = @A) = (500 + ) ).
So the max error measures for the convex and concave envaleps&,, , are

1

¢r(Ryy) = Z(uzuy — Ugly — lpuy + 131y)
1

oU(Ryy) = Z(uzuy — Ugly — lpuy + 131y)
1

d(Ryy) = i(uzuy — Ugly — lpuy + 131y)

Computingg for the triangular regions is slightly more complicatedi, tan be accomplished by examining
the optimality conditions for the optimization problem peat in the definition of. Performing the analysis
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yields
® ® 3 1
(xL(SEr,y)ayL(SEr,y)) = Zuz + Z
¢ ¢ 1
(55 (5B U (SBa) = (500 + 1), 5 + ) )
1
(595 Ba )" (5B2)) = 310+ 50,4 0).
1
Or(SEgy) = 1—6(umuy — Ugly — lyuy + 121y),
1
00 (SEry) = 7 (tatty = taly = Loty + 1, ),
1
O(SEzy) = Z(umuu — Ugly — lpuy + ly).

Not surprisingly (by symmetry), the error measures for Eimshaped triangles are the same. They are
included in the Appendix.
For the trianglesS,, , Ny 4, £, andW, , a similar analysis can be performed to show that

(mi(szy)qug(sry)) = (x?}(sz,y)ay[d}(szm)) = ($¢(Sr,y)ay¢(5r,y)) =
1 1 V2 -1
3

$(Sz,y) = (5 - \/5) (ugthy + loly — lpuy — ugly),

and
¢(Sﬂc7y) = ¢(Nw,y) = ¢(E$7U) = ¢(Ww7u)
(The points at which the maximum error are obtained for negivesides, , are listed in the Appendix.)

Example 3.Consider a regiol = {(z, y) € [0,2] x [0,2]} that we divide into four subrectangles:

SW = {(z.y) € [0,1] x [0, 1]},
NW = {(z,y) € 0.1 x [1,2]},
NE = {(a,y) € [1,2] x [1,2]},
SE = {(z,y) € [1,2] x [0,1]}.
The difference between concave and convex envelopes @& tkgions are
W(SW) = n(NW) = n(NE) = n(5E) = ¢.

If the same regiorR is subdivided into the four triangles

N=Rn{(z,y) |z+y>2y>z}
S=Rn{(z,y) |z +y<2,y<a},

= Rn{(z,y) |z +y <2,y >a},
W= Rﬁ{(x,y)|x+y22,y§x},
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The total error in the resulting relaxations:af are

- N - . 2

(V) =n(5) =n(E) =n(W) = 5.

Thus we are led to the somewhat surprising conclusion tmahie particular branching scheme, measure by
the total error measurng it is better to subdivide the region into rectangles. Tloeysis different if the
maximum error measukgis used. In this case,

H(SW) = o(NW) = 6(NE) = 6(5F) = 5.
and
O(N) = ¢(S) = ¢(E) = p(W) = 6 — 4v2 ~ 0.343.
So in terms of the maximum error, it is better to partition tbgion into triangles.

Example 4.Suppose we wish to decide whether to partition the regiea {(z, y) € [0,2] x [0, 2]} into two
regions

Ry = {(:U,y) € [07 1] X [072]}
Ry = {(:U,y) € [172] X [072]}

or into the two regions

The total error measures are

L (Ri) = ne(Re) = nu(R1) = nu(Re) = %,
W) = (i) = 3,
12(5E) = nu(KW) = 2.
nu(SE) =nu(NW) = %
W(SE) =n(NW) = ¢.
The maximum error measures are
bu(Bn) = 61(Ra) = b0 () = du () = 5,
P(R1) = ¢(Ra) =1,
61(5F) = o1 (NW) = 1.

¢v(SE) = py(NW) =1,
$(SE) = o(NW) = 1.

Sincen., (SE) = n(NW) < nr(Ry) = ni(R,), what example 4 demonstrates is that the triangle-based
branching scheme improves the lower approximation mone éhr@ctangle-based scheme. In general, by
branching into triangles, one can specifically improve ot lower or over approximations, depending on
where the relaxed solutios]; lies in relation to the desired valug . This can be used to advantage in
designing a branch-and-bound algorithm. For examplejstpsecisely the manner in which we partition the
rectangular regions into triangular regions for the corapanal results presented in Section 6.
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6. Computational Results

The purpose of this section is to demonstrate that brandhkannd algorithms for solving QCQP can benefit
from a triangular partitioning scheme, and thus the convnekancave envelope expressions derived in this
paper. The utility of a triangular branching scheme is destrated by comparing the solution times and
number of branch-and-bound nodes for two and four rectgraytiitioning schemes with a simple
triangle-based scheme on a fixed set of QCQP test instancess.dfithe test instances come from the GAMS
GlobalLib [12]. Versions of these instance in the AMPL madglanguage are available from the
COCONUT Benchmark [7]. The test suite has been augmentédonablems 4 and 7 from Audet et al. [5],
and one instance (ek 3_3) has been altered by added artificial upper and lower booma@dl of the

variables. The instances were chosen to contain a sigrtificember of bilinear terms (in comparison to
squared terms), since a triangular partitioning only hasraal impact in the case of quadratics with bilinear
terms. Table 1 shows some characteristics of our test iobstamwhere: is the number of variables; is the
number of constraints,, is the number of squared terms in the objective functigris the number of

bilinear terms in the objective functiog, is the number of squared terms in the constraints barglthe
number of bilinear terms in the constraints.

Table 1. Characteristics of Test Instances

name n | m/| so| bo | sc | be
audet4 6 4 0 3 4 3
audet7 16 (23| 0 5 5 | 37
ex219 10| 1 02| 0 0
ex31.1 8 6 0 0 0 5
ex31.2 5 6 1 1 2 | 16
ex314 3 3 0 0 3 3
ex5.2 2 casel 9 6 0 0 0 4
ex5.2_2 case2 9 6 0 0 0 4
ex5.2.2 case3 9 6 0 0 0 4
ex5.3.2 22116 | 0 0 0 | 12
ex54.2 8 6 0 0 0 5
ex54.3 16 | 13| 0 0 0 8
ex54.4 27119 0 0 0 | 15
ex7.3_.3-bounded| 5 8 0 0 1 3
himmelll 9 3 1 1 1 8
himmell6 15(21| 0 0 | 45| 23
prolog-bounded | 20 | 22 | O 4 0 4

The relaxations and partitioning schemes have been impiedén a code called QPBB consisting of
roughly 10,000 lines of C++. Linear programming relaxasiamQPBB are created and solved through the
COIN-ORGsi Sol ver I nt er f ace, and as such can use a number of different linear programsoingrs
[8]. We use thed p linear programming toolkit (also from COIN-OR) to prodube tomputational results
in this paper. Nonlinear relaxations can be modeled usiag\btPAPI available in COIN-OR, which has
interfaces to both the nonlinear programming solvers Li¢®] or IPOPT [35]. However, in this study, the
nonlinear programming software is not used, instead wehesbrtear programming outerapproximation to
the nonlinear constraints developed in Section 4.1. QPBBahanterface to the AMPL modeling language.
The QPBB branch-and-bound code is implemented as an iretantof the virtual class library MW [13],
and therefore QPBB is capable of running in parallel on addederation of processors known as a
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computational grid [11]. In this study QPBB has been contbiléth the Gnu g++ compiler and configured to
run (using the MW Independent mode) on a single Intel Per®)r@PU with a clock speed of 2.40GHz.
QPBB solves instances to approximate global optimalityemgtapproximate is defined using the following
two definitions.

Definition 1. A solution(z, z) to a relaxation of QCQP is said to hg-feasible for QCQP if and only if

-4 <z <w, Viel,
—Cgi’—l—QkOZZbk, Vk € M, and
— |zi; — x| < e VieIVjel

Definition 2. A solution(z, z), with relaxation objective value* is said to be {; — ¢,) optimal if and only
if (z, z) is es-feasible and there does not exist anothgffeasible solution whose relaxation objective vaiue
satisfiegv* — 0| > ¢,.

In our experiments, we attempt to solve all instances to theigione s = ¢, = 10~5. We assume that the
relaxations are solved exactly, though this assumptiofddoeirelaxed by obtaining rigorous lower bounds in
a manner suggested by Jansson [17]. Since the purpose ekgigsiment is solely to test the usefulness of a
triangular partitioning scheme, no advanced branchingege reduction technigues are employed by QPBB.
Given a solution to the relaxatiott(2), we branch on the pair of variables., «;- satisfying

(i*,57) = argmax{|2;; — &;2;|}.
(NS

For this experiment, QPBB had been configured to evaluatedte of the branch and bound tree whose
parent has the smallest relaxation value (best bound ndeletisa).
The triangular branching scheme tested was the schemdei@pictorially in Figure 8. Namely,

— Rectangular regionB,, .., were partitioned into two regionsE,, ., andNW,, ... (like in Figure 7(b))
if the lower envelope approximation needed to be improvetertttan the upper. Conversely a
rectangular regioi?,., .., was partitioned into two regionsi,, ., andN E,, ., if the upper envelope
approximation needed to be improved more than the lowergored in terms of the absolute error of the
approximation).

— Triangular regions were partitioned into two triangulagioms and a rectangular region in a manner
depicted by Figure 7(c).

This triangular partitioning scheme was compared agaitgbaectangle partitioning scheme, where the
rectangle was divided into two subrectangles by bisectieddngest edge and a four-rectangle scheme
obtained by bisecting the original rectangle along bothesed@he results of the computational experiment
are given in Table 2. Figure 9 shows a performance profile[(€&dor an explanation of performance

profiles) of the number of nodes of the branch-and-bound &g Figure 10 shows a profile of the CPU time
used by each of the three partitioning methods. The expataheesults show that the four rectangle-based
scheme and the triangle-based scheme exhibit fairly sippdegformance, and both of these methods
dominate the two triangle-based scheme. For the instarge#ing less than 3 CPU seconds, the rectangular
schemes are clearly better, but as the difficulty of the gnomkhstance increases, the triangule-based scheme
seems to outperform both the two and four rectangle-bademhses. Future work will aim on testing

different triangle-based partitioning schemes and on dnimépthe schemes with more advanced techniques
for branch selection, node selection, and problem pregsicg.
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Table 2. Results of Branch-and-Bound for Various Partitioning Sche

Two Rectangles Four Rectangles | Triangles and Rectangles
Name Nodes  Time(s) | Nodes Time(s)| Nodes Time(s)
audet4 410 0.88 372 0.79 286 0.75
audet? 14655 112.3700 4119  30.6200| 1886 20.6700
ex21.9 3527 12.84 3574 12.92 821 6.15
ex31.1 27370 48.41 | 50236 87.96 | 8810 28.92
ex312 57 0.10 53 0.11 55 0.14
ex314 43 0.06 43 0.06 47 0.08
ex52 2 casel 225 0.25 125 0.15 138 0.18
ex5.2 2_case2 420 0.47 246 0.28 299 0.38
exh 2.2 case3 299 0.32 141 0.16 147 0.18
ex53.2 2099 5.45 497 1.04 465 1.47
ex54.2 3817 6.13 1844 2.80 1884 3.59
ex54.3 22 0.03 6 0.01 13 0.03
ex54.4 100 0.28 59 0.17 247 1.19
ex7.3_.3-bounded| 86 0.11 83 0.10 209 0.30
himmell1 57 0.10 54 0.10 56 0.14
himmel16 228 1.11 230 1.15 327 2.05
prolog-bounded | 5515 11.68 1194 2.47 962 2.62

Two Rectangles
Four Rectangles ==------
Trilangles and Rectangles =::«:::-

1 2 4

Fig. 9. Performance Profile Comparing Number of Branch-and-Bouades for Three Partitioning Methods
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1]

L]

L]
T

Teo Rectangles
Four Rectangles ==------
Trianglles and Rectangles «---+:+

0 1
1 2 4

Fig. 10. Performance Profile Comparing CPU Time for Three PartitigrimMethods

7. Conclusions and Future Directions

In this paper, nonlinear expressions for the convex andaanenvelopes of a bilinear functigitz, y) = xy
over various triangular shapes were derived. These exprsssere used to create a second-order cone
programming relaxation of the quadratically constraineddratic program (QCQP), and a polyhedral
outerapproximation of the second-order cones was destryirding a new linear programming relaxation
to QCQP. Two measures of the tightness of convex and concaetope approximations were introduced,
and we showed that the envelopes over triangular regiornsfme demonstrably tighter than their
rectangular counterparts under these measures. The femere embedded into a branch-and-bound
algorithm for solving QPBB and shown to often reduce the catatonal effort required to solve instances.

The ultimate goal of this research is to create a solver damdisolving QCQP instances of larger magnitude
than currently possible. There are a number of areas fdrduihvestigation required to make this goal
possible. First, investigation of more sophisticatediparing schemes that adaptively use the error measure
formulae to decide on a proper partitioning is requiredtiffamning rules that subdivide the region so that the
solution to the relaxation is on the boundary of the new fdasiegions will be explored. The QPBB solver
has already been augmented with features to choose a bretitehing entity by solving auxiliary linear
programs (akin to strong branching in mixed integer prognamg) and to tighten variable bounds at nodes of
the branch-and-bound tree by solving auxiliary linear pangs (strong preprocessing) [20,21]. Since the
QPBB code uses the MW software framework, ultimately it hasrbdesigned to run on a high-powered
computational grid computing platform. The resulting cediébe used to solve large-scale QCQP instances.
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Appendix—Error Measure Formulae
The maximum errors for the triangular regiaNs$V,, ,,, SW, ,,, andN E, , are the following:

1
L (NW, ) = E(uzuy + —ugly — lyuy + 1:1y),

1

Ppu(NWyy) = Z(umuy — Ugly — lpuy + lgly),
1

O(NW, ) = Z(umuy — Ugly — lpuy + lgly),

1
du(SWyy) = E(uwuu + —ugly — lpuy + lgly)

( ) = i(umuy + —ugly — lpuy +15ly)
P(SWay) = oL(SWe,y)
v (NEzy) = ou(SWa,y)
L(NEzy) = ou(SWay)

(NEs )

|
<

(SWa.y).

The points at which the maximum errors are achieved in taedular regionsv,, ,,, W, ,, E, ,, are the
following:

(qub(Nzy)quLb(Nzy)) = (xg(Nry)vy[q}(Nry)) = (x¢(Nz7y)vy¢(Nr,y)) =

1, 3-v2 1
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